Bl e S

SURVEY
METHODOLOGY

A JOURNAL
OF
STATISTICS CANADA

LIDRARY
FSIEBELIOTHEQUE

VOLUME 15, NUMBER 2
DECEMBER 1989






SURVEY
METHODOLOGY

A JOURNAL OF STATISTICS CANADA
DECEMBER 1989

Published under the authority of
the Minister of Regional Industrial Expansion

“Minister of Supply
and Services Canada 1990

Extracts from this publication may be reproduced
for individual use without permission provided the
source is fully acknowledged. However, reproduction
of this publication in whole or in part for purposes of
resale or redistribution requires written permission from
the Programs and Publishing Preducts Group, Acting
Permissions Officer, Crown Copyright Administration,
Canadian Government Publishing Centre,
Ottawa, Canada KI1A 0S9

March 1990

Price: Canada, $30.00 a year
Other Countries, $35.00 a year

Payment 1o be made in Canadian funds or equivalent
Catalogue 12-001, Vol. 15, No. 2
[SSN 0714-0045

Ottawa



SURVEY METHODOLOGY

A Journal of Statistics Canada

The Survey Methodology Journal is abstracted in The Survey Statistician and Statistical Theory
and Methods Abstracts and is referenced in the Current Index te Statistics, and Journal
Contents in Qualitative Methods,

MANAGEMENT BOARD

Chairman G.J. Brackstone

Members B.N. Chinnappa R. Platek
G.J.C. Hole D. Roy
C. Patrick M.P. Singh
F. Mayda (Production Manager)

EDITORIAL BOARD

Editor M.P. Singh, Statistics Canada

Associate Editors

K.G. Basavarajappa, Statistics Canada M.N. Murthy, Applied Statistics Centre, India
D.R. Bellhouse, U. of Western Ontario 'W.M. Podehl, Statistics Canada

D. Binder, Statistics Canada J.N.K. Rao, Carleton University

E.B. Dagum, Statistics Canada D.B. Rubin, Harvard University

D. Drew, Statistics Canada I. Sande, Bell Communications Research, U.5.A.

W.A. Fuller, Jowa State University C.E. Sarndal, University of Montreal

J.F. Gentleman, Statistics Canada W.L. Schaible, U.S. Bureau of Labor Statistics

M. Gonzalez, U.S. Office of F.J. Scheuren, U.S. Internal Revenue Service
Management and Budget V. Tremblay, Statpius, Montreal

D. Holt, University of Southampton K.M. Wolter, A.C. Nielsen, U.S.A.
G. Kalton, University of Michigan

Assistant Editors
J. Gambino, J.-L. Tambay and A. Théberge, Statistics Canada

EDITORIAL POLICY

The Survey Methodology Journal publishes articles dealing with various aspects of statistical
development relevant to a statistical agency, such as design issues in the context of practical con-
straints, use of different data sources and collection techniques, total survey error, survey evalua-
tion, research in survey methodology, time series analysis, seasonal adjustment, demographic
studies, data integration, estimation and data analysis methods, and general survey systems
development. The emphasis is placed on the development and evaluation of specific methodologies
as applied to data collection or the data themselves. All papers will be refereed. However, the
authors retain full responsibility for the contents of their papers and opinions expressed are not
necessarily those of the Editorial Board or of Statistics Canada.

Submission of Manuscripts

The Survey Methodology Journal is published twice a year, Authors are invited to submit their
manuscripts in either of the two official languages, English or French to the Editor, Dr. M.P.
Singh, Social Survey Methods Division, Statistics Canada, 4th Floor, Jean Talon Building,
Tunney'’s Pasture, Ottawa, Ontario, Canada K1A 0Té. Twwo nonreturnable copies of each manu-
script prepared following the guidelines given in the Journal are requested.

Subscription Rates

The price of the Survey Methodology Journal (Catalogue No. 12-001) is $30.00 per year in Canada,
$35.00 per year for other countries (payment to be made in Canadian funds or equivalent).
Subscription order should be sent to: Publication Sales, Statistics Canada, Ottawa, Ontario,
Canada K1A 0T6. A reduced price of US $16.00 ($20.00 Can.) is available to members of the
American Statistical Association, the International Association of Survey Statisticians, and the
Statistical Society of Canada. Please subscribe through your organization.



SURVEY METHODOLOGY

A Journal of Statistics Canada
Volume 15, Number 2, December 1989

CONTENTS

LN ThiS IS8 o vt vttt ittt it it e i e n s iae s aeasiancanastansnneetonnnnanes Py 159

Special Section - Data Analysis

J.N.K. RAQ, S. KUMAR and G. ROBERTS
Analysis of Sample Survey Data Involving Categorical Response Variables: Methods

and Software . ... ... i i e i i e aas 161
Comments: R.E. FAY ... .. it ittt et eina e iiiaes 180
CI.SKINNER ... ...ttt tertnnrriamanteeenaananiannens 181
E A MOLINA .. i i i e 183
Response: AUthOrs . ... ... i it it ettt i aian i reans 185
D.R. THOMAS
Simultaneous Confidence Intervals for Proportions Under Cluster Sampling. ... .. 187
J.G. MOREL
Logistic Regression Under Complex Survey Designs ... .............iiivenen. 203

L.A. FRANKLIN
Randomized Response Sampling from Dichotomous Populations with Continucus
Randomization .. ... ...ttt ir e iinnreteaerancoastennroneanesancanrsns 225

B. MacGIBBON and T.J. TOMBERLIN

Smali Area Estimates of Proportions Via Empirical Bayes Techniques ........... 237
A, SUNTER
Updating Size Measures ina PPSWOR Design ..................covvaas. P 253

R.B.P. VERMA and R. RABY
The Use of Administrative Records for Estimating Population in Canada ........ 261

D.A. SWANSON
Confidence Intervals for Postcensal Population Estimates: A Case Study for Local






Survey Methodology, December 1989 159
Vol. 15, No. 2, p. 159
Statistics Canada

In This Issue

The risks involved in using standard statistical methods for the analysis of data from surveys
with complex designs are becoming well-known. The special topic section in this issue contains
three papers which provide guidance for the analysis of categorical data from such surveys. Tim
Holt’s efforts were instrumental in putting this section together.

The paper by Rao, Kumar and Roberts, which is the first discussion paper published in Survey
Methodology, reviews developmenis in the analysis of cross-classified categorical data, extends
them, and applies them to data from two large, complex surveys. The authors also briefly discuss
computational issues. Comments by Fay, Skinner and Molina and a reply by Rao, et al. follow
the paper.

Thomas describes a Monte Carlo study used to investigate several methods of obtaining
simultaneous confidence intervals for proportions under a two-stage clustered design. He shows
that some methods behave poorly, with actual coverage rates quite different from the nominal
ones. Thomas concludes with guidelines on the choice of methods to use in practice.

The final paper in the section on data analysis for complex surveys, by Morel, deals with logistic
regression. Using the results of a Monte Carlo study, he shows that for small samples, a modified
Taylorization method for estimating a covariance matrix results in smaller biases than the usual
delta method.

The bibliography by Nathan on randomized response which appeared in the previous issue
of Survey Methodology attests to the large amount of research which has been devoted to the
subject. In this issue, Franklin develops another approach to the randomized response model
for sampling from dichotomous populations. The model is general in that it permits the use of
randomization from a continuous distribution and multiple trials per respondent. Special atten-
tion is given to the case of randomization using the normal distribution function.

MacGibbon and Tomberlin examine the problem of small area estimation with complex survey
designs. Their empirical Bayes estimator is a compromise between the highly variable but unbiased
classical estimator and the more stable but potentially highly biased synthetic estimator.

A method of updating a PPSWOR sample which attempts to retain the same sample of pri-
mary sampling units is presented by Sunter. The method differs from earlier ones proposed by
Kish and Scott (1971) and Fellegi (1963} in that it is valid for any sample size and does not require
enumeration of all possible samples. The method is of particular importance for multistage survey
samples which must be updated, but for which the cost of introducing new PSUs may be high.

Revenue Canada tax files and Family Allowance files are used in Canada to provide popula-
tion estimates for provinces in non-census years. Verma and Raby examine the consistency of
the estimates derived from these two sources. A comparison with the 1986 Census counts is also
made.

Swanson presents a method of obtaining confidence intervals for post-censal population
estimates. He shows that a Wilcoxon test can be used to determine if a change in model, due
to post-censal structural changes, is required. Using empirical data, Swanson shows that ignoring
such a change leads to confidence intervals whose coverage is lower than expected.

The Editor
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Analysis of Sample Survey Data Involving
Categorical Response Variables:
Methods and Software

J.N.K. RAO, S. KUMAR, and G. ROBERTS!

ABSTRACT

During the past 10 years or 5o, rapid progress has been made in the development of statistical methods
of analysing survey data that take account of the complexity of survey design. This progress has been
particularly evident in the analysis of cross-classified count data. Developments in this area have included
weighted least squares estimation of generalized linear models and associated Wald tests of goodness
of fit and subhypothescs, corrections to standard chi-squared or likelihood ratio tests under loglinear
models or logistic regression models involving a binary response variable, and jackknifed chisquared
tests. This paper illustrates the use of various extensions of these methods on data from complex surveys.
The method of Scott, Rao and Thomas (1989) for weighted regression involving singular covariance
matrices is applied to data from the Canada Health Survey (1978-79). Methods for logistic regression
models are extended to Box-Cox models involving power transformations of cell odds ratios, and their
use is illustrated on data from the Canadian Labour Force Survey. Methods for testing equality of
parameters in two logistic regression models, corresponding to two time points, are applied to data from
the Canadian Labour Force Survcy. Finally, a general class of polytomous response models is studied,
and corrected chi-squared tests are applied to data from the Canada Health Survey (1978-79). Software
to implement these methods using the SAS facilities on a main frame computer is briefly described.

KEY WORDS: Corrections to chi-squared tests; Logistic regression; Power transformations; Wald tests;
Weighted least squares.

1. INTRODUCTION

Standard statistical methods, based on the assumption of independent identically distributed
observations, are being used extensively by researchers in the social and health sciences, and
in other subject matter areas. These methods have also been implemented in standard statistical
packages, including SPSSX, BMDP, SAS and GLIM. In practice, however, much data are
obtained from complex sample surveys involving clustering and stratification, so that the
application of standard methods to these data without some adjustment for survey design can
lead to erroncous inferences. In particular, standard errors of parameter estimates and
associated confidence intervals can be seriously understated if the complexity of the sample
design is ignored in the analysis of data. Moreover, the actual type I error rates of tests of
hypotheses can be much bigger than the nominal levels. Standard exploratory data analyses,
e.g., residual analysis to detect model deviations, are also affected. Kish and Frankel (1974)
and others drew attention to some of these problems with standard methods, and emphasized
the need for new methods that take proper account of the complexity of survey design. During
the past 10 years or so, rapid progress has been made in the development of such methods,
particularly for analysing cross-classified count data. This paper will focus on the analysis of

I J.N.K. Rao, Department of Mathematics and Statistics, Carleton University, Ottawa, Ontario; S. Kumar and
G. Roberts, Social Surveys Methods Division, Statistics Canada, Ottawa, Ontario.
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count data, but it should be noted that important results on other types of analyses have also
been obtained: Regression analysis (Fuller 1975; Nathan and Holt 1980; Pfefferman and
Nathan 1981; Scott and Holt 1982), principal component analysis (Skinner, Holmes and
Smith 1986), factor analysis (Fuller 1986), logistic regression involving continuous covariates
(Binder 1983).

Rao and Scott (1984) have made a systematic study of the impact of survey design on stan-
dard Pearson chi-squared or likelihood ratio tests for multiway tables of counts, under hierar-
chical log-linear models. They have also obtained simple first order corrections to standard
tests which can be computed from published tables that include “‘design effects®’ for cell
estimates and marginal totals, thus facilitating secondary analyses from published reports (see
also Gross 1984; Bedrick 1983; Rao and Scott 1987). These first order corrections take account
of the design in the sense that the actual type I error rates of tests based on the corrected statistics
are closer to nominal levels, compared to the standard tests which could have greatly inflated
type I error rates. More accurate second order corrections, based on the Satterthwaite approx-
jmation to a weighted sum of independent x2 variables, were also developed by Rao and Scott
{1984), but these tests require the knowledge of a full estimated covariance matrix of cell
estimates. Alternative methods that take account of the survey design include the Wald statistics
based on weighted least squares (Koch, Freeman and Freeman 1975), and the jackknifed chi-
squared tests {Fay 1985), all requiring either the full estimated covariance matrix or access to
cluster-level data. Fay (1985) and Thomas and Rao (1987) have shown that the Wald statistic,
although asymptotically correct, can become highly unstable as the number of cells in the
multiway table increases and the number of sample clusters decreases, leading to unacceptably
high type I error rates compared to the nominal level. On the other hand, Fay’s jackknife tests
and the Rao-Scott corrections have performed well under quite general conditions. In some
cases, the instability in the Wald statistic may be remedied by collapsing the table according
to eigenvectors associated with the nonnegligible eigenvalues of the estimated covariance matrix
adjusted for singularities caused by linear constraints on the probabilities, as proposed by Singh
{1985); see also Singh and Kumar {(1986).

Roberts, Rao and Kumar (1987) assumed a logistic regression model for the cell (domain)
proportions associated with a binary response variable, and obtained first order corrections
to standard chi-squared and likelihood ratio tests of goodness-of-fit and nested hypotheses.
Simple upper bounds to first order corrections, depending only on the design effects of cell
response proportions, were also obtained to facilitate secondary analyses from published tables.
Scott (1986) proposed an alternative method which uses standard tests on transformed data
derived from the original data and the cell design effects. Roberts, Rao and Kumar (1987) also
provided second order corrections to standard tests, but these require access to a full estimated
covariance matrix of cell response proportions. Diagnostics for detecting outliers and influential
points were developed as well, again taking the survey design into account.

The primary purpose of this paper is to present various extensions of the previous methods
and illustrate their use on data from large-scale surveys, including the Canada Health Survey
{1978-1979) and the Canadian Labour Force Survey. It is assumed, throughout the paper, that
the user has access to a full estimated covariance matrix of cell estimates. In Section 2, weighted
least squares (WLS) estimators of the parameters of generalized linear models having singular
covariance matrices, caused by linear constraints on the probabilities (or proportions), are
presented. Associated Wald tests of goodness-of-fit and of subhypotheses are also provided.
A smoothed version of the WLS estimators, and associated Wald tests of subhypotheses are
given as well. These methods should be used only when the number of cells in a table is small
and/or the number of sample clusters in the survey design is relatively large.
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The methods for logistic regression models are extended, in Section 3, to Box-Cox models
involving power transformations of cell odds ratios. These models, which include the logistic
regression model as a special case, could provide significantly better fits than the logistic regres-
sion models, as demonstrated by Guerrero and Johnson (1982) in the context of binomial
proportions. ‘

Methods for testing equality of parameters in two logit models, corresponding to two dif-
ferent time periods, are given in Section 4. If the hypothesis of equality is accepted, one could
obtain “‘smoothed’’ estimates of cell proportions for the current period that are more efficient
than the corresponding smoothed estimates based only on the current period data.

Section 5 gives an extension of the type of results obtained for logistic regression models
to a general class of polytomous response models. The special case of McCullagh’s (1980)
ordered response model is studied in detail.

Finally, an account of the software for implementing the above methodology is given in
Section 6.

2. WEIGHTED LEAST SQUARES ESTIMATORS
AND WALD TESTS

The approach of Koch, Freeman and Freeman (1975) is designed to estimate the parameters
of generalized linear models of the form g* (p) = X™#*, using a sample estimate, j, of the
population cell probabilities denoted by a T-vector p, and a consistent estimate of cov(F) =
¥V, (say). In this method, the asymptotic covariance matrix of the u-vector g* (p} is assumed
to be nonsingular (# < T); however, many models, including the traditional loglinear model,
are of the form g(p) = XB, where g(p) is a T-vector with a singular asymptotic covariance
matrix, and Xisa T x rfull rank matrix of known constants. It is possible to reduce the latter
models to the nonsingular form g* (p) = X*8*, as done by Grizzle and Williams (1972) for
the loglinear model, but Scott, Rao and Thomas (1989) have developed the following unified
approach for singular models, by appealing to the optimal theory for linear models having
singular covariance matrices.

The cell probabilities p and j are subject to linear constraints of the form K’'p = 7 and
K’'p = w,where Kisa T x L full rank matrix of known constants and = is an L-vector of
known constants m; (L < T). As a result, the covariance matrix of  will be singular. For
example, in the case of stratified sampling with complex sample designs within strata, we can
write K = @1, m=n/mi=1,....,LYandp = (pi;.. .Pim} -} Pr1+- -Prm)’ With
Py = (ni/n)py;, where p; is the j-th category probability within the i-th stratum ( L;5; = 1;
i=1,...,Lj=1, ..., m), nis the sample size from the j-th stratum, Yn; = n, 1,,isa
m-vector of 1’s, I is the identity matrix of order L and ® denotes the Kronecker product.

Assume that X8 can be written as X8, + X,8,, where X is a T x L matrix such that
K'H™'X,is nonsingular and where H = (dg/dp)’ isthe T x T matrix of partial derivatives
of g(p). In particular, X, can be taken as X if the constraint matrix X is included in X, as
frequently assumed. Since restrictions on p imply constraints on the parameters 3, 8, can be
determined exactly from the constraints, for a given §;.

Weighted least squares estimators

The model may be written as

E=gp)=XB+5 @.n
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where § is the error vector with Plim 6 = 0, and £ has a singular asymptotic covariance matrix
V; = HV,H’ which is consistently estimated as ¥V, = HV,H’, assuming that ¥, is a consis-
tent estimator of V,. Here H = H(j). Scott, Rao and Thomas (1989) derived an asymp-
totically best linear unbiased estimator (ABLUE) of 3, as

By = (XiMX,) "X Mg, (2.2)
where

M= (V, + XX~ 2.3)
is a nonsingular generalized inverse of I“{g, and
X = I - XpX{MX,. (2.4
A consistent estimator of the asymptotic covariance matrix of 3, is given by

est cov(f,) = (X{MX)) 2.5)

Wald tests

Letting 8 = (X'MX) "' X’'Mg = (B4,8])', a Wald test of goodness of fit of the model
(2.1) is given by

W= (8- XB)'M( — XB) (2.6)

which is distributed asymptotically as a x? variable with T — r degrees of freedom (d.f.). The
model is considered tenable at the a-level if W > x%_,(a), the upper a-point of x? with
T - rdf.

Given the model (2.1), tests of linear hypotheses on the model parameters 8 can also be
obtained. A Wald test of the linear hypothesis C,8; = ¢, is given by '

Wi = (CiB1 — ¢} [Crest cov (BC]]1 “HCB — o) 2.7

which is distributed asymptotically as a x? variable with & d.f., where Cyisah x (r — L)
full rank matrix of known constants (2 < r — L), and c, is a A-vector of known constants,
The hypothesis is rejected at the a-level if W, > xﬁ(a), the upper a-point of x2 with 4 d.f.
Note that 3, should not be included in the linear hypothesis since it is fixed by the design
constraints K'p = K'g~ ' (XB) = .

Smoothed version of ABLUE and associated Wald tests
‘We can also obtain a smoothed version of ABLUE of 8, , say 8}, using iteration, as follows:
Bray = B + (X’'MX) ' X'MH(p — p). t =0,1,2,... 2.8)
with starting values My = M, 8, = (X'MX) 'X'M§ = 8, Hy = H(B) and py = p(B).

Further, M, = (V,, + XoX4) ™ with ¥,, = H,V,H/,H, = H(B) and p; = p(8)), t = L
At convergence, we get 8* = (84’,81’)’ as the solution of the following equations:

X'M@B)HBY(P — pB) =0. 2.9
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Equations (2.9) reduce to quasilikelihood equations (McCullagh 1983) when ¥, is proportional
to V(p), a known function of p. Here, the dependence on 8 is made explicit by writing
p=p(B), H=H(B) and M =V, + XpX3 = M(B). The smoothed estimate 3* also
satisfies the constraints K’'p = K'g 1 (XB8) = =, unlike §. The asymptotic covariance
matrices of 8} and 3, are identical, but 3} might perform better in small samples.

Given the model (2.1), an alternate Wald test of the hypothesis C;3, = ¢, is given by

Wt = (CiBt — ¢) [Cresteov (BDC{1 (T8t — ¢) (2.10)
which is distributed asymptotically as a x? with A d.f., where
estcov(8]) = (XP'M*XH !, 2.11)

and X7 = [I — X XgM* 1 X, M* = (V2 + XoX§) ™' with V3 = H*V,H*' and H* =
H(8*).

Example

The previous results were applied to a two-way table from the Canada Health Survey
(1978-79). This survey was designed to provide reliable information on the health of Canadians.
The information collected was made up of an interview component for the whole sample and
a physical measures component for a subsample. A complex multistage design involving
stratification and clustering was employed, and the estimates of cell totals or proportions were
subjected to post-stratification on age-sex, to improve their efficiency. The reader is referred
to Hidiroglou and Rao (1987) for a description of the survey and the procedures used for
estimating cetl counts, proportions, and their estimated variances and covariances. For the
physical measures component, a collapsed stratum technique for variance estimation was
employed since a single primary sampling unit was selected in some of the strata.

Table 1 gives the estimated proportions, f;;, derived from the physical measures component
in a cross-classification of fitness level (recommended = 1, minimal acceptable = 2, below
acceptable or screened out = 3) and type of cigarette smoker (regular = 1, occasional = 2,
never = 3). The estimated covariance matrix of the gy, 17)',, can be obtained from the authors.

Since both the variables in Table 1 are ordinal, we considered the following loglinear model
with linear X linear interaction:

logp,_, =i+ Uy + Uz fy + "Y(V,' - ﬁ)(wj - W), i= 1,2,3 J' = 1,2,3 (212)

Table 1

Estimated Cell Proportions in a 3 x 3 Table (Canada Level):
Type of Cigarette Smoker X Fitness Level (Sample Size n = 2505)

Ages 15-64
Type of Fitness Level
' cigarette smokers 1 2 3
1 0.22005 0.14951 0.16998
2 0.02301 0.00962 0.01146

0.20329 0.09933 0.11374
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subject to side constraints Y ,u;(;y = X;us) = 0, where v; and w; are known scores with
means ¥ and W respectively. For simplicity, equidistant scores were taken: u; = 1,2,3;
v; = 1,2,3. The model (2.12) is of the form g(p) = Xo6, + X8, with gy(p) = logpy,
Xo =K =15,29 x 1vectorof I’s, By = &, B = (8 (1):81(2):82¢1)>42(2),¥) *» and

— —_
1 1 1 0 ¢ 0 -1 -1 -1
¢ 0 0 1 1 1 -1 -1 -1
X{ = 1 0 -1 1 0 -1 1 0 -1
o1 -1 0 1 -1 0 1 -1
1 0 -1 0 O 0 -1 0 1

Noting that & = diag (55 i =1,2,3;j = 1,2,3), the Wald test of goodness-of-fit of the
model (2.12) can be computed from (2.6), using the proportions p; in Table 1 and the
estimated covariance matrix, Iﬁ,. We obtain

W = 3.59

which is not significant at the 5% level compared to x%_,(0.05) = x3(0.05) = 7.81 {note that
T = 9,r = 6). The Wald statistic W is likely to be stable in this example since the number
of cells 7( = 9) is small relative to the number of sample clusters (= 50).

We can also conduct a test of independence, i.e. ¥ = 0, given the model (2.12), using W)
given by (2.7) or W}, based on the smoothed estimates 8}, given by (2.10). Noting that
C1 = (0, .- ,0,1), = 0, we obtain

W, = 8.23, Wt =875,

both larger than x% (0.01) = 6.63, the upper 1% point of x2 with 1 d.f. The nested hypothesis
of independence is therefore not tenable.

Accepting the model (2.12), we obtain the following values of weighted least squares
estimates, B], and smoothed estimates, 8*:

-

B = (0.912,-1.550,0.339, — 0.255, - 0.086)"
B = —2.665, B} = (0.917,—1.568,0.344,—0.262,0.087)".

The estimate 8* can also be used to produce smoothed estimates of the p;, pf; = py(£*),
which satisfy the constraint ¥ ¥ p;(8*) = 1.

3. BOX-COX TRANSFORMATION MODELS

Logistic regression models are extensively used for the analysis of variation in the estimated
proportions associated with a binary response variable. Suppose that the population of interest
is partitioned into I cells according to the levels of one or more factors. Let P; be the popula-
tion response proportion in the i-th cell. Then a logistic regression model for the proportions
P;.= F;(f8) is given by :

logiF,/(1 — F)) =x{8, i=1,...,1, 3.1
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where x; = (xy;,...,Xg}  is an s-vector of known constants derived from the factor levels
with x;; = 1, and § is an s-vector of unknown parameters.

Guerrero and Johnson (1982) extended the applicability of logistic regression models by
introducing an additional parameter, A, through a Box-Cox power transformation of the odds
ratios F;/ (1 — F;). Their model is given by

vilA) = [Fi/(1 — F)yW™ =x/8, i=1,...,1, (3.2)
where # and x; are as in (3.1) and

(F/(1 — Fy3™ = {log{F,-/(l - F)) ifA =0

ANUIF/(D = F)}r — 11 if X # 0.
The model (3.2) includes as a special case (A = 0) the logistic regression model (3.1). Guerrero
and Johnson (1982) applied this model to data from the National Survey of Household Income
and Expenditures in Mexico to explain the variation in female participation in the Mexican
labour force. They found that a value of A = —6.63 provided a significantly better fit than
the logit model (A = 0), the values of the standard chi-squared statistic being 4.8 (7 d.f.} and
12.8 (8 d.f.) respectively. However, they applied standard methods for binomial proportions,
ignoring the survey design.

Pseudo MLE

In this section, the methods of Roberts, Rao and Kumar (1987) for the logistic regression
model are extended to the power transformation model (3.2). Due to difficulties in obtaining
appropriate likelihood functions for general sample designs, we use ‘‘pseudo’ maximum
likelihood estimates, 3 and A, obtained from the product binomial likelihood equations for
8 and A by replacing the simple response proportion r;/n; with the corresponding survey
estimate B; of P;, and n;/n with the corresponding survey estimate W; of the domain propor-
tion W;. Here r, is the number of “‘successes” in a sample of size n; from the i-th cell, and
n = Y n;. See Guerrero and Johnson (1982), for the product binomial likelihood equations.
The pseudo maximum likelihood estimates (m.l.e.), 8’ = (B! A), can be obtained iteratively
by a quasi-Newton procedure, as in Guerrero and Johnson (1982). The fitted response pro-
portions are given by F= F}(é).

Let P be the estimated covariance matrix of the survey estimates.® = (#,,...,F))’,and
let

B = D(F)~'D(1 — F) " (3F/80)°. (3.3)

Here D(F) = diag(F,i = 1,...,0, D(1 — F) = diag(1 — £,,i = 1,...,I) and
(0F/80) " isthe I X (s + 1) matrix of partial derivatives 3F;/d8; and F;/d\ evaluated at §:

OF;138; = xzFT(1/Q))' 1™
3F /3N = FF(QilogQi — Q; + DATX(1/Q) 1A, (3.4

where Q; = 1 + AY;x;8;. The estimated asymptotic covariance matrix of 8, taking account
of the survey design, is then given by (see Roberts 1985)

estcov(f) = (B'AB) ~(B'D(W)V,D(W)B)(B'AB) "}, (3.5)
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where A = diag(W;£(1 — F);i = 1,...,1) and D(W) = diag(W,,i = 1,...,D).
It is also of interest to find the standard errors of the residuals R; = B; — F; since the

standardized residuals K;/s.e.{R;) can be used to detect any outlying cell proportions. The

estimated asymptotic covariance matrix of the vector of residuals # = (R,,...,R,)’ is given
by

estcov(R) = Aestcov(f)A’ = Vg, (3.6)
where

A=1-~DFD( — BYB(B'AB)~'B’D(W).

The square root of the diagonal elements, V; z, of (3.6) provide the estimated standard errors
ofthe R;,i = 1,...,1,
Corrections to Standard Tests

The standard chi-squared and likelihood ratio tests of goodness-of-fit of the model (3.2)
are given by

.

I
X*=nY (P, - B)Wy/(F(1 - F)) 6.7
i=1 .
and

I
G* =20} Wi[Plog(P/F) + (1 ~ Plog((1 — )/l — F))].  (3.8)
i=1

respectively, where the term in [] of (3.8) equals — log(1 — &) at B, = 0 and — logF;
at ﬁ,' =],

Under product binomial sampling, it is well-known that both X2 and G? are asymptotically
identically distributed as a x2 variable with J — s — 1 d.f., but for general sample designs
this result is no longer valid. In fact, X? (or G?) is asymptotically distributed as a weighted
sum, Y.&.W,, of independent x?2 variables, W, each with 1 d.f., where the weights &,
(k=1,...,0 — 5 — 1) can be interpreted as ‘‘generalized design effects’’ {see Roberts
1985). Under product binomial sampling, 8, = 1 for all k£, and ¥.6;W, reduces to x* with
I—-s5-1d.f

A first-order correction to X2 (or G?) is obtained by treating X2 = X%/§. or G2 = G*/8.
as x> with I — s — 1d.f., where

U—s—-Dd = Y& =n}) VixW/F(1 - F)) (3.9)
i=1
and 17,, g is the estimated variance of the i-th residual R;.

A more accurate, second order correction to X2 (or G?), based on the Satterthwaite
approximation to Y 8,W;, is obtained by treating

2 Xcz Gc% 3.
Xi= " S or G§ = T B BX with (f — s — 1)/(1 + &) d.f.  (3.10)
a
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Here 42 = (8, — 6.)2/((I — s — 1)82] is the squared coefficient of variation of the §;
which can be computed, without evaluating the individual weights §;, from (3.9) and from

1 1
Y &=Y ¥ VianmyaWorifial - Ha =iy, 3.11)
i=1 I=1 :

where ¥ p is the (7,/)-th element of Py given by (3.6).

Nested hypotheses, given the model (3.2}, can also be tested by correcting the standard tests
for nested hypotheses, but we omit this topic for simplicity (see Roberts 1985 and Kumar and
Rao 1985 for details). It is simpler, however, to use Wald tests based on the estimates § and
the associated estimated asymptotic covariance matrix.

Example

The previous method was applied to data from the monthly Canadian Labour Force Survey
(October, 1980). The Labour Force Survey design employs multi-stage cluster sampling with
two stages in the self-representing urban areas and three or four stages in the non-self-
representing areas in each province. A detailed description of the sample design and associated
estimation procedures for the Labour Force Survey is given in Statistics Canada (1977).

The sample from the Labour Force Survey, for the present example, consisted of males aged
15-64 who were in the labour force and not full-time students. Two factors, age and educa-
tion, were chosen to explain the unemployment rates via a Box-Cox transformation model,
Age-group levels were formed by dividing the interval [15,64] into ten groups with the j-th
age group being the interval [10 + 57,14 + 5f] forj = 1,...,10 and then using the mid-
point of each interval, A; = 12 + 5/, as the value of age for all persons in that age group.
Similarly, the levels of education, E;, were formed by assigning to each person a value based
on the median years of school resulting in the following six levels: 7, 10, 12, 13, 14 and 16.
The resultant age by education cross-classification provides a two-way table of I = 60 survey
estimates, F} x» of employment rates F;;. The estimated covariance matrix P, was based on
more than 450 sample clusters.

We considered the following transformation model for P, = F;, (9} involving linear and
quadratic age effects and linear education effect:

vik(N) = (Fj /(1 = F}®
=B+ Bid; + BoA} + BB j=1,...,10,k=1,...,6. (3.12)

Table 2 contains the pseudo m.l.e. of § = (8,581,883, A) " and associated standard errors,
and the test statistics X2, G2, X% and G% for testing the goodness-of-fit of the model (3.12).
The corresponding values under the logistic regression model (A = 0) are also given for
comparison.

It is clear from Table 2 that the value of X2 (or G?) is essentially equal to the correspon-
ding value under the logistic regression model. Thus in the present example the transforma-
tion model provides no improvement in the fit over the logistic regression model. This is also
clear from the value of A (= 0.016) which is not significantly different from A = 0 when
compared to its standard error ( = 0.085}. The estimates of regression coefficients are essen-
tially equal under the two models, but the standard errors of the §; under the Box-Cox mode!
are much larger than the corresponding standard errors under the logistic regression model,
due to the large standard error associated with A and the fact that the §; depend on A.
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Table 2

Pseudo MLE of the Parameters (3',A), their Standard Errors and
Test Statistics Under the Transformation Model and under
the Corresponding Logistic Regression Model (A = 0)

Transformation Model Logistic Regression Model
estimate 5.C. cstimate 5.e.
Bo -3.28 0.975 -3.10 0.247
i} 0.219 0.0468 0.211 0.013
5 —0.00227 0.00049 —0.00218 0.00017
By 0.1579 0.0385 0.1509 0.0115
A 0.016 0.085 — -
Test Statistics
value d.f. value d.f.
Xx? 99.6 55 99.8 56
G, 102.6 56 102.5 56
X% 40.7 39.2 23.4 24.2
G3 42.0 39.2 23.9 24.2
X2(0.05) 54.6 55 47.7 56
G%(0.05) 56.4 55 489 56

If the survey design is ignored and the value of X2 (or G?) is referred to x3 o5 (55} = 73.3,
the upper 5% point of x2 with I — s — 1 = 55 d.f., we would reject the model (3.12). On
the other hand, the value of X% (or G%) when adjusted to refer to x3 qs(55), denoted as
X § (0.05) (or G%(0.0S)) in Table 2, is not significant at the 5% level, indicating that the model
provides a good fit to the data, B;.

Box and Cox (1982) and Hinkley and Runger (1984) argued that statistical inference about
B should proceed with the scale determined by the estimate A regarded as fixed. Thus, the
estimated covariance matrix of § is determined from (3.5) by replacing 3F/36 by 3F/38 in the
expression for B (equation (3.3)). For our example, this argument would suggest that we can
take A = 0and use the estimates of 8 and associated standard errors (or estimated covariance
matrix) under the logistic regression model, given in Table 2.

4. TESTING EQUALITY OF LOGISTIC REGRESSION MODELS

Structural changes between two time periods may be detected through tests of equality of
parameters in the corresponding models. Such tests for standard linear regression models have
been developed extensively in the econometric literature (sec e.g., Amemiya 1985, Sec. 1.5.3).

In this section, corrected chi-squared and likelihood ratio tests of equality of parameters
in two logistic regression models, corresponding to two specified time periods, are obtained.
If the hypothesis of equality is tenable, then ‘*smoothed”’ (i.e., fitted) estimates of cell pro-
portions for the current period can be obtained by combining the data for the two periods.
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These estimates are more efficient than the corresponding smoothed estimate based only on
the current period data. The methodology is applied to data from the October 1980 and October
1981 Canadian Labour Force Survey, to study year-to-year structural changes. Note that the
data for October 1980 has already been used, in Section 3, to illustrate the fitting of Box-Cox
power transformation models, and it was found that a logistic regression model involving linear
and quadratic age effects and linear e¢ducation effect provides a good fit to the data.

Let P,; be the population response proportion in the i-th cell for the period t{ = 1,2}). Then
a logistic regression model for the proportions P;; = F;(8,;) = F;;is given by

lo.g{F;l/(l - F;l)} = xl!ﬂr) i = 1:11; t = 1!2 (41)

where x; is an s-vector of known constants derived from the factor levels, as in (3.1), and
B is an s-vector of unknown parameters for period . We are interested in testing the com-
posite hypothesis 8; = 8,(= ) to study structural changes between the two time periods.
If the hypothesis is accepted, ““smoothed’’ estimates of the proportions P,; for the current
period (f = 2) can be obtained as F,-(f?) where 8 is the psendo m.l.e. of the common
parameter 3.

Pseudo MLE

Let Py; and By; (i = 1,...,T) be the survey estimates based on sample sizes n, and n,
respectively. Extending the notation in Section 3, ‘‘pseudo’’ maximum likelihood estimates,
B,, are obtained from the product binomial likelihood equations for B8, by replacing the simple
response proportions ry; /n,; with the corresponding survey estimates P,; of P,; and n,;/n, with
the corresponding survey estimates W,; of the domain proportions W;; , thus yielding

X'D(W)F, = X'D(W,)P,, t =12 4.2)

where F, = F(§,) is the vector of fitted response proportions for period ¢, D( W) =
diag (W,;,i = 1,...,I),and X' = {(x,...,x;). The estimates §, are obtained iteratively
by a quasi-Newton procedure.

Under the hypothesis 8, = #,(= §), the pseudo maximum likelihood estimates, ﬁ , are
obtained by iteration from the following pseudo likelihood equations:

X' D(WIF = (m/m)X'D(W)P, + (ny/m)X'D(W,)F;, (4.3)

where D(W,) = (n/n)D(W;) + (nzln)D(Wz),ﬁ‘ = F(f) is the vector of fitted response
proportions or smoothed estimates of cell proportions for the current period, and
n+n=mn

Let Vp be the estimated covariance matrix of (P;,P;)’ partitioned as

Pp = I:I:’up VIZP] )
Vap Vap

Then the estimated covariance matrix of smoothed estimates F is given by

estcov(F) = BV.B’, 4.4)
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where
B = D(W,) ~'AX(X'AX)"'X'[(m/m) D(W), (m/m)D(WR)] (4.5
and

A = diag(W,.F:(1 — F)).i=1,...,IL

_If the residuals are defined as 13, =F - F, then the estimated covariance matrix of
(R{,R3)’ is given by

Var Var (4.6)
Here
A [Au Alz]
An Ap
with
A = D(WE)'IEX[(X’&X)_]X’D(W:) - %‘(X'QX)-IX'D(W;)],
and
Ap = - D(W)'Ax(x'Ax)-x' [D(W) - %‘D(W,)}, t=1,2,
where

A, = diag (W, F:(1 — F),i = 1,...,1).

Corrections to Standard Tests

The standard chi-squared and likelihood ratio tests of the nested hypothesis 8; = §,, given
the model (4.1), are given by

X=Xt + X3 (4.8)
and
G? = G} + G%, 4.9)
where
! 2 2 %
Xt =n Y, (Fy— FYWu[(F(1—F)}, t =12 (4.10)
i=1
and

! 2 %
Gl =2n ), Pfﬁ,-[ﬁulog(ﬁ,-/ﬂ) + (1 = Fplog{(i — F) /(3 —F.-)]], t=1.2
i=1 {4.11)
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A first order correction to X2 (or G?) is obtained by treating X? = X%/§. or G} = G*/6.
as x2 with s d.f., where

2 ! -~ - 2 %
Pur Wyl (1 = F)) + m ¥ Var(iYWy,{ (F(1 = B} (4.12)
i=1

0")
I M ~

and ¥,z (ij) is the (i,j)th element of ¥,z. A more accurate, second order correction to X2
{or G1), based on the Satterthwaite approximation, is obtained by treating

xt G? .
Xi= S or G: = - as x® with s/(1 + &%) d.f. 4.13)
1+4 1+ 4
Here 4* {_ Liz §2 — sg_z)/sg_z which can be computed from (4.12) and the following for-
mula for ¥53:
ZS; 2= 2 i E ViR Wyl
k— ™ 2 2
k=1 i=1 _,.—.1FF(1—F)(1—F)
! p%zk(-'j)"f’ziwzj

EEQ -FBY1 -F)

3y (i) W), W5
frﬁ"(l ~Ba -£y

(4.14)

where P2z (i7) is the (i.j)-th element of V,z.

Example

The previous method was applied to data from the October 1980 and October 1981 Cana-
dian Labour Survey, to study year-to-year structural changes.

The logistic regression model involving linear and quadratic age effects and linear educa-
tion effect provided a good fit to data from both periods with the following estimates of 3,:

B;: [-3.08, 0.211, —0.00218, 0.1505}
By: {-3.05, 0.179, —0.00169, 0.1707),

where log(Fy/(1 — Fp)) = Bro + Bud; + BoA? + BuExj=1,...,10k = 1,...,6
and £ is the fitted employment rate in the (j,k)-th cell for period ¢. One cell was omitted
in the fitting since the domain sample size n,; is zero for the current period.

Turning to the test of the hypothesis 8, = ,, given the logistic regression models, we
obtained the following values of X%, G2, X2, G2 and X%, G%:

X2 =421 X!=246 X%=1244
G*=422 G:=246 G}=244.
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Alsos/(1 + 4%) = 4/(1.0089) = 3.965 = 4. By referring X% or G%to x30s(4) = 9.49, the
upper 5% point of x? with 4 d.f., we reject the hypothesis 8, = 8, at the 5% level, indicating
significant year-to-year structural changes for the month of October. The data for the two time
periods, therefore, should not be pooled to get smoothed estimates of unemployment rates,
1 - I:"jk, for the current period.

5. POLYTOMOUS RESPONSE MODELS

A variety of models has been suggested in the literature when the response variable is
polytomous. The variety of models reflects, in part, the different scales of measurement possible
for palytomous response variables, unlike binary response variables. In the main, there are
nominal responses where any permutation of the response categories is equally valid, and
ordinal responses where there is a natural ordering of the response categories.

Suppose that the population of interest is partitioned into I cells (or domains) according
to the levels of one or more factors. Let P; ;) be the population proportion in the { t cell having
the j/*response ( = 1,...,J + 1)sothat /2! P;(iY = 1(i = 1,...,]). Thena general
polytomous response model for the proportions P; (i} is given by

R’(i)=ﬂj(8), i=1,°--)1;j=1)--~:'-’, (5'1)

where @ is an r-vector of unknown parameters (r < LJ) and Fj; () is a function of known
form. In the nominal case, Haberman (1982) and others proposed the following model: the
“multinomial logits”’ logP; (i) — L/ tllog P;r(;y(J + 1) ™! are assumed to be unknown

linear functions of x;, the s-vector of known constants derived from the factor levels, i.e.,

J+1
Fi(8) = exp(x,-‘Bj)/ YepxiB), i=1....Lj=1..J+1 (5.2)
k=1

with ¥ 8, = 0. Because of the latter constraint on the 8, (5.2) may be expressed as

J J
F;(8) = exp(x/B;) / [ E exp(x; 68;) + H exp(— x."Bk)],

k=1 k=1

i=1,...,L;j=1,...,J. (5.3)

Note that (5.3) reduces to the usual logistic regression model in the special case of binary
response.

In the ordinal case, a simple model which also has the feature of being invariant under the
grouping of response categories is given by (McCullagh 1980)

10g(Cjy/(1 — G} = vy —x(B, j=1,... 05 i=1,...,0 (5.4)

where Cjjy = T%=1 Prqiy denotes the j cumulative probability in the i domain, and §' =
(#1,---,v;5,8"). To express {5.4) in the form (5.1), we note that P; = L™!C;, where P; =
(P”,') poan ,PJ(,‘)) " Cj = (Cl(i) PR ,CJ(,‘)) ’ and L—l isaJ x Jnonsingular matrix with 1
in the diagonal, —1 in the (i + 1,7)" position (i < J) and 0 elsewhere.
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Pseudo MLE

As before, we use pseudo m.l.e., 8 obtained from the product multinomial likelihood equa-
tions for ¢ by replacing the simple response proportions #;;/n; with the corresponding survey
estimates 15_, (iy» and n;/n with the corresponding survey estimate W; of the domain propor-
tlon W;. Here n; is the number of units with the j* A response in a sample of size n; from the

" domain and n = ¥, n;. The fitted response propomons are then given by F = F(6) =
(Fl,.. 1), where F; = (F,y, ... Fy)’ and F; = Fy(8).

Let Vp be the estimated covariance matrix of the survey estimates £ = (P, ..., P

., P - ﬁ,m) and M = (aF/ae) the IJ X r matrix of partial derivatives BF L
calculated at 4. Also, let §; = diag(F;) — F£F; and O = diag(Q;,i = 1,...,1). The
expressions for the partial derivatives dF; /80, for the models (5.3} and (5.4) are given in
Roberts (1985). The estimated asymptotic covariance matrix of 8, taking account of the survey
design, is then given by (see Roberts 1985).

estcov(f) = (M'VM) LM VPV M) (M VM) 7, (5.5)

where V = (D(W) ® NO~and D(W) = diag(W,,i = 1,...,I). In the special case of
product multinomial sampling, ¥, = ¥V ~!/n and (5.5) reduces to (M’'VM) ~'/n.

The vector of residuals, B = £ — F, is also of interest, since it may be useful in detecting
model deviations, The estimated asymptotic covariance matrix of R is given by

estcov(R) = GVpG’ (5.6)
where G = I — M(M'VM)~'M'V.

Corrections to standard tests

For simplicity, we consider only the Pearson chi-squared test of goodness-of-fit of the model
(5.1). It is given by

=n

w; E iy — Fy) 2 Ey. (5.7

I J+1
=1 j=1

]

Under independent multinomial sampling in each of the domains, it is well-known that X2 is
asymptotically distributed as a x? variable with 1J — r d.f.

To test the nested hypothesis 6, = 0, given the model {5.1), let 01 be the pseudo m.l.e. of
&, and £ be the corresponding vector of fitted response proportions, where 8’ = (8/,8;), 8,
isqg x landfisw x 1 (g + u = r). The Pearson chi-squared test of the nested hypothesis
is then given by

J+1 .

X221 = n E E (Fy — Fy)Fy (5.8)

which is asymptotically distributed as x* with u d.f. under independent multinomial sampling
in each of the domains. However, for a general sample design, X? and X2(2|1) are both
asymptotically distributed as weighted sums of independent x2 variables, each with 1 d.f.,
where the weights can be interpreted as ““generalized design effects” of particular linear
transformations of £ (Roberts 1985).
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A first-order correction to X' 2(2| 1) is obtained by treating
X2(211) = X2(2|11)/6.(2]1) as x® with u d.f., (5.9)

where §.(2|1) is obtained by replacing 8’ by (5,’ ,0’) and Vp by Vpin the following definition
for 6.(2|1):
"
w21y = Y 8,(2]1) = tr D2|1). (5.10)
i=1
Here, tr denotes the trace operator and D(2|1) is a generalized design effects matrix given by
D(2|1) = (H}VH,) ~{(H;VVeV'H,), (5.11)
where Vp is the covariance matrix of £, V = (D(W) ® NQ~', O is the block

diagonal matrix with Q; = diag(F;) — F;F/, i=1,...,1, F; = F;(8), and H, =
[7 — M, (M{VM,) "' M{V|M,, where M, = (3F/38,)" and M, = (8F/d6;)".

A more accurate, second order correction to X2 (2]1), based on the Satterthwaite approx-
imation, is obtained by treating

X3(2|11) = X2(2|1)/711 + 4(211)3] as x> with w/[1 + a(2[1)?] d.f. (5.12)

Here 4(2|1)? is obtained by replacing 6 by (6;,0’) in the following definition of a(2]1)2:

a(2|1)? = { Y &21)? - u&.(2!1)2]/u5.(2]1)2, (5.13)
=1
where
Y 8:2(1)? = uD(2|1)* (5.14)
i=1

The corrections to goodness-of-fit test X2 are obtained as special cases of (5.9) and (5.12)
by treating the model as nested within a saturated model {i.e., a model where the unknown
parameter & is of length IJ).

Example

The previous methods were applied to data from the Canada Health Survey (1978-79). A
brief description of the survey is provided in Section 2.

The data set examined consisted of the estimated counts of females aged 20-64 cross-classified
by frequency of breast self-examination (with the 3 categories; monthly, quarterly, less often
or never), education (with the 3 categories: secondary or less, some post-secondary, post-
secondary) and age (with the 3 categories: 20-24, 25-44, 45-64).

The frequency of breast self-examination was considered to be the response variable, while
education and age were taken as explanatory variables, so that the number of responses, J + 1,
equalled 3 and the number of domains, 7, was 9. Both response and explanatory variables are
ordered.
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Table 3
Survey Estimates of Cumulated Probabilities

Age Education Cl (ik) CZ(ik)
i=Lk=1 20-24 < Secondary 25 49
k=2 < Post-Sccondary 25 41
k=1 = Post-Secondary .23 A7
i=2k=1 25-44 = Secondary .25 50
k=2 < Post-Secondary .27 .44
k=13 z Post-Secondary .26 44
i=3 k=1 45-64 =< Secondary .28 51
k=2 < Post-Secondary .24 62
k=13 = Post-Secondary .29 .56
Table 4
Statistics for Testing Goodness of Fit and Nested Hypotheses
Goodness of Fit Nested Hypothesis
(Age & Education) (Age only)
Xx? 37.7 7.1
X2 21.6 3.8
X% 18.5* 3.7*
8. 1.75 1.9
a* 0.83 0.1

* The Satterthwaite statistic has been adjusted to refer to the same x? value as X2,

The following model for the cumulated probabilities of the type described in equation (5.4),
was considered:

log{C;(ik} /{1 — C;(ik))) = v + Ba; + ¢ (= 1,2;i =1,2,3;k = 1,2,3) (5.15)

where C;(ik) is the j* cumulated probability for the i age group and k" education group.
Aswell, g; = A; — A, where A, is the midpoint of the /' age interval, and ¢, is the effect of
the k™ education group ( £ e, = 0), ignoring the order of the education categories. Table 3
contains the survey estimates of the cumulated proporiions. Table 4 contains the test statistics
X2, X? and X% for testing the goodness of fit of (5.15) and also for testing the nested
hypothesis of no education effect, e, = 0 for k = 1,2.

First, considering the goodness of fit of (5.15), if the survey design is ignored and the value
of X2 is referred to x3 45(13) = 22.4, the upper 5% point of x? with IJ — 5 = 13 d.f., we
would reject the model. On the other hand, the value of X? or the value of X% when adjusted
to refer to Xcz).os( 13), is not significant at the 5% level, indicating that the model provides a
good fit to the data.

For testing of the nested hypothesis, the value of X7, or the value of X% when adjusted to
refer to xZ 9s(2) = 5.991is not significant at the 5% level, indicating that the nested hypothesis
of no education effect is tenable.
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6. SOFTWARE

Implementation of the methodology of the previous sections requires two stages of com-
putation — calculation of a vector of proportions, along with its estimated covariance matrix,
and then calculation of model estimates, test statistics and their adjustments.

Surveys like the Canada Health Survey and the Labour Force Survey, from which examples
have been presented, have complex designs and large data bases. Because of these two factors,
calculation of covariance matrices was done on a mainframe computer. Custom SAS and
Fortran programs were used for this purpose.

Computations required for the fitting and testing of goodness-of-fit models and sub-
hypotheses were done either on the mainframe computer using SAS {and the MATRIX
procedure in particular), or on a microcomputer using the GAUSS programming package.

These programs are available to other analysts at Statistics Canada.
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COMMENT

ROBERT E. FAY!

The authors have made an excellent contribution to the literature on the analysis of data from
complex samples. By examining in turn four different models for categorical data: i) a log-linear
model for a cross-classification; ii) a modification of the approach of Box and Cox to the trans-
formation of binary data; iii) a problem of inference about parameters of a logistic regression
model; and iv) a polytomous response model, the authors present solutions to important indi-
vidual problems and illustrate the ways in which these flexible approaches to inference can be
extended to other models for categorical data from complex samples. The applications are con-
nected by an underlying theory, much of it previously appearing in Rao and Scott (1984), but this
paper usefully presents in greater detail the implications of the general theory for specific models.

An omission from the paper is understandable but worth noting: for each model illustrated
in the paper, replication provides an alternative strategy that, at times, may also be more con-
venient. In particular, the replication theory is complete for each of the applications, i), ii},
and iv), to cross-classified data. In each case, tests of overall fit and comparisons of nested
models can be assessed with the jackknifed chi-square test (Fay 1985) and standard errors for
the parameters obtained through replication.

Replication also can provide standard errors and covariances for parameters of logistic
regression mocdels, as in iii), enabling in some cases a Wald-type test for equality of sets of regres-
sion parameters. It also appears likely that the jackknifing approach extends to the likelihood-
ratio chi-square test in such situations involving continuous variables, although a firm proof
of this conjecture is clearly required before application can be recommended. My point in calling
attention to replication as a competing strategy for the problems presented in the paper is not
to imply that it represents a methodologically superior approach to the methods of Rao and
Scott (1984); instead, the availability of this methodology provides an additional choice to solve
these and similar problems of inference. For example, the focus on replication for the estima-
tion of variances from the current demographic surveys at the U.S. Census Bureau provides
the potential to carry out analyses such as those presented in the paper.

1 also want to point out that the methods presented and the analogues from replication theory
have a potential importance beyond the realm of design-based inference from complex sample
surveys, which is the focus of the paper. One of these involves the use of multiple imputation
or related approaches intended to represent the uncertainty due to missing data. The implied
interpretation of variance within the domain of design-based inference can be extended to
include uncertainty from missing data without requiring changes to the methodology presented
in the paper. The general methodology may also be applicable to some problems of inference
from complex designed experiments, in which the design poses problems of clustering or
stratification similar to complex sample surveys.

Of the four models discussed, however, 1 suggest that the Box and Cox transformation not be
applied without consideration of alternative strategies, such as transformation of the x-variables
instead. My own inclination would be to favor an analysis on a logistic scale, with possibly
transformed predictors, unless the adaptation of the Box and Cox transformation obtains some
distinct advantage, such as offering an additive model on the transformed scale in an instance
where the logistic model does not provide as successful a fit without interaction terms.

Iam delighted to have the opportunity to commend the authors on a useful and instructive
paper.

! Robert E. Fay, U.S. Bureaw of the Census, Washington, D.C. 20233,
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COMMENT

C.J. SKINNER!

This paper provides an excellent discussion of a variety of applications of weighted least
squares (WLS) and pseudo maximum likelihood (PML) procedures to categorical data. Its clear
presentation and use of real survey examples will, I hope, help to encourage survey analysts
to take account of complex designs in their analyses. As the authors indicate, analytical
statistical procedures which take account of complex designs have been developed extensively
in recent years (see e.g. Skinner, Holt and Smith 1989) and are even beginning to be referred
to in standard computer software (e.g. SAS 1985, pp 61-67).

Commenting first on some specific aspects of the paper, I found Section 5 on polytomous
variables to be especially valuable, given the wide occurrence of such data in surveys. A prop-
erty of ordinal variables is that they may often be expected to possess monotonic relationships
and 5o, for example, lack of monotonicity between the fitted values of C sy (0r Cy(44y) and
the education variable & in Table 3 makes the result of the corrected tests, that there is no
evidence of an education effect, more plausible than the result of the uncorrected test.

The discussion of testing equality of two logistic regression models in Section 4 also seemed
to me to be practically useful, although it would stili seem to be possible theoretically to for-
mulate this test as one of a nested hypothesis within the framework of Roberts, Rao and Kumar
(1987,

Section 3 provides a useful illustration of how PML may be applied to general parametric
models for categorical data. It is, however, gratifying that the more complex transformation
model provides no significant improvement in fit over the logistic regression model, since the
interpretation of the parameters of the transformation model is more difficult. For example,
for the logistic model the coefficient for education may be interpreted as implying that the odds
of being employed are increased by 16% for each additional year of education for males of
a given age (exp (.1509) = 1.16), whereas this interpretation is not generaily available for the
transformation model when A # 0. :

On a more general note I would be interested in the authors’ views on the relative merits
of WLS and PML. In the paper, these methods are presented quite separately, although both
procedures would seem to be potentially applicable to a very wide class of models for categorical
data under complex designs. Indeed both procedures are also applicable to models with con-
tinuous variables (Skinner, Holt and Smith 1989, Chapter 3); WLS requires just a statistic
consistent for a known function of the parameters together with a consistent estimate of the
covariance matrix of the statistic (Fuller 1984, Corollary 2), whereas PML is applicable very
widely as described in Binder (1983). As a basis for discussion I list below a number of criteria
on which WLS and PML might be compared; M1-M3 are relevant even under multinominal
sampling, C1-C3 are specific to complex designs.

M1 Flexibility WLS may be more adaptable than PML for complex problems e.g. involving
structural zeros.

M2 Computation WLS computation tends to have a more standard form.
M3 Small eell counts WLS is more sensitive to small counts, especially zeros.

C1  Adaptability of multinomial methods to complex designs WLS scems more easily
adaptable,

L C.J. Skinner, University of Southampton, United Kingdom.
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C2 Efficiency Under multinominal sampling WLS is usually asymptotically equivalent to
PML (which is then just standard ML). It might be conjectured that WLS will always
be at least as efficient as PML under complex designs, although this presupposes a 1-1
correspondence between WLS and PML estimation problems. If WLS is more efficient,
is the gain usually negligible (cf. Scott and Holt 1982)? Are there general results here?

C3 Degrees of freedom WLS estimators and associated Wald tests may be unstable if the
degrees of freedom used to estimate V, are low.
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COMMENT

E.A. MOLINA!

I would like to congratulate the authors on bringing together some recent methods devel-
oped for analyzing categorical data arising from sample surveys. The paper should be extremely
useful for survey analysts who wish to take into account the impact of survey designs on the
practical aspects of the analysis of survey data. In particular, it is important to emphasize that
the methods discussed cover two different situations arising in practice: so called primary
analyses, in which the researcher has all the relevant information at hand, and secondary
analyses, in which the data provided do not include enough information about the popula-
tion units to enable the calculation of full covariance matrices of the sample estimators.

The methods covered require the existence of a structural model for the data. There are situa-
tions, however, in which it is difficult to specify a single structural model that adequately
describes categorical data. In large scale surveys there is often need to screen out many cross
classifications at minimal cost. In such cases the use of measures of association is a common
alternative. These non parametric methods were extended to sample survey data by Molina
and Smith (1986, 1988).

For the primary analysis of survey data the paper concentrates on weighted least squares
and Wald tests, The results in Scott, Rao and Thomas (1989) are summarized and the rela-
tionship with quasi-likelihood is mentioned. I think that an important conclusion from that
paper should be included in this section, namely the need to take into account the survey con-
straints K’ p(XB) = = when using quasi-likelihood methods. The reader may not be aware
of the importance of the careful choice of the g-inverse in equation (2.9). Quasi-likelihood
methods are now widely used and the relationship with weighted least squares methods is a
relevant one. In fact, quasi-likelihood functions represent an interesting alternative for the
analysis of survey data. However, there are practical problems since the method requires that
we specify the covariance matrix as a function of p, the variance function. Quasi-likelihoods
are largely determined by these variance functions (see, e.g., Morris 1982, and Jgrgensen 1987).
If a matrix of estimates is given instead of a function, the method would be equivalent to the
use of a normal distribution.

Most of the paper is devoted to methods involving pseudo likelihoods. Since secondary
analyses constitute the most commeon situation in practice, the methods presented are likely
to be extensively used by survey analysts. I would like, however, to discuss some alternatives.

The study of the impact of survey design on Guerrero and Johnson’s (1982) transforma-
tion models is an important addition to the literature. However, Nelder and Pregibon (1987)
have proposed a family of functions, the extended quasi-likelihoods, that avoid some impor-
tant disadvantages of transformation models and can be fitted with GLIM. If design effects
are available, their methods can be adapted to survey data by incorporating them either in the
variance functions or in the form of weights. Alternatively, design variables may be used to
adjust the dispersion parameter in the models. In both cases, one advantage is that we can use
the goodness of fit statistics and standard errors produced by GLIM under these models to
examine the data without the introduction of further corrections.

These comments apply in general to the use of pseudo-likelihoods. The effect of ignoring
the survey design may be treated as an increase or decrease in the expected variability that may
be modelled as overdispersion or underdispersion by means of quasi-likelihoods or extended
quasi-likelihoods. See, e.g., Pocock et al. (1981), Breslow (1984), Williams (1982), among

1 E.A. Malina, Universidad Simon Bolivar, Caracas and University of Southampton, United Kingdom.
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others. As an example, I reanalyzed the data in Table 1. The analysis given in the paper is the
correct one, since it incorporates the true covariance matrix. Suppose, however, that this matrix
is not available and that only the cell design effects are at hand. Using GLIM I fitted model
(2.12) with a Poisson error ignoring the sampling scheme. This gives X? = 5.68, G* = 5.67.
The Rao and Scott (1987) approximation for the chi square statistic gives X?(5) = 5.68/
2.25 = 2.52. For the independence model the uncorrected values are X2 = 18.22, G* =
18.22, and the correction gives X%(8) = 18.22/1.65 = 11.04. What can be done if the deffs
are not available?. A simple quasi-likelihocod approach to overdispersion is to estimate the mean
deviance for the larger model, D = 5.68/3 = 1.89, and to use the inverse of this value as a
weight (or as a new scale parameter). This give X% = 3.01 for model (2.12) and X? = 9.65
for the independence model. The correct approach here is to use the excess in deviance (the
difference between the log-likelihood ratio statistics) to test v = 0, since G* will equate the
degrees of freedom for the larger model. The value is 6.63, which is just significant at the 1%
level. Both analyses are in agreement with the correct analysis given in the paper, but in other
situations it may not be so. The quasi-likelihood model presented here is equivalent to assuming
that the actual covariance matrix is a multiple of the one obtained under multinomial sampling,
a model that may perform badly in several situations. The advantage is that it can be used when
the only information available is that given by the variability inherent in the data, and the
analysis performed in a standard statistical package like GLIM. If the deffs are available, other
models involving thern may be proposed, and a paper is in preparation.

There is, however, no completely satisfactory substitute for an analysis involving the actual
covariance matrix. The objective of this contribution is to highlight other possibilities when
the full covariance matrix is not known. Quasi-likelihoods offer a fertile ground for further
exploration, particularly in relation to survey data. The paper under discussion presents several
alternatives and is an important contribution to the field.
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RESPONSE FROM THE AUTHORS

We thank the three discussants, Fay, Molina and Skinner, for their useful comments and
for suggesting additional methods useful in the analysis of cross-classified data from complex
sample surveys.

(i) Response to comments of R.E. Fay

We agree with Fay that replication methodology and associated jackknife chi-squared
tests provide viable alternatives to the methods presented here, provided the survey design
permits the use of a replication method such as the jackknife or the balanced half-sample repli-
cation. His CPLX program indeed offers a comprehensive analysis option whenever estimates
are available at the individual replicate level. Also, as noted in the Introduction, Fay’s jack-
knife tests and Rao-Scott corrections have performed well under quite general conditions in
simulation studies, unlike the Wald tests based on weighted least squares. Rao-Scott correc-
tions are, however, also applicable to survey designs not permitting the use of a replication
method,

The software systems for the Canada Health Survey and the Canadian Labour Force Survey
were set up to readily provide the estimated covariance matrix of cell estimates but not the
replicate level estimates. As a result, the implementation of jackknife tests would have required
some changes in the software systems.

We are also thankful to Fay for pointing out that the methods presented here, and the
analogues from replication theory, can also handle some problems of inference from complex
designed experiments involving clustering and stratification. Indeed, one of us (J.N.K. Rao)
recently used Rao-Scott type methods to fit dose-response models and to test hypotheses in
teratological studies involving animal litters as experimental units {Rao and Colin 1989). These
methods do not assume specific models for the intra-litter correlations, unlike other methods
proposed in this area.

We considered Box-Cox transformation models since Guerrero and Johnson (1982) obtained
significantly better fits on some Mexican data compared to the logit model. We agree with Fay,
however, that the Box-Cox models should not be applied without consideration of alternative
strategies, such as transforming the predictors. As noted by Fay, the Box-Cox approach would
be useful in these cases where it would lead to additive models on the transformed scale while
the logit model would require interaction terms.

(ii) Response to comments of E.A. Molina

Molina is correct in saying that measures of association can be used to screen out many cross
classifications at minimal cost. His joint work with T.M.F. Smith on extending the classical
theory for measures of association to sample survey data involving clustering and stratifica-
tion is an important contribution.

As noted in the Introduction, we assumed throughout the paper that the user has access
to a full estimated covariance matrix of cell estimates. However, such detailed information
is often not available for secondary analyses, and in fact even cell deffs may not be available,
as pointed out by Molina. In the latter case, Rao and Scott (1987) showed that an F statistic
used in GLIM for testing a nested hypothesis, such asy = 0given the model (2.12), is asymp-
totically valid whenever the covariance matrix of cell estimates, V, is proportional to the
multinominal covariance matrix, P. The F-test, however, is less powerful than the Rao-Scott
tests, unless the denominator degrees of freedom are high. In the latter case, the Ftest might
work well even if the condition ¥ o P is not satisfied (see Rao and Scott 1987, p. 392).
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For the data in Table 1, F = 6.63 for testing v = 0 given the model (2.12), which is not
significant at the 5% level compared to F) 4(0.05) = 10.01, the upper 1% of the F distribu-
tion with 1 and 3 degrees of freedom (d.f.). On the other hand, the Wald test W, and the
Rao-Scott test, both requiring detailed information on the estimated covariance matrix, are
significant at the 1% level compared to xlz(0.0l) = 6.63. The F-test, therefore, appears to
be less powerful here since the denominator d.f. is only 3. Molina’s proposed test is, in fact,
equal to F, but he was treating F as a x> variable with 1 d.f. which may not be valid due to
small denominator d.f.

The GLIM method does not provide a statistic for testing the goodness-of-fit of a model.
Some information on the design effects is necessary for getting a valid test of goodness-of-fit.

(iii) Response to comments of C.J. Skinner

Skinner noted that the test of equality of two logistic regression models in Section 4 might
be formulated as a test of a nested hypothesis within the framework of Roberts, Rao and
Kumar (1987), using dummy x-variables. The framework of Roberts, Rao and Kumar, how-
ever, assumes one fixed sample size n whereas in Section 4 we have two fixed sample sizes n,
and n, for the two time periods. As a result, their results would need careful modification in
order to be applicable to the present case of test of equality of two logistic regression models.
Moreover, the dummmy variable approach would involve the determination of estimates of 2s
parameters iteratively, whereas the approach in Section 4 requires two iterative solutions, each
involving only s parameters. Thus, the dummy variable approach could lead to convergence
problems if s is not small.

We treated WLS with singular covariance matrices separately in Section 2 since the logit-
type models in the remaining sections do not involve singular covariance matrices. WLS can
also be applied to logit-type models but the resuliing estimators and associated Wald tests
may be unstable if the degrees of freedom associated with the estimated covariance matrix,
Vp, are low (criterion C3 of Skinner). The six criteria proposed by Skinner for comparing
WLS and PML are very useful. We prefer PML mainly on the basis of ¢criterion C3. Regarding
the relative efficiency of WLS and PML estimators under complex designs, no general results
are available, but WLS estimators are not likely to be significantly more efficient (and in
fact, may be less efficient) if the degrees of freedom associated with the estimated covariance
matrix are low, Clearly, further research on the relative efficiency of WLS and PML estimators
would be useful.
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Simultaneous Confidence Intervals for Proportions
Under Cluster Sampling

D. ROLAND THOMAS!

ABSTRACT

The paper describes a Monte Carlo study of simultaneous confidence interval procedures for & > 2
proportions, under a model of two-stage cluster sampling. The procedures investigated include: (i) stan-
dard multinomial intervals; (ii) Scheffé intervals based on sample estimates of the variances of cell
proportions; (iii) Quesenberry-Hurst intervals adapted for clustered data using Rao and Scott’s first
and second order adjustments to X 2; (iv) simple Bonferroni intervals; (v) Bonferroni intervals based
on transformations of the estimated propertions; (vi) Bonferroni intervals computed using the critical
points of Student’s ¢. In several realistic situations, actual coverage rates of the multinomial procedures
were found to be seriously depressed compared to the nominal rate. The best performing intervals,
from the point of view of coverage rates and coverage symmetry (an extension of an idea due to
Jennings), were the #-based Bonferroni intervals derived using log and logit transformations. Of the
Scheffé-like procedures, the best performance was provided by Quesenberry-Hurst intervals in com-
bination with first-order Rao-Scott adjustments.

KEY WORDS: Simultaneous inference; Complex surveys; Monte Carlo.

1. INTRODUCTION

Survey results are often presented as estimated proportions (or percentages) of popula-
tion units belonging to two or more distinct categories. Examples include many sociclogical
studies (see for example Black and Myles 1986), marketing studies and opinion polls. As
noted by Fitzpatrick and Scott (1987), inference on category proportions is often based on
single binomial confidence intervals, even when more than two category proportions are being
examined. This paper describes a study of several procedures for constructing simultaneous
confidence intervals for the proportions w;, i = 1, ..., k, of population units belenging to
each of & distinct categories, using data from a two-stage cluster sample. Standard
simultaneous confidence interval procedures for categorical data problems, reviewed by
Hochberg and Tamane (1987), are based on the assumption of multinomially distributed
sample counts, and are thus appropriate for data from simple random samples. When the
data have been collected using sample survey designs that involve clustering, standard pro-
cedures are likely to perform poorly, as is the case when standard multinomial based tests
are applied to data from complex sample surveys. In the latter case, it has been shown by
many workers that clustering can lead to unacceptably high Type I error rates (see, for
example, Fellegi 1980; Rao and Scott 1979, 1981; Holt, Scott and Ewing 1980). For
simultaneous confidence intervals, therefore, it is natural to expect that clustering will lead
to coverage probabilities that are lower than multinomial theory indicates.

Estimation of simultaneous confidence intervals (SCI’s) is an important adjunct to
hypothesis testing. The present study thus represents a natural follow-up to Thomas and
Rao’s (1987) investigation of test statistics for the simple goodness of fit problem, under

L D. Roland Thomas, School of Business, Carteton University, Ottawa, Ontario, K1S 5B§.
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simulated cluster sampling. In this paper, adaptations of the standard SCI procedures are
proposed, and their performance in small samples is evaluated using Monte Carlo techniques.

The cluster sampling model that is used in the Monte Carlo study is described in Section
2, and the SCI procedures to be examined are presented in Section 3. In Section 4, the design
of the Monte Carlo experiment is described, together with procedures for evaluating confidence
interval performance. The main results of the study are presented in Sections 5 through 7,
followed in Section 8 by some final conclusions and recommendations.

2, THE CLUSTER SAMPLING MODEL

This investigation will focus on two-stage sampling in which a k-category sample of m units
is drawn independently from each of r sampled clusters.

For a sample of sizen = mr,letm = (my, ..., m_,)’ represent the category counts for
the whole sample, where m; = n — ¥ {25! m;. In terms of proportions, let # = (&, ...,
#x_1) = m/n be the vector of category proportions for the full sample. Further, define
® = E(#), where E denotes expectation under a suitable model of cluster sampling, and let
V/nrepresentthe (¢ — 1) X (kK — 1) covariance matrix of #. Following Rao and Scott (1981),
the ordinary design effect for the linear combination ¢’ # of category proportionsis ¢’ Fe/c’ Pe,
where P is n times the covariance matrix of # under multinomial sampling, i.e., P = diag{x)
— =xx’, and c¢is a vector of dimension k¥ — 1. The largest design effect taken over all possible
linear combinations is given by the largest eigenvalue of the design effect matrix D = P~V
The eigenvalues of D, denoted in decreasing order by A\, Ay, ..., Ap_,, were termed
generalized design effects by Rao and Scott (1981), and provide a quantitative summary of
the variance inflation associated with a particular design, relative to simple random sampling.
Under the multinomial distribution, corresponding to simple random sampling from large
populations, \; = 1V j. Designs involving clustering usually yield generalized design effects
greater than one on the average, i.e., A = ¥ f; ! X;/(k — 1) > 1. Furthermore, studies of
real survey data (Hidiroglou and Rao 1987; Rao and Thomas 1988) reveal significant variation
among the A/’s. This is conveniently represented by their coefficient of variation, given by

k-1 - 172
a =(E M/ (k — 1)A?] — 1) . n

Jj=1

A suitable model of cluster sampling must therefore be capable of generating generalized design
effects such that A > 1and a > 0,

Brier (1981) proposed a model of two-stage cluster sampling in which individual clusters
are represented by vectors of category probabilities, pr = {(pp. Py .- s Pr k1) =1, ...,
r, where for each cluster, py = 1 — Y52 py. Each p, was independently drawn from a
Dirichlet distribution with mean =, i.e. E{p;}) = =, and second stage sampling of the #1 units
per cluster was multinomial, conditional on the realized value of p, for that cluster. Let the
vector of counts for each cluster be my; = (my, ... M), withmy = m — T my.
Thus for the full sample, m = T j_, m, and in terms of proportions, # = ¥ j_, #, where
iy = mg/m. Brier (1981) showed that under this model, E(%)} = wand V(&) = dP/n, i.e.,
the covariance matrix of # is proportional to the multinomial covariance matrix, with the
constant of proportionality 4 > 1. Under this model, the design effect matrix is given by
D = dI,_,, where I,_, is the identity matrix of order k — 1. Thus\; = d Vi, sothat A = d
and @ = 0. Brier’s model can therefore represent variance inflation (A > 1), but cannot
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represent the unequal generalized design effects encountered in practice. Thomas and Rao
(1987) used an extension of Brier’s model in which the first stage p;/s are sampled
independently from a mixture of two Dirichlet distributions, representing a population com-
posed of two distinct classes of clusters. This model, which is a special case of that proposed
by Rao and Scott (1979), generates one distinct and k — 2 equal eigenvalues, with X and
being explicit functions of the Dirichlet parameters. This greatly facilitates the design of the
Monte Carlo study by allowing for convenient control of the values of the clustering measures
A and a. Since it satisfics the basic requirements outlined above (A > 1, > 0), Thomas and
Raco’s (1987) model will be used in this study.

3. SIMULTANEOUS CONFIDENCE INTERVAL PROCEDURES

3.1 Scheffé Intervals

A standard Scheffé argument, based on the asymptotically exact probability statement
P(n(ir —x) Pl (k- ) = xi_l(a)) =1-a @

leads to simultaneous confidence intervals for linear combinations, ' w, of the category pro-
babilities, where fis a vector of dimension (X — 1). Appropriate choices of fthen yield SCI’s
on the individual cell probabilities given by

T € {fr, + (P5)V? (A/n)lfl},i =1, ...,k 3)

where A = x3_, (a) is the upper « percent point of a chi-squared distribution on k¥ — 1
degrees of freedom, and ¥, is the /' diagonal element of a consistent estimator of ¥ (as
r — o) given by

" n N e an e s
V—r(r—_—l')'g(ﬁ'f—ﬂ')(w ). 4

Note that when the endpoint of an interval lies outside [0, 1], definition (3) must be modified
by truncating the endpoint to 0 or 1 as appropriate. For multinomial sampling, ¥; can be
replaced by #; (1 — #;), in which case the Scheffé intervals reduce to those proposed by Gold
(1963). The latter will be referred to as Scheffé-Gold intervals. The Scheffé intervals of equation
(3) will be conservative, i.e., will have coverage exceeding (1 -~ o) asymptotically since they
make use of only a finite number of the available directions (see Miller 1981, page 63). In fact,
they will become very conservative as k increases, as can be shown using the following argu-
ment due to Goodman (1965). The coverage of the Scheffé intervals is equal to one minus the
probability of occurrence of at least one of the events { (&; — ;) 2/ (¥y/n) > x%k_ n ()},
i =1, ...,k;since the random variables (#; — m;)2/(Vy/n) each have chi-squared distribu-
tions on one degree of freedom asymptotically, the probability of each individual event can
be evaluated. Using the Bonferroni inequality, lower bounds for the coverage can then be
obtained; for a nominal coverage of 95% with &k = 3, 5, 8 and 12, these bounds are .9571,
9896, .9986 and .9999 respectively.
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3.2 Modified Quesenberry-Hurst Intervals

Under the assumption of multinominal sampling, Quesenberry and Hurst (1964) solved the
large sample probability statement

ko ooa 32
{XZ =n Y (i "") A} =1-a (5)
i=1

for the cell probabilities x;, to get the SCI'’s

(6)

. ¥4+ A2n £ (A/m)"? 5, (1 — &) + A7dn) 1?2 '
1+ A/2n

Under muitinomial sampling, these intervals are asymptotically equivalent to Scheffé and
Scheffé-Gold intervals, and will therefore exhibit similar asymptotic conservativeness.

Quesenberry-Hurst (Q-H) intervals can be adapted for use with clustered survey data using
the first and second order corrections to the distribution of X2 proposed by Rao and Scott
(1981). Corresponding first and second order SCI’s are obtained by replacing A in equation
(3) by

AV = 34 and A? = A(1 + &%) 2 (@) ™

respectively, wherev = (k — 1)/(1 + 4%) and i, an estimate of the mean of the generalized
design effects, is given by (Rao and Scott, 1981)

. k
A=@k-1D""Y a-#d, ®)

i=1
whered,, | = ..., kis an estimated cell design effect given by d; = 0,/%; (1 — ;). The coef-
ficient of variation, a, is estimated by replacing A in equation (1) by A, and ¥ A? by the
estimate ¥ A/ = T ¥ #%/#; #;. It turns out (see Thomas 1989) that the second order modified

intervals are unnecessarily conservative, so that only the first-order modified Q-H intervals
will be discussed in the remainder of the paper.

3.3 Simple Bonferroni Intervals

Since (loosely speaking) each #; is asymptotically N(#;, v;/n), the intervals

ne {fﬁ x (Py/n)'? zo:'/Z]' ©)

will have large sample coverage at least (I — «) by the Bonferroni inequality, where e’ = a/k
and z,,, is the upper &’ /2 percent point of the standard normal distribution, Intervals (9) are
equivalent to Scheffé intervals with A4 in equation (3) replaced by A® = x3(a’). As noted
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by Goodman (1965), they will be shorter than Scheffé intervals for the usual values of o and
kie.g., o = 1%, 5%, or 10%. Goodman’s (1965) multinomial Bonferroni intervals are given
by equation {9) with ¥; replaced by #; (1 — #;). All endpoints of simple Bonferroni intervals
that lie outside [0, 1] will be truncated to 0 or 1 as appropriate.

3.4 Transformed Bonferroni Intervals

For suitably smooth g, g (#;) will be asymptotically N(g (), [ /()] vy/n), where g{(m;)
denotes the partial derivative dg(m;}/9m,; evaluated at m,. Bonferroni intervals can then be
obtained by inverting corresponding intervals on the g(=;)’s, giving

m; € [g—l(g(-fri) + g/ (&) (Py/n)'’? za',"Z)}‘ (10)

Three g functions will be investigated: the square root g, (x;} = w}* (previously investigated
by Bailey 1980, for the case of multinomial sampling); the natural logarithm g,(m;) = ln(m);
and the logit g4(#;) = In(m/(1 — 7)). Interval endpoints that lie outside [0, 1] will again
be truncated to 0 or 1 as necessary.

Transformed Bonferroni intervals based on a jackknifed estimator of the variance of g{ )
have also been examined (see Thomas 1989). It was found that there is little advantage to using
jackknifed variance estimates; Taylor series variance estimates are therefore recommended for
their simplicity. Intervals based on jackknife variance estimates will not be considered further
in this paper.

3.5 Variants of the Above Intervals

Scheffé Intervals: Following Thomas and Rao (1987), Scheffé intervals can be modified by
replacing the critical constant A4 in equation () byA™ = (k- 1D (r - D (r—k + 1)}
F k-, r—k+1) (@), where Fig 1) (r_x4+1) (@) is the upper « percent point of an F distribu-
tionon (kK — 1) and (r — k£ + 1) degrees of freedom.

Quesenberry-Hurst Iniervals: Variants of the modified Quesenberry-Hurst (Q-H) intervals
can also be defined, corresponding to the F forms of the first and second order corrected test
statistic proposed by Thomas and Rao (1987). These again turn out to be conservative, and
will not be considered further.

Bonferroni Intervals: Heuristic arguments (see the appendix to Thomas and Rao 1987)
suggest that the simple Bonferroni intervals can be improved by replacing z,-,; in (9) by
t,_i(a’/2), the upper o’ /2 percentage point of Student’s ¢ distribution on r — 1 degrees of
freedom. This strategy will also be applied to the transformed Bonferroni intervals.

4. THE DESIGN OF THE MONTE CARLO STUDY

4.1 Parametiers and Random Numbers

The parameters to be controlled are: (i) the nominal coverage level (1 — a) of the SCI;
(ii) =, the model probability vector; {iii) £, the number of categories; (iv) », the number of sample
clusters; (v) m, the number of units drawn from each sampled cluster; (vi) A, the mean of the
generalized design effects (eigenvalues); (vii) a, the coefficient of variation of the generalized
design effects. The nature and degree of clustering is represented by the pair ( A, @) as follows:
(a) multinomial sampling (A = 1, @ = 0); (b) constant design effect clustering (A > 1,
@ = 0); (c) non-constant design effect clustering (A > 1, a > 0).
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Individual Monte Carlo experiments were run for particular combinations of £, A, ¢ and
I'max, the latter being the maximum number of c¢lusters generated in one computer run. Most
experiments were run at two values of A, namely 1.5 and 2.0, two values of @, namely ¢ = 0
{constant design effects) and ¢ > 0(one level of non-constant design effects), for equiprobable
categories (w; = 1/k,i = 1, ..., k). Three values of &k (k = 3, 5, 8) were initially selected
to cover the range of numbers of categories commonly encountered in goodness-of-fit tests.
An additional run was subsequently done for thecase &k = 12, A = 2anda > 0tocheckon
the range of applicability of the results. The number of units per cluster was set at m = 10
fork = 3,5and 8, and at m = 20 for k = 12. Preliminary investigations showed coverage
rates to be insensitive to the value of this parameter. For comparability of results over &, the
non-zero settings of & were selected to make a/a,,,, the same for each selected value of &,
where @, = (kK — 2)V 2 is the maximum possibie value of g¢. For ¥ = 5, the non-zero value
of a was set at 0.5, which is typical of the values encountered in practice, e.g., @ = 0.43 for
k = 5, as reported by Rao and Thomas (1988).

The initial focus on equiprobable categories allowed for a cost effective assessment of the
influence of &, A and a on coverage rates, and eliminated many of the possible SCI variants
from further consideration. Additional experiments reported in Section 7 show that the
procedures that passed this initial screening can in fact be applied when the cell probabilities
are markedly unequal. Vectors of unequal probabilities were confined to the class
w(k, q, ¢), defined by the elements n; = ¢,i =1, ...,qand 7; = (1 — g¢)/(k — @),
i=g+1, ..,k

For details of the generation of the random clusters from the mixture Dirichlet multinomial
distribution, the reader is referred to Thomas and Rao (1987). Each Monte Carlo experiment
consisted of 1000 sets of up to 100 independent clusters, grouped into nested subsets. All SCI
procedures were applied in turn to each subset, using two nominal coverage levels (95% and
90%), thus improving the precision of comparisons between procedures at the same param-
eter settings, and between the same SCI procedures for different numbers of clusters. Most
of the results presented will be for 95% nominal coverage; trends for 90% coverage were found
to be qualitatively similar.

4.2 Evaluation Procedures

The percentage of Monte Carlo trials for which at least one of the & confidence intervals
fails to cover the true parameter value is reported, and used for a preliminary screening of the
main SCI procedures. This is a measure of the family error rate, which is equivalent to the
actual significance level of the SCI when the latter is viewed as a test of goodness-of-fit. The
family error rate, which will be referred to in this paper as the total error rate ERp, is used
in place of the more commonly reported actual coverage rate (equal to one hundred percent
minus the total error rate} because it can be conveniently split into two one-sided rates which
will provide information on the symmetry or ‘unbiasedness’ of each SCI procedure. Jennings
(1987) argued that coverage rates alone can provide a misleading assessment of single param-
eter confidence interval procedures, and recommended that the number of times that an interval
falls above and below the true parameter value should be separately reported. In this paper,
Jennings’ suggestion has been adapted to simultaneous confidence intervals on =y, i €1, where
Iis the index set {1, ..., k}, by counting the number of Monte Carlo trials for which:

(a) more intervals fall above their corresponding =, { € I, than fall below;
(b} more intervals fall below their corresponding m;, i € I, than fall above;
(c) the same number (> 0} of intervals fall above their corresponding =, i € 1, as fall below.
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Upper and lower error rates are then defined as ERy; = [n, + (n./2)]/N,and ER; =
[n, + (n./2)]/N,, respectively, where N, represents the number of Monte Carlo trials, and
n,, n, and n, denote the counts (a) through (c), respectively. The sum of ER;, and ER; is
clearly equal to the total error rate, ER . These one-sided error rates will be used to compare
SCI procedures whose overall error rates are acceptably close to the nominal rate «, over a
range of parameter settings and cluster strengths. Average interval lengths and corresponding
standard errors have also been computed, and will be used as final discriminators in the selec-
tion of the recommended procedures.

5. A SUMMARY OF RESULTS FOR TOTAL ERROR RATES

All results in this section are given in terms of the total error rate ERy, defined in Sec-
tion 4. For lack of space, tables are presented only for the case of unequal design effects,
(@ > 0), with A = 2. More detailed results are given in Thomas (1989). In interpreting the
tabulated results, it should be noted that for 1000 Monte Carlo trials, binomial standard
errors of point estimates of true ER;'s having magnitudes 5%, 10% and 20% are 0.7%,
0.9% and 1.3% respectively. As a general rule deviations from nominal rates, and differences
between the error rates of different SCI procedures will be noted only when they are large
enough to have practical significance, and exceed their Monte Carlo standard errors by a
factor of at least two.

5.1 Multinomial Procedures

Results for multinomial intervals will only be summarized here; for details see Thomas
(1989). Under cluster sampling, error rates for Goodman’s Bonferroni intervals (see equation
(9) with #; replaced by #,(1 — #)) are unacceptably high except for values of Acloseto 1, i.e.,
unless the effect of clustering is small. The Scheffé-Gold and multinomial Quesenberry-Hurst
intervals, on the other hand, can yield error rates that are close to the nominal value in certain
cases, whenever their inherent conservativeness balances the error inflating effects of clustering
(see also Andrews and Birdsall 1988). Unfortunately, this is not always the case; both procedures
can display inflated error rates ( ERy = 2«) for realistic combinations of category numbers
and clustering strengths.

Muitinominal procedures should therefore not be used with complex survey data. Procedures
are clearly required that directly account for the clustering, and provide good coverage for the
required number of categories, over a wide range of clustering conditions.

5.2 The Scheffé Procedures

Total error rates for the x2-based Scheffé procedure of equation (3) and its F-based variant
are summarized in Table 1 as functions of r, for the case o = 5%, A = 2and ¢ > 0. More
detailed graphs are given in Thomas (1989).

For the values of & studied, ER - for the x2-based Scheffé procedure of equation (3) increases
rapidly as the number of clusters decreases, so that it should never be used for small numbers
of clusters, The F-based variant, on the other hand, keeps ER; reasonably close to or below
a = 5% for all r. As r increases, ERy for F-based Scheffé remains fairly constant for the
case k = 3, but becomes increasingly conservative for k = 5, as does the x2 version. These
empirical trends with varying r can be explained in terms of two competing effects. As r
increases, error rates for both procedures approach their asymptotic levels which are bounded
above by 4.29%, 1.04% and 0.14%, for k¥ = 3, 5 and 8 respectively (see Section 3.1).
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Table 1

Total Error Rates for Scheffé and Modified Q-H Intervals;
a=5% A=2,m=10

Total Error Rate (ER)

Scheffé Scheffé Medified Q-H
k a r (x2 based) (F based) (first order)
3 29 15 9.2 59 5.0
3 29 30 57 4.7 5.1
3 .29 50 5.4 5.0 5.4
5 5 15 8.8 5.2 4.3
5 .5 30 4.0 3.0 2.7
5 5 50 2.5 2.0 2.0
8 .71 15 12.7 7.4 2.4
8§ .71 30 4.2 3.0 2.7
8 .71 50 2.7 1.6 2.5
8 .71 100 0.8 0.7 2.3

As r decreases, however, the conservativeness of the Scheffé procedures (for £ = 5) will be
increasingly swamped by the effects of increasing non-normality of the estimated proportions,
#. For the F-based version, the inflation in error rate due to non-normality is less than for the
chi-squared version of equation (3), with the result that ER; for the F-based version never
seriously exceeds the nominal 5% rate. For moderate levels of clustering (A = 1.5), the
behaviour of the F-based procedure is qualitatively similar to that described above for the case
)\ = 2. From the point of view of total error rate, therefore, the F-based Scheffé procedure
is useable over a wide range of clustering situations, though its possible conservativeness is
a disadvantage.

5.3 Modified Quesenberry-Hurst Intervals

Total error rates for the first order modified Quesenberry-Hurst (Q-H) procedure of Sec-
tion 3.2 are also shown in Table 1 for« = 5%, A = 2and ¢ > 0.

Total error rates are close to or below the nominal 5% for all combinations of » and £ shown.
For moderate to large numbers of clusters (» = 30), error rates for ¥ = 5, and 8 are very
similar, being approximately one half of the nominal rate (true also when & = 12). For the
case of constant design effects (see Thomas 1989), error rates for first order modified Q-H
intervals are conservative for k = 5, particularly for large r. The absence of this Scheffé-like
conservativeness for the more realistic case of unequal design effects shown in Table 1 can again
be explained using the argument of Section 3.1. From equation (6), it is easily seen that the
asymptotic coverage of the first-order modified Q-H intervals is given by one minus the pro-
bability that at least one of the random variables (#;, — m)%/(Am;(1 — mp)/n),i =1, ...,
k, will exceed the critical value x#_,(a) asymptotically. When a > 0, these individual
random variables will not all be asymptotically distributed as chi-squared on one degree of
freedom, so that the bound of Section 3.1 does not apply. The true bound on the error rate
will be inflated since at least one of the random variables (#; — =;) %/ (Am(1 — =)/n) will
be stochastically larger than (#; — m;)%/(vy/n), whenever a > 0.
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Trends for the case A = 1.5 are similar (Thomas 1989). Overall, the results show that from
the point of view of total error rates, first-order modified Q-H intervals provide a safe but
somewhat conservative SCI procedure under realistic clustering conditions,

5.4 Simple Bonferroni Intervals

Total error rates for the simple Bonferroni intervals given by equation (9) are summarized
in Table 2 forthecasea = 5%, A = 2,a > 0,andk = 3, Sand 8. Also shown are correspon-
ding error rates for the r-based variants described in Section 3.5.

From Table 2, it is evident that the error performance of both sets of SCI's is poor, both
showing a strong tendency to high error rates for small to medium numbers of clusters when
&, the number of categories, is five or more. Using critical values of Student’s ¢ distribution
to compensate for the variability in the estimated variances of the category proportions clearly
has the effect of generally lowering error rates. As can be seen from Table 2, however, this
strategy is unable to prevent significant error rate inflation in the #-based intervals as the number
of clusters decreases, except when & = 3. The trend to inflated error rates for small numbers
of clusters (for both z and 7-based intervals), is due to the increasing non-normality of the #’s
with decreasing r. This trend gets progressively more severe as k increases, which is to be
expected since non-normality will become more pronounced, for a given value of r, as the values
of the #;'s get smaller. This is precisely what happens with increasing & in the case under study,
for which #; = 1/k v i,

When k = 3, error rates for the #-based procedure are essentially constant, and close to
the nominal level. For & = §, on the other hand, ERyvaries from close to 20% at r = 15to
approximately 8% atr = 100. From Table 2, and other results not shown, it appears that for
k = 8, simple -based intervals approach their Bonferroni limits very slowly as r — . Also,
for k =5, error rates are close to the nominal level for moderate to large numbers of clusters
(r = 40). Results for constant design effects, and for the case A = 1.5 are consistent with
the above. From the point of view of total error rates (or equivalently of coverage rates), it
is clear that simple z-based Bonferroni intervals are useable in practice over a range of realistic
clustering situations only if X = 5 and r = 40.

Table 2

Total Error Rates for z and +-Based Simple Bonferroni Intervals;
a=5% A=2,m=10

Total Error Rate (ER )
k a r z-based t-based
3.29 135 10.0 5.6
3.29 30 6.3 4.9
3 .29 50 6.5 5.5
5 .50 15 15.0 9.7
5 .50 30 3.8 7.2
5 .50 50 7.2 5.5
8 .71 15 29.6 19.1
8 .71 30 15.0 11.0
8 .71 50 11.5 9.8
8 .71 100 8.1 7.8
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5.5 Transformed Bonferroni Intervals

The more detailed results given in Thomas (1989) demonstrate that the problem of error
rate inflation exhibited by simple z-based Bonferroni intervals is not solved by the use of
transformations alone. All three transformed z-based intervals again display severely inflated
error rates for small to medium numbers of clusters. Fortunately, the effect of transforma-
tions on the ¢-based Bonferroni intervals is very different, as can be seen from the results
summarized in Table 3.

For k = 3, 5and 8, error rates for the log and logit intervals are close to the nominal 5%
for all r values shown, with the logit intervals yielding slightly lower rates than the log intervals
(see the footnote to Table 3). The #-based square root intervals, on the other hand, exhibit the
undesirable characteristic of error rate inflation for small , when £ = 8; they will not be
considered further. For large numbers of categories (k = 12), both log and logit intervals
do exhibit some error rate inflation for intermediate numbers of clusters (r = 30). Thisis not
a serious drawback, however, as this number of categories is rarely encountered in practice.
Results for constant design effects, and for the case A = 1.5 are generally similar to those
described above.

It thus appears that for the ranges of k, r, A and ¢ that are likely to be encountered in
practice, log and logit transformations (which reduce the non-normality in #) used in com-
bination with #-based critical values (which compensate for the variability in the estimated
variances) do yield intervals that provide the desired degree of control. These intervals will be
explored further in Section 6 in terms of the symmetry of their error rates.

Table 3

Total Error Rates! for -based Transformed Bonferroni Intervals;
a=5%M,A=2m=10fork =<8 m=20fork =12

Total Error Rate (ER -}

t-based Transformed Bonferroni

k a r Square Root Log Logit
3 .29 15 4.5 4.6 33
3 .29 30 3.6 4.0 3.5
3 .29 50 4.6 5.6 4.1
5 5 15 6.4 4.7 4.6
5 5 30 4.6 4.2 3.5
5 .5 50 4.3 4.5 4.0
8 .71 15 12.0 5.9 5.2
8 .71 30 6.2 6.6 5.2
g8 .71 50 5.9 5.4 5.2
8 .71 100 4.9 19 4.2
12 91 15 17.0 6.7 6.5
12 91 30 12.9 10.1 10.2
12 .91 50 8.2 6.5 6.3

1 For ¥ = 8 and r = 50, the correlation between ER; estimates for log and logit intervals is 0.92.
Assuming this is typical for all r and k, the Monte Carlo standard error of the difference in log and
logit error rates is approximately 0.3%.
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Table 4

Percentage Asymmetry (PER,)' in the Total Error Rate for the Viable Procedures;
a> 0, r=5,m=10fork < 8,m=20fork =12

PERy = (ER,/ERp) % 100%

Scheffé Modified Q-H t-based Bonferroni
« kA (F-based) {first order) (log) (logit)
5% 5 1.5 19.2 58.7 61.0 48.9
5% 5 2.0 0.0 45.0 61.1 48.8
5% 8 1.5 0.0 63.2 67.5 56.8
5% 8 2.0 0.0 65.2 64.9 49.0
5% 12 2.0 0.0 46.9 53.8 51.6
10% 5 L.5 16.3 49.4 59.2 48.4
10% 5 2.0 6.1 50.0 61.8 48.6
10% 8 1.5 0.0 60.7 67.3 55.8
10% 8 2.0 0.0 65.6 60.7 50.0
10% 12 2.0 0.0 47.5 56.0 51.4

'"Fork = 8, A = 2and @ = 5%, the correlation between PER ,estimates for log and logit intervals
is 0.82. Assuming this is typical, Monte Carlo standard errors for differences in log and logit PER /s
are approximately 4% and 3% for &« = 5% and 10%, respectively,

For values of « for specific k, see Table 3.

6. ERROR RATE SYMMETRIES FOR THE VIABLE PROCEDURES

This section presents results on error rate symmetry based on the decomposition of the total
error rate ER rinto its two additive components ER ;;and ER;, as described in Section 4. The
measure used in the tables is (ER/ER) X 100%, i.e., the upper error rate expressed as a
percentage of the total error rate. It will be denoted PER,. A symmetric SCI will have an
empirical PER that is close to 50%; a PER,, that is greater (less) than 50% will indicate an
increased probability of non-coverage due to intervals lying above (below) their respective n;’s.
For values of percentage symmetry between 50% and 80%, 95% confidence intervals on the
true PER,; are approximately (PERy +14)% and (PERy + 10)% for total error rates of
5% and 10% respectively.

6.1 Modified Scheffé and Quesenberry-Hurst Intervals

Percentage symmetry results for the F-based Scheffé and the first order Quesenberry-Hurst
{Q-H) intervals are given in Table 4 for a selection of parameter values. It can be seen that
the Scheffé procedure displays extreme asymmetry, making it an unattractive SCI. The first
order modified Q-H procedure displays only moderate asymmetry, and is therefore the better
of the two in practice.

The source of the asymmetry in the Scheffé intervals is again the non-normality of the un-
transformed #;’s. In particular, the fact that “*small”’ #, s generate ‘‘small’’ estimates of the
variances »; and hence shorter intervals (¢f. the multinomial case where #; = (1 — #;)/n,
i =1, ...,k)increases the probability that non-covering intervals with lie below their respec-
tive x’s. This tendency to asymmetry will increase as the total error rate decreases, making
the F-based Sheffé procedure particularly vulnerable to this effect. Since Scheffé intervals differ
from simple Bonferroni intervals only through the critical constant used, asymmetry is also
to be expected in the latter though it should not be as severe given that error rates for simple
Bonferroni intervals are liberal. This is confirmed by study results, e.g., PER, = 4.9% for
simple #-based Bonferroni intervals when r = 50, k = 8and e = 0.71.
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6.2 t-Based Trapsformed Bonferroni Intervals

Table 4 also gives percentage symmetry results for -based Bonferroni intervals based on
the log and logit transformations. The results of the table suggest that logit intervals do pro-
vide more symmetric coverage than the log intervals, when & is in the range 5 to 8. Thus logit
intervals might be considered preferabie in practice to log intervals from the point of view of
error rate symmetry.

7. UNEQUAL CELL PROBABILITIES

Table 5 presents results on total error rates and error rate symmetry under unequal cell pro-
babilities for the #-based log and logit transformed Bonferroni procedures, together with results
for the first order modified Q-H procedure. Resuits are tabulated for six sets of unequal pro-
babilities, three forthecase k = 5, A = 2,a = 0.5, namely (5, 3, .3), w(5, 2, .425) and =(5,
1, .8), (see Section 4.1), and three for thecase k = 8, A = 2,a = 0.71, namely (8, 3, .25),
(8, 2, .35) and = (8, 1,. 65). For each = vector, the remaining & — g elements all equal 0.05.
Results for equiprobable cells are also displayed in Table 5 for comparison,

It can be seen that deviations from equiprobability do affect total error rates for the
modified Q-H procedure, particularly when & = 8. With the first element w; = 0.65 the total
error rate of modified Q-H is close to its error rate under equiprobability. For the other two
cases studied (m; = 7; = .35, and 7; = w; = w3 = (.25), total error rates are considerably
lower, closer in fact to the modified Q-H results obtained for the constant design effect case
(see Thomas 1989). This difference in total error rates occurs because the pattern of cell design
effects is different for each set of unequal probabilities, though the pattern of generalized
design effects (the N’s) remains the same (\, = 2 + 2 V3, A=2 - Vi3s3, j=2,..., 7for
N = 2,a =v2/2 = .707). When 7, = 0.65, the cell design effects are d; = 5.7, d; = 1.82,
i=12,...,8

Table 5

The Effect of Unequal Cell Probabilities on the Total Error Rates (ERy)
and Percentage Asymmetries (PER) of the Modified Q-H
and Transformed Bonferroni Procedures;
r=50,A=2,a=5%,m=10

Procedures

Modified Q-H t-based Bonferroni

(first order) (log) (logit)
k w(k.q,9) ER; PER,; ERy PERy, ERy PER,,
5 =(5,1,0.8) 3.2 73 5.6 75.9 4.4 62.5
5 «(5,2,0.425) 1.4 82.1 4.8 57.2 4.6 47.8
5 =(5,3,0.3) 1.5 76.7 4.2 51.2 39 38.5
5 equi-prob. 2.0 45.0 4.5 61.1 4.0 48.8
8 =(8,1,0.65) 2.7 63.0 6.3 68.3 5.4 55.6
8 w(8,2,0.35) 0.6 83.3 4.9 58.2 4.4 51.2
8 w(8,3,0.25) 0.7 100 5.2 68.2 4.6 63.1
8 equi-prob. 2.5 66.5 6.0 64.0 52 49.0
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Use of a uniform adjustment factor ( A} will thus seriously underestimate the variance of the
first estimated cell probability, leading to inflation of the error rate of the modified Q-H pro-
cedure. That the nominal error rate o = 5% is not exceeded is due to the inherent conser-
vativeness of modified Q-H intervals in the constant design effect case (see Section 5.3). When
m = my = 0.35, corresponding design effectsared; = ¢, = 2.36,d; = 1.97,i = 3, ..., &
These are much closer to constant design effects (¢; = 2.0,/ = 1, ..., 8) hence the conser-
vative behaviour of the intervals in this case. It can also be seen from Table 5 that conservative
ERy’s are associated with highly asymmetric error rates.

Despite the variation in cell design effects implied by the different probability vectors of
Table 5, it can be seen that the transformed Bonferroni procedures exhibit very stable perfor-
mance. Total error rates (for 50 clusters) are close to the nominal rate (& = 5% ) for both
log and logit intervals, and neither exhibits serious asymmetry. Total error rates correspon-
ding to unequal probabilities do decrease with decreasing r over therange r = 50tor = 135
when & = 8 (results not shown). Variations in ERr are not severe, however; whenr = 15
clusters the minimum rate for the cases examined is approximately 2%.

8. SUMMARY, CONCLUSIONS AND RECOMMENDATIONS

In the search for procedures that take direct account of the survey design and that provide
adequate control of error rates and error rate symmetry over a wide range of problem and
clustering situations, Scheffé intervals based on estimated cell variances must be rejected: the
chi-squared version of equation (3) on the grounds of poor error control, and the F-based
version on the grounds of extreme asymmetry. Modifications to Quesenberry-Hurst intervals
are somewhat conservative, though the version based on the first order Rao-Scott correction
does provide a viable procedure. For Bonferroni intervals, the benefits of using critical points
of the ¢t-distribution instead of the standard normal are substantial. Even so, intervals based
on # and its square root provide inadequate control of total error rates, particularly for smatl
numbers of clusters when the distribution of # becomes increasingly non-normal. On the other
hand, ¢-based Bonferroni intervals using both the log and logit transformations provide good
control of total error rates and error rate symmetry, and are clearly superior to all other com-
peting intervals. Both log and logit iransformed intervals (¢-based) also appear to provide good
control of error rates and error rate symmetry when the cell probabilities are unequal, differing
in the cases studied by a ratio (maximum to minimum) of up to sixteen. From the point of view
of total error rates there is little to choose between the log and logit intervals, though error
rates for the latter are consistently a little lower. Logit intervals are superior from the point
of view of symmetry, however, Estimates of confidence interval lengths (detailed results not
shown) also favour the logit intervals, despite their slightly lower error rates. For example,
for the equiprobable case witha = 5%, k = 5, A = 2,a = 0.5and r = 50, the average
length of the confidence interval on 7, (expressed as a 95% confidence interval) was .1915 =
.0014 for the log-based interval, and .1850 = .0014 for the logit-based interval. For the case
of unequal probabilities, with @ = 5%, & = 8, A = 2,a = 0.71, r = 50, m; = 0.65 and
m, = 0.05 (see Table 5), 95% confidence intervals for the average lengths of log and logit
intervals were: for 7, .2865 + .0012 and .2776 + .0011, respectively; for m;, .0806 + 0010
and .0789 £ .0011, respectively.

Before final recommendations are made, it is necessary to consider possible limitations
imposed by the design of the Monte Carlo study. A potentially limiting feature is the use of
a single specific sampling design, namely two-stage cluster sampling with SRS at the second
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stage, given that practitioners will encounter data collected using a range of survey designs that
might include stratification and multiple levels of unit selection. For large samples, the rele-
vant distribution theory requires knowledge only of first and second moments, assuming that
a suitable central limit theorem applies (see for example Rao and Scott 1981). This study will
therefore yield valid recommendations for large numbers of clusters, or more generally for
large numbers of degrees of freedom for variance estimation (Rao and Thomas 1988), as long
as the covariance matrix V/n and hence the generalized design effects can be appropriately
modelled. Since the Dirichlet mixture model used in this study yields generalized design effects
having means and coefficients of variation that are typical of those found in practice, recom-
mendations based on a large number of clusters or degrees of freedom (fifty or more) can be
made with confidence. For small to moderate numbers of clusters, quantitative results may
differ from design to design. Since the basic mechanisms underlying the results exhibited in
this study, namely increasing non-normality of # for decreasing » plus the inherent conser-
vativeness of Scheffé-like procedures, will apply in general, it is expected that the qualitative
trends for the different statistics examined will be generalizabie across a wide variety of designs,
even when the number of clusters is not large. The basic aim of the study has been to identify
procedures whose control of error rates is robust to variations in the study parameters, namely
the number of categories, the number of clusters, the strength of clustering, and the skewness
of the vector of category probabilities. The combination of parameters examined has covered
much of the range likely to be encountered in practice, so it is reasonable to suggest that the
robustness exhibited by the log and logit transformed Bonferroni intervals might extend to
variations in survey design, for moderate numbers of clusters (or degrees of freedom}. Further
research on this question is clearly required.

Subject to these caveats, t-based Bonferroni simultaneous confidence intervals based
on the logit transformation are recommended for assessing up to & = 12 proportions of
varying magnitude, under realistic clustering conditions. If conservativeness is deemed to be
an asset, the first-order modified Quesenberry-Hurst procedure can be safely used. Both pro-
cedures require only a knowledge of the variances {or design effects) of the estimated cell
proportions.
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Logistic Regression Under Complex
Survey Designs

JORGE G. MOREL!

ABSTRACT

Estimation procedures for obtaining consistent estimators of the parameters of a generalized logistic
function and of its asymptotic covariance matrix under complex survey designs are presented. A cor-
rection in the Taylor estimator of the covariance matrix is made to produce a positive definite covariance
matrix. The correction also reduces the small sample bias. The estimation procedure is first presented
for cluster sampling and then extended to more complex situations. A Monte Carlo study is conducted
10 examing the small sample properties of F-tests constructed from alternative covariance matrices, The
maximum likelihood estimation method where the survey design is completely ignored is compared with
the usual Taylor’s series expansion method and with the modified Taylor procedure.

KEY WORDS: Pseudo-likelihood; CPLX procedure; Cluster sampling; Adjusted covariance matrix.

1. INTRODUCTION

In the last few years a lot of attention has been given to the problems that arise when chi-
square tests based on the multinomial distribution are applied to data obtained from complex
sample designs. It has been shown that the effects of stratification and ¢lustering on the chi-
square tests may lead to a distortion of nominal significance levels. Holt, Scott and Ewings
(1980) proposed modified Pearson chi-square statistics tests of goodness-of-fit, homogeneity,
and independence in two-way contingency tables. Rao and Scott (1981) presented similar tests
for complex sample surveys. In all these cases, the correction factor requires only the knowl-
edge of variance estimates (or design effects) for individual cells. Bedrick (1983) derived a cor-
rection factor for testing the fit of hierarchical log linear models with closed form parameter
estimates. Rao and Scott (1984) presented more extensive methods of using design effects to
obtain chi-square tests for complex surveys, They generalized their previous results to multi-
way tables. Fay (1985) presented the adjustments to the Pearson and likelihood test statistics
through a jackknife approach.

The use of the conditienal logistic model, Cox (1970), has become increasingly popular in
the context of complex survey designs. Under suitable conditions, Binder (1983), proved the
asymptotic normality of design-based sampling distribution for a family of parameter
estimators that cannot be defined explicitly as a function of other statistics from the sample.
His results are applied to binary logistic models. Further applications to the Canada Health
Survey are also found in Binder ef al. (1984).

Chambless and Boyle (1985) derived a general asymptotic distribution theory for stratified
random samples with a fixed number of strata and increasing stratum sample sizes. Their
theoretical results were illustrated with logistic regression and discrete proportional hazard-
smodels. Albert and Lesaffre (1986) discussed the logistic discrimination method for classi-
fying multivariate observations into one of several populations. They restrict their attention
to discrimination between qualitatively distinct groups.

! Jorge G. Morel is Assistant Professor of the Department of Epidemiology and Biostatistics, University of South
Florida, Tampa, Florida 33612.
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Extensions to the case where the response consists of a polychotomous variable have been
done by Bull and Pederson (1987) and Morel (1987). They show, by using Taylor’s series expan-
sion, that the large sample variance of the beta estimates has the form

H'GH™!

where H~! is the covariance matrix that wrongly results from assuming independence and
multinomial distribution in the response vector, and G is a matrix whose estimation is based
in the complex survey design.

More recently, Roberts, Rao and Kumar (1987) showed how to make adjustments that take
into account the survey design in computing the standard chi-square and the likelihood ratio
test statistics for logistic regression analysis involving a binary response variable. The
adjustments are based on certain generalized design effects. Their results can be applied to cases
where the whole population has been divided into I domains of study, a large sample is obtained
for each domain, and in each domain a proportion r;, § = 1, 2, ..., 1, is to be estimated. It
is assumed

*i = [1 + exp(xigo)]_lexp(x,vgo),i R

where x; is a k-vector of known constants derived from the i-th domain and 3° is a k-vector
of unknown parameters. This procedure may be most useful when only the summary table
of counts and variance adjustment factors are available, instead of the complete data set.

In this paper an estimation procedure is presented for obtaining consistent estimators of
the parameter vector of a generalized logistic model and its asymptotic covariance matrix when
a complex sampling design is employed. The resulting estimated covariance matrix is always
positive definite and asymptotically equivalent to the one obtained from Taylor’s series expan-
sion. A correction for reducing the small sample bias in the estimated covariance matrix is also
introduced. It is shown, via a Monte Carlo study, that this correction levels off the inflated
Type I error that arises from ignoring the complex survey, faster than the Taylor’s series expan-
sion. In this sense the correction proposed here produces, for small samples, results that are
superior to the usual delta-method.

The new procedure will be termed, henceforth, the CPLX procedure, or simply CPLX. The
maximum likelihood estimation method and the Taylor’s series expansion method will be
termed MLE and TAYLOR, respectively. The CPLX procedure has been incorporated into
PC CARP, a personal computer program for variance estimation with large scale surveys, see
Schnell ef al. (1988).

2. LOGISTIC REGRESSION WITH CLUSTER SAMPLING

Consider first single-stage cluster sampling where n clusters or primary sampling units
are taken with known probabilities with replacement from a finite population or without
replacement from a very large population. Let m; represent the size of the j-th cluster,j = 1,
2,...,nandletyh, ¢ = 1,2, ..., m;denote (d + 1) dimensional classification vectors. The
vector y} consists entirely of zeros except for position r which will contain a one if the &th
unit selected from the j-th cluster falls in the r~th category. Let x;, be a k-dimensional row
vector of explanatory variables associated with the fth unit selected from the j-th cluster.
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Then, for each j = 1,2, ..., n, and each { = 1, 2, ..., m;, the expectation of the r-th
element of p}% is determined by a logistic relationship as

d
Ty = E[yj,,] = [l + E exp(xjfgg)]" exp(x_,-,,(j?) r=12,...,d
s=1

d
=1_E7rﬂ5’ r=d+ 1. (2.1)
§=1

Because the expected value function is nonlinear in the parameter vector 8° = (89,
8%, ..., BY%)’, it is necessary to use nonlinear estimation methods. Define the pseudo log-
likelihood L,{(8) as

L@ =Y Y wiogzh vk @.2)

=1 =1

where 7y = (%, ..., Wjg, 4+1) " and w; is the sampling weight for the jé-th sampling unit.
This function can be viewed as a weighted log likelihood function, where the weights are the
sampling weights and the y%’s are distributed as multinomial random variables. If the
sampling weights are all one, then (2.2) becomes the log-likelihood function under the assump-
tion that the y%’s are independently multinomially distributed.

Let épsEUDo be the estimator of ,@0 that maximizes (2.2). This estimator is a solution to the
system of equations

¥; G(8: %) [Diag(xjy] ™' (0% — ) = O, @3)

n m;

i=1 f=1

where

G(8, xjg) = [(Taxa» Oax1) Bxje] AT,

A(m}) = Diag(xh) — 7i(1) s

and @ denotes the Kronecker product.

The asymptotic normality of Bpseypo can be proved by defining the parameters of interest
implicity as in (2.2) and then by extending the results given in Binder (1983). An alternative
approach can be derived by making use of the pseudo-likelihood assumption and Proposition 1
in Dale (1986). Binder and Dale both provide the necessary regularity conditions.

As n increases,

Vn(Beseuno — 8°) = Va[H.(8%)] "' U(8")

LNk (0, lim [H,,(8%)] - Ga[HA(89)] ") @.4)

R0
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where,
-
/]

E w; A('E’f) ®xj’g Xits

-
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-
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—_

H,(8°) =

-
g

-
]
-
R ]
[
-

Un(8°) =

wiVie — T Bk,

n
G,, = E E w}Var(yj,) ®xjij,,
J=1

=1

Yj¢ and 7 are the vectors y% and =}, without their last elements, respectively and Ny
denotes a dk-multivariate normal distribution.

Nelder and Wedderburn (1972) have shown that under binomial assumption, the pseudo
log-likelihood function (2.2) can be solved by an iterative weighted least-squares procedure.
Haberman (1974, p.48) shows that under regularity conditions a modified Newton-Raphson
converges to the maximum likelihood estimator for the multinomial case. His proof does not
depend on the existence of any consistent estimator of Q“ which allows the iterative algorithm
to be initialized at @ = 0. Jennrich and Moore (1975) proved that when the muiltinomial
assumption holds, the common Gauss-Newton algorithm for finding the maximum likelihood
estimator of @“ becomes the Newton-Raphson algorithm. Because of this equivalence of those
algorithms and because a modified Newton-Raphson procedure always converge, we have
adopted the modified Gauss-Newton algorithin described by Gallant (1987, p.318).

CPLX first finds Bpsgupo using an iterative procedure in which the estimate of 8° at the
g-th step is

Bla.itgp1 = Ble-1ig-1m

+ 0.5V @[H, (Big-1,ite-111)] " Un(Brg-1, iia-n1) 2.5
where i(g) is a nonnegative integer such that
Lo(Bigican) > La(Bio-1ia-n)- (2.6)

The modification of the iteration algorithm provided by j(g) guarantees the convergence of
the procedure. The iteration is initiated by setting 8¢y = 0. The algorithm is declared to have
converged when the condition

Lo(Biaian) — La(Bra-via-11) <

B @.7)
|Ln(Brg,ican)| + 10-3

is satisfied, where e can be 1072,
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Observe that a consistent estimator of H,(8%) is Hn(gpssum) and a distribution free
estimator of G, is

Go=(n-1D"nY @-d-d, @2.8)
j=1
where
mj

4= Wiy — T ® xp,
=1

and d = n~! £7., d;. If within each cluster, the y}'s are independent and identically
distributed according to a multinomie;l random vector with parameters (x}; 1), then it can be
easily shown that the expectation of G, is precisely H,(8°). In practice the ;s in (2.8) are
replaced with &, where %y, is defined as in (2.1) with Bpseupo substituted by QO, and a small
correction is applied to obtain the estimator

G=m - -D-D"2Y d-DE-d, Q9
i=1

where
il
d; = E wi(Vpe — ifjr) ® xj,
f=1
“ H n
d=n"'Y d and n*=3 m,.
J=1 i=1
The factor

-k - (n-1)""'n

reduces to (n — k) ~!n if each cluster contains exactly one element. The factor (n — &) ~'n
is the degrees of freedom correction applied to the residual mean square for ordinary least
squares in which & parameters are estimated. The quantity in (2.9) is well defined for two or
more clusters and the factor (n* — k)~! (n* — 1) should reduce the smail sample bias
associated with using the estimated function to calculate deviations. Therefore, a consistent
estimator of the asymptotic covariance matrix of QPSEUDO under the cluster sampling design is

A, = [Hﬂ(ﬁ.:rl’SEUDO)]‘l Gn[Hn(EPSEUDo)]" (2.10)

which can be used to test any hypothesis of the form Hy: € Q“ = §*. Under the null
hypothesis, by Moore (1977)

(CBpseupo — §*)' [C An €’] ™" (CBpseupo —~ &%) (2.11)
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converges in law to a chi-square distribution with v = rank (C A, C") degrees of freedom.
Here, [C A , €’} ~!is any generalized inverse of C A, C’.

The sums of squares and products matrix used in the construction of (3,, is based on n
observations, where n is the number of clusters. By analogy to the Hotelling 772 statistic, it is
natural to adjust for degrees of freedom by multiplying {2.11) by the ratio

h-v (2.12)
vin - 1)

to obtain an approximate F statistic with v and n — v degrees of freedom. In our case, this
adjustment has the disadvantage that v may exceed » in a sample with a small number of clusters
but a large number of individual elements.

The covariance matrix constructed as if the elemental observations are a simple random
sample is biased, but it can be used to make a small sample adjustment in the estimated
covariance matrix. One might view the usual small sample degrees-of-freedom adjustment
as the operation of adding to an initial estimator of the covariance matrix the quantity
(n — v)~"v P, where P is also an estimator of the covariance matrix. In the usual case, ¥
is also the initial estimator. In our case, we make the adjustment using the covariance matrix
based on the elements as the second P. In our case, the use of the elemental covariance matrix
has the advantage that the resulting sum is always positive definite. The adjustment is a func-
tion of the number of parameter estimated, dk. The adjustment is

M)ifn > 3dk - 2

A, = A, + (n - dk) " (dk = 1) v*[Hy(Bpseupo)] -, (2.13)
(2)if n < 3dk — 2

A, = 4, + 0.5y [Hn(@PSEUDo)]‘l, (2.14)

where v* = max(l,tr{ [H,(Bessupo)] ' G,}/dk). The upper bound of 0.5 for correction in
(2.14) is arbitrary. Then, an approximate F-test with v and » — v degrees of freedom is obtained
by substituting A, for A, in (2.11) and dividing the resulting quadratic form by v. In practice,
the approximate degrees of freedom can be taken to be v and infinity.

3. A MONTE CARLO STUDY

In this section a Monte Carlo study is conducted to examine properties of F-Tests (2.11)
involving model parameters. Data are generated under two different sampling schemes that
correspond to single-stage cluster sampling where the primary units all have the same sampling
weight and are taken from an infinite population. In the first sampling scheme all the elements
within the cluster have the same explanatory vector x and therefore, the same conditional mean
(2.1). This is the case where the logistic regression becomes weighted in the sense of several
responses y’s with the same covariate vector x. Different degrees of intra-class correlation are
induced among the y’s belonging to the same cluster.
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The second sampling scheme, unlike the first, places different vectors of covariates for dif-
ferent subjects within the cluster. The conditional mean (2.1) is also satisfied and different
degrees of intra-class correlation are controlled. The effect of the intra-class correlation is
studied for both sampling schemes under three different estimation procedures: MLE where
the clustering effect is completely ignored, TAYLOR where the large sample covariance matrix
(2.10) is used, and CPLX where the adjusted covariance matrix (2.13-2.14) is employed. These
last two procedures, for large samples, are asymptotically equivalent. For small samples CPLX
performs better than TAYLOR.

3.1 Sampling Scheme 1

Suppose that x,, x,, ..., X, are k-dimensional independent and identically distributed
normal random vectors with vector mean p and covariance matrix L. For each j,
J =1,2, ..., n, suppose that given x;, the random vectors yjp, ¥%, ..., yf,{,,,j are indepen-
dent and identically distributed multinomial random vectors, with parameters (7}, 1), where
w} satisfies the logistic function (2.1) evaluated at the true parameter vector §° andatx = x;.
Let Uy, Up, ..., U,,,; be a set of independent and identically distributed uniform (0,1)
random variables. For a known and fixed {, 0 < { =< 1, define

yh=yh if Upsy¢ G.1.1)
and

yh=0y if Up>g, (3.1.2)
£ = 1,2, e m,-.

It can be shown that within the j-th cluster,

EOR = #f, (3.1.3)
Cov(yh ¥3) = A(z}) if ¢=1 (3.1.4)

and
Cov(yh yf) = S A(x) if £ ¢ (3.1.5)

Therefore, given x;, the random vector¢; = ¥ 8 Y% does not have a multinomial distribu-
tion. Instead

E(m7't) = =t (3.1.6)
and

Var(mj' 1) = [1 + £ (m; — )] m" &(x)), (B.1.7)
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where {2 represents the intra-cluster correlation. Furthermore, if the m;’'s are constant, /.e.,
m; = m,thefactor¢ = [1 + {2(m — 1)] corresponds to the design effect defined by Kish
(1965, p.258). An estimate of the design effect ¢ is

dk
=)' [ Y aun/h) w7, (3.1.8)

=1

where d(;;, and A" represent the (i,i)-th elements of A4, in (2.13)-(2.14) and
[Hn(éPSEUDO)] -1, respectively, and w is the average of the sampling weights for the entire
sample.

Under this sampling scheme, data (x;, y%),Jj=1,2, ..., n, £=1,2, ..., m, were
generated with k = 4, d = 3, m = 21, and parameters

g= (1, =2 1,5), (3.1.9)

I = Diag(0, 25, 25, 25), (3.1.10)

8 = (-03, ~0.1,0.1,0.2), (3.1.11)

8% = (0.2, —0.2, -0.2,0.1), (3.1.12)
and

83 = (-0.1,03, -0.3,0.1). (3.1.13)

Based on (3.1.9)-(3.1.13), 1000 sets of samples with # clusters of size m, were generated
according to (3.1.1)-(3.1.2) for different values of n, %, and ¢. The estimated Type I errors
obtained from comparing the F-tests of Hy: § = QO against F(12, c=; 0.05) = 1.753 were
computed under the three different estimation procedures: MLE, CPLX and TAYLOR. A
measure of the distortion of the estimated Type I errors relative to the nominal 0.05 is the
relative bias which is defined as

(0.05)"! | Estimated Type I error - 0.05 |. (3.1.14)

Relative biases of the estimated Type I errors are reported in Table 3.1. For data gener-
ated with no intra-class correlation, ({* = 0) the MLE procedure, as it is expected, provides
small relative bias of the estimated nominal 5% level. CPLX produces in this case relative
biases slightly pgreater than MLE.This is the penalty of estimating extra parameters in
(2.13-2.14).

The MLE procedure shows a strong distortion of the estimated Type I error when a positive
intra-class correlation is present. This distortion increases as the intra-class correlation £ gets
bigger. In the case where {2 = 0.15 (¢ = 4) the relative bias of the estimated Type I error is
about 18 indicating an inflated Type I error of about 95%. For the CPLX procedure, the
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Table 3.1

Relative Bias of the Estimated Type I Error for the F-test of Hp: 8 = 89
with nominal 0.05 Level under Sampling Scheme I

Procedure

n 2 ¢ MLE CPLX TAYLOR
20 0.00 1 0.24 0.60 16.42
| 20 0.05 2 9.66 3.68 17.06
20 0.10 3 15.24 3.98 17.44
| 20 0.15 4 17.74 4.00 17.70
30 0.00 1 0.08 0.06 12.82
30 0.05 2 9.84 1.20 13.74
30 0.10 3 15.52 1.76 14.22
30 0.15 4 17.74 1.86 14.68
40 0.00 1 0.04 0.32 9.66
40 0.05 2 9.98 0.82 9.62
40 0.10 3 16.20 1.02 11.66
40 0.15 4 17.74 1.80 11.66
50 0.00 1 0.06 0.50 7.40
? 50 0.05 2 9.76 1.44 8.38
| 50 0.10 3 16.00 1.96 9.32
| 50 0.15 4 17.80 2.20 9.70

|

100 0.00 1 0.06 0.90 2.68
100 0.05 2 10.02 1.66 3.90
100 0.10 3 16.26 2.06 4.70
100 0.15 4 17.78 2.24 5.10
200 0.00 1 0.02 0.74 1.28
200 0.05 2 10.46 1.00 1.64
200 0.10 3 16.30 0.88 1.88
200 0.15 4 18.00 1.52 2.12
| 400 0.00 1 0.02 0.44 0.70
; 400 0.05 2 10.14 0.66 0.90
| 400 0.10 3 16.56 0.64 1.00
| 400 0.15 4 17.86 0.56 0.84
i 800 0.00 1 0.08 0.32 0.40
| 800 0.05 2 10.36 0.22 0.36
| 800 0.10 3 16.04 0.68 0.80
4 18.12 0.50 0.54

| 800 0.15
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relative bias decreases as the sample size increases from n = 20 to the cutting point of correc-
tion (2.14) which is 34 in this case. Then it slightly increases as the sample size approaches
n = 100 and then decreases as the sample size keeps getting bigger. This pattern will be observed
throughout the whole simulation. It represents the effect of the correction (2.13-2.14) in small
samples.

The Taylor procedure has large relative biases when the sample sizes are small. It varies from
17 to 7 for sample sizes betweenn = 20and n = 50. For large samples both methods CPLX
and TAYLOR, provide as expected, similar results. In general, the CPLX shows relative biases
smaller than the TAYLOR method.

If the F statistics used for testing Hy: 8 = §° are multiplied by the number of parameters
being tested, the resulting statistic is distributed as a chi-square random variable with 12 degrees
of freedom. The Monte Carlo means and variances for these chi-square statistics are presented
in Table 3.2.

As expected, the MLE method produces means and variances around 12 and 24, respec-
tively, when the design effect ¢ is one. CPLX has in this case means around 12 with greater
variances that decrease when the sample size gets bigger. However, in the presence of any intra-
class correlation, the means and variances under MLE are too large, while CPLX shows con-
sistency with the asymptotic theory and the correction introduced in (2.13-2.14). The TAYLOR
method has extremely high variances when the sample size is small. A possible explanation
for this is that in some replications of the simulation the covariance matrix (2.10) was ill- con-
ditioned producing very large quadratic forms for (2.11). This problem attenuates when the
sample size is bigger. Both methods, CPLX and TAYLOR, become asymptotic equivalent for
large samples,

Monte Carlo properties for the estimator (3.1.8) of the design effect are presented in Table
3.3 for both CPLX and TAYLOR methods. The CPLX procedure shows smaller biases and
slightly large standard errors. Both methods perform fairly well.

For each category r, r = 1, 2, 3 and each covariates, s = 1, 2, 3, 4, ““¢"’ statistics for the
individual coefficient estimates were also computed as

g = [var (@rs)] —0.5(65 _ __9&')' (3.115)

The twelve *“‘¢*’statistics provided by the CPLX estimation procedure were grouped together
and the simulated percentiles were computed. Similar computations were performed for the
MLE “‘#"’ statistics. Consequently, for each run the percentiles are based on 12,000 ‘£’ values,
Once these percentiles were calculated, the relative biases were estimated as

(Standard Normal Percentile) ~'| Estimated Percentile — Standard Normal Percentile |.
{3.1.16}

The results of the relative bias for the estimated 5th and 95th percentiles for the ““¢*’ statistics
are presented in Table 3.4 for both MLE and CPLX procedures. Under the MLE it is expected
that these relative biases be close to ¢®* — 1. This is true because the *“*’ statistics under
MLE are inflated by the factor ¢%5, This is clearly seen in Table 3.4 under the two columns
for the MLE percentiles. The CPLX procedure has satisfactory relative biases for small sample.
These biases become negligible, as expected, when the sample sizes get bigger.
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Table 3.2
Monte Carle Properties of the Chi-square Statistic of Hg: 8 = @"
under Sampling Scheme [
Procedure
MLE CPLX TAYLOR
n 2 ¢ Mean Variance Mean Variance Mean Variance
20 .00 1 11.5 22.2 12.0 32,7 81.9 12x103
20 0.05 2 23.9 134.3 16.5 81.2 116.6 8x104
20 0.10 3 34.2 239.9 16.6 77.8 94.5 12x103
20 0.15 4 43.8 403.2 17.3 89.3 140.3 19x10¢
30 0.00 1 11.8 25.1 11.2 28.5 35.1 702.3
30 0.05 2 238 121.4 13.2 41.2 4.1 691.6
30 0.10 3 35.8 268.1 13.8 46.3 41.2 12x10?
30 0.15 4 46.7 450.1 14.1 51.1 44.5 16x10?
40 0.00 1 12.2 24.3 11.9 30.3 25.8 268.3
40 0.05 2 232 96.5 12.6 33.6 25.4 201.4
40 0.10 3 354 247.7 13.5 4313 29.1 340.4
40 0.15 4 46.2 428.9 13.8 44.4 30.2 3314
50 0.00 1 11.9 25.5 12.4 34.6 21.0 140.8
50 0.05 2 239 112.5 13.7 43.8 22.7 153.6
50 0.10 3 35.8 231.0 14.3 46.0 24.6 195.8
50 0.15 4 46.7 424.0 14.5 55.4 25.2 234.6
100 0.00 1 12.1 23.6 13.2 35.0 15.8 55.0
100 0.05 2 23.9 102.6 13.8 39.2 16.5 62.1
100 0.10 3 36.5 233.9 14.6 47.0 17.6 75.8
100 0.15 4 47.5 350.4 14.6 43.0 17.9 70.6
200 0.00 1 11.7 24.1 12.6 32.4 13.6 38.2
200 0.05 2 23.9 93.9 13.1 331 14.1 39.1
200 0.10 3 35.7 194.1 13.3 31.5 14.3 7.4
200 0.15 4 48.0 399.6 13.5 35.7 14.6 42.7
400 0.00 i 11.9 24.9 12.3 29.3 12.7 31.3
400 0.05 2 24.1 96.6 12.7 29.2 13.1 313
400 0.10 3 36.9 208.5 13.1 29.2 13.6 314
400 0.15 4 47.3 390.7 12.7 31.6 13.1 34.0
800 0.00 1 11.9 24.0 12.1 26.4 12.3 27.2
800 0.05 2 24.0 99.3 12.3 27.3 12.5 28.2
800 0.10 3 36.4 239.3 12.6 30.1 12.8 31.1
800 0.15 4 48.7 396.3 12.6 26.7 12.7 27.5
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Table 3.3
Monte Carlo Properties of ¢ under Sampling Scheme I
Procedure
CPLX TAYLOR
Rel. Rel.
n 2 ¢ Bias S.E. Bias S.E.
20 0.00 1 0.28 0.23 0.23 0.22
20 0.05 2 0.01 0.63 0.35 0.48
20 0.10 3 0.07 0.93 0.40 0.70
20 0.15 4 0.15 1.15 0.46 0.85
30 0.00 1 0.33 0.22 0.17 0.20
30 0.05 2 0.14 0.62 0.25 0.47
30 0.10 3 0.08 0.88 0.30 0.66
30 0.15 4 0.04 1.18 0.33 0.90
40 0.00 1 0.26 0.18 0.14 0.18
40 0.05 2 0.14 0.53 0.19 0.42
40 0.10 3 0.10 0.83 0.22 0.67
40 0.15 4 0.07 1.13 0.25 0.91
50 0.00 1 0.18 0.18 0.11 0.17
50 0.05 2 0.09 0.48 0.16 0.41
50 0.10 3 0.07 0.75 0.18 0.64
50 0.15 4 0.04 0.97 0.21 0.83
100 0.00 i 0.07 0.13 0.06 0.13
100 0.05 2 0.04 0.34 0.08 0.32
100 0.10 3 0.01 0.54 0.10 0.51
100 0.15 4 0.01 0.69 0.11 0.65
200 0.00 1 0.03 0.10 0.03 0.09
200 0.05 2 0.02 0.25 0.04 0.24
200 0.10 3 0.01 0.38 0.05 0.36
200 0.15 4 0.01 0.49 0.05 0.48
400 0.00 1 0.01 0.07 0.01 0.07
400 0.05 2 0.01 0.19 0.02 0.19
400 0.10 3 0.00 0.27 0.02 0.27
400 0.15 4 0.00 0.37 0.02 0.37
800 0.00 1 0.01 0.05 0.01 0.05
800 0.05 2 0.00 0.13 0.01 0.13
800 0.10 3 0.00 0.19 0.01 0.18
800 0.15 4 0.00 0.24 0.01 0.24
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Table 3.4
Relative Bias of the Estimated 5th and 95th Percentiles for the *‘#** Statistics
for the Coefficient Estimates under Sampling Scheme 1
Procedure
MLE CPLX
Percentile Percentile
n i %3 - 1 5th 95th 5th 95th
20 0.00 0.00 0.02 0.00 0.10 0.0%
20 0.05 0.41 0.40 0.38 0.04 0.02
20 0.10 0.73 0.68 0.65 0.07 0.04
20 0.15 1.00 0.84 0.79 0.07 0.04
30 0.00 0.00 0.00 0.02 0.10 0.09
30 0.05 0.41 0.43 0.38 0.01 0.02
30 0.10 0.73 0.73 0.70 0.02 0.01
30 0.15 1.00 0.97 0.91 0.01 0.01
40 0.00 0.00 0.01 0.01 0.07 0.08
40 0.05 0.41 0.38 0.41 0.03 0.02
40 0.10 0.73 0.70 0.72 0.03 0.01
40 0.15 1.00 0.96 0.93 0.01 0.03
50 0.00 0.00 0.01 0.01 0.05 0.07
50 0.05 0.41 0.43 0.40 0.00 0.1
50 0.10 0.73 0.71 0.70 0.01 0.00
50 0.15 1.00 0.97 0.96 0.02 0.01
100 0.00 0.00 0.00 0.02 0.01 0.00
100 0.05 0.41 0.42 0.42 0.02 0.
100 0.10 0.73 0.71 0.74 0.01 0.03
100 0.15 1.00 1.03 0.99 0.04 0.04
200 0.00 0.00 0.01 0.01 0.00 0.00
200 0.05 0.41 0.42 0.43 0.01 0.01
200 0.10 0.73 0.71 0.72 0.01 0.01
200 0.15 1.00 1.00 1.00 0.02 0.02
400 0.00 0.00 0.01 0.0t 0.01 0.01
400 0.05 0.41 0.39 0.40 0.01 0.00
400 0.10 0.73 0.76 0.77 0.03 0.04
400 0.15 1.00 1.02 0.89 0.02 0.00
800 0.00 0.00 0.00 0.0 0.00 0.0
800 0.05 0.41 0.43 0.44 0.01 0.02
800 0.10 0.73 0.76 0.70 0.02 0.01
800 0.15 1.00 1.07 1.04 0.04 0.02
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3.2 Sampling Scheme 11

Let x;, x5, . . ., X, be a set of k-dimensional independent and identically distributed normal
random vectors with vector mean y and covariance matrix Zg. These vectors x represent
cluster means for the explanatory variables in the logistic function (2.1). Suppose that for the
Jthcluster,j=1,2,...,n, xfo, x? s - - x? m; are independent and 1dent1cally distributed
normal random vectors with vector mean x; and c0var1ance matrix L. Given x%, =101,

» m;, the (d + 1)-dimensional random vector yﬂ has a multinomial distribution with
parameters (1r 76 1), where the elements of x5 Tt satisfy the logistic function (2.1) eva]uated at
the true parameter vector .B" and at x = x . Furthermore, suppose that given the x it 8y the
¥%'s are independent.

Let Uy, Up, ..., U;m, be m;independent and identically distributed uniform (¢,1) random
variables that are also jomtly independent from the x 's and from the yf—'g’ s . Let ¢ be a fixed

and known number, 0 = { < 1. Then define (x, y P, ¢=1,2, ..., m;in the following
way:

(i ¥8) = (xjo, Vo) f U= & 3-2.1)
and

(%6 2) = (x50 ) i Uy > £ (3.2.2)

Observe that within each cluster, the x;,"s all have the same vector of conditional means x;
and that the covariance matrix between xﬁ and x;, is Ly if £ = fand {? By otherwise. Also,
note that the conditional mean of each y}% is the logistic function (2.1) evaluated at B° and
X = X;p and that the vectors (x;, ¥%), £ = 1,2, ..., m;, exhibit an intra-class correlation of
{2 and an approximate design effect of ¢ = [1 + §2 (m — 1)] when all the m;’s are
constant.

Data (x; Vi), /=12, ..., mt=1,2, ..., m, were generated under this cluster
sampling scheme with k=4, d=3, and parameters

g = (1, —6,4,8)", (3.2.3)
E, = Diag(0, 25, 25, 49), (3.2.4)
Ey = Diag(0, 25, 36,36), (3.2.5)

= (0.30, —0.05, —0.06, 0.08), (3.2.6)
8 = (0.06, —0.08, —0.10, 0.07), (3.2.7)

and

8 = (0.70, —0.08, —0.10, 0.11), (3.2.8)
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Based on (3.2.3)~(3.2.8), 1000 sets of samples with » clusters of size m; = m = 6, were
generated according to (3.2.1)-(3.2.2) for different values of n, {? and ¢. The relative biases
defined in (3.1.14) of the estimated Type I errors from comparing the F-tests of Hy: § = @0
against F(12, oo; 0.05) = 1.753 are presented in Table 3.5 under three different estimation
techniques: MLE, CPLX and TAYLOR.

In the presence of intra-class correlation, there is a strong distortion of the Type [ error for
MLE even in the case where {2 is relatively small ({2 = 0.2) for cluster size m = 6 . This
distortion is reflected in the relative bias which ranges from approximately 7 to 18. These values
indicate inflated Type I errors between 40% and 95%. The CPLX procedure provides satisfac-
tory relative biases even for the case of small samples. The TAYLOR procedure has too high
values for small samples. It becomes equivalent to CPLX for large samples. One more time
CPLX seems to be superior to TAYLOR when the sample size is small.

Table 3.5

Relative Bias of the Estimated Type I Error for the F-test of Hy: § = .@0
with Nominal 0.05 Level under Sampling Scheme 11

Procedure
n 2 ¢ MLE CPLX TAYLOR
20 0.0 1 0.54 0.46 13.52
20 0.2 2 7.30 0.46 12.96
20 0.4 3 13.70 0.68 13.96
20 0.6 4 17.08 0.60 14.72
30 0.0 1 0.28 0.78 7.78
30 0.2 2 8.72 0.72 8.16
30 0.4 3 14.84 0.72 9.32
30 0.6 4 17.50 0.82 9.23
40 0.0 1 0.36 0.56 5.16
40 0.2 2 9.28 0.56 5.76
40 0.4 3 15.38 0.64 5.84
40 0.6 4 17.76 0.70 5.80
50 0.0 1 0.44 0.56 3.44
50 0.2 2 9.34 0.08 4.86
50 0.4 3 15.48 0.38 4.36
50 0.6 4 17.56 0.46 4.16
100 0.0 1 0.16 0.04 1.26
100 0.2 2 9.46 0.26 1.46
100 0.4 3 15.94 0.44 2.00
100 0.6 4 18.16 0.14 1.46
200 0.0 1 0.10 0.26 ‘ 0.76
200 0.2 2 10.20 0.34 0.82
200 0.4 3 16.22 0.02 0.48
200 0.6 4 18.06 0.06 0.52
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Table 3.6

Monte Carlo Properties of the Chi-square Statistic of Hp: 8 = go
under Sampling Scheme 11

Procedure
MLE CPLX TAYLOR
n ¢ f Mean Variance Mean Variance Mean Variance
20 0.0 1 11.3 18.9 10.2 19.7 40.5 15x102
20 0.2 2 20.3 62.8 10.5 21.4 35.2 11x102
20 0.4 3 28.3 106.4 10.5 18.4 111.3 42x10%
20 0.6 4 35.2 152.6 10.3 18.2 11x103 50x10°
30 0.0 1 11.6 21.6 9.4 16.3 22.0 147.3
30 0.2 2 21.8 75.2 9.9 17.5 227 161.2
30 0.4 3 30.4 117.6 9.8 16.5 24.3 224.6
30 0.6 4 39.3 191.0 9.5 14.5 24x10? 60x108
40 0.0 1 11.6 21.3 9.9 19.4 18.1 86.7
40 0.2 2 22.4 76.5 10.4 18.3 18.9 80.8
40 0.4 3 31.8 153.2 10.2 17.8 19.2 90.4
40 0.6 4 41.4 223.1 10.1 16.9 19.3 104.4
50 0.0 1 11.5 19.9 10.6 20.0 16.1 56.9
50 0.2 2 22.7 80.6 11.4 23.9 17.5 70.9
50 0.4 3 32.3 160.1 11.1 22.9 17.4 73.7
50 0.6 4 41.7 262.3 10.7 19.7 17.0 63.8
100 0.0 1 11.8 21.5 11.8 252 13.9 36.2
100 0.2 2 22.9 87.3 11.9 27.0 14.0 385
100 0.4 3 347 191.8 12.3 27.9 14.4 40.7
100 0.6 4 45.1 297.7 12.0 25.0 14.1 37.2
200 0.0 1 12.0 23.8 12.1 26.3 13.0 30.3
200 0.2 2 24.0 88.6 12.4 25.9 13.3 30.0
200 0.4 3 34.5 175.2 12.0 23.3 12.8 27.0
200 0.6 4 46.8 320.0 12.2 24.0 13.0 27.9

Monte Carlo properties of the chi-square statistics of Hy: § = QO (chi-square = 12 X F)
are presented in Table 3.6 for the three estimation procedures under study. CPLX shows means
and variances slightly below 12 and 24, respectively, when the sample sizes are small. This
underestimation vanishes when the sample size increases. The TAYLOR procedure has too
large means and variances when the sample size is small. For instance, for {* = 0.5, the
variance is in the order of billions when » is 30 or less. For large samples, both CPLX and
TAYLOR, seem to provide similar results. The MLE method has acceptable results only when
2 = 0.00. Otherwise the estimated mean and variances are too large.
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Table 3.7
Monte Carlo Properties of ¢ under Sampling Scheme II
Procedure
CPLX TAYLOR
Rel. Rel.
n ¢ ¢ Bias S.E. Bias SE.
20 0.0 1 0.48 0.22 0.04 0.20
20 0.2 2 0.16 0.53 0.26 0.42
20 0.4 3 0.05 0.87 0.34 0.72
20 0.6 4 0.01 1.24 0.39 1.03
30 0.0 i 0.49 0.18 0.02 0.16
30 0.2 2 0.25 0.48 0.19 0.40
30 0.4 3 0.19 0.84 0.24 0.69
30 0.6 4 0.16 1.12 0.27 0.94
40 0.0 1 0.38 0.16 0.02 0.14
40 02 2 0.22 0.45 0.14 0.38
40 0.4 3 0.16 0.70 0.20 0.60
40 0.6 4 0.16 0.98 0.19 0.86
50 0.0 1 0.27 0.14 0.02 0.13
50 0.2 2 0.15 0.42 0.12 0.37
50 0.4 3 0.12 0.67 0.15 0.60
50 0.6 4 0.11 0.89 0.16 0.81
100 0.0 1 0.12 0.10 0.01 0.10
100 0.2 2 0.06 0.32 0.07 0.31
100 0.4 3 0.05 0.50 0.07 0.48
100 0.6 4 0.06 0.59 0.07 0.57
200 0.0 1 0.05 0.07 0.01 0.07
200 0.2 2 0.03 0.24 0.03 0.23
200 04 3 0.02 0.34 0.04 0.33
200 0.6 4 0.02 0.40 0.03 0.40

Monte Carlo properties for the estimator of the design effect proposed in (3.1.8) are
presented in Table 3.7 under the CPLX and TAYLOR procedures. The TAYLOR procedure
seems to perform slightly better than CPLX for small samples. Both procedures, in general,
provide reasonable values. They seem to be equivalent for large samples.
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Table 3.8

Relative Bias of the Estimated 5th and 95th Percentiles for the ““#’’ Statistics
for the Coefficient Estimates under Sampling Scheme 11

Procedure
MLE CPLX
Percentile Percentile
n o ¢%° — Sth 95th Sth 95th
20 0.0 0.00 0.01 0.00 0.15 0.18
20 0.2 0.41 0.37 0.32 0.06 0.0
20 0.4 0.73 0.63 0.57 0.02 0.05
20 0.6 1.00 0.79 0.74 0.05 0.05
30 0.0 0.00 0.02 0.00 0.15 0.16
30 0.2 0.41 0.39 0.33 0.10 0.10
30 0.4 0.73 0.68 0.63 0.07 0.08
30 0.6 1.00 0.91 0.86 0.05 0.07
40 0.0 0.00 0.01 0.00 012 0.15
40 0.2 0.41 0.39 0.40 0.10 0.06
40 0.4 0.73 0.65 0.60 0.07 0.09
40 0.6 1.00 0.99 0.89 0.04 0.05
50 0.0 0.00 0.01 0.1 0.10 0.10
50 0.2 0.41 0.39 0,40 0.05 0.04
50 0.4 0.73 0.73 0.72 0.02 0.01
50 0.6 1.00 1.00 0.95 0.00 0.01
100 0.0 0.00 0.01 0.01 0.04 0.05
100 0.2 0.41 0.40 0.37 0.02 0.02
100 0.4 0.73 0.72 0.73 0.00 0.00
100 0.6 1.00 1.60 1.02 0.01 0.02
200 0.0 0.00 0.02 0.01 0.00 0.01
200 0.2 0.41 0.40 0.45 0.01 0.02
200 0.4 0.73 0.71 0.68 0.01 (.01
200 0.6 1,00 1.03 0.95 0.02 0.02

The relative biases (3.1.16) of the 5th and 95th percentiles of the **#'’ statistics (3.1.15) are
presented in Table 3.8 under the MLE and CPLX procedures. MLE has a relative bias, as
expected, close to zero in the absence of intra-class correlation. This bias increases when the
2 gets bigger. On the other hand, CPLX has small relative bias in general and for large sample
this bias becomes negligible.
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4. EXTENSION TO STRATIFIED SAMPLING AND
MORE COMPLEX DESIGNS

A generalization of CPLX procedure to stratified sampling can be done as follows. Sup-
pose that the population has been divided into § = 1, 2, ..., L strata. Let m;; represent the
size of the j-th cluster in the i-th stratum, »; the number of clusters selected in the i-th stratum,
and y}, the multinomial response of the £th element in the j-th cluster in the i-th stratum,
(=12,...,muj=12,...,mi=12, ..., L Itisassumed that 7}, the expected value
of ¥, satisfies the logistic relationship (2.1) for a given explanatory vector X;je

A consistent estimator of tjo, say BPSEUDO, can be found by maximizing the function

nj o omy;
L" (g) = E E Wu(log ?_rﬁg) ‘ y:"jf. (4.1)
i=l j=1 ¢=1

Algorithm (2.5) is performed with three indexes /, j, £. The adjustment given by (2.13) and (2.14)
is applied with

L

n = E n;, 4.2)
- L f -~

H,(Beseuno) = ), wi A(Th) @ Xfje X (4.3)

G = [(n* — &)~ (n* = 1)] ZL: (m — 1) "'l = f) ’é (d; - éi)(ﬁij - 3:‘)', (4.4)

i=1

d; = Wii(¥ije — Tije) ® X, 4.5)
=t

-~ ni

a, = n,r“] d‘U’ (4.6)

Jj=1 [N

Ji = sampling rate of i-th stratum, and 4.7
L m .

n* = m;. 4.8)
i=1 j=I )

The estimation procedure can be extended in a stepwise manner to multi-stage sampling
designs by maximizing {4.1) up to elemental units. The summation of (4.3) should be extended
in order to include all the final sampling units, The key part is (4.4). The construction of G
must be based on the complex survey. This could be a difficult task for multi-stage sampling.
Results for stratified two-stage sampling are presented in Fuller, ef al. (1986, p. 82).
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5. SUMMARY

In this paper, we have outlined a methodology for obtaining asymptotic normal estimators
of the parameters of a generalized logistic function involving a multinomial response variable
under complex survey designs. A consistent estimator of the asymptotic covariance matrix under
the complex sampling design is (2.10), which results from the usual Taylor’s series expansion.
This covariance matrix produces for large samples correct Type I errors for the F-tests involving
mode] parameters, More important, it is shown that correction (2.13-2.14) provides a covariance
matrix that reduces the small sample bias. This adjusted covariance matrix has some important
characteristics:

1. It levels off the inflated Type I error, originated from ignoring the complex survey,
faster than the usual delta-method.

2. It is positive definite when H, (BPSEUDO) is positive definite regardless if (2.9) is
singular or not,

3. It is asymptotic equivalent to (2.10).

The results of a Monte Carlo study were reported in Section 3. Data satisfying the logistic
conditional mean (2.1) were generated under two different single-stage cluster sampling
schemes. It was studied, among other things, the effect of the intra-class correlation and the
design effect on the relative biases of the estimated Type I errors for the F-tests of Hy: § = ae.
The simulation showed, as expected, a strong relative bias when the naive maximum likelihood
method is employed. For small samples, the Monte Carlo results favor the use of the adjusted
covariance matrix over the one that arises from the usual delta-method.
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Randomized Response Sampling from
Dichotomous Populations with
Continuous Randomization

LeROY A. FRANKLIN'

ABSTRACT

A randomized response model for sampling from dichotomous populations is developed in this paper.
The model permits the use of continuous randomization and multiple trials per respondent. The special
case of randomization with normal distributions is considered, and a computer simulation of such a
sampling procedure is presented as an initial exploration into the effects such a scheme has on the amount
of information in the sample. A portable electronic device is discussed which would implement the
presented model. The results of a study taken, using the electronic randomizing device, is presented.
The results show that randomized response sampling is a superior technique to direct questioning for
at least some sensitive questions.

KEY WORDS: Randomized response; Randomization with continuous distributions; Computer
simulation.

1. INTRODUCTION

Surveys often seek to estimate the proportion of individuals satisfying a particular condi-
tion. If the condition involves a highly personal or controversial subject (e.g., secking new
employment, sexual behavior) or of an illegal nature {e.g. drug usage, criminal activities), survey
respondents may be reluctant to answer honestly or may refuse to answer a direct question
as to whether they satisfy the condition of interest. In such cases, it is difficult to make inferences
about proportions on the basis of a survey in which sensitive questions are asked directly.

Randomized response sampling plans utilize a stochastic or randomizing device to enable
respondents to provide answers to sensitive questions without fully revealing information
regarding the sensitive issue. The actual outcome of the device for a particular respondent is
observed by the respondent but not by the interviewer. However, the properties of the device
are known to the experimenter, and this enables the experimenter to make inferences about
the proportion of interest without knowing specifically about any single individual. The
stochastic device introduces noise into the information-gathering process, but the resulting loss
of information may be preferable to the uncontrollable noise introduced by nonresponse or
lying when direct questions are used.

The original randomized response model was proposed by Warner (1965) and involved a
dichotomous randomization for a dichotomous population. His model was studied from a
Bayesian viewpoint in Winkler and Franklin (1979). The randomized response model with two
or more trials per respondent was introduced by Gould, Shah and Abernathy (1969) and fur-
ther developed by Liu and Chow (1976). Both papers demonstrated the superiority of the
multiple trials per respondent in improving the efficiency of the estimate over the single trial
model of Warner’s. However, both also note that multiple trials might produce simultagiously
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growing suspicion and lowered “*truth telling’’ over the single trial model. The survey paper
prepared by Horvitz, Greenberg, and Abernathy (1976) discusses several other plans with
discrete randomization devices. In addition a thorough theoretical development and review
of results is contained in the recent volume by Chaudhuri and Mukerjee (1988) entitled ‘‘Ran-
domized Response: Theory and Techniques.” A more general model, using either discrete or
continuous randomization, is presented in Warner (1971) and these more general models were
discussed from a Bayesian viewpoint by Pitz (1980), Smouse (1984}, and O’Hagen (1987). A
few surveys have actually been undertaken, some showing the randomized response methods
are superior to direct survey methods (e.g. Gould ef al. 1969 and Liu and Chow 1976) and a
few others of uncertain results (e.g. Brewer 1981). However, only Poole (1974) developed a
specific continuous randomization distribution (uniform) to estimate a continuous distribu-
tion and this was implemented by having respondents report their answer multiplied by a
number chosen randomly from a random number table.

In this paper, we consider a randomized response model for sampling from a dichotomous
population, but using a continuous randomization distribution. With Warner’s original ran-
domized response technique, the randomizing device determines which question the respon-
dent answers. But with the method developed in this paper, the question for a respondent is
fixed by whether or not he belongs to the sensitive group. The randomization here chooses
values from two distributions (one for ‘““yes’’ and the other for ““no’’) and the respondent
provides the value appropriate to his group membership. Multiple trials are incorporated into
the model by having the respondent provide a single multi-digit response. This provides a
potential benefit over usual multiple trial techniques in that the respondent perceives he/she
has provided just one answer when in fact the multi-digit response incorporates several trials
of the respondent.

The general model, for which the randomization can be handled via any type of distribu-
tion, is presented in Section 2. The special case in which the randomization involves normal
distributions is discussed in Section 3, along with an approximating procedure for assessing
the effect of randomization and multiple trials per respondent. Section 4 presents a computer
simulation investigating the role that specific choices of means and standard deviations play
in the efficiency of surveying by using normal distribution randomization with multiple trials.
Section 5 presents a way of implementing normal distributions as the randomizing distribu-
tion through the use of a computerized, electronic device that generates and displays random
normal values. Such a device was felt to be potentially superior to ‘*drawing cards’’ or *‘flip-
ping a spinner”’ since these methods may not be properly implemented by the respondent or
the interviewer. The results of a survey taken using that electronic device to investigate five
sensitive questions are examined in Section 6. Finally, a summary and a brief discussion of
design issues are considered in Section 7.

2. THE MODEL

Suppose that we are interested in #, the proportion of individuals belonging to Group A
among the members of a particular population. A simple random sample of » individuals is
chosen from the population withn = 1, where we assume that the population is large enough
relative to n so that the sampling process can be viewed effectively as sampling with replace-
ment A total of & trials are conducted with each respondent, where & = 1. On trial § for respon-
dent /, random values are drawn from the distribution functions G;; and H;;. The respondent
sees both values and is asked to report the value from Gj;if he or she belongs to Group A and
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the value from H;; otherwise. The researcher knows the exact form of G;; and Hj; but sees only
the value reported by the respondent, denoted by z;;, and, thus, does not know from which
distribution it came.

Inferences must be made about § based on the kn sample observations z;, withi = 1, ...,
nandj = 1, ..., k. For convenience, we assume in the remainder of this paper that G;; and
Hj; are absolutely continuous with corresponding densities g;; and 4;; the development for the
discrete case is analogous. The conditional density function of z; given @ is 8 g; (zy) +
(1 — 0) hy (zy), and the likelihood function for the entire experiment is:

n k k
Lizlo =]] [91‘[ 8 ) + 1 =0 [] Ay (z.-_,-)] for0 < 6 st, (2.1

i=} J=l ji=1

wherez = (g1, ..., Z) and g; = (2, - .-, Z)-
Expanding the likelihood function using the binomial theorem allows the likelihood func-
tion to be written in the form

n
Y @8 (1 —8)" ' where0 < ¢ < 1and 2.2)
=0

L(z|®)

It

c k k
o =3 [H II = (sz)] [H II (z.-,',-)],with (2.3)
5=1

IECy, j=1 #Cy j=1

Cy, ..., C, representing the c = () combinations of ¢ items out of #. Here 8°(1 — )"~
is the Bernoulli likelihood conditional upon exactly ¢ respondents being in Group A, and «,
is the likelihood of g given ¢. The mixture form in 2.2 arises because we are unable to observe
a specific ¢ in our sample.

A special case of (2.1) arises when we assume that the same randomizing distributions are

used for all # respondents. Thus, g; = g;and h; = h;fori ='1... nand thus(2.1) reduces to

n k k
Lizlo =]] [61'[ gi(z) + =0T & (z,j)] for0 <9 <1, (2.4)

i=] =1 J=1

Whichever the form, in order to find the maximum likelihood estimates, a direct computer
grid search must be made. This is feasible since 6 is only a one-dimensional quantity and is
restricted to the interval from 0 to 1. This can be easily accomplished by using well-known search
techniques applied to the log of the likelihood function. (See, for example, Kennedy and Gentle
1980).

3. RANDOMIZATION WITH NORMAL DISTRIBUTIONS

Although any continuous distribution {(e.g. Weibull, uniform, efc.) can be used as the ran-
domizing distribution in the model discussed in Section 2, in this section only the normal dis-
tribution will be examined. Furthermore, suppose that the same randomization distributions
are used for all respondents, so that form (2.4) is the appropriate likelihood. Thus, g; and A;
are normal densities with means p,; and p,; and standard deviations o,; and g, respectively.
Then the likelihood function in Section 2 can be related to these normal densities.

o
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The amount of information that can be obtained about # obviously depends on the means
and standard deviations that are chosen. At one extreme, if u,; = py; and o,; = 0 for
J =1, ..., k, then § drops out of the likelihood function and z (the sample} will provide no
information about §. At the other extreme, if | p,; — py;| — oo for any j with g,; and g,,; fixed
orif g;; — 0and o,; — O for any j with a fixed | py; — pa;| # 0, then we are effectively able
to determine which group each respondent belongs to and the sampling process thus approaches
Bernoulli sampling in 6.

Anapproximationto L{z | 8} as developed by Winkler and Franklin (1979) makes it easier
to assess the effect of randomization and multiple trials with the choice of specific means and
standard deviations. That is, for each sample, we can approximate the actual likelihood func-
tion given by (2.4) with an approximate likelihood function of the form

L*(r*, n*| 0) = 6" (1 — )" ~". (3.1

Taking the first and second deriyations of the log of the approximating likelihood (3.1) and
solving to find the maximum (#) and the curvature at that maximum yields:

P &
19=—=|= 3.2)
n
2log L*(7*. n* *
and 9" log (rz,n [ 9) =—A——-—n -, (3.3)
a9 PR § (1 —6)

Next taking the first derivative of the log of the exact likelihood (2.4) and setting it to equal
zero gives the equation that will yield the exact maximum likelihood estimate for 8:

Yi— W
by + (1—8)n;

n k k
= O wherey, = H g (zy)sm = H hy (zy)- (3.4)
- j=1 j=1

i=1

A grid search produces for (3.4) its solution (,). Taking the second derivative of the log of
phe exact likelihood (2.4) yields:

FlogL(z]8)]| _ ¢ [y = )’
30? B E [6y;, + (1 — 8)n]?

i=1

(3.5)

Substituting #, into (3.5) gives the curvature of the actual log likelihood at &, (the maximum).
Equations (3.2) and (3.3) are two equations in two unknowns, r* and n*. Setting (3.2) = 4,
and (3.3) = (3.5) allows us to solve for * and n* so that the approximating log likelihood
has the same maximum § = §,, and curvature at that maximum as does the actual log
likelihood. Thus, the randomized response sample outcome of z can be thought of as approx-
imately equivalent to a non-randomized response sample (i.e. regular Bernoulli sampling) with
r* members out of »* in the sensitive group. In this sense, #* can be thought of as a rough
measure of the amount of information in the randomized response sample which is of size n.
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4., A COMPUTER SIMULATED INVESTIGATION
OF THE CHOICE OF MEANS AND
STANDARD DEVIATIONS

To investigate the impact of a given set of means and standard deviations for the normal
randomizing distributions as well as the impact the size of 8 and & (the number of trials) has
upon 7* and n* the randomized response sampling process was simulated by generating, via
computer, repeated samples from a Bernoulli process with parameter ¢ and X sets of two-digit
responses for each sample. In our simulation, welet u,; = 50, up; = 40, and o; = 05y = o
forj = 1, ..., k. We considered two values of 8 (.10 and .25}, two values of o (6 and 9), three
values of n {30, 200, and 500}, and three values of & (1, 2, and 3). Such values were chosen
since they will register two-digit deviates that would overlap in distribution considerably and
provided then a bench mark for later choices in the actual survey environment. For each of
the 36 combinations of parameters, we replicated the sampling procedure 25 times. The solu-
tions of r* and #* were found numerically for each sample, and the average values of n* for
the 25 replications with each set of parameter values are given in Table 1.

The average values of n* vary considerably. At the worst extreme, wheno = 9,8 = .10,
and only one trial per respondent is used, n* tends to be only 10-15 percent of n. On the other
hand, wheno = 6,8 = .25, and three trials are used per respondent, #* is about 75 percent
of n. As expected, the average value of n* (the effective sample size) increases as # (the number
of respondents) increases or as & (the number of trials per respondent) increases. In addition,
decreasing o or increasing # also leads to a higher n*,

For each combination of parameters, the mean and variance of § over the 25 trials were
determined. The average values of § are very close (within 5%) to the corresponding values
of 8, and the variance of 8 tends to increase as the average n* decreases and, hence, tends to
validate the simulation.

Table 1

Average Values of the Effective Sample Size (n*) for Various Sample Sizes () and the
Number of Trials per Respondent (k)

8 = .10 = .25
n k o=6 g=9 c=6 cg=9
1 16.2 7.0 17.3 9.2
50 2 273 13.1 30.6 17.8
3 32.6 18.1 38.2 23.6
1 58.3 24.8 79.0 41.2
200 2 103.1 49.6 124.4 72.9
3 136.6 71.7 151.0 97.7
1 148.4 59.6 196.9 103.6
500 2 261.1 129.3 309.5 181.2
3 345.8 193.1 375.6 242.7
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5. A PORTABLE, COMPUTERIZED RANDOMIZING DEVICE

Randomized-response sampling, using randomization with normal distributions and multiple
trials, provides flexibility to the experimenter, who can select means and variances as well as
the number of respondents and the number of trials per respondent. However, this flexibility
is not of any value, unless the sampling scheme actually can be implemented in practice. The
sampling scheme utilizing Bernoulli randomization can be implemented in a number of ways
(e.g., with cards or colored beads). However, the scheme developed in this paper requires
generation of random normal values by some portable device.

A computerized, electronic device was built around the Intel 8080 microprocessor to generate
and display random normal values. Each value is obtained by summing 16 uniformly distributed
random numbers and transforming that sum to achieve a normal deviate with the desired mean
and standard deviation. From the Central Limit Theorem, the resulting values should be
approximately normally distributed, and extensive tests indicate that the values produced by
the device do indeed behave like random normal values. This technique was chosen over other
possible methods of generating normal deviates due to the simplicity of programming such
a method in machine instructions for this specific microprocessor. For more details concer-
ning the generation of the random normal values and the testing of the device, see Franklin
{1977), Kennedy and Gentle (1980), as well as Knuth (1969).

The final, resulting device was approximately the size of a cigar box and is easily held in
the hand. Power can be supplied either by a battery pack or by an extension cord.

For display purposes, the random normal values are truncated to two digits, and the device
is designed to display six such two-digit numbers simultaneously in ‘‘windows’’ of six digits
each. One window displays values chosen from g,,°g,, and g, which appears-as a single six-
digit number in the *‘Yes’’ window. The other window displays values chosen from #,, &, and
A, which also appears as a single six-digit number for ‘‘No”’. The six means and standard
deviations are stored permanently in the device, but they can be changed easily by using a small,
detachable keyboard.

The actual surveying process is accomplished in the following manner. First, the interviewer
asks the respondent a sensitive question about Group A. The respondent then pushes a button
to activate the device, and two six~digit numbers appear in the windows within about one quarter
of a second. If the respondent is a member of Group A, the number in the first window (the
“Yes'* window) is reported; otherwise, the number in the second window (the ““No’’ window)
is reported. To convince the respondent of the “‘randomness’’ of the values, he or she is
encouraged to press the button several times and to observe the resulting numbers before the
sensitive question is actually asked. Note that although & = 3, the respondent perceives a
response as a single six-digit number, and we are thus actually obtaining three trials with a single
six digit response. Hence, the advantage of multiple trials per respondent is exploited without
the usual accompanying disadvantages coming into play.

6. SURVEY RESULTS AND CONCLUSIONS

Two simultaneous, but independent, surveys were conducted on the campus of a large urban
university of students enrolled in that university. The first asked five sensitive questions of a
respondent by the direct question method. The second asked the same five sensitive questions
of a different respondent but using Randomized Response Sampling with continuous ran-
domization implemented by the electronic device presented in the previous section. For the
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study k = 3 and yg = pg, =py, = 40 and py, = pp, = pp, =50 with Oy, = On; = 5 for
J = 1,2, 3. These values were chosen in accordance to the finding of the computer simula-
tion discussed in Section 4. A different group of students was systematically selected (one in
five) for each of the two surveys from students on the campus and individually interviewed.
Each student surveyed was given a brief introduction as to the purpose of the survey and asked
if they wished to participate. Less than 10% of all individuals stopped by both survey teams
declined to participate. If the individual was willing to participate, he/she was then asked to
provide his/her social security number to verify that he/she was, indeed, enrolled in the univer-
sity. All respondents of both surveys had their social security number checked against an
administrative master list of students and those not recorded as enrolled students were
eliminated from the study (less then 5 percent of those surveyed). ‘

Requiring their social security number also deliberately injected the element of associating
the individual’s identity with his responses. For many surveys (i.e. telephone, mail-in ques-
tionnaires, house-to-house surveys, etc.), this is the case and plays a significant role in the will-
ingness of a respondent to answer truthfully. It was felt that it was precisely in such “‘revealing’’
circumstances that randomized response sampling can benefit the researcher most. The resulting
sample sizes for the direct and randomized response methods were n; = 473 and n, = 477.
The five sensitive questions were:

Q1 — ““Have you ever cheated on an exam here at this university?”’
Q2 — ““Would you ever cheat on your income tax?"’

Q3 — “Would you ever steal from an employer?”’

Q4 — ““Have you smoked any marijuana in the last 30 days?"’

Q5 — ““Have you ever participated in a homosexual act?”’

All five questions were felt to be sufficiently sensitive so that any gains by randomized
response sampling over direct sampling could be easily apparent. In addition, as a final ques-
tion, the respondents in the randomized response group were asked ‘Do you think your friends
would be more willing to tell the truth if they were asked sensitive questions by this technique?’’
This was asked in an effort to measure the acceptance and confidence of the person being inter-
viewed that this particular randomized response technique did provide personal protection and
anonymity. :

The estimates of the proportion of respondents who are in the sensitive group are presented
in Table 2 for both direct (5.-.:) and randomized response (0‘,-,) for question i along with the
estimate of n} (the effective sample size) for the randomized response method using the
method discussed in Section 3. Also is presented the z value of a one-sided test of hypothesis
H, 0, — 6, =0vsHg 0,4 — 68; < 0, along with the observed p-values. The tests were con-
ducted using »; and n¥ as sample sizes and hence give a much more conservative result than
if n; and n, were utilized. )

It is noteworthy that the randomized response method gave a higher estimate of 6 for each
of the five sensitive questions than the direct survey method. Furthermore, for Questions 1,
2, and §, the randomization response method gave statistically significantly higher estimates
of & (p-values < .00l for all three) than the direct survey method. Hence, there seems to be
conclusive evidence that, at least for some sensitive issues, the randomized response method
with continuous randomization does provide better estimates of population proportions. It
should also be noted that by our choices of Bgjs lenps Tg; and Oh; and k¥ = 3 that n* typically was
75 to 85 percent of the original sample size #, and thus most of the information was
“recovered’’ by our randomized response method.
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Table 2

Estimates of § and Results of Testing Equality of 8’s for Direct and Randomized
Response Sampling with Respective Sample Sizes of »; = 473 and ny = 477

Question - Effective sample size
i 4 6, n¥ z-value p-value
1 0634 2013 394.5 6.098 < .0001
2 1797 .2941 408.1 3.997 < .0001
3 1078 1207 384.8 .583 2810
4 1882 1942 409.5 234 L4091
h) .0042 .0355 339.0 3.341 .0004

Furthermore, it is instructive to consider the nonsignificant results for Questions 3 and 4.
This information (if the three significant results are ignored) could lead an observer Lo con-
clude that randomized response techniques are not particularly advantageous over direct ques-
tioning. However, in the light of the three significant differences revealed, this lack of
significance perhaps could be interpreted as the question really was not ““sensitive enough”’
to lead to dramatic differences in s or even that the question was ‘‘so sensitive’’ that the respon-
dent chose to lie even with the randomized response technique. In addition, Question 1 *‘Have
you ever cheated on an exam?’’ seemed to the experimenter to be relatively ‘ ‘unsensitive’” but
in retrospect the answer to this question when tied to the social security number of the respon-
dent (given before the questioning process started) presented a much more threatening cir-
cumstance than was initially realized. Thus, perhaps some of the confusion about the efficacy
of the randomized response technique is related to the ‘“true sensitivity’” of the question for
the interviewee as opposed to the ““perceived sensitivity’’ by the interviewer or experimenter.
These aspects need further examination. '

Finaily, 88.9% (424 of the 477) felt “‘their friends would be more likely to answer truthfully
sensitive questions by this randomized response technique.”’ While some reservations may be
expressed by the respondents’ ‘‘desire to please the interviewer,’’ nevertheless, this over-
whelming percentage coupled with the significant differences already discussed seem strong
evidence that this technique was accepted and felt to be protective of the interviewee.

7. DISCUSSION

The model developed in this paper permits the use of continuous, as well as discrete, ran-
domizing distributions in utilizing randomized response sampling from a dichotomous popula-
tion. In order to implement the model using randomization with normal distributions, a
computerized, electronic device was also developed and discussed. The device is portable, has
programmable means and standard deviations for the six normal distributions and provides
from a single six digit response, three separate two digit trials. Such a system has both poten-
tial advantages and disadvantages over other randomized response techniques.

First, as alluded to in the introduction, a computerized randomizing device could be superior
to the standard randomized response methods of “‘drawing cards® or ““flipping a spinner*’
since these methods may not be properly implemented by either the respondent or the inter-
viewer which would induce uncontrolled error. (See Abernathy, Greenberg and Horvitz (1970)
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for a discussion of the problems of ‘‘insufficient card shuffling’’ and “*card loss’’ as well as
insufficient interviewer training). Since the production of the randomizing values is com-
puterized, the distributional problems that can and have accompanied the use of cards, beads,
and spinners are eliminated because the problem of “‘random selection of values'” is taken out
of the hands of the interviewer @nd respondent and placed in the ‘*hands”’ of the computer.
If the computerized device fails, it is usually a complete, catastrophic crash of the whole chip
~ which is readily apparent and very, very rare.

The second (and perhaps greatest} advantage is in the ability of the device to present a choice
of two numbers each six digits in length from which the respondent chooses to answer ““yes™’
or “‘no’’. But what seems to the respondent as a single six digit answer is in fact three separate
two digit answers and in effect provides three trials per respondent. Thus, the benefits of
multiple trials per respondent are gained but, since the respondent is unaware of the multiple
trials format, without the usual accompanying disadvantages (noted by Liu and Chow 1976)
coming into play.

In addition, the freedom to choose the six means and six standard deviations provides
the experimenter with additional flexibility over standard randomized response techniques.
For instance, if it is felt that the differences in the first two digits are most noticeable to
respondents, the experimenter can malu.=,',u,,1 and g, close to (or even equal to) p, , and oy,
respectively. Similarly, if the middle two digits might receive the least attention, the experimenter
could attempt to gain the most information from these values by separating p,, and u,, the
furthest. It is also possible to wire the displays in other than the obvious manner. For instance,
the two digits of the first random normal value could appear as the fifth and second digits of
the six digit number instead of the first and second digits. This flexibility in wiring, together
with the the choices of parameters should provide a sampling scheme that is quite informative
to the researcher without seemingly to threaten the respondent.

1t should also be noted that while for this particular microprocessor it was convenient to
utilize randomization with normal distributions, several other continuous distributions (e.g.
uniform, Weibull) or even multi-valued discrete distributions (e.g. multinomial or poisson)
could have been used. Further investigation into newer microprocessors as well as different
randomizing distributions is recommended.

There are, however, some potential disadvantages associated with this particular randomized
response technique. The cost of such a randomizing device since it involves a microprocessor
is the order of fifteen hundred to two thousand dollars to produce. However, its versatility
in wiring and programming would hopefully allow a device to be used in many investigations
over several years and thus help to defray its rather high cost.

More difficult to quantify is the respondent’s perception of the computerized device and
the degree of confidence or suspicion he/she might have about the device. Do respondents fear
that the computerized device is somehow ““storing’ their answer that somehow later can be
deciphered to expose them? From the survey results, it seems that greater truth telling was
secured by using the computerized randomizing devices over the direct survey method. Never-
theless, further study is recommended to compare this randomized response technique which
uses the computerized device with other more standard randomized response techniques.

In practice, several matters are relevant in the consideration of design issues (i.e., the selec-
tion of means and standard deviations for the device). In order to gain more information for
a given sample size, we should increase | Pgp = B | and decrease 9y and Op; forj=1,2,3.
However, as this is done, it will become clearer to tfle respondent that, despite the randomiza-
tion, the response is very revealing concerning the respondent’s group membership. As a result,
the respondent may not answer honestly or may refuse to answer. Additional study is needed
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to determine optimal values for choice of means and standard deviations. The results in Table
1 give some indication of the effects of varying a common standard deviation. But from a prac-
tical viewpoint, the field survey seemed to indicate that the choice of means separated by two
standard deviations was able to both gain the confidence of the respondent and (with the
multiple trials) to gain back from 75 to 85 percent of the original sample size without the usual
‘““loss of confidence’’ that accompanies multiple trial technigues.

In particular, the field trial compared the direct survey techniques with the randomized
response using the electronic device discussed with gy, = 40 and by = 50 and oy y = O = 5
forj = 1,2, 3 for the normal, randomizing distributions. Of the five sensitive questions which
were asked of the two (independent) groups, the randomized response method provided
significantly greater estimates (p < .001) than the direct method for three of the questions.
In addition, 88.9% of the subjects interviewed by the randomized response technique felt ““‘their
friends would be more likely to tell the truth if they were asked sensitive questions by this
technique”’, Thus, it seems that (for at least certain questions), this randomized response
sampling technique achieved greater honesty in response than the direct sampling method.

The question of protection of the respondent’s privacy needs to be discussed. It is not ethical
to tell the respondent that his or her group membership is disguised by the randomization, if,
in fact, the disguise is transparent to the researcher (e.g. for example, by recording only even
numbers for “YES” and only odd numbers for *“NO’’). With the electronic device that has
been discussed, it seerns indeed possible to provide true privacy without losing much informa-
tion. If the means and standard deviations are programmed into the device and are not pro-
vided to an interviewer, the interviewer will find it very difficult to discriminate between group
members and non-group members in the interviewing process, particularly if the wiring is
*‘scrambled’’. Thus, the flexibility that enables us to gain information without threatening the
respondent also helps to disguise the actual group membership from the interviewer.
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Small Area Estimates of Proportions Via
Empirical Bayes Techniques

BRENDA MacGIBBON! and THOMAS J. TOMBERLIN?

ABSTRACT

Empirical Bayes techniques are applied to the problem of ‘‘small area” estimation of proportions, Such
methods have been previously used to advantage in a variety of situations, as described, for example,
by Morris (1983). The basic idea here consists of incorporating random effects and nested random effects
into models which reflect the complex structure of a multi-stage sample design, as was originally pro-
posed by Dempster and Tomberlin (1980). Estimates of proportions can be obtained, together with
associated estimates of uncertainty. These techniques are applied to simulated data in a Monte Carlo
study which compares several available techniques for small area estimation.

KEY WORDS: Logistic regression; Random effects models; Bayes estimation; EM algorithm.

1. INTRODUCTION

1.1 The Problem

Complex multi-stage surveys are used to obtain estimates of proportions in many research
disciplines (e.g., epidemiology, economics, criminology etc.). Not only are estimates for local
areas and other special subgroups required, but there is also a need for reliable measures of
the accuracy of these estimates. This suggests to us the need for improved methodologies for
this estimation problem and related statistical inference.

In addition, the techniques based on the standard normal theory used by Fay and Herriot
(1979) to estimate income, a continuous random variable, in small areas are no longer directly
applicable to the problem of estimating proportions for discrete outcome variables. Here, it
is the logit transform of the proportion, not the proportion itself, that will be modelled in a
linear way. This creates the same problems of estimation as in classical statistical logistic regres-
sion theory. (See Haberman 1978.) Unfortunately, fewer attempts have been made to solve
this obviously more complex problem in smail area estimation.

In order to address the problem of inference from a relatively thinly spread complex, multi-
stage survey to small areas or domains not necessarily included in the survey, we have chosen
an explicitly model-based approach. This was proposed originally by Dempster and Tomberlin
(1980) for the estimation of census undercount from a post-enumeration survey. The meth-
odology uses both a random effects, multiple logistic regression model and empirical Bayes
techniques. This directly vields estimates of uncertainty associated with the estimated propor-
tions for small areas via a Bayesian paradigm. This explicitly model-based method differs
substantially from the implicitly model-based approach of the synthetic estimation techniques
of Gonzalez and Hoza (1976, 1978), Gonzalez and Waksberg (1975), and others.

! Brenda MacGibbaon, Department of Decision Sciences and M1$, Concordia University, 1455 Blvd de Maisonneuve
W., Montréal, Québec H3G 1M8 and Département de mathématiques et d’informatique, Université du Québec 4
Montréal, C.P. 8838, Suc. ““A”, Montréal, Québec H3C 3P8.
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As a typical complex survey will often be a nested structure of primary sampling units
(PSU’s), secondary sampling units (SSU’s) within PSU’s, tertiary sampling units (TSU’s) within
SSU’s and, finally, households within TSU’s; the explicitly model-based approach will allow
us to take into account the complexitly of the sample design. The purpose of introducing a
random effects model is to allow the data to determine, by empirical Bayes techniques, an
appropriate compromise between the classical unbiased estimates which depend only on data
in the specific local area, and the fixed effects estimates which pool information across areas.

In Section 1.2, a literature review is given and a solution to the problem of estimating pro-
portions for small areas is proposed. The model and its associated estimates are made explicit
in Sections 2 and 3 respectively. The results are applied to simulated data in a Monte Carlo
study presented in Section 4.

1.2 The Review and a Proposed Solution to the Problem

Because of the growing need for small area statistics in recent years, and because reliable
estimates for small areas or subdomains are not usually directly available by classical sample
survey methods, several researchers have focused on the problem of small area estimation.
This has necessitated the use of explicitly or implicitly model-based methods which allow for
“‘borrowing strength’’ across small areas in order to increase the effective sample size for estima-
tion, and hence the accuracy of the resulting estimates, Although much of the research in this
area has applied linear model techniques and concentrated on the estimation of means or totals,
rather than proportions, a discussion of the literature on these estimators and the criteria used
to evaluate them can add valuable insight into our problem.

Classical theory dictates that estimators should be design-consistent and, if possible essen-
tially design-unbiased. However these estimators are not always particularly useful when the
sample sizes are small.

Gonzalez (1973) described the method of synthetic estimation as follows: ‘‘An unbiased
estimate is obtained from a sample survey for a large area; when this estimate is used to derive
estimates for sub-areas on the assumption thai the small areas have the same characteristics
as the larger area, we identify these estimates as synthetic estimates.”’ It seems its first reported
use was by the U.S. National Center for Health Statistics (1968) for the calculation of state
estimates of long and short term disability rates. Various authors subsequently tried to formalize
this concept of synthetic estimation, in particular, for means of continuous outcome variables,
using both ad hoc and model-based approaches. Gonzalez (1973), Gonzalez and Waksberg
(1975), Gonzalez and Hoza (1976) and Levy and French (1978) used previous census data to
form post-strata which are subsequently used to combine information across small areas under
the assumption that the mean response is similar across a section of these areas. Levy (1971),
Ericksen (1973, 1974) and O’ Hare (1976) employed regression methods in order to incorporate
auxiliary information in small area estimation.The accuracy of this method has been evaluated
in terms of its average sampling mean squared error over all small areas in a region.

Ericksen (1974) warned that there is no systematic methodology for the assessment of the
bias or accuracy of synthetic estimators. Despite these shortcomings, synthetic estimation still
remains a potentially powerful and attractive tool. There have been many reported empirical
evaluations both on actual and simulated data sets of synthetic estimation in recent years,
including Levy (1971), Gonzalez (1973), Gonzalez and Hoza (1978}, and Schaible (1979). Several
of these types of studies are described in a volume edited by Platek and Singh {1986).

Royall (1970, 1973), using a model-based approach, also considered the problem of
estimating totals in finite populations, when auxiliary information is available. He established
a probability model of the relationship between the variable of interest and the auxiliary variable
and then derived optimal subdomain predictors.
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Holt, Smith and Tomberlin (1979) and Laake (1979) applied the predictive approach of
Rovall to the problem of small area estimation. Laake (1979) found that in contrast to the syn-
thetic approach, where biased estimators are usually obtained without an explicit method of
estimating the bias, the prediction approach yielded estimates of mean squared error (MSE)
as a tool for the comparison of estimators. In the problem of estimating small area totals, Holt,
Smith and Tomberlin (1979) specified various possibilities of population structure in order to
model the assumed relationship across subareas. With a specified model, it becomes possible
to determine whether or not it is supported by the data and also to study the effect of model
misspecification on the bias of the observed estimators. Under different models, the variance
of the estimator, the estimate of the variance and MSE change. They built model-based con-
fidence intervals, which have interpretations in terms of repeated realizations under the super-
population model,

Purcell and Kish (1979, 1980) reviewed the different existing techniques of small area estima-
tion, subdividing them into the following broad categories, regression-based procedures, the
use of empirical Bayes and of Bayesian methods, superpopulation prediction theory, clustering
techniques, and categorical data analysis methods. They underlined the fact that small area
domain estimation should not be considered as a homogeneous problem, but that there exist
many other interacting factors such as domain size which should be taken into account when
choosing the type of estimator. Sdrndal (1984) later confirmed this.

The most serious shortcoming of model-dependent estimators is that useful estimates of
mean squared errors are not available using fixed effects models because associated variance
estimates do not reflect the bias inherent in estimates based on models having a reduced set of
parameters. Two different approaches were then taken to the problem of small area estimation.

Fay and Herriot (1979) used the James-Stein theory of estimation (James and Stein 1961)
on sample data to determine estimates of income for small places from the 1970 US Census
of Population and Housing. In fact, they used an empirical Bayes approach which originated
with Robbins (1955) and has been described by Efron and Morris (1975), thus formalizing the
meritortous suggestion of Madow and Hansen (1975) of forming a weighted average of the
sample and regression estimates. A similar approach by Schaible, ef. al. (1977) gives a method
for arriving at a composite estimator which is the weighted average of the unbiased and syn-
thetic estimators, For other examples of empirical Bayes mecthods for small area estimation
based on standard normal theory see Stroud {(1987) and Cressie (1988).

Battese, Harter and Fuller (1988), using a prediction approach, proposed a nested error
regression model in order to estimate means. A more general model, a random coefficients
regression model, had been previously proposed for a similar problem by Dempster, Rubin
and Tsutakawa (1981). They used Bayesian techniques to estimate fixed and random effects
in covariance component models when the covariances and variances are tentatively assumed
to be known and the EM algorithm to subsequently estimate these unknown parameters. The
introduction of random effects models not only allows for standard maximum likelihood
estimation, but also provides measures of the reliability of the final estimates of the parameters
in the form of posterior variances.

Ericksen (1980) suggested using the mean squared error (MSE) to evaluate effectiveness of
regression in small area estimation. He attempted to answer such questions as;: When should
more predictor variables be added to the regression equation? Should James-Stein weighting
procedures be used when the synthetic and the regression estimate are far apart? He also warned
of the effects of outliers on both the resulting estimate and its estimated error. Perhaps the
effect on small area estimators of the failure of the linear model assumptions should be more
seriously studied.
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Alihough applied to the estimation of counts such as unemployment and mortality statistics,
most of these techniques described were designed primarily for continuous outcome variables.
Purcell and Kish (1980) introduced a categorical data analysis method for obtaining estimates
of counts for small domains. Essentially, their methodology involves fitting log-linear models
to the data, omitting some of the higher order interaction terms and obtaining estimates by
the iterative proportional fitting algorithm described by Deming and Stephan (1940). We
propose to extend these models to the problem of estimation of proportions in small domains
as originally conceived by Dempster and Tomberlin (1980) by applying empirical Bayes tech-
niques to logistic regression models with random effects. This would have the added advan-
tage that a measure of uncertainty of the small area estimates would be available through the
approximate posterior variances. The estimator proposed here is similar in nature to the com-
posite one used by Schaible er. al. (1977) for unemployment rates, the principal difference being
in the method for choosing the weights. We feel, however, that the empirical Bayesian para-
digm gives a more natural and intuitive method for determining the weights. Empirical Bayes
estimation based on simple logistic random effects has already proven useful in studying
regional variation in mortality rates by Miao (1977). Somewhat more complex random effects
models have been used for proportions on data from the World Fertility Survey (Wong and
Mason, 1985) and for Poisson parameters on automobile insurance data (Weisberg, Tomberlin,
and Chatterjee 1984 and Tomberlin 1988).

Roberts, Rao and Kumar {(1987) fitted logistic regression models to binary outcome data
obtained using complex sampling schemes, constructed ‘‘pseudo-maximum likelihood”’
estimators, and compared their estimates to unbiased ones. They also proposed a goodness-
of-fit test for their model, which takes the sampling design into account. A fundamental dif-
ference between our approach and that of Roberts, et. al., is that by incorporating the
characteristics of the sample design into the model, we ¢an estimate parameters, and obtain
readily interpretable measures of their reliability by means of standard maximum likelihood
techniques.

2. THE MODEL

Following the framework of Dempster and Tomberlin (1980}, in its most general form, we
specify a model which describes the probabilities associated with individuals in the population
as a function of categorical variables, continuous covariates and sampling characteristics. The
models we consider in this paper are specific examples of the following,

logit (m,) =8, +X,8+ ¢ 2.1

where 7, represents the probability of a ‘‘response”” for the v-th unit in the p-th cell, the
subscript u refers to a set of categorical variable covariates, and the subscript » refers to a set
of nested sampling characteristics, indicating PSU, SSU within PSU, and so on. The param-
eter 9, represents a sum of fixed classification effects, the parameter ¢, represents a sum of
random effects associated with sampling characteristics, the vector X, represents a vector of
quantitative covariates, and the parameter 8 is a vector of fixed logistic linear regression
parameters, The random effects parameters are assumed to have some parametric distribu-
tion, usually a multivariate normal distribution. The probabilities ,, are obtained by inver-
ting the logit transformation as follows,
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7. = [1 +expl—(0, + X, +¢))1 7" (2.2)

For purposes of illustration, consider the following simple example. Let the proportion of
interest be the labour force participation rate. Suppose we have one classification variable
indicating sex and one continuous covariate indicating the age of the individual. Suppose fur-
ther that the sample design is a simple, two stage cluster sample. In the first stage, a sample
of counties is drawn and simple random samples of individuals within selected counties are
drawn at the second stage,

For estimation purposes, consider the following model,

logit (,,) = 8, + X,, 8 + & 2.3)

¢; ~ i.i.d. Normal (0, ¢%). (2.4)

Here, the classification subscript, u, indicates the sex of the individual; the sampling
characteristics subscript, » = i, indicates the j-th individual within the i-th PSU; X, indicates
the age of the individual and ¢, is a random effect associated with the i-th PSUJ.,

The consequence of assuming that the PSU effects are independent, identically distributed
is that PSU departures away from the fixed part of the model are treated as exchangeable; that
is, apart from effects of age and sex, no systematic information exists regarding differential
employment rates among the counties in the population. Obviously in a realistic situation, such
information would exist, for example, dominant industry, distance from principal markets,
retail sales, etc. In such cases, this auxiliary information should be incorporated into the model.
However, for purposes of illustration, we will continue with this simple model. The choice of
anormal distribution of the error terms is a mathematical convenience, and the consequences
of this choice must also be evaluated after actual data analysis. Extensions from the simple
model described in (2.3-4) to include additional covariates, both categorical and quantitative
is straight forward.

Intheory, extensions to the model allowing for more complex sample designs is also simple.
For example, data drawn using a three stage sample could be modelled using nested random
effects as follows.

logit (7} =8, + X, 8 + ¢ + 9 (2.5)
¢; ~ Normal (0, o)

& ~ Normal (0,53).

Here, the sampling characteristics subscript, » = [jk refers to the k-th individual within the
J-th SSU within the i-th PSU. The parameter ¢; is the random effect associated with the i-th
PSU, and ¢y, is the nested random effect associated with the j-th SSU within the i/-th PSU.
Stratification variables could also be incorporated within the fixed effects part of the model.
While it is simple to write down the models corresponding to sample designs with several stages,
without further research, it is not yet clear how difficult it will be to produce estimates based
on these more complex models.
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In an actual application, it would be necessary to use the data to identify predictor variables.
This would require the development of some sort of model selection techniques. While not
the primary focus of this paper, one might conceive of such a technique being based on an
initial analysis using conventional variable selection techniques for logistic regression models
as described by Haberman (1978), for example. Such an analysis could be conducted, ignoring
the random effects parameters. Having chosen a set of predictors, the random effects would
then be incorporated in the manner dictated by the sample design.

3. ESTIMATES

In this section, we develop empirical Bayes estimates for the simple model described in equa-
tions (2.3-4). First, it is assumed that the variance component, ¢2, is known, and Bayesian
estimates of the probabilities 7,; are obtained. Then, the EM algorithm, as described by
Dempster, Laird and Rubin (1977), is used to obtain the maximum likelihood estimate of ¢*
allowing for empirical Bayes estimates. Finally, posterior variances of these estimates are
obtained. The development of these estimates is similar to that described by Laird (1978) and
by Tomberlin (1988).

3.1 Bayes Estimates

As noted by Laird (1978) in her analysis of contingency tables, by Dempster, Rubin and
Tsutakawa (1981) in their analysis of variance components for linear models, and by Tomberlin
(1988) in his analysis of Poisson data, a Bayesian analysis of a mixed mode! such as described
in (2.3-4) can be obtained by placing a flat prior on the fixed parameters, 6, and 8 and the
proper prior given in (2.4) on the random parameters, ¢;.

Let the vector of 0-1 outcome variables indicating membership in the labour force be
represented by y and let wrepresent a vector of the individual probabilities ;. The data are
then distributed as a product binomial given by,

p(yl E,) o H W:{;JJ (l - Tﬂij)“ - }',ul'j)- (3.1)
pif

The prior distribution of the parameters is given by,

2
PO, 681 0) = exp [— ) 2—‘—’}2] (3.2

Thus, the joint distribution of the data, y, and the parameters is given by,

p0, 8, 8. 8| 0%, X) = p(r| 8, ¢, 8, %, X) p(@, ¢, B| 0%, X) 3.3)

2
°=[ w5 (1 - arm-)“"“"f’] exp[— z 2%:]

uif i
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From this, the posterior distribution of the parameters is given by,

p(y, 8,9, 8| ¢, X)

B, : ] y 29x
p8, ¢ 81y ¢ X) 2] o5 X)

3.4

It is not feasible to obtain a closed form expression for the posterior given in (3.4) due to the
intractable integration required to obtain the marginal distribution of y. Here we adopt the
approximation employed by Laird (1978) and by Tomberlin (1988). The posterior is expressed
as a multivariate normal distribution having its mean at the mode of (3.4) and covariance matrix
equal to the inverse of the information matrix evaluated at the mode.

Obtaining the mode requires solving the following set of equations. This can be accomplished
by using a multivariate Newton-Raphson algorithm.

Y Vi Ku = 35 Ty Xy 3.3
nif wij
Y =) fa (3.6)
i if
. é: _
Y Qi — wap) — 2-0 3.7)
W

The posterior covariance matrix of the parameters is found by inverting the negative of the
second derivative matrix of the log of (3.4) taken with respect to the parameters, and evaluated
at the mode. Note that neither the equations for the mode, nor the covariance matrix involve
the intractable denominator of (3.4).

Elements of the inverse of the posterior covariance matrix are given by,

Y A R
el Yy (1 — #) Xy (3.8)
wif
-2
07 = L P (L= ) (3.9)
® i
S . A 1
BTQS,? = § . (1 — W,.U) - ;2 (3.10)
—92 E
= Vi (1 = ) X (3.11)
aB aaﬂ y 221 @i (1)
_32 E
=), T (1 — ) Xy (3.12)
3B 3¢ B
— &
T DIEFTIEE AN (3.13)
?

s J
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3.2 Empirical Bayes Estimates

To obtain empirical Bayes estimates, the prior variance, o2, must be estimated from the
data. A reliable estimate requires a reasonable number of PSU’s in the sample; otherwise, if
the number of PSU’s is too small, a purely Bayesian approach is recommended. We propose
to estimate the prior variance using an EM algorithm as described by Dempster, Laird and
Rubin (1977). The general framework for the estimates is similar to that employed by Laird
(1978) for contingency table analysis, and Tomberlin (1988) for Poisson data in a two way
classification. The estimates for the simple two-stage sample are obtained in exactly the same
way as used by Leonard (1988).

The algorithm is initiated by choosing a starting value, afo), for the variance component.
The posterior distribution of the random effects, ¢, is then obtained by carrying out a Baye-
sian analysis as described in Section 2. This posterior distribution is then used to implement
the E-step. The expected value of the sufficient statistic is calculated conditional on the data,
The M-step is then completed by merely calculating the maximum likelihood function of the
sufficient statistics. For a more complete description of the EM algorithm for regular exponen-
tial densities, see Dempster, Laird and Rubin (1977). The process is then repeated with a Baye-
sian analysis based on the updated estimate of the variance component, 0(2,). The algorithm
is continued until it converges.

3.3 Estimates of Small Area Proportions

Estimates together with associated posterior variances and ¢ovariances for parameters of
the model given in (2.3-4) are presented in Sections 3.1 and 3.2. These estimated parameters
are then employed to obtain estimates for small area proportions using a predictive approach.
Assuming that the sample sizes within each area are small compared to those of the correspon-
ding populations, this can be accomplished by averaging the individual estimated probabilities:

B== (3.14)
i

where N; is the number of individuals in the i-th small area, and where the estimated pro-
bability associated with the pij-th individual, #,;; is obtained by inverting the logistic function
as follows,

F = [1 +expl—(f, + X,;8 + é))1 7" (3.15)

To develop posterior variances for the estimates of small area proportions, it is convenient
to adopt a more conventional notation for the linear part of the model, using dummy variables
to indicate classifications. Let Z,; represent a vector of predictor variables, both quantitative
and qualitative, associated with the uij-th individuval and let T represent a vector of the
parameters of the model. Then,

ZLT=0,+X,;8 + ¢, (3.16)
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. =[1 + exp (= ZJ; 01— (3.17)

Then, using a standard Taylor Series method, the posterior variance of the estimated small
area proportion can be approximated as,

i N;j

i

Here, f}r is the posterior covariance matrix of the estimated logistic regression parameters I

Should the samples within small areas be substantial parts of the associated populations
within those areas, then some additional gains in precision could be made by predicting only
for the non-sampled units, in the spirit of the finite population sampling prediction methods
originally described by Royall (1970).

4, THE SIMULATION STUDY

A simulation study was carried out to illustrate the characteristics of three different
methodologies for producing local area estimates of proportions. The three methods evaluated
were, the classical unbiased estimates, model-based estimates similar to the straightforward
“‘synthetic estimates’’ of Gonzalez and Hoza (1978), and a modification of the proposed
empirical Bayes estimates described in section 3, above. Data were simulated for a two-stage
sample design. The 15 primary sampling units (PSU’s) were also treated as the local areas for
which individual estimates of labour force participation rates were required. Within each of
the 15 PSU’s, simple random samples of 25 individuals were drawn, for a total sample size
of 375, The local area populations were assumed to be infinite so that complications associated
with finite population sampling ¢ould be avoided.

As evaluations for local area estimates were required, it was decided to simulate resampling
at the second stage only. That is, the same 15 PSU’s were drawn for each of the simulation
studies. Each replicate consisted of a different sample drawn within these PSU’s. The study
was based on 205 replications.

The data were generated using the model described in equation (2.3). The parameters were
defined as follows,

6, = —0.5 “4.1)
6, = —1.0
g = 0.1

The random parameters ¢, were generated from a normal distribution having mean zero and
standard deviation 0.25. The 7, were obtained by inverting the logistic transformation as
given in equation (3.15).

Here, 6, and 6, are the fixed effects associated with men and women respectively. That is,
the odds ratio for labour force participation of men to that of women is exp[0.5] = 1.65.
The parameter § is the slope parameter associated with age, and the ¢, are the logistic random
effects associated with the 15 PSU’s, or local areas.
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Table 1
Population Labour Force Participation Rates by Local Area

Local Area 1 2 3 4 5 6 7 8

Participation Rate 0.79 0.79 0.96 0.88 0.90 0.95 0.86 0.96

Local Area 9 10 11 12 13 14 15

Participation Rate 0.61 0.87 0.81 0.91 0.94 0.92 0.83

The predictor variables, were generated with identical distributions for each of the 15 local
areas. Age was distributed uniformly on the interval 20 to 40 years, the sex of each individual
was drawn from a Bernoulli distribution with proportion 0.5, and the two predictor variables
were assumed to be independently distributed. The population labour force participation rates
for the 15 local areas are displayed in Table 1. As each local area was assumed to have the same
distribution on the predictor variables, the only source of variation from area to area was the
random local area effects, the ¢,. The random nature of these effects can produce a substan-
tial variation in local area participation rates as is particularly evidenced by local area 9.

The observed local area sample proportions were used as unbiased estimates. The synthetic
estimator was based on the following fixed effects, logit model,

logit (7,,) = 8, 4.2)

where, m,, and 6, are defined as for the random effects model in (2.3). Notice, only data from
a particular local area are used to form the unbiased estimator while data are pooled from all
local areas to obtain the synthetic estimator. However, the synthetic estimators will be biased
to a degree which depends on the extent that model (4.2) fails to capture differences between
local areas.

The third estimator studied here is a modification of the proposed empirical Bayes estimator
described in Section 3. Due to the amount of computer time required to estimate the variance
component associated with the local area effects, in fact, the Bayes estimator described in Sec-
tion 3.1 was employed. The prior variance used for these estimates was the known value of
the variance given in (4.1) used to simulate the data. As a result of this compromise, the results
for the ‘“‘empirical Bayes’’ estimator given below would be expected to be somewhat better
than those which would be obtained using a true empirical Bayes estimator. However, sen-
sitivity analyses aimed at determining the effect of changes in the prior variance indicate that
the results which would be obtained using the empirical Bayes estimator would not be expected
to substantially differ from those reported here for the modified estimator.

To look at bias, (in the classical sense of design-based inference) the estimates were averaged
over all 205 replicates. Averages for each of the 15 local areas, for each estimation method
are presented in Figure 1. The population rates are plotted as the ““True Proportions’’. These
rates are almost exactly the same as the average unbiased estimnates, and for the most part,
are not visible on the graph. This confirms the unbiased nature of the classical estimates.

The synthetic estimates do not vary much from local area to local area. As each local area
rate is based on the same pooled, fixed parameter estimates, the only source of variability from
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Figure 1. Averages of the estimated labour force participation rates for each of the three estima-
tion methods plotted by local area

local area to local area is the small variability in the realized distributions of the predictor
variables, The bias of this estimator can be large, as for example is the case for local area 9,
where the synthetic method has a large positive bias. On the other hand, it should be noted
that the synthetic method could not be expected to perform very well where there is little
variability between the local area distributions of predictor variables.

The averages of the proposed estimates are in between the two extremes of the unbiased
and synthetic estimates. They are biased, again in the classical sense, but their biases are smaller
than those of the fixed effects model synthetic estimators.

Empirical Root Mean Square Errors (RMSE) were also calculated for each of the three esti-
mators. These are presented in Figure 2. This plot demonstrates graphically where the synthetic
estimator performs well and where it performs poorly. Forlocal areas 7 and 10, where the local
area effect is close to zero, the expected value of the synthetic estimatar is very close to the popula-
tion proportion. In these areas, the synthetic estimator has by far the smallest RMSE. By pooling
data from the whole sample, it obtains a small sampling variance. On the other hand, in local
area 9 wherethe local area effect is quite large, the associated RMSE for the synthetic estimator
is also very large, due to its large bias. The modified empirical Bayes estimator obtains most
of the reduction in RMSE that results from pooling the data across local areas, without suf-
fering from the large bias associated with the synthetic estimator in those areas with large local
area effects. In all but two cases, the modified empirical Bayes estimator achieves a smaller RMSE
than the unbiased estimator. For local area 3, the RMSE’s for the two estimators are about the
same, and for local area 9, with a large local area effect, that of the modified empirical Bayes
estimator is somewhat larger than that of the unbiased estimator. In short, the modified empirical
Bayes estimator is sometimes the best of the three and never the worst.
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Figure 2. Empirical Root Mean Square Errors associated with each of the three estimation
techniques plotted by local area

One of the principal shortcomings of the usual, fixed effects synthetic estimators is the dif-
ficulty in obtaining useful measures of associated accuracy. One can only obtain measures of
sampling variances. Measures of bias which reflect model inadequacies are not available. For
unbiased estimates, on the other hand, the usual estimates of sampling variability are also mean
square error estimates as there is no bias. For empirical Bayes estimates, measures of uncer-
tainty are available from the posterior covariance matrix of the parameters. These posterior
variances reflect sampling variability as well as the “‘bias’” which comes from simple fixed effects
model inadequacies. This latter source of uncertainty is captured via the variability in the local
area effects parameters.

The usefulness of these measures of uncertainty are compared graphically in Figure 3. The
vertical axis corresponds to the empirical root mean square error (RMSE) which is obtained
by comparing the individual replicate estimates with the known population proportions for
each local area. The horizontal axis corresponds to the “‘reported RMSE’’. For the classical
unbiased estimates, these are merely the sampling standard deviations for simple random
sampling. For the synthetic estimates, they are also sampling standard deviations, corrected
for the cluster sampling. The *‘reported RMSE’’ for empirical Bayes estimates are the square
roots of the posterior variances of the estimated proportions which were obtained using the
methods described in Section 3.2 above.

Note that the points corresponding to the unbiased estimates lie along a line indicating
that the reported RMSE’s are very close to the empirical RMSE’s. This is as expected since
there is no bias in these, so the reported RMSE’s and the empirical RMSE’s are merely
sampling standard deviations. As opposed to this, the points corresponding to the synthetic
estimates are in a cluster above 0.015 to 0.020 on the horizontal axes. For these estimates,
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Figure 3. Empirical Mean Square Error vs “Reported Mean Square Errors” for each of the three
estimation techniques

the ‘‘Reported RMSE’s”’ are estimates of sampling standard deviations, which for these pooled
estimates are all quite small. However, the empirical RMSE’s for these estimates are quite a
different story. They range from 0.015 to 0.100, with one outlier in excess of 0.250 (local area
9). Sampling variances alone are not sufficient to describe the uncertainty associated with the
estimates.

The case for the modified empirical Bayes estimators is again in between these two extremes.
However, with respect to the relationship between reported RMSE and empirical RMSE it is
much closer to the corresponding relationship for the unbiased estimators. With the excep-
tion of the point associated with local area 9, the average reported RMSE’s are very close to
the corresponding empirical RMSE’s,

5. CONCLUSIONS

In the simple simulation of a two-stage sample where PSU’s correspond to local areas, the
modified empirical Bayes estimators have been shown to be superior, overall to two standard
alternatives. These have been evaluated in three ways, design-bias, root mean square error,
and validity of estimable measures of uncertainty. The classical estimator is shown to be superior
in terms of design-bias, as expected since it is design unbiased. In addition, valid estimates of
RMSE’s are available using standard techniques. However, these estimators suffer from large
RMSE’s due to the fact that they are formed from limited amounts of data. Indeed, unlike
the other two alternatives, no estimates can be formed at all for local areas not in the sample.
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At the other extreme, the synthetic estimator is far more stable than either of its competitors.
Since all estimates are based on data from the whole sample, associated sampling variances
are much smaller than those of the other two estimators. On the other hand, this estimator
is unable to adjust for local areas which are quite different from the rest. This is the case, even
when data are available in the sample that would indicate such a difference. As important,
estimates of uncertainty in the form of sampling standard deviations for this estimator are par-
ticularly misleading since they are unable to account for departures from the fixed effects model.

As a compromise between these two estimators, the modified empirical Bayes estimator per-
forms well on all three assessments. By using the data from the specific local areas to the extent
itis reliable, this estimator avoids the large biases associated with the synthetic estimator. On
the other hand, by pooling information from the whole sample, it has smaller sampling
variances than the unbiased estimator, and generally smaller RMSE’s. Finally, posterior
variances are available as useful measures of uncertainty.

Several tasks remain in the investigation of the proposed estimators. First, the effect of using
true empirical Bayes estimators instead of modified ones must be assessed. Some guidelines
for minimum number of sampling units for valid empirical Bayes inference are required. True
empirical Bayes estimates employ estimated prior variances and methods which account for
this additional uncertainty are required. For example, the bootstrap techniques investigated
by Laird and Louis (1987) could be used. Second, the estimation techniques need to be
generalized to handie three and more stages of sampling. While the theoretical extension is
trivial, the computational implications are not. Finally, these techniques must be applied to real
data before recommending their adoption as a standard alternative for local area estimation.
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Updating Size Measures in a PPSWOR Design

ALAN SUNTER!

ABSTRACT

It is sometimes required that a PPSWOR sample of first stage units (psu’s) in a multistage population
survey design be updated to take account of new size measures that have become available for the whole
population of such units. However, because of a considerable investment in within-psu mapping, segmen-
tation, listing, enumerator recruitment, efc., we would like to retain the same sample psu’s if possible,
consistent with the requirement that selection probabilities may now be regarded as being proportional
to the new size measures. The method described in this article differs from methods already described
in the literature in that it is valid for any sample size and does not require enumeration of all possible
samples. Further, it does not require that the old and the new sampling methods be the same and hence
it provides a convenient way not only of updating size measures but also of switching to a new sampling
method.

KEY WORDS: PPSWOR; Sample updating: PPS sequential sampling.

1. INTRODUCTION

It is sometimes required that a PPSWOR sample of first stage units (psu’s) in a multistage
population survey design be updated to take account of new size measures that have become
available for the whole population of such units. This occurs, for example, when the psu’s are
census enumeration areas (or collections of census enumeration areas) and a new census has
made new population/housing counts available or when, because of observed uneven growth
in EA populations in an intercensal period, it is decided to do an interim update of size measures
in a sampling stratum. However, because of a considerable investment in within-psu mapping,
segmentation, listing, enumerator recruitment, efc., we would like to retain the same sample
psu’s if possible, consistent with the requirement that selection probabilities, originally pro-
portional to the old size measures, may now be regarded as being proportional to the new ones.
A comprehensive treatment of the problem for # = 1 is given by Kish and Scott (1971) and
is itself a generalization of a method given earlier by Keyfitz (1951). They point out that their
method may be extended without difficulty to with replacement sampling (PPSWR) forn > 1.
Their method may also be used (Drew, Choudhry, and Gray 1978; Platek and Singh 1978) for
n > 1 when the PPSWOR procedure used is that due to Rao, Hartley and Cochran {1962),
since this method involves the formation of # random groups and subsequent selection of a
single psu from each group. It breaks down however if we wish, as indeed we probably would,
to form new random groups according to the new size measures. Fellegi (1966) provides two
methods applicable to a PPSWOR sample of n = 2 drawn by the Fellegi (1963) procedure,

The method given in this paper is similar to the second Fellegi method and, when applied
to the examples in the Fellegi paper, gives very similar results. Unlike that method, however,
it does not require the enumeration of all possible samples and hence is a feasible procedure
for any value of n and N. Although it is formally applicable to any PPSWOR method for which
it is feasible to calculate the selection probability of any sample selected it has its highest utility
for PPSWOR methods in which all, or nearly all, n-tuple subsets are possible samples with

! Alan Sunter, President, A.B. Sunter Research Design & Analysis Inc., 63 Fifth Av., Ottawa, Canada, KIS 2M3.
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probabilities approximately proportional to the product of their unit probabilities. The method
of this type, used for purposes of illustration, is the author’s pps sequential method (Sunter
1986, 1989),

2. REPLACEMENT PROCEDURE THEORY

We wish to reselect a PPSWOR sample, originally selected with probabilities {7y, 712,
.. .s Ty,} proportional to original size measures §z,;, Z;3, - - ., 21} under a new set of prob-
abilities fmy, %32, ..., ™,] proportional to new size measures {Zs(, 232, - .., Z2q). HOW-
ever, we want to do this in such a way that we have a high probability of retaining the original
sample. .

We assume that for any particular n-tuple §, including of course S’, the original sample
actually selected, it is possible to calculate both P, (S), its selection probability under the
original scheme, and P, (S), its selection probability under a new scheme. For many samples
in many schemes (e.g. pps systematic) one or both of these probabilities may be zero although,
obviously, P, (S’) cannot be zero.

The procedure is as follows:

Step 1: (a) Calculate P (S'}, P2(S7).
(b) If P,(S’) = P;y(S’) then retain the sample.

(c) If P,(S') < Pi(S’) retain the sample with probability P,(S")/
P;(S’). If rejected proceed to Step 2.

Step 2: (a) If the original sample was not retained then draw a new sample,
8, say, with probability P,(8;). If P;(S,) < P,(5)) then reject the
sample, otherwise retain with probability 1 — Py (S5)/P:(S,). If
rejected proceed to Step 2(b).

(b) If the Step 2(a) sample was not retained then draw a new sample, 5;
say, and proceed as for Step 2(a). '

(c), (d), ... Repeat the Step 2(a), 2(b), . . . procedure until a sample is retained.

The sample eventually retained by this process has the required probability structure for
both unit probabilities and unit pair joint probabilities. In other words, it may be regarded
as having been drawn under the new scheme. In particular, since it has the same joint probability
stucture, it has the same sampling variance.

Let P* denote the probability that the process does not terminate at Step 1, #** the condition-
al probability that it does not terminate at Step 2(a) given that it did not terminate at Step 1.
Obviously P** is then also the conditional probability that the process does not terminate at
any subsequent step given that it did not terminate at any step preceding that step. We now have

P~ )) (1 — Py(S))/P(8))Py(S)

Py (8;) < P1(S;)

= E (P {S;) — Py(S)) 0y

EPy(S) < PY{Sp
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where i now indexes the n-tuple subsets of the N population units, and

Pt

1 - E (1 — P(S5;)/P,(8)) P2 (S)
EPY(S;) < Py(S))

=1- ¥ (PuS) - PySD) )
LPI{S) < Pa(S)

while, since ¥ ;P,(S;) = ¥ ,P;(S;) = 1, it is easy to see that the summation terms on the
right of (1} and (2) respectively must be equal and we have P* = 1 — P**,
Denoting uitimate selection probability by P’ we now have, by design:

For i:P,(S}) < Py(S))
P (S) = Pi(S) (Py(S)/P(S))

= P,(S;), as required.

For i:Py(S)) = P(S))
P'(S) = Py(S)) + P*(1 — P\(S5)/Py(8)))P,(8)

+ P*P** (1 — Py(S)/P2(5))P2(S)
+ P*(P**)}(1 — Py(S)/P2(S)P2(S)
+ PH(P**)*(1 — Pi(S)/P(S))Pa(S)
+ ...

= Pi(S;) + P*(Py(S) — Pi(§))/(1 — P**)

= P(S)

as required.

Finally, we observe that the expected number of Step 2 ‘‘trials’’, given that the original
sample was not retained at Step 1, is given by the binomial waiting time distribution as
1/(1 — P**) = 1/P*,

3. APPLICATION AND EXAMPLES

The new scheme need not be the same (even apart from the change in unit probabilities)
as the old one. We could switch, for example, from a sample originally drawn under pps
systematic sampling to one drawn under the author’s (Sunter 1986, 1989) pps sequential scheme
or even from PPSWR (pps with replacement) to a PPSWOR scheme. In the latter case, of
course, an original sample with multiple inclusions of a single psu has zero probability of selec-
tion in the new PPSWOR scheme. The procedure may still be used, it may be noted, even if
we have included new psu’s in the stratum but are retaining the same sample size.
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The procedure probably has its highest practical utility, as measured by its probability of
retaining the same sample, when both the old and the new schemes are such that all, or nearly
all, samples are possible and their probabilities are approximately proportional o the product
of their unit selection probabilities. Under these circumstances, and provided that the changes
in size measures are not extreme, P, {S;} and P,{S;) tend to have about the same values so that
the probability of retaining the same sample will be relatively high. A practical PPSWOR
method with the required properties is the author’s, referred to above. Since we will use this
method in the examples of the next section, we now describe it. There are two variants, in both
of which we have to find a suitable ordering of the population and accumulate the size measures
{which we assume to be scaled to sum to 1), in reverse order (so to speak), to give:

N
Zi= Yzpi=12 .., N
i

Variant 1: Order the population in any way such that
@nu<Z;i=12 ..N—n

yn-Ngy<Zsi=nn+1,...,N—1

Then select units until exactly » have been selected according to:

Lifn, =N —i+ 1
P(Uilni)=[

n;z;/Z; otherwise

where n; is the number of sample units still required to be selected when we arrive at the
i-th population unit.

It is always possible to satisfy the ordering requirements (a) and (b). For example ordering
by increasing size obviously satisfies both as does ordering by decreasing size down to the point
(if any) at which (b) fails and then by increasing size. The latter ordering has some advantage
in that it tends to minimize the slight (and, for practical purposes, negligible) deviation from
strict pps for the last n units (see Sunter 1986). Variant 2 avoids these deviations altogether
by taking advantage of the fact that if it occurs that there are n; + 1 units remaining in the
population for any /, then it is usually possible to simply discard one of these units with
appropriate probability and retain the others.

Variant 2: Order the population in any way such that
(ay nz; = Z;;i=1,2, . .N—n -1
b){(n-Nz;<Zyjziz=zN-n.

Then

(i) select according to P(U; | n;) = nzg/Z; until either n; = 0 or n; =
N —i, then

(ii) if »n; > 0 discard one of the remaining units, say that indexed j, with
probability 1 — n;z;/Z; and select the others.
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An algorithm for finding an ordering satisfying the requirements for Variant 2 is given in
Sunter(1986) and is incorporated in the program used for the simulations of the next section.
In both variants 7; maybe calculated according to

7 = nl{n — 1)z;z;7;
where i < j (in the indexing of the ordering actually used) and
T = 1/Z,
= (VZ; + 1)1 = 2/Z;3) ... (1 — z;_/Z).

These expressions are exact fori < j £ N — n + 1, and provide a very close approxima-
tion otherwise. They are easily calculated and give the method the advantage, unique among
practical procedures for PPSWOR with n > 2, of the availability of variance estimation with
negligible bias.

Pascal-like pseudocode for a routine that selects a sample according to Variant 1, at the
same time calculating its probability and the value of 7; for each selected unit, is given in an
Appendix. It is easily extended to Variant 2 or modified to the calculation of P(S) for an already
selected sample.

3.1 Example 1

Toillustrate these procedures we take first an example with = 2and N = 4, small enough
for sample enumeration and manual calculation, where it will be seen that, in order to obtain
the *‘new’’ size measures, we simply inverted the order of the original assignment. The Variant
2 ordering algorithm mentioned above gives (4,1,2,3) for the first set of size measures and
(1,4,3,2) for the second. There are six possible samples, listed in column (1) of Table 2, whose
probabilities under the Variant 2 algorithm are easily calculated, with results shown in columns
(2) and (3). Column (4) gives the probability of retaining this sample at Step 1, given that it
was the original selection. Column (5) gives the conditional probability of retention at any
subsequent Step 2, given that no sample was retained at a preceding step.

It may be verified that the overall probability of retention of the same sample, given by the
sum of the products of the values in columns (2) and (4), is 0.5465. This value may be com-
pared with the overall probability of retention of the same sample when the new sample is
selected independently, given by ¥, P (S;) P,(8;) = 0.1168. Thus even in this rather extreme
example, we have considerably increased the likelihood of retaining the same sample.

Table 1
Selection Probabilities
PSU 21 22
1 0.15 0.35.
2 0.20 0.30
3 0.30 0.20

4 0.35 0.15
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Table 2
(n @ 3 @ (5)
Sample Pi($) Py(S) Py 1(8) Py5(5)
1,2 0.0231 0.3231 1.0 0.9286
1,3 0.1154 0.2154 1.0 0.4643
1,4 0.1615 0.1615 1.0 0
2,3 0.1615 0.1615 1.0 0
2.4 0.2154 0.1154 0.5357 0
34 0.3231 0.0231 0.0715 0

3.2 Example 2

In a more realistic set of examples we now take n = 4 for a population of 100 psu’s with
“‘original’’ size measures independently assigned from the uniform or rectangular distribu-
tion R(1,3). “New”’ size measures are assigned in a number of ways, described below. For these
examples it is no longer feasible to enumerate all possible samples or to perform the sample
selection and sample probability calculations manually. However, writing a computer program
to do the latter and to apply the reselection procedure was a straightforward task. The pro-
gram was used to perform 200 iterations, for each example, of selection of a sample using
Sunter’s Variant 2 with probabilities proportional to the first set of size measures with subse-
quent application of the procedures described above for reselection of a sample with probabil-
ities proportional to the second set of size meaures. The program, running on an XT-compatible
operating at 7.16 MHz, generated and sorted the populations of size measures and performed
200 iterations of the sample selection and reselection in about three minutes,

Case 1, in which we have assigned new size measures from the same distribution indepen-
dently of their original values, may be seen as a ‘“worst practical case’’ scenario. Case 2, in
which 10% of the psu’s have doubled in size with the rest remaining unchanged, is an approx-
imation of a *‘scattered development®’ scenario. Case 3 illustrates the random perturbation
of size measures by an amount rectangularly distributed over an interval equal to the original
size measure. From Table 3 it may be seen that with probabiliities ranging from 0.67 in the
‘‘worst case’’ scenario to 0.81 in the “‘scattered development®’ scenario, we retain the original
sample. For those cases in which the original sample is rejected the average number of Step
2 trials required to select a new sample agreed closely with the predicted value of 1/P*.

Table 3

200 Iterations of a Size Measure Update Procedure, n = 4, M = 100;
QOriginal Size Measures from R(1,3)

Average

Step 1 Estimated
Case Source of 7; . Step 2
Retentions Trials P*
1 Z = R(L3) 134 2.98 0.33
2 Zy; = 2%zy; for 10% of psu’s 153 5.53 0.19

3 2 = R{z1i/2,32(;/2) 154 4.17 0.25
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APPENDIX

Pseudocode for Variant 1 of PPS Sequential Sampling

It is assumed here that the population of size measures has already been given a suitable
ordering, say by the algorithm given in Sunter (1986) and that its index, /, in this ordering iden-
tifies the unit. Size measures, scaled to sum to 1, are stored in an array z[1 .. PopSize] with
their cumulative values (accumulated from PopSize down to 1) stored in an array
Z[1..PopSize]. The meaning of the variables will be clear from the names that they are given.
The results are to be stored in an array Sample [1.. SamSize,1 . . 3] in which the elements are
population index i, unit probability x;, and r; respectively. ‘“‘Random’’ is a function that
returns a random number uniformly distributed on the the interval (0,1). The indentations in
the code written below are intended to facilitate the visual pairing of the begin/end’s that
delineate a compound statement.

( Variables initialization }

i = 1; SamProb = 1; NumRem = SamSize; Gamma = 1/Z[2);

{Sampling routine]

while NumRem > 0 do
begin

ifi > 1 and i < PopSize then

Gamma = Gamma*(1 — z[i — 11/Z[i1)*Z[i1/Z[i + 1];

ifi = PopSize — NumRem + 1 or Random < = Numrem*z[{]/Z[i]

then

begin

if i < > PopSize — NumRem + 1 then
SamProb = SamProb*NumRem*z[{]/Z[i];

NumRem = NumRem — 1;

Sample[SamSize — NumRem,1] i
Sample[SamSize — NumRem,2] = SamSize*z[i];
Sample [SamSize — NumRem,3] = Gamma;
end else SamProb = SamProb*(1 — NumRem*z[i]/Z[i]);
i=i+1;

end.
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The Use of Administrative Records for
Estimating Population in Canada!

RAVI B.P. VERMA and RONALD RABY?

ABSTRACT

This paper examines the adequacy of estimates of emigrants from Canada and interprovincial migra-
tion data from the Family Allowance files and Revenue Canada tax files. The application of these data
files in estimating total population for Canada, provinces and territories, was evaluated with reference
to the 1986 Census counts. It was found that these two administrative files provided consistent and
reasonably accurate series of data on emigration and interprovincial migration from 1981 to 1986.
Conscquently, the population estimates were fairly accurate. The estimate of emigrants derived from
the Family Allowance file could be improved by using the ratio of adult to child emigrant rates com-
puted from Employment and Immigration Canada’s immigration file.

KEY WORDS: Interprovincial migration; Emigration; Population estimates; Census counts; Accuracy.

1. INTRODUCTION

The national Census, conducted every five years since 1951, provides a wide range of
demographic data on the Canadian population. However, unlike some other industrialized
countries, Canada does not have a continuous population registration to derive basic
demographic data and track the movement of people over different geographic areas for non-
census years. To fill this gap, since the 1940s Statistics Canada has developed a program of
population and family estimates. For example, population estimates for Canada, provinces
and territories, census divisions, and census metropolitan areas are produced using the latest
census counts and several administrative data sources, including: Revenue Canada tax files
and Family Allowance files for migration; Vital Statistics registration for births and deaths;
and Immigrant Visa and Record of Landing Registration for immigration.

The strengths and weaknesses of these administrative files for estimating population and
migration compared with 1981 Census data have been discussed elsewhere. (Statistics Canada
1987; Verma and Parent 1985; Norris, Britton and Verma 1982). In this paper, the accuracy
of estimates of the components of population change for provinces and territories using the
Family Allowance and Revenue Canada data sources will be evaluated by comparison with
the 1986 Census counts. This evaluation will compare 1971, 1976 and 1981 data.

The paper is presented in the following sections: data sources and the methods of estima-
tion; results of the evaluation; and conclusions and discussion.

2. DATA SOURCES AND THE METHODS OF ESTIMATION

This section describes the procedures for estlmatmg total population, interprovincial migra-
tion, and emigration.

! Revised version of a paper presented at Statistics Canada Symposium on Statistical Uses of Administrative Data,
November 1987,
2 Ravi B.P. Verma and Ronald Raby, Demography Dwnsmn, Statistics Canada, 4-A Jean Talon Building, Ottawa,
Ontario, K1A 0T6.



262 Verma and Raby: Administrative Records for Estimating Population

2.1 Total Population

Quarterly and annual estimates of the total population of Canada and the provinces and
territories, and annual totals for census divisions and census metropolitan areas, are produced
by the component method. At the national level, the number of births and immigrants are added
to, and the number of deaths and emigrants subtracted from, the base population (taken from
the latest Census of Canada). By province and for smaller areas, estimates of internal migra-
tion are also taken into account.

The component method is expressed as follows:
DB+ D =P+ (Bt + D) = Dt + )
+ I(t,t + 1) — E(t,t + D) + Nt + D). (1)

Where, for any given province;
B(t + i) = estimate of population at time £ + i
P(¢t) = Census population counts at time ¢

B = number of births between time ¢ and ¢ + {

D = number of deaths between time rand ¢t + {

I = number of immigrants between time f and ¢ + §

E = number of emigrants between time fand ¢ + §

N = number of net interprovincial immigrants between time fand ¢ + §

(1.t + i) = interval between the last census date and the reference date of the estimate.

2.2 Imterprovincial Migration

Two administrative files are used to produce annual and quarterly estimates of interprovin-
cial migration. Preliminary estimates are derived from Family Allowance files, while final
figures are estimated from Revenue Canada income tax files.

2.2.1 Preliminary Estimates

The number of adult migrants is estimated using child migration figures derived from Family
Allowance files, and ratios of adult out-migration rates to child out-migration rates (fjx)
based on the most recent Revenue Canada tax file (calculated for 1 or 2 years before the refer-
ence date). Recipients of Family Allowance cheques must notify the Department of Health
and Welfare of changes in address. These changes are compiled monthly for both province
of origin and destination, by size of family (the number of children per family receiving the
allowance). Coverage of the population by Family Allowance is comparable to that of the
census (Statistics Canada 1987, p. 46). Estimates of the number of interprovincial out-migrants
for all age groups are calculated as follows:

- M o.017
Minase = — fur * Pos+ 2)

P17

Mixnas+ Moy
oo ==z * B, (3)

P;ig. %.0-17
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Mo+ = Mygase + Mg on @)
where:
M, G.k,0+ = estimated total number of persons out-migrating from province j to province &

M(jjk),,sJ, = estimated number of adult out-migrants (aged 18+) from province j to
province k

M{; k)18+ = number of adult out-migrants from province j to province & derived from
Revenue Canada tax files

M (; 1)o7 = number of child out-migrants (aged 0-17) from province j to province & derived
from Revenue Canada tax files

M ; ky.017 = number of child out-migrants from province j to province &, based on Family
Allowance files

Pigs = estimated number of adults in province j, the difference between the total
population estimates and estimates of the child population based on Family
Allowance files

Pigq = total number of children receiving Family Allowance payments in province j

Sun = estimation factor for adult migrants from province of origin j to province
of destination &, based on estimates of migration from Revenue Canada tax
files

F}: 18+ = number of adults in province j, Demography Division population estimates

ﬁj,m-, = number of children in province j, Demography Division population estimates.

2.2.2 Final Estimates

Revenue Canada tax files are used to produce final estimates of interprovincial migrants.
All individuals receiving an annual income above a specified minimum are required to file an
income tax return by the end of April of each year. Migrant tax filers are identified by com-
paring area of residence from two consecutive tax returns. Information on the number and
ages of dependents is imputed from the total amount of personal exemptions claimed by filers.
An adjustment is made for segments of the population not covered by the Revenue Canada
system; this includes people who neither file an income tax return nor appear as dependents
in another filer’s return (Norris and Standish 1983; Statistics Canada 1987).

2.3 Emigration

In Canada no system exists for recording emigrants; hence, their numbers must be estimated.
Revenue Canada income tax files with an *‘out-of-Canada’ address one year and an “‘in-
Canada'’ address for the previous year are used to identify emigrants. The emigrant status of
children under 17 years of age is determined from change of address notifications from Family
Allowance recipients. By combining information from these two administrative files, both
preliminary and final estimates of emigrants are generated. The estimation procedures are
similar to those used to estimate preliminary interprovincial migration:
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Ejon
g = [ AR Pj,18+] + Ejon (5)
Pionn
Eiige  Elon
fo = p" + (6)
¢, 184 Pc,o-l'f

12
E. =} [E,] ¢
i=1

where:

E; = estimated annual number of emigrants from province j
E, = estimated annual number of emigrants from Canada

E; .. = number of emigrants from province j aged 0 to 17 who were eligible for
Family Allowance

P;o ;7 = number of children in province j who are eligible for Family Allowance

P; 15+ = adult population of province j obtained by subtracting the number of
children eligible for Family Allowance from the total estimated population

J. = annual adjustment factor for estimating adult emigration from Canada,
based on Revenue Canada tax files,

E; 3+ and E.y 7 = estimated numbers of adult and child emigrants from Canada, based on
Revenue Canada tax files.

B, s, and P, |, = estimated June Ist population of adults and children for Canada, based
on the component method.

The method of estimating the number of emigrants was modified in March 1989, affecting
estimates after 1986. The new method combines counts by age of emigrants from Canada to
the United States (from the U.S. Department of Justice, Immigration and Naturalization
Service), and estimates of the numbers of emigrants from Canada to countries other than the
U.S. based on Family Allowance files and an /. factor calculated from immigration files (see
Raby, Martel and Cartier 1989).

3. EVALUATION OF ESTIMATES OF THE COMPONENTS OF
POPULATION CHANGE

Each component of population change (births, deaths, immigrants, emigrants and inter-
provincial migrants) may contain a degree of bias and error. However, the data on births, deaths
and immigration can be regarded as more accurate than the estimates of emigrants and inter-
provincial migrants. In 1982, the methods of estimating emigrants and internal migration were
thoroughly updated (see Statistics Canada 1987). These revised methods are evaluated below.



Survey Methodology, December 1988 265

Table 1
Estimates of Emigrants by Different Methods, Canada, 1976-1981 and 1981-1986

Method 1976-81 1981-86
Residuai*

(a) Unadjusted 277,558 476,373

(b) Adjusted for Undercoverage 196,955! 134,857

(c} Adjusted for Net Undercoverage 194,1552 218,1482
Revenue Canada Tax File 207,420 165,272
Family Allowance Method 278,624 235,481
Reverse Record Check 206,724 288,376

*Residual Method:
Emigrants = ([Births — Deaths] + [Immigrants]} — Intercensal growth of population
between time # and ¢ + 5.

I The undercoverage rates were 2.04% for the 1976 Census, 2.01% for the 1981 Census, and 3.21% for the 1986 Census.

2 The 1976, 1981 and 1986 Census net undercoverage rates were 1.53%, 1.51% and 2.40% respectively. They are
estimated using the U.S. experience of overcoverage which is 25% of the undercoverage rate.

Source: Demography Division, Statistics Canada.

3.1 Emigration Data

Table 1 presents estimates of emigrants from Canada by using different methods and data
sources for 1976-1981 and 1981-1986. For 1981-1986, the estimate using the residual method
is considerably higher than the estimate based on the Family Allowance file. The residual
method subtracts the population growth between 1981 and 1986, unadjusted for census under-
coverage, from natural increase and immigration, Since births, deaths and immigration data
are assumed to be accurate, the higher estimate by the residual method can be attributed to
the difference in undercoverage rates for 1981 and 1986. After adjusting the 1981 and 1986
Census counts for undercoverage (2.01% and 3.21% respectively), the estimate by the residual
method was found to be 134,857. This figure is lower than estimates obtained using both the
Family Allowance file (235,481) and the Revenue Canada tax file (165,272).

This low estimate may result from different rates of overcoverage in the 1981 and 1986
Censuses. No estimate of overcoverage is calculated in the Reverse Record Check study, but
the rate can be assumed to be similar to the U.S. Census rate which is 25% of the undercoverage
rate. After adjusting the 1981 and 1986 Census counts for net coverage rates of 1.51% and
2.40% respectively, the residual estimate (218,148} was close to the Family Allowance-based
estimate (235,481).

For 1976-1981, the estimating methods do not produce similar results. The number of
emigrants estimated by the residual method adjusted for net undercoverage was 194,155, which
is close to the estimate based on Revenue Canada tax files (207,420), but considerably lower
than the Family Allowance method estimate (278,624) or the Reverse Record Check estimate
(296,724).

One possible source of error in the current method is the £ factors, which are adult-child
emigrant ratios, estimating the number of emigrants aged 18 + from 1981-1986. These ratios
were obtained from the emigration data provided by the Revenue Canada tax files.

Table 2 shows f, values derived from different data sources. The f, factors from the
Revenue Canada tax files are less than unity and higher than unity from the three other data
sources: interprovincial migration data from income tax files, immigration files, and data on
Canadian emigrants to the United States. The estimates of emigrants from these sources are
also higher than the Revenue Canada-based estimate.



266 Verma and Raby: Administrative Records for Estimating Population

Table 2

Estimates of Emigrants by Family Allowance Method Using Different Values
of f. (Adult-Child Emigrant Ratios), 1981-1986

Value of f,. Factor Number
Data Source of f, of
1981-82  1982-83  1983-84 198485  1985-86 Emigrants

1. Revenue Canada Tax

Files 0.8698 0.8768 0.9052 0.8592 0.8592 235,481
2. Interprovincial

Migration Data from

Income Tax Files 1.0760 1.1000 1.0664 1.0290 1.0029 265,816
3. EIC Immigration

Data 1.0801 1.0926 1.1723 1.1254 1.0694 275,762
4, Canadian Emigrants

to the U.S.A, 1.2300 1.2774 1.3196 1.3745 1.4232 316,268

Source: Demography Division, Statistics Canada.

Each 1, factor source shows annual variations. The f, factors for Canadians emigrating to
the United States are particularly high, indicating that 23% to 42% more adults emigrated to
the U.S. than did children. This is not surprising, as the southern American states have always
been attractive to retirees. Hence the f, factor based on U.S. data may not be suitable for
estimating Canadian emigrants to countries other than the U.S.

Similarly, the f. factors for interprovincial migration, based on the income tax file, suggest
that adult migrants have exceeded child migrants by up to 10% from 1981 to 1986. However,
the adult migrant group likely contains a high proportion of younger adults, who tend to move
more often between provinces than other age groups. Hence this data source is also very specific
and thus not suitable for computing the overall £, factor.

According to some authors (Beaujot and Rappak 1988), emigrant and immigrant flow data
are associated, making it possible to compute an £, factor from the Emloyment and Immigra-
tion Canada (EIC) immigration file. f. factors from the EIC immigration file are intermediate
between those derived from interprovincial immigrant data and U.S. emigrant data. The figure
based on the f, factor from the immigration file (275,762) is higher than the official estimate
of emigrants (235,481), but is close to that derived from the 1986 Reverse Record Check study
(288,376). If the official estimate of the number of emigrants were increased to 275,762, the
1986 error of closure between the population estimate and census counts would be reduced
from 0.95% to 0.79%.

In sum, for the 1981-86 period the estimates of emigrants seemed to be improved by taking
Je factors from the Canada Employment and Immigration (EIC) immigrant file rather than
the Revenue Canada tax file.

Yet in March 1989, it was discovered that emigrant estimates based on Family Allowance
files and an f, factor derived from EIC immigration data were still too low after 1986. This
seems to be a result of the high proportion (33%) of Canadian emigrants destined for the U.S.
from 1981 to 1986, according to U.S. data.

An analysis was also made of a method combining U.S. Department of Justice, Immigra-
tion and Naturalization Service data on the numbers emigrating to the U.S. from Canada; child
emigrant counts (ages 0-17) from Family Allowance files and an £ factor obtained from the
EIC immigration file for all countries other than the U.S. For 1981 to 1986, the estimated
number of emigrants by this method was 285,413. This revised estimate is much closer to the
Reverse Record Check study figure (288,376).
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Table 3

Estimates of Net Interprovincial Migration from 1986 Census Data on Mobility,
Family Allowance Files, Income Tax Files, and Residual Method,
Canada, Provinces and Territories, 1981-1986

. Famity Income .
1 Resid
Quwhe 6 Al g8
Files Files

CANADA 0 0 0 —238,178
Nfld. — 16,550 - 14,837 -15,051 -26,111
P.E.I 1,540 293 751 -509
N.S. 6,275 5,204 6,895 - 4,095
N.B. -1,370 -2,239 —65 -11,212
Que. — 63,295 — 76,040 — 81,254 — 167,286
Ont. 99,355 115,497 121,767 57,147
Man. -1,555 —3,700 —2,634 -8,180
Sask. —2,820 - 668 ~2,974 — 13,564
Alta. - 27,665 -34,073 —31,676 - 50,811
B.C. 9,500 13,289 7,382 -12,418
Yukon — 2,665 -2,381 2,775 —1,643
NW.T. —755 - 345 — 366 504

! Population 5 years of age and over.
The residual method for estimating net interprovincial migration is:

Net Migration = Growth of Census Population between time z and ¢ + 5
— [(Births — Deaths) + (Immigration — Emigration)].

Source: Demography Division, Statistics Canada.

3.2 Interprovincial Migration Data

To test the accuracy of estimates of interprovincial migration obtained from the Revenue
Canada tax file, two evaluations were conducted: (i) a comparison of sets of interprovincial
migration data derived from the Revenue Canada tax files and Family Allowance files; and
(ii) a comparison of the errors of closure of population estimates for two sets of internal migra-
tion data.

Table 3 presents net interprovincial migration estimates derived from four sources: 1986
Census data on mobility; the Revenue Canada tax file; the Family Allowance file; and the
residual-based net migration estimate. For all provinces, estimates of internal migration derived
from the 1986 Census mobility data, the Revenue Canada tax file and Family Allowance files
were consistent on the direction of net migration. All sources except the residual-based method
show positive net migration for Prince Edward Island, Nova Scotia, Ontario and British
Columbia. In other provinces, net migration was negative.

The estimates of net interprovincial migration from Family Allowance files and Revenue
Canada tax files are not strictly comparable to the residuval method. By definition, the sum
of net interprovincial migration in Canada, should be zero. However, the sum produced using
the residual method is about 238,000. In addition, the differences between the residual-based
and the Revenue Canada/Family Allowance-based net interprovincial migration estimates are
very high in Newfoundland, New Brunswick, Quebec, Ontario and Alberta.

The coefficient of variation (the ratio of the standard deviation of the average absolute error
of closure for the provinces to the average absolute error of closure) was used to measure the
relative accuracy of the internal migration estimates. The other estimates of the components
of population change were assumed to be accurate. Statistically, a coefficient of variation of
20% to 30% is normally acceptable.
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Table 4

Error of Closure Between Alternative Population Estimates and Census Counts
by Province and Territory 1971, 1976, 1981 and 1986

Error of Closure! (%)

Geographic Area 1971 1976 1981 1986
Income Income Income Income
Tax FA Tax FA Tax FA Tax FA

Newfoundland -2.08 -1.64 0.49 1.34 1.63 2.30 1.97 2,01
Prince Edward Istand -2.09 -2.01 0.17 2.11 -0.05 1.02 0.99 0.63
Nova Scotia -1.68 =239 —-0.20 1.18 0.30 0.40 1.24 1.04
New Brunswick -193 -265 -1.29 1.81 0.13 0.54 1.58 1.04
Quebec -033 -097 -0.05 -0.183 -030 -0.07 1.32 1.40
Ontario 0.11 0.99 0.15 0.16 0.64 0.37 0.72 0.65
Manitoba 0.29 0.38 -0.27 0.39 1.07 0.87 0.51 0.41
Saskatchewan 044 —0.33 0.45 0.37 -0.31 0.28 1.08 1.31
Alberta -0.14 052 -107 -1.11 =239 -2.64 0.73 0.63
British Columbia 001 -1.34 0.28 -1.10 0.03 -0.07 0.59 0.79
Yukon —536 -599 -0.87 3.79 -1.98 206 -478 -3.10
Northwest Territories -2.12 264 -1298 -339 -—7.08 043 —1.44 -1.40
Average Absolute Error .
10 provinces 0.91 1.33 0.44 0.97 0.69 0.86 1.07 1.01
Provinces and

Territories 1.38 1.82 1.52 1.41 1.33 0.92 1.41 1.22

Neote: From 1976 to 1980, Revenue Canada data for children were available for age group 0-15 only. Therefore the
Jij k) factors were calculated using migrants aged 0-15 and 16+ instead of 0-17 and 18+,

! Error of closure is calculated using the following equation:

Estimate - Census count
Error of closure = x 100
Census count
Income Tax: Revenue Canada Income Tax File. FA: Family Allowance File.

Source: Estimates of interprovincial migration based on Family Allowance data, Demography Division, Statistics
Canada.
Estimates of interprovincial migration based on tax data, Small Area and Administrative Development
Division, Statistics Canada.

Table 5
Coefficients of Variation of the Average Absolute Error of Closure between the Population

Estimates and Census Counts among Provinges (# = 10), by Source of Interprovincial
Migration Estimates, 1966-1971, 1971-1976, 1976-1981 and 1981-1986

Period Source AAE Stands_lrd Coefficient of
(Lt + %) (t+5) Deviation Variation (%)
1) @ @ =02=+1x100

1966-1971 Income Tax 0.91 0.2863 : 31

FA 1.33 0.2642 20
1971-1976 Income Tax 0.44 0.1317 30

FA 0.97 0.2135 22
1976-1981 Income Tax 0.69 0.2463 36

FA 0.86 0.2855 33
1981-1986 Income Tax 1.07 0.1496 14

FA 1.01 0.1570 16
Note: AAE: Average absolute error of closure.

Income Tax: Revenue Canada Income Tax File.
FA: Family Allowance File.
Source: Demography Division, Statistics Canada.
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However, one could argue that the coefficient of variation is not a good indicator of the
quality of internal migration data. For example, a set of estimates with an absolute error of
closure of 10% for every province would give a coefficient of variation of zeros and conse-
quently would be preferable to a set of estimates with closure errors ranging between — 1.0%
and 1.0%. For cases like this, a quality measure that takes into account the size of the absolute
error of closure as well as the standard deviation of absolute closure errors is clearly required.
However, the likelihood of the provinces having the same absolute error of closure is extremely
low (see Table 5), hence, the application of the coefficient of variation in this paper seemed
to be valid,

Table 5 shows the coefficient of variation (computed from figures in Table 4) for popula-
tion estimates based on two sets of internal migration estimates and the census counts for 1971,
1976, 1981 and 1986. Before 1976, the coefficients of variation for migration data from tax
files were 50% higher for data from the Family Allowance file. This was expected, since the
method for estimating migration from tax files was in the developmental stage. Futhermore,
in estimating the number of interprovincial migrants, the f; factor (adult to child migration
rates) was based on Census mobility data, an approach found to be less satisfactory than the
current method. However, for 1976-1981 and 1981-1986, the gap in the coefficient of variation
between the tax and Family Allowance migration data narrowed considerably.

The tax-based migration data coefficient of variation was 9% higher in 1981 and 12% lower
in 1986 than the coefficient of variation based on the Family Allowance file. Hence, the two
sets of data are comparable, producing similar provincial estimates and errors of closure with
the same level of variation among provinces. Since the coefficient of variation for each set is
under 20%, they provide acceptable data on internal migration.

In conclusion, estimates of interprovincial migration from the Revenue Canada tax files
for 1981-1986 are consistent with estimates from the Family Allowance file. By province, they
yield small variations in the errors of closure.

4. CONCLUSION AND DISCUSSION

The Family Allowance files and Revenue Canada tax files play important roles in providing
consistent emigration and internal migration estimates for Canada, and for the provinces and
territories. For 1981 to 1986, estimates of emigrants and interprovincial migrants obtained from
these files are acceptable for estimating total population.

Nationally the error of closure (the difference between the population estimates and census
counts) for 1986 was higher than for the census years 1971, 1976 and 1981, In addition, the
errors of closure by province in 1986 were positively biased, indicating that in all provinces
the estimates were higher than census counts,

These discrepancies are largely a result of differences in coverage of the 1981 Census popula-
tion, which was used as the bench-mark, and coverage of the 1986 Census population. The
Reverse Record Check estimate of the 1981 undercoverage rate for Canada was 2.01%. The
estimate for the 1986 Census was considerably higher, 3.21%.

Errors in the estimates of the other components of change may also partly account for the
discrepancies.
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Confidence Intervals for Postcensal Population
Estimates: A Case Study for Local Areas

DAVID A. SWANSON!

ABSTRACT

This paper presents a technique for developing appropriate confidence intervals around postcensal
population estimates using a modification of the ratio-correlation method termed the rank-order pro-
cedure. It is shown that the Wilcoxon test can be used to decide if a given ratio-correlation model is
stable over time. If stability is indicated, then the confidence intervals associated with the data used
in model construction are appropriate for postcensal estimates. If stability is not indicated, the con-
fidence intervals associated with the data used in model construction are not appropriate, and, more-
over, likely to overstate the precision of postcensal estimates. Given instability, it is shown that confidence
intervals appropriate for postcensal estimates can be derived using the rank-order procedure. An
empirical example is provided using county population estimates for Washington state.

KEY WORDS: Population estimation; Confidence intervals; Ratio-correlation regression.

1. INTRODUCTION

A method of generating confidence intervals for postcensal estimates was not available until
Espenshade and Tayman (1982) introduced a time-series regression estimation technique
utilizing age-specific postcensal death rates. The Espenshade-Tayman technique represents an
important breakthrough in estimation technology; however, like most breakthroughs it has
limitations, of which two are notable:

1. The technique is likely to be unsatisfactory at the subprovincial or substate level (Espen-
shade and Tayman 1982); and

2. Itis a major departure from the standard regression technique used in Canada and the United
States for estimating county-equivalent populations, namely, ratio-correlation. This depar-
ture is a particularly salient issue in terms of data requirernents and the experience of people
responsible for making county-equivalent and other subprovincial level population
estimates. (Statistics Canada 1987). The term ‘‘county equivalent®’ is defined as a Census
Division in Canada (Statistics Canada 1987) and as a county in nearly all U.S. states; notable
exceptions in the U.S. include Alaska, in which county-equivalents are Census Areas, Loui-
siana, where Parishes functions as counties, and Virginia, in which “‘independent cities’’
are included as county-equivalents.

This paper presents a means of developing confidence intervals for postcensal county-
equivalent populations using the rank-order procedure, a modification of the ratio-correlation
method introduced by Swanson {1980) that exploits causal modeling concepts to take into
account postcensal structural changes in a given ratio-correlation model.

There are three issues relevant to the development of confidence intervals made using the
ratio-correlation method. The first has to do with model stability over time. If the structure
of associations among model variables is invariant over time, then the confidence intervals

! David A. Swanson, Department of Sociology, Pacific Lutheran University, Tacoma, Washington 98447, U.S.A.
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constructed in regard to the model data set will apply to the population estimates generated
by the model from the estimation data set. Although it has been consistently documented
that it is not prudent to assume model invariance (D’ Allesandro and Tayman 1980; Ericksen
1973, 1974; Mandell and Tayman 1982; Namboodiri 1972; O’Hare 1976, 1980; Smith and
Mandell 1984; Spar and Martin 1979; Swanson 1980; Swanson and Prevost 1986; Swanson
and Tedrow 1984; Tayman and Schafer 1982; Verma et al. 1983), it would be useful to have
a testing procedure for stability. This leads to the second issue, namely, the use of a statistical
test. If the test indicates that stability can not be assumed, and yet confidence intervals
associated with, say, a model constructed using 1960-70 data, are applied to estimates
generated for, say, 1979, they are likely to overstate the level of precision in the 1979 estimates.
Thus, the third issue is the need for a procedure that will generate appropriate confidence
intervals.

In the report that follows, a description of ratio-correlation is provided along with the
modification that forms the basis for developing appropriate confidence intervals. Next, the
logic for developing these confidence intervals is formally described, foliowed by an empirical
example showing both the test for instability and the generation of both “‘inappropriate”
and ‘‘appropriate’’ confidence intervals.

2. METHODOLOGY FOR POPULATION ESTIMATION

Ratio-correlation is a regression method designed to measure the temporal change in county-
equivalent population proportions using observed temporal change in proportions of symp-
tomatic indicators such as registered voters, covered employment and public school enroll-
ment. The temporal change is measured by simply taking a ratio of proportions at two points
in time.

Since enumerated population numbers for all county-equivalents are available only from
the federal census, a ratio-correlation regression model is always constructed using two points
in time separated by a regular number of years. It is formally described as

k
Ri=a, + ), (b)) (X + €

i=]

where
a, = the intercept term to be estimated
b; = the regression coefficient to be estimated
€ = the error term
J = symptomatic indicator, (1 = j = k)
i = county-equivalent (1 < { < n)
t = the year of the most recent census
and

Pit Pr' =2z
Ry= | —2—| + | =" 1.A
‘ [z P,-,,] [2 Pf.r_L] -
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Si,f . Si,r—z ]
X)), = - 1.B
e [x s,-,f] [z Sit-21 j ¢-B)

where

Z = the number of years between each census
P = Population

S = Symptomatic Indicator

Once a model is constructed, it is used to develop a postcensal estimate for time ¢ + x by
substituting (S; ;4 ./ ¥ S;;4x); into the numerator of the right-hand side of equation [1.B]
while (S;,/ ¥ 8;,); is substituted into the denominator of the right-hand side of equation
[1.B]. This means that once R,-,,.,, x is obtained, an actual population for area i at time =
t + x is developed by introducing an independently estimated total population, P, ,, into
equation [1.A] and algebraically solving equation [1.A] for P; (. .. Since ¥ }5,-,,” does not
usually equal the independently derived total, P,,,, an adjustment is made to force the
summed population figures to the independently estimated total.

One limitation of ratio-correlation is that its structure is invariant over time, which is why
the rank order procedure was introduced by Swanson (1980). The rank-order procedure is based
on the fact that information contained in the zero-order correlations found in an estimation
data set can be exploited due to work by Land (1969, Chapter I'V); work that is based on the
fundamental theorem underlying path analysis as developed by Wright (1921). It involves a
theoretical reversal of the dependent variable in the regression model, the population variable,
as an unmeasured, causally prior variable and a just-identified structure - a minimum of three
predictor variables (in the regression model), the covariance of which is assumed to be due to
the fact that they are all causally related to the population variable.

3. METHODOLOGY FOR CONFIDENCE INTERVALS ESTIMATION

If the relationships found among the variables in the model data set remain stable over time
(as shown through the rank-order procedure) then the same relationships should be found
among the variables in the estimation data set. This stability would indicate that the S.E.E.
associated with the model data set is appropriate for generating confidence intervals for the
estimation data set. However, if stability does not exist, then the S.E.E. associated with the
model data set is not appropriate, and may, in fact, generate confidence intervals that overstate
the precision of postcensal estimates. These considerations lead to the question of determining
stability through statistical inference.

In answering the question just posed, consider that we are examining related pairs of
variables. This implics that the Wilcoxon matched-pairs signed rank test could be used
(Mosteller and Rourke 1973). In using this test, the null hypothesis is that there are no dif-
ferences between the population estimates (scores) produced by the unmodified and modified
regresion models.

The key to developing confidence intervals for postcensal county equivalent population
estimates is found in the fact that the rank-order procedure generates a set of regression coef-
fictents for the estimation data set. From these coefficients, estimates of R? and the S.E.E.
for the estimation data set can be developed, and the ¢stimated S.E.E. ieads directly to the
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development of confidence intervals. First, recall that the coefficient of multiple determina-
tion, R?, is simply the sum of the products of each zero-order correlation between an indepen-
dent variable and the dependent variable, and the standardized regression coefficient for each
independent variable (Hayes 1973), so that S.E.E. is (Hayes 1973)

(n) (S) (1 — Rz)]1/2

SE.E. =
[ n—2

where

n = number of cases (county-equivalents)
S}.’ = variance of the dependent variable
R? = coefficient of multiple determination

The formula for generating a confidence interval around a given estimated value for a point
on a (population) regression line is provided by Kmenta (1971)

Y; £ (th-242 C.EE)

An important point to realize is that the confidence interval is not directly generated for
a population estimate, rather it is for the estimated ratio of proportions, or R;, , .. However,
as shown by Espenshade and Tayman (1982), a confidence interval around one variable can
be translated for another variable algebraically substituted for the first. Thus, by finding the
lower and upper confidence boundaries of R; , ,- these lower and upper confidence boun-
daries can be translated into the population values:

(Rl't+x) + (tn—z‘a/Z) (SEE)

Piix P;
1P T TP tn-242) S-B.E.
{:EPit+x] [EP,-,] = (In-zam ( )

which leads to

L.L. (Pyix) =

P, ) “
[Z_I:',,] (L Piex) [(Rn+x) = {tuo2,0s2) (S.E.E.)]

and

UL (Pyyy) =

P, )
[E_};“] (EPit+x) [(Rl't+x) + (ti'l-—z,aIZ) (S.E.E.)]
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4, EMPIRICAL STUDY

Table 1.A in Swanson (1980) gives the zero-order correlations relating to a ratio-correlation
model for estimating county civilian populations under sixty-five years from employment,
voiers, and grades 1-8 enrollment for the state of Washington, for the period 1950-1960.
Characteristics of the model constructed from these data are given in Table 1.B. while Tables
2.A and 2.B provide similar results for the 1960-1970 period as found in Swanson (1980). This
latter set forms the estimation data over which the procedure will be described.

Although full knowledge of the estimation data set is available, the procedure is used as
if this were not the case. Of course, what is known in any estimation problem is the zero-order
correlation matrix for the independent variables, which is used in conjunction with the fun-
damental theorem of path analysis to estimate the coefficients for the modified model. Using
the complete rank-order procedure, the modified model (Swanson 1980) is:

Y = 0.046618 + 0.066786X, + 0.50727X, + 0.38736X,.

Estimates for 1970 of the county civilian population under sixty-five years of age (adjusted
to the independently estimnated state total) resulting from the preceding modified model are
presented in Table 1 along with the actual enumerated populations.

The Wilcoxon test was conducted for the Washington data using the procedure in the SPSSx
NPAR Tests command (SPSS 1986). To save space, the unmodified and modified population
estimates are not presented. They can be found in Table 3 of Swanson (1980). Under the null
hypothesis, the probability of obtaining Z = —3.2096 is 0.0013. Thus, the null hypothesis
is rejected and it is assumed that instability exists for Washington counties in going from the
model constructed using 1960/1950 data to the true unknown model associated with 197071960
data.

As anote of interest, the Chow test (Chow 1960) validated the results of the Wilcoxon test
by showing that the difference between the *‘true’’ 1970-1960 ratio-correlation mode! and the
1960/1950 ratio-correlation model was statistically significant.

Had the results of the Wilcoxon test led us not to reject the null hypothesis, we would have
used the unmodified coefficients from the 1960/1950 model data set to generate 1970 popula-
tion estimates for Washington counties. Further, the S.E.E. for this same model (0.05022)
would have been used to generate confidence intervals for the 1970 estimates. However, the
results of the Wilcoxon test led us to reject the null hypothesis in this case. This indicates the
modified coefficients developed using the rank-order procedure should be used in lieu of the
unmodified model. Further, it indicates the need for a revised S.E.E., one that is not likely
to overstate the precision of the 1970 estimates.

Using the estimated values found in the 1970 example data for Washington state (Swanson
1980) we find

R? = (0.07533) (0.75290) + (0.47085) (0.92146) + (0.49481) (0.88082) = 0.926

and

(S.E.E.)

(39) (0-2145)* (1 — 0.926)] 172
[ 392 ]

= (.0599
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Table 1

State of Washington 1970

90% Confidence

Comy  omewed  Lowr  pomaed v el
percent)
Adams 11102 10335 11458 12581 + 9.80
Asotin 11862 10469 11814 13154 +11.38
Benton 63144 60405 67511 74616 +10.53
Chelan 35862 31733 36177 40620 +12.28
Clallam 30023 28063 31294 34525 +10.32
Clark 116663 101183 111437 121690 + 9.20
Columbia T 3683 4161 4639 +11.49
Cowlitz 62586 55170 61581 67992 +10.41
Douglas 15287 14569 16252 17935 +10.36
Ferry 3336 2963 3397 3831 +12.78
Franklin 23983 21960 24631 27302 +10.84
Garfield 2546 2447 2761 3075 +11.37
Grant 38921 37561 42606 47651 +11.84
Grays Harbor 52583 46294 52114 57935 +11.17
Istand 20589 20512 22148 24040 +.7.39
Jefferson 9235 8440 9473 10506 +10.90
King 1054271 935664 1037937 1140203 + 9.85
Kitsap 86529 77022 85821 94619 +10.25
Kittitas 22764 17649 19863 22077 +11.15
Klickitat 10729 10440 11923 13406 +12.44
Lewis 39265 35747 40122 44497 +10.90
Lincoln 8168 7939 9107 10275 +12.83
Mason 18411 16057 17827 19596 + 9.93
Okanogan 22052 21002 23795 25688 +10.97
Pacific 13310 11270 12795 14320 +11.92
Pend Oreille 5185 5147 5893 6639 +12.86
Pierce 339048 314272 346728 379184 + 9,36
San Juan 3089 2636 2918 2m + 9.66
Skagit 45703 43255 48758 54261 +11.29
Skamania 5330 4787 5358 5929 + 10.66
Snohomish 245193 213164 231996 250827 + 8.12
Spokane 251057 227372 256723 286072 +11.43
- Stevens 15178 13869 15780 17692 +12.11
Thurston 68719 63644 69540 75436 + B8.48
Wahkiakum 3137 3033 3397 3761 +10.72
Walla Walla 36608 33727 38271 42812 +11.87
Whatcom 72111 63218 70670 78122 +10.54
Whitman 34843 28960 32409 35858 +10.64
Yakima 128960 120347 136203 152219 +11.69
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Note, that from Table 2 in Swanson (1980), the actual R? and S.E.E. values are 0.878 and
0.05077, respectively. In comparison with the actual S.E.E. of 0.05077, the estimated S.E.E.
is higher. This is appropriate given that we are more uncertain about the precision of estimates
generated by the rank-order procedure than we would be about the precision associated with
the ““true’ model, if in fact, the true model was obtainable. With the rank-order procedure,
we can now generate a confidence band from the following formula:

Yi & (f37,02) (0.0599)

In Table 1 an empirical example using a 90% confidence interval is given for the 1970
estimated county population figures presented alse in Table 1. Here, the 90% confidence
interval is given by:

Pi1960 5
—="1 (3032 R; 1.69) (0.0599
[2522141] (3032053) [( i) = (1.69) ( )]

In examining the confidence intervals given in Table 1 in combination with the enumerated
populations provided, it is found that in only one county (Kittitas) is the enumerated popula-
tion outside of the 90% confidence interval. In this instance, the enumerated population exceeds
the upper limit by 687 people. At a 90% level of confidence, the intervals are fairly wide, with
a mean of 10.81, a minimum of +7.39 percent for Island county and a maximum of + 12.83
percent in Lincoln County. Compare these with the mean of the absolute percent errors
associated with the 1970 estimates, which is 4.8% (Swanson 1980). This comparison suggests
that the 90% level generates intervals that are too broad for practical use. Given this, it is of
interest to consider which level of confidence would be more appropriate. It is also of interest
to consider the effect of using the unmodified S.E.E. (0.05022) from the 1960/1950 model.
We would expect that the confidence intervals generated by the unmodified model would be
too optimistic. That is, at a given level of confidence, there would be fewer than expected
counties for which the interval encompassed the actual population. To explore these issues,
Table 2 was constructed.

In Table 2, two distinct sets of information are provided. For both sets, however, a com-
parison is made between the unmodified and modified estimates and their associated confidence
intervals. In regard to the issue of expecting optimistic confidence intervals for the 1970
estimates generated by the unmodified model, Table 2 indicates that at varying levels of con-
fidence ranging from 90% down to 50%, the intervals are, indeed, optimistic in that for only
two of the six levels examined are the expected number of county estimates within the specified
level of precision. At the 80% level, for example, only 28 (72 percent) of the counties have
enumerated 1970 populations within the confidence interval specified around the estimates;
at the 60% level, only 22 (56%) of the counties have enumerated 1970 populations within the
confidence interval specified around the estimates.

The second aspect of Table 2 is the mean interval associated with a given level of confidence.
At the 90% level, the mean of the intervals associated with the unmodified model is 9.10 per-
cent; for the modified model it is 10.81 percent. At the 50% level, the means are 3.66% and
4.35%, respectively. Thus, it is clear that the 60% and 50% levels of confidence generate a
mean interval that is more in line with the mean absolute percent error, which is 4,88 for the
modified model.
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Table 2

Number (%) of Counties in Which Actual 1970 Population
was Inside the Confidence Interval

Level of Unmodified Modified
Confidence S.E.E. (0.05022) S.E.E. (0.0599)
90% 35 (89.7%) 38 (97.4% )
80% 28 (71.8%) 33 (84.6% )
70% 24 (61.5%) 29 (80.6% )
66.66% 24 (61.5%) 26 (66.66%)
60% 22 (56.4%) 23 (59.0% )
50% 20 (51.3%) 22 (56.4% )

Mean Interval (in percent)

Unmodified Modified
S.E.E. (0.05022) S.E.E. (0.0599)
90% 9.10 10.81
80% 7.02 8.38
70% 5.66 6.75
66.66% 5.59 6.40
60% 4.59 5.47
50% 3.66 4.35

In examining the issue of confidence intervals, it appears that a procedure is needed for
generating confidence intervals that are not misleading in terms of the precision of postcensal
county-equivalent population estimates. However, guidance is also needed on selecting a given
level of confidence that is appropriate for the estimates. Of interest in this regard is the work
of Stoto (1983) on empirical confidence intervals for population projections. One of Stoto’s
(1983:18) findings is the high and low population projections produced for the United States
by the Bureau of the Census (1977) correspond to a 66.66% confidence interval, It may be
the case that for county-equivalent postcensal populations, that the 66.66% confidence level
is also appropriate, although in this test this level of confidence generates a mean interval of
6.4 percent for the modified estimates, which is somewhat above their mean percent error (4.9).
Another consideration is the length of time between the year for which a postcensal estimate
is desired and the preceding census. In the example, the maximum period of postcensal time
in the United States was used, 10 years. For each county, we have, in essence, a situation in
which maximum uncertainty exists in regard to estimates. From this perspective, the relatively
wide interval generated for each county at a 90 percent level of confidence is appropriate. We
would expect that structural model changes occur relative to time. Hence, a narrower band
would likely be generated in the first year following the end-census year of model construc-
tion than in the second year; and so on through the intercensal period.
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5. CONCLUSION

At this point it should be clear that the rank-order procedure is not being presented as a
fully-validated technique for constructing confidence intervals around postcensal county-
equivalent population estimates. However, it appears to offer a reasonable starting point. Even
with its limitations, the use of the Wilcoxon test and the confidence intervals developed using
the rank-order procedure appears capable of providing benefits to those responsible for making
such postcensal population estimates. In the first place, as noted by Espenshade and Tayman
(1983), it is important to provide the users of postcensal population estimates some notion of
their accuracy as do both the Wilcoxon test and the confidence intervals, Second, with the selec-
tion of appropriate confidence intervals, a formal means is available for resolving disputes
over the population of a given county-equivalent by using hypothesis testing procedures. Third,
S.E.E. can be used as a basis for selecting one model over another. This means that a set of
different ratio-correlation models could be considered for any given postcensal estimation year
and, further, that a formal criterion is available for selecting one model over another. This
feature could be useful in the event that the ratio-correlation estimates generated by a federal,
provincial or state demographic center, are challenged in a given postcensal year, an event that
has become more frequent, especially in the U.S. (I’ Allesandro 1987).
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SPECIAL OFFER

Copies of the proceedings of recent Statistics Canada symposia are still available, and
may be purchased at a nominal cost. These are:

Symposium 87: Statistical Uses of Administrative Data. Two volumes, English and
French. Regular price, each: $35.

These are now available at $10 each or $12 for both languages.

Symposium 88: The Impact of High Technology on Survey Taking. Bilingual, English
and French. Regular price, each: $20.

These are now available at $10.

Cheques or money orders should be made payable to:

““The Receiver General for Canada”’.

Requests for these volumes, along with cheque or money order should be sent to:

Production Manager
Survey Methodology
Statistics Canada

4-C2 Jean Talon Building
Tunney’s Pasture
Ottawa, Ontario

Canada K1A 0Té6



GUIDELINES FOR MANUSCRIPTS

Before having a manuscript typed for submission, please examine a recent issue (Vol. 10,
No. 2 and onward) of Survey Methodology as a guide and note particularly the following

points:

L Layout

1.1 Manuscripts should be typed on white bond paper of standard size (8%2 x 11 inch),
one side only, entirely double spaced with margins of at least 1% inches on all sides.

1.2 The manuscripts should be divided into numbered sections with suitable verbal titles.

1.3 The name and address of each author should be given as a footnote on the first page
of the manuscript.

1.4  Acknowledgements should appear at the end of the text.

1.5 Any appendix should be placed after the acknowledgements but before the list of
references.

2. Abstract
The manuscript should begin with an abstract consisting of one paragraph followed
by three to six key words. Avoid mathematical expressions in the abstract.

3. Style

3.1 Avoid footnotes, abbreviations, and acronyms.

3.2 Mathematical symbols will be italicized unless specified otherwise except for functional
symbols such as “exp(’)” and “log(-)”, etc.

3.3 Short formulae should be left in the text but everything in the text should fit in single
spacing. Long and important equations should be separated from the text and numbered
consecutively with arabic numerals on the right if they are to be referred to later.

3.4 Write fractions in the text using a solidus.

3.5 Distinguish between ambiguous characters, {e.g., w, w; 0, O, 0; 1, 1).

3.6 Italics are used for emphasis. Indicate italics by underlining on the manuscript.

4.  Figures and Tables

4.1  All figures and tables should be numbered consecutively with arabic numerals, with
titles which are as nearly self explanatory as possible, at the bottom for figures and
at the top for tables.

4.2 They should be put on separate pages with an indication of their appropriate place-
ment in the text. (Normally they should appear near where they are first referred to).

S. References

5.1 References in the text should be cited with authors’ names and the date of publication.
If part of a reference is cited, indicate afier the reference, e.g., Cochran (1977, p. 164).

5.2 The list of references at the end of the manuscript should be arranged alphabetically

and for the same author chronologically. Distinguish publications of the same author
in the same year by attaching a, b, ¢ to the year of publication. Journal titles should
not be abbreviated. Follow the same format used in recent issues,






