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FOREWORD

This third report in the Special Labour Force Studies (Series B) is devoted
to consideration of some methodological aspects of manpower analysis—in this
instance, the analysis of labour force participation of married women. A number
of different statistical techniques are applied to the same body of cross-section
data and the results examined and compared. It is intended as a reference work
for and companion study to the substantive analyses in this area which have
been presented both in the Special Labour Force Series and clsewhere.

These studies are prepared under the direction of Dr. Sylvia Ostry, Director,

Special Manpower Studies and Consultation.

WALTER E. DUFFETT,

Dominion Statistician.
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I. INTRODUCTION

The purpose of this study is to consider ways
in which labour force participation rates, obtained
from the 1961 Census of Canada, cross-classified
by a set of demographic, social or economic factors,
can be related functionally to the different levels
of those factors. It will be concerned with the exam-
ination and development of statistical models de-
signed to represent these relationships and the
testing of these models. The analysis of the results
will, therefore, be in no way as detailed, in subject
matter content, as would be required in a full em-
pirical treatment of the variables.

Before proceeding it may be relevant to consider
why it was felt that such a study is needed at all.
Other studies have already successfully examined
the relationship between demographic, social and
economic variables and employment characteristics
of the population using statistical techniques which
have ‘“‘explained’’ a considerable proportion of the
variation in labour force participation rates between
different sub-groups in the population.' To be justi-
fied, a study of this kind must therefore either
(1) throw up evidence of serious weaknesses in the
methods employed in these studies, or (2) it must
show how significant improvements can be made in
the predictive and analytical power of the model
used. It was the latter condition only which was a
consideration in the preparation of this study. It
will be shown that simple additive models in which
all the independent variables ate expressed as
dummies? and which yield results that are also
simple to interpret, can be used to explain much
of the observed differences in the labour force parti-
cipation rates particularly when the independent
factors (variables) are few in number.® It will also
show how the analysis of variance, discussed in
some detail on page 12, adds considerably to the
analytical power of researchers when the data is in
the form of a completely balanced factorial arrange-
ment.* This will more often than not be the case
when the data has been obtained from the census.
But moving away from the simple type of model to
ones which impose conditions on the form which the
dependent variable can take — conditions which are

! See Sylvia Ostry, The Female Worker in Canada,
one of a series of Labour Force Studies in the Census
Monograph Programme, Ottawa, Queen’s Printer, 1968,
and Dominion Bureau of Statistics, Special Labour Force
Studies No. 2, Series B, Women Who Work: Part 2, by
John D. Allingham and Byron Spencer, Ottawa, Queen’s
Printer, 1968,

inherent in the nature of the variable itself —results
are obtained whichare, in the author’s view, not only
conceptually more correct but also ‘“‘explain’’ more
of the overall variation in labour force participation
rates. It will however, also be seen that the in-
crease in the ‘‘power’’ of the more complicated
models will not always be such as to justify their
use in preference to the more simple models.

The Study is divided into six sections. Fol-
lowing this introduction, Section II —Quantal Re-
sponse will briefly discuss how labour force
participation rates, as a statistical variable, differ
from other variables and will show why this is
worth taking into account in the construction of the
model. Section III, which will examine the simple
additive model, will begin with an introduction to
the methods of analysis of variance and dummy
variable regression analysis which will also he of
use in later sections in the study. The reason why
so much more time and space is devoted to analysis
of variance than to dummy variable regression is
found in the author's view that analvsis of variance
in its widest sense (that is, not confined to the
simple partitioning of the mean squares inregression
analysis) is much neglected in books on econome-
trics and economic statistics, even though it often
provides an ideal means of examining the data to
obtain some notion of the ‘‘contribution’’ that inde-
pendent variables make, both individually and in
association with other variables, to the variation in
the dependent variable. The technique is therefore
of considerable value without the question of “‘test-
ing hypotheses’, which is its raison d’étre, neces-
sarily being considered. On the other hand, problems
encountered in the use of dummy variables inregres-
sion analysis applied to economic data are now
fairly well documented, and only a brief description
of this approach is given.

The models developed in Sections IV and V will
stem from the removal of some of the simplifving
assumptions implicit in the simple additive model.
A summary —Section VI—will then conclude the
study with the exceptionof a bibliography of method-
ological studies.

? See Section III, page 16,

* See Sylvia Ostry, op. cit and John D. Allingham
and Byron Spencer, op. cit

4 The term completely balanced factorial design
refers to that arrangement of the data in which an equal
number of observations are available for all factor/level
combinations.

II. QUANTAL RESPONSE

It is quite common, in the application of sta-
tistical methods to problems encountered in many of
the applied sciences, to think in terms of a stimulus
and a response.® In biological assay, for example,
an insect is subjected to a dose of an insecticide
(stimulus) and it either lives or dies (the response).
Or a family with a given set of socio-economic
characteristics may or may not have an automobile.
In hoth of these examples the response is said to be

S See D.J. Finney, Probit Analysis, .1 Statistical
Treatment of the Sigmoid Response” Curve, Cambridge
University Press, 1952, and J. Aitchison and J.A.C.
Brown, The Lognormal Distribution, Cambridge, 1957,

quantal, that is, it is of the type ‘‘all or nothing'’ —
the insect must live ordie and the family must either
ownor not own an automobile. It should be clear then.
from the above, that the problem which is to be con-
sidered in this study is one of how to deal with data
obtained from a ‘‘quantal response’’ situation—an
individual can only be either in, or not in, the labour
force.®

¢ For the purpose of this study the question of the
intensity with which an individual can be in the labour
force, i.e. whether the person is working, or wishes to
work for 5 hours or 50 hours a week, will be ignored.
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Now consider the situation where data relating
to the labour force status of the population has been
obtained from a census. In these cases the concept
of the individual can still be retained but the data
also reduced to a manageable size by considering
all persons together who have common social and
economic characteristics. All persons then, who
have the same age, sex, marital status, etc., can
be grouped and treated as a single observation.
Obviously such a group of persons will no longer
have an associated dependent variable of zero or
one since it is to be expected that some of the
members of that class will be in the labour force
and some will not. If n, s the number in the ith

class who are in the labour force and ng, is the
number who are not, then Pi, the labour force parti-
cipation rate of the ith class is defined as

n

i
12, —m
n

i

where n=n,,+n_and0gP &1
i 0i i

A group of persons can now be thought of as
being ‘‘subjected’’, say, to a given level of educa-
tion and the response rate is then the percentage
of the group who are in the labour force. Similarly
the income level of the husband may be thought of
as the stimulus, albeit a negative one, in the case
of married women: it would be expected that the
labour force participation rate of a group of married
women whose husbands had incomes of, say, $5,000
a year would be different, and on a priori reasoning
higher, from that of another group for whom the hus-
band's income was $10,000 a year.

Even though controlled experiments cannot be
carried out, censuses do provide the means by which
data can be so ordered as to classify the population
by those socio-economic variables which are known,
or which are assumed to influence the likelihood of
individuals entering the labour force.

What then is so special about this type of
variable and how does it differ from other variables
arising out of a quantitative rather than a quantal
response situation? The answer to this question is
found in the nature of the variable itself and by
considering the way in which the variable changes
in response to changes in the levels of the inde-
pendent variables. By definition a proportion or
percentage cannot lie outside the range of 0 to 1,
or 0 to 100, so that any model which attempts to
explain a dependent variahle in that form should
also be constrained to yield estimates which lie
within the appropriate range. It would, furthermore,
seem illogical to assume that the effect of a change
in the level of an independent variable, on a vari-
able which is constrained in this way, should be
the same at all levels of the other factors being
examined. Thus it would be reasonable to assume
that the expected increase in the proportion of
married women going out to work due to an increase
in their level of educational attainment from say
‘“‘some secondary’’ to ‘‘some university’’ would be
different for two groups which had respectively
10 per cent and 50 per cent labour force participa-

rates at the lower educational level.” In other words
some interaction between the effects of the factors
would be expected.®

The data used throughout this study and on
which alternative models have been tested consists
of the observed participation rates in 54 cross-
classifications of married women in urban Ontario,
obtained from the 1961 Census, categorised by one
factor (with three levels) which defines the 'child
status’ of the family; one factor(also of three levels)
which defines the wife's level of educational attain-
ment; and one factor, income of husband, which has
six levels on a continuous scale. These factors and
their levels are summarised below.

Factor Levels

GRS Ea ISR = o o No children; some children
under six years of age; no
children under six years of
age.

BalGali R .« 8 v . 2 Completed elementary or
less; some high school or
completed high school;
some uliversity or obtained
a degree.

Income of husband.... ... Less than $1,000;

(per annum) $1,000-%$2,999;
$3.000 - $4,999;
$5,000 - $6,999;
$7,000-%9,999;
$10,000 and over.

It should be noted that, when the data are
organised in this way, the number of observations
is defined by the product of the number of levels
in each factor: thus 3 x3 x6 = 54. In order that
the reader can compare subsequent results with the
original observations, Table 1 contains, for each
of the 54 factor/level combinations, the number of
married women in the labour force, the number of
married women in the population 14 vears of age
and over and the associated labour force partici-
pation rate.

The choice of this sub-set of data was dictated
by three considerations. First, for reasons which
will become clear later, no zero or 100 per cent
participation rates were wanted. Secondly, the range
of participation rates should not be so limited as
to bring into question the applicability of the tech-
niques to the analysis of participation rates in
general. And thirdly, at least two types of inde-
pendent variables — quantitative and qualitative —
should be included. In all other respects the sub-set
was selected from a number of possible sub-sets of
data which could have satisfied these three condi-
tions. It must be stressed, however, that these con-
ditions were only imposed to facilitate the presenta-
tion of the methods employed: in no way do they
imply that serious limitations exist in the use of
the methods when these restrictions are removed.

7 These different labour force participation rates,
at the lower of the two educational levels, could exist
because the other factors—age, husband's income etc,,
will not always he the same,.

% The technique of analysis of variance, which can
be used to detect the presence of significant interaction
effects, is discussed in Section III, page 12.
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TABLE L. Population. Labour Force and Labour Force Participation Rates of Married Women in Urban Ontario
by Child Status, Income of Hushand and Level of Educational Attainment, June, 1961

Fducation
Child status and Elementary Secondary University
income of husband
Partici- Partici- Partici-
Popu- Labour . Popu- Labour Popu- Labour f
lation force p?‘::gn lation force para;:gn iation force p?;;g"
] d 000 S T = i '000 ‘000

Children under 6: ‘
$10.000 and over ... 292 22 7.53 2,807 129 4.60 1,132 5 6.63
7,000-$9,999 ... 823 50 6.08 6, 032 349 5.79 1,177 92 7. 82
3,000- 6,999 ... 4,518 458 10.14 16,666 2,168 | 13.01 1,016 173 17.03
3,000- 1,999 ... 11,785 2,051 17.40 21,188 4,588 . 21.33 622 174 27.97
1,000- 2,999 4,486 | 1,181 26.33 . 4,178 1,164 I 27.86 130 41 31,54
Under $1,000 723 187 23,10 ‘i 671 200 29.81 56 20 35.71

|

No children under 6: |
$10,000 and over . 539 71 13,17 4,104 418 | 10.19 1,234 130 10,53
7.000-89,999 1,250 188 15. 04 5,858 1,232 2115081 678 193 28.47
5,000- 6,999 .. 5,381 1,303 24.21 | 12,284 4,265 34,72 584 304 52.05
3,000- 3,999 .. 12,458 4,025 32.31 14,089 6,426 45.61 472 255 54, 03
i,000- 2,999 4,462 1,701 38,12 2,659 1,395 52.46 | 129 82 63,57
Under $1,000..... 786 | 302 38.42 57t | 284 49,74 } 44 16 36.36

No children: } ‘

$10,000 and over 386 69 17.88 1,838 269 14,64 420 85 20.24
7,000-$9,999 ... 795 112 14.09 2,614 850 32,52 402 175 | 43,53
5,000- 6,999 ... 3,060 745 24.35 6,465 3,125 48,34 576 358 62.15
3,000- 4,999 .. 9,591 3,032 31.61 12, 968 7,458 57.51 632 415 65. 66
1,000- 2,999 . 4,791 1,689 35.25 3,879 2,230 57.49 239 148 61.92
Under $1,000 ............... 762 297 38.98 581 342 58. 86 50 36 72. 00

Source: 1961 Census,

II. SIMPLE ADDITIVE MODELS

It would be rare today for any research to break
entirely new ground and earlier studies of a given
subject will have undoubtedly provided some clues
as to the expected relationship between inter-
dependent variables. The analysis of labour force
participation rates is no exception in this respect.
However, it will often be the case that empirical
research is being undertaken to explore the rela-
tionship between variables which, in combination,
have not been examined before., When this is so it
would seem to be desirable that the first step in the
analysis should be to determine not only the rela-
tive importance of the effect which each independent
variable has on the variation in the dependent vari-
able, but also whether the effect of each variable
changes significantly in response to changes in the
other variables, The next step in the analysis is,
then, to estimate the magnitude of any significant
effects,

To conform to standard terminology, variables,
in this section, will be called factors, and two types
of effect or influence have to be considered—the
main effect of a factor and the interaction effects.
The main effect of, say, the child status factor is
defined as the differences between the contributions
of each of the three levels of this factor to the vari-
ation in the participation rates. The presence of a
two-factor interaction arises, for example, when the
three child status effects are not the same over,

say, the three levels of the wife's education. With
three factors there are, therefore, three two-factor
interactions.

If child status is designated as factor A; the
educational attainment of the wife as factor B and
the husband's income as factor C then the three
two-factor interactions are defined as AB, AC and
BC and the one three-factor interaction is ABC.

Now consider a generalised three-factor model
in which A has r levels, B, s levels and C, t levels
which postulates that

Pijk =&+ a + ﬂj R o (aB)ij + (dy e

([3y)jk + (aﬁy)m‘ o (5
where b ) e S5 r

gt ) s o S

1) [ t

and where a [3j and Y, are the true contributions of
the levels i, j, k of factors A, B and C, to the varia-
tion in P, and (aﬁ)ij. (ayhet ((3y)jk and (az(%y)_ljk are
the true contributions of the three two-factor and one
three-factor interactions. ¢ is a constant term and
eijk an error term which, for the purposes of various
tests, is assumed to be normally distributed with
mean zero and variance o2,
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There is no unique solution to equation (1)
because the true contribution of, say, the levels of
factor A are not independent of the constant term £.
And similarly for other factors. In least sguares
terminology there are more unknowns to be found
than there are independent normal egquations. But
what can be estimated are the main effects and inter-
action effects which were defined above as the dif-
ferences between the contributions of the factor
levels.

This is done by placing certain constraints on
the values which the terms in equation (1) can take.
There are two ways of doing this which, although
essentially the same, provide alternative approaches
to the arithmetic and to the understanding of the
results. The first, variance analysis, provides a
simple way of completing the first stage of the anal-
ysis referred to on page 11 while at the same time
yielding the data for the second stage. Dummy vari-
able regression analysis provides a simple means
of ohtaining estimates of the effects, but only if all
main and interaction effects are specified in the
model does it provide all the answers yielded by
variance analysis.

Variance Analysis
If P is the average of all the participation rates

then with a factorial arrangement the expected value
of P is p, the true overall mean. And from equation
(1) it follows that ol L o

y:§+E+B+)7+aB+cW+By+aBy (2)
Suhstituting for & in equation (1) gives

Pi]_k:y+(ai —&)+(Bj —/3’)+(yk + )+

...... + ((aﬂ)/)ijk - aBy) + Sk
or
Pijk Sp+ A+ Bj + . (AB)ij G
(BC)jk + (ABC)ijk o (3)
where i = the true mean participation rate

A = the true mean participation rate for
which factor A is at the ith level
minus the true mean

defined in the same way as for Ai

(AB)i_ = the true mean participation rate for
' which factor A is at the ith level
and factor B is at the jth level

minus (¢ + A, + Bj)

(Ac)ik =
defined in the samewayas forA B
(BC)’_k = el

(ABC),,’_k = the true mean participation rate for
which factor A is at the ith level,
B is at the jth level and C is at
the kth level, minus

(p + A+ Bj AT (AB)ij +
(AL N (BC)jk)

It follows from the definitions of the terms given
above that

‘z'Ai = ZBj = ch =
I3(BC).
ik

I1X(AB), = ZX(AC),, -

= E"\:E(ABC)uk =

_It was stated above that p is the expected value
of P; similar expressions® can also be formed for
the remaining terms on the right hand side of
equation (3).

It wiil also be stated without proof*°® that

E[st

2
where ¢° is the variance of the error term e, i The

expression on the right hand side of equatlon (4)
when divided by the appropriate degrees of freedom,
(r-1), is the expected value of the mean square of
the deviations of the r true means of factor A about
the overall true mean, and its estimate is*!

t3B - B/ o)

Similar expressions can be derived for the mean
squares of the other main effects and interactions
and these are summarised in Table 2 below.

L‘(E’i L ﬁ)z] =stZA2 + (1-1)e® (@)

Before discussing a little more of the method-
ology and interpretation of analysis of variance the
calculations required in Table 2 have been applied
to the data in Table 1 and these are given below in
Table 3.

From Tables 2 and 3 it can be seen how the
total sum of squares has been divided between the
main effects and interactions. It can also be seen
from the last column of Table 2 that the expectation
of the mean squares is, in each case, the sum of
two terms, one of which is the variance of the error
term. If it was required to provide an independent
estimate of the error variance then replicate obser-
varions would be needed in each cell anddifferences
between these estimates would provide the required
variance estimate. But in the absence of replicate
observations the significance of the effects can still
be tested if some a prieri assumption is made about
the presence of the higher order interaction effects.
For, in the example, if it is assumed that there is
no ABC interaction then the estimate of

225.(;\.13@?jk
(r-1)(s-1)(t-1)
2

independent estimate of o°,
= 0, and can be used as such.'?

+0’2

provides an since

333 (ABC)?

® See O.L. Davies (ed.), The Design and Analysis
of Industrial Experiments, London, 1954, page 281,

YW 1bid., page 282,

'* The reason why the sum of squares 2 (P - P)’
multiplied by st is because each P is the mean of st
observations,

2 It is also permissable to pool estimates of the
mean squares of high order interactions to provide an
estimate of the error variance providing that the one or
more mean squares selected for this purpose were chosen
before the data were analysed, i.e. there should be again

an a priori assumption that the interactions are not
significant.
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TABLE 2. Expectation of Mean Squares in Analysis of Variance

Source of variation Sum of squares Degrees of Expect?tmn
freedom of mean square
Main effects: sb3hA 2
V-l lF WY Bl . L st B(Ps B p b1 b S
3 r-1
| P | rt ¥B? L
e | il A -, rt (P - P)? S i LI N,
i s-1
el = rsed Ci y
(S W, A, - e 1s 2(P, - P) t-1 = B W e O
Ja (=
Interactions il b t 3X(AB)? 2
B o iy t-SB P =P, Lpwem (r-1)(s-1) T SE ael Ue Y
7 p ] f (r-1)(s-1)
BTSSR L S s BRAGT o
A Cor e Sl F= . S, 2P =P~ B\ & P) (r-1){(t-1) S
e (r=-1)(t-1)
e e e wIJCRA 2 - 94
JCTC ety W o R N A O r22(P, --P -P +P) (s-1){t-1) — 240
ik ] ' (s=1)(t-1)
TP e R 333 W A
5. Sl T, I g SERD o4 B TR - (r-1)(s=1)(t-1) —_— )
L ARl [ S (r-1)(s =) (t-1)
PU-P“‘— jk—P)
poilne = R TEI(D, . awPTE bshd
i = |
TABLE 3. Variance Analysis of Labour Force Participation Rates
Sum of Degrees of Mean Variance
squares freedom squares ratio!
Main effects:
Child status .... A 5,560.0 & 2,780.0 121.5
HencHiRn L% W, 5. oo vt 5 o B fre e b v 2,260.9 2 1,138 5 49.4
Thcomet@mhusSband®. ..%..... 0. Lo el i . . . vl 7,860.5 5 1557251 68.7
Second-order interactions:
Child status/education ... . 744.7 4 186.2 3
CHURFSERtUSABIROTE ..... ... sseeccomsn bt sbnns s FingsB 642.5 10 | 64.2 2.8
Bliaatiopincome- e b met o oo s 662.3 10 66.2 | 2.9
Third-order interaction:
Child status/education/income ............ccccoceveuene. 457.8 20 22.9
Tobal-*. = Bl .. ... o B SR T L L l 18, 188.8 53 |
| !

! Obtained by dividing the mean squares by the mean square of the third-order interaction.



BT =

If the main effects and interactions did not
exist, i.e., variations in child status, education and
husbands income had no effect on the wife's partici-
pation rate, then all the mean squares would also be

independent estimates of o2.'* It therefore follows
that if any factor or interaction does affect the level
of the participation rate then the observed mean

square will be larger than the estimate of a*. The
test of significance emploved is the standard F test
for the ratio of two variances.

In the last column of Table 3 the ratios of mean
squares of the main effects and second-order inter-
action effects, to the mean square of the third-order
interaction (here assumed to be an estimate of o?)
are given. Tables of the F distribution for the ap-
propriate degrees of freedom can then be referred to
to see if the ratio is significant. Table 4 compares
the observed ratios with those expected from the P
distribution with the degrees of freedom shown in
the table.

These ratios show that not only are the main
effects highly significant, as was to be expected in
this case, but the interaction of child status with
education is also significant at the one per cent
level. In other words the hvpothesis that the effect

13 [hid., page 256.

of child status on the wife's labour force participa-
rate is the same at different levels of her education
has to be rejected. The interaction effects of child
status with income, and of education with income,
also appears from the table to be significant at the
five per cent level. For completeness, however, and
to further illustrate the use of analysis of variance
in analysing cross classified data, Table 5 below
contains a complete list of the 54 observations
showing how they can be built up from the main and
interaction effects defined by equation (3).

To illustrate the effect of the child status/
education interaction the nine estimates of
N Bl Bj + (AB)ij obtained from Table 5 are plot-
ted on Chart 1 together with the average education,
(p + Bi), effect. This suggests a reason for the

significance of this interaction. When there are
children under six in the family the effect of the
wife's education on the likelihood of her being in
the labour force is small relative to the importance
of this factor when there are no children.

It might appear from the above description of
the technique of analysis of variance that it pro-
vides many of the answers to the problems that are
encountered in the analysis of cross sectional data
providing that the data can be arranged in the form
of a ‘‘factorial design’’. If this is so it is because

TABLE 4. Variance Ratios and F Distribution

) F distribution
Effect V:;é?:lce Dggl;%%smg)f i level of significance
10% 5% 1%
(| (T AT S R T e = 121.5 2 and 20 2.59 3.49 5.85
WTEESIEE I 2Tan (8 - e e N T o s 49.4 28y 20 2.59 3.49 5.85
HushandysMincamenl="""e. ... .. = ke . 68.7 B 20 2.16 24 7jL 4.10
Chilldystaitsy/edtea@n, ».... 1.0 L8 L D e 8.1 A1) 2.25 DL 4.43
Chilldstatis dingome Mok gl ..ol sl %18 10y 7" 420 1.94 2.35 BT
Blidveatitiprincome, MWL Sl oSl L 2.9 10 " 20 1.% 2.35 385

1 Mean square of effect divided by the mean square of the third-order interaction.
? The appropriate F distribution is defined by the degrees of freedom associated with the two variances.
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TABLE 5. Contribution of Main Effects and Interaction Effects to Original Observations

Eh ot v et e e Cn?;srtan[ Estimated main effects Estimated interaction effects
A. Child status Lin = = TR =t Original
B. Education overall A i B | c A AC observattons
C. Husband's income o g | i = ( B)” ( )Ik (BC),,,‘ ()\BC)"k

- —all o g §ET el =i B —— e} SR - 4 1 _ Al
Children under 6:
Elementaty: -

$10,000 and over.., - 8,42 - 19.7% + 5.76 + 8,20 + 9.57 - 5.63 7.53
7,000-$9,999 | ~ 8.42 -~ 12.05 + 5,76 + 0,85 +0.79 + 1,39 6.08
5,000- 6,999 . - 8.42 + 0.36 v 5,76 - 4,73 -3.79 + 3,20 10.14
3,000- 4,999 . | 4~.8-42 + 7.85 + 5.76 - 3,38 -3.714 + 1,57 17.40
1.000- 2.999 . - 8.42 + 12,42 + 5,76 - 1.60 -2.19 + 2.60 26,33
Under 1,000 _ | —aB.,42 + 11,13 + 5,76 + 0,65 - 0.63 - 3,15 23.10

H i
Secondary: :

$10,000 and over +8 1Y - 19,71 - 1.80 + 8.20 - 3,01 + & Of 4,60
7,000-$9,999 . d 1,18 - 12,05 - 1.80 + 0,85 - 0.70 + 0.62 5.79
5,000- 6,999 . 31,42 ~ 13,66 + 1,11 + 0.36 1.80 - 4,73 - 0.87 +1.18 13.01
3,000- 4,999 . el I8 + 17.85 - 1880 - 3.38 4 TRIY - 1.31 21.33
1,000- 2,999 . ! & Ll + 12,42 - 1.80 - 1.60 & L0809 - 1.02 27.86
Under 1,000 i 1 AT % Fl3 1.80 + 0,65 + 2.48 - 1.52 29.81

University:

§10,000 and over ... 3 i 3l - 19,71 - 3.95 + 8,20 - 6.55 NS T 6.63
7.000-%$9,999 + 7.31 - 12.05 - 3,95 + 0.85 -~ 0.07 -2.03 7.82
5,000- 6,999 . + e 31l + w0886 - 3.9 - 4.73 + 4,65 - 4.37 17,03
3,000- 4.999 + 7.31 + 7.85 - 3.9 - 3.38 + 2.64 - 0.26 27.97
1,000- 2,999 . gl 3l + 12,42 -3.95 - 1.60 +1.19 -~ 2oy 31,54
Under 1,000 y + 7.31 + 1 g8 - 3.95 + 0.65 - 1.84 + 4,65 35,71

No children under 6:
Elementary:

$10,000 and over . ] [ -sa2| -19m s 0.85 - 3.44 v 9.57 - 0.13 13.17
7.000-$9.999 | | -~ 8.42 - 12,05 + 0,85 - 0.89 + 470 + 0.31 15,04
5,000- 6,999 | | 8.42 + TONED + 0,85 + 2,19 - 3.79 - 1.43 24.21
3.000- 4,999 | | Sg 42| A+ aals | (e8| wives) TXRW L - 32.31
1,000- 2,999 | I - 8.42 $412.423 + 0.85 + 4,51 ~ & i - 3.50 38,12
Under 1,000 . ‘ - 8.42 + 11,13 + 0,85 - 4,07 - 0.63 + 5,11 38.42

Secondary I

$10,000 and over ... + 1,11 - 19,71 + 0,06 - 3.44 - 3,01 + 0,73 10,19
7.000-%9,999 S il 1 - 12.05 + 0,06 - 0.89 - 0.70 -0.95 21,03
5,000~ 6,999 . 31.42 + 3.03 + 1,11 + 0.36 + 0,06 . 299 - 0.87 - 2.58 34,72
3,000- 4,999 | £ e 1 + 17.85 + 0,06 + 1,68 & 1% 1'g - 0.64 45.61
1,000- 2,999 . A A I B + 12,42 + 0,06 + 4,51 + 0,99 -1.08 52.46
Under 1,000 l + 1,11 + 11,13 + 0,06 - 4,07 + 2,48 + 4,58 49, 74

University:

$10,000 and over il - 1951 - 0.93 ~ 3,44 - 6,55 ~ 0.60 10.53
7,000-%$9,999 | £ ST - 12.05 - 0,93 - 0,89 - 0.07 ] 0:65 28,47
5,000- 6,999 | | + 7.31 + 0,36 - 0,93 t 2619 + 4,65 + 4,02 52, 05
3,000- 4,999 . + 7.31 + 7.8 - 0.93 + 1,68 + 2,64 - 1.03 54.03
1,000- 2,999 . i + 12.42 - 0,93 + 4,51 1 + 4,62 BV G
Under 1,000 J + 7.31 + 1113 - 0,93 - 4,07 - 1.84 - 9.69 36.36

No children:
Elementary: N

$10,000 and over ___ - 8.42 - 19,71 - 6.61 - 4,76 + 9,57 £OITS 17.88
7,000-%9.999 - B.42 - 12,05 - 6.61 + 0.04 + 0,79 - 1.72 14,09
5,000- 6,999 - 8.42 + 0,36 - 6.61 . 2858 ) - 1.78 24.35
3,000- 4,999 = B ¢ 1,85 - 6.61 + 1.68 -3.74 -1.21 31.61
1,000- 2,999 ! - B.42 ¢ 12542 - 6.61 - 2.93 - 2,19 + 0.92 35.25
Under 1,000 . | - B.42 +11.13 - 6.61 + 3,42 - 0,63 - 1,97 38.98

|
Secondary:

$10,000 and over .......... &l 1] - 19.71 + 1,72 - 4,76 - 3.01 -2.77 14,64
7,000-$9,999 + 1,11 - 12,05 + 1,72 + 0,04 - 0.70 + 0,34 32.52
5,000- 6,999 .. 31.42 + 10.64 SR + 0,36 + -] Nl + 2,583 - 0.81 40 43 48.34
3,000- 4,999 +.1.11 + 7.8 e LS + 1.68 T + 1.99 §7.51
1,000- 2,999 . o [ + 12,42 + 1.7¢ - 2.93 + 0.99 + 2,12 57.49
Under 1,000 + 1.11 + "3 i, 72 +.3.42 + 2.48 - 3.06 58. 86

University:

$10,000 and over _, + 7.31 - 19,71 + 4,88 - 4.76 - 6,55 - 2.99 20.24
7.000 - $9,999 +7.31 - 12.05 + 4,88 + 0,04 - 0,07 + 1.36 43.53
5,000- 6,999 7.31 + 0.36 + 4.88 + 2,53 + 4,65 + 0,36 62.15
3,000- 4,999 + 7.31 + T7.85 + 4,88 + 1.68 + 2,64 - 0.76 65, 66
1,000- 2,999 + 7.31 + 12,42 + 4,88 - 2.93 +:1.19 --3.01 61,92
Under 1,000 ... €7 5+ bt U + 4,88 + 3,42 - 1,84 + 5,04 72.00

b = - giLE




CHART- |
AVERAGE LABOUR FORCE PARTICIPATION RATES OF
MARRIED WOMEN IN URBAN ONTARIO BY
EDUCATION ONLY AND BY EDUCATION
AND CHILD STATUS
LABOUR FORCE| -
mn:ﬁn&mmr ]
PER CENT
S0 - g |
NO CHILDREN
40 — CHILOREN-NONE UNDER 6 —
3 Grf s =
10 +— |
| | |
ELEMENTARY SECONDARY UNIVERSITY
EDUCATIONAL ATTAINMENT

the model used is really a very simple one and in
the example only thiee factors were examined. When
more factors are included the analysis necessarily
becomes more involved and the interpretation more
difficult. With three factors there are three two-
factor interactions, with four factors there are six
and with five factors there are ten. There are also
ten three-factor interactions with five factors com-
pared, with only the one in the example used in this
study. But even if it is not proposed to complete the
analysis in the form described above but rather to
use the approach described in the next section, it is
still worthwhile to perform an initial analysis of
variance when there are a large number of factors.
This permits an investigation to be made of the way
in which the total variation (sums of squares) has
been made up from the main and interaction effects.
This is useful because if a factor persistently
appears in interactions which have large mean
squares it might be desirable to control for this
factor in the subsequent analysis.™

Dummy Variable Regression

There may be situations where it is unneces-
sary to use the full analysis of variance approach.
For example, it might be assumed, from earlier
studies, that interaction terms are not likely to be

4 See Sylvia Ostry, op. cil.
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significant. Or it may be that the factor or factors
which are associated with large interaction effects
have in some way been controlled for. In these
cases an alternative apptroach to the analysis can
be used.'

Suppose that the interaction terms in equa-
tion (2) are discarded from the model. The model is
then

Pijk :f+ai+ﬁj T RS (5)

where €, a , 3., Y, and e, areas before.
i J

Now if a is replaced by

where X, has the value of 1 when factor A is at the
ith level and O otherwise, and ,Bj and Y, are similarly
replaced by

then since r=3, s =3 and t = 6, equation (5) can
be rewritten

P = &% ] 2 AR LT e, B,-V, + [32)'2 :
[’33y3 Ay 2y 1P 20 0P 20
+

Wt 2z | iaRErr + € (6)

where £ = a constant term

RE 1 when child status is at the first
level
0 otherwise

1 when child status is at the second
level
0 otherwise

level
0 otherwise

1 when education is at the first level

X3 = { 1 when child status is at the third
i 0 otherwise

15 See E. Malinvaud, Statistical Methods of FEco-
nemetrics, Vol. 5 in the series: Studies in Mathematical
and Manacgerial Economics, Chicago, 1966, A.S. Goldberger,
FEcorometric Theorv, New York, 1964, E. Melichar, L cast-
Squares Analvsis of Economic Survey Data, Board of
Governors of the Federal Reserve System, (mimeo),
J. Johnston, Econometric Methods, New York, 1963,
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2y ={ 1 when income is at the first level
0 otherwise

z_ =< 1 when income is at the sixth level
0 otherwise

Now, for reasons mentioned on page 12, thereis
no unique solution to this equation. But as also
mentioned earlier, what can be estimated are the
differences between contributions of the different
levels of a factor. The constant term can then be
arbhitrarily fixed to facilitate the interpretation of
the results. A number of approaches to the arith-
metic have been designed to produce the desired
results using standard regression analysis program-
mes. One of these is described below,

The number of parameters to be estimated can
be reduced to the number of independent normal
equations by constraining one coefficient in each
factor to be equal to zero, say

s0 that equation (6) becomes

Cd ’ rd ’, 4 4 ’,
P=¢&+ BB, e T Bxy1 +/33y3 RSPz,

AL .4 HgE o+ Toghy € (7)

Equation (7} is now a reparameterised version of the
model given by equation (6). Each coefficient now
measures the expected difference between the parti-
cipation rates of married women associated with that
level of the factor and of those associated with the

’

omitted level. The estimated values, a, )_ and c
(i, i and k £ 2), of the coefficients and of the Con-
stant term can then be obtained in the normal way.

However, in order to simplify the presentationit
will often be found useful to modify the results so
that the constant term takes on the value of the
overall mean of the observations. This can easily
be done as follows:

For the first factor obtain a value

where the denominator is the number of levels of that
factor; then obtain kh and kc for the other factors in
the same way. It can now be stated that'®

c‘f'+ka+ kb+kC:I_3

In this way the overall mean can be selected as one
estimate of & in equation (6) with the associated set

16 See references cited in Footnote (15) and in
particular E. Melichar, Least-Squares Analysis of Eco-
nomic Survey Data, op. cit.

of estimates, a, b and e of the coefficients in
equation (6) found usmg the following rule

ax:al—ka
32:-ka

4
a3_a3-l\‘i

and similarly for the other factors.

Since “a :"b ~Eck = 0 the interpretation
on the results Is that the constant term is the mean
participation rate and the coefficients the expected
departures from that mean associated with the dif-
ferent levels of each factor.

It only remains to consider briefly the relation-
ship between the proportion of the total variation
‘‘explained’”” by the dummy variable regression
models and the componznts of the variance analysis
model given in Table 2 on page 13.

First, consider again the model postulated as
equation (6) in which all factor/levels are repre-
sented by dummy variables. The percentage of the
total variation explained by each of the factors
separately is given by the formula for the sum of
squares attributable to the main effects of each
factor shown in Table 2. It follows that the taotal
explained variance obtained from the regression
model described by equation (7) is equal to the sum
of the first three terms in column 2 of Table 2. The
residual sum of squares obtained from equation (7)
will, as has been stated earlier, be the sum of
squares due to the interaction etfects or last 4 terms
in column 2 of Table 2,

Now consider the situation where one of the
independent factors in the equation is represented
by a continuous variable. In this case it is stiil
necessary for one of the coefficients among each of
the remaining sets of the dummy variables to be
constrained to zero and, if desired, the results
obtained can still be adjusted in the way described
above to provide coefficients for all the factor/levels.
Because the constant term in such a model will not
become the overall mean after following such a
procedure, the interpretation of the results will not
be so simplified.'” However, in this study, where
both dummy and continuous variables have been
used, the procedure outlined above has been fol-
lowed so as to maintain a consistent form of pre-
sentation. The sum of squares attributable to the
factor represented hy a continuous variable will
now be lower than if dummy variables had beenused.
The difference between these two sums of sguares
can then be thought of as a measure of how far the

17 1t is interesting to note that the coefficients
obtained for a set of dummy variables, after they have
been adjusted in the way proposed earlier, in an equation
containing at least one continuous variable, are still the
deviations from the overall mean even though the overall
mean does not appear in the equation.
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assumptions, made about the form which the con-
tinuous variable takes, reflect the free form obtained
from the use of dummy variables.'

Before leaving this section it is necessary to
mention a point concerning the standard errors of
the estimates obtained from the regression analysis
of dummy variables. The coefficients obtained from
fitting the dummy variable regression model of
equation (7) are the differences between the contri-
butions of the factor at the designated levels and
that at the omitted level. The standard error of the
coefficients are the standard errors of these differ-
ences. These standard errors are therefore unchanged
when the coefficients are deconstrained to the form

18 In certain cases, using the principles of orthogonal
polynomials (see Davies, op. cut.), it is possible to
obtain the partitioning of the sum of squares for a factor
directly from the variance analysis.

of equation (6) since the differences between the
coefficients do not change. Furthermore, if the data
are arranged in the form of a completely balanced
factorial design, as is the case in this study, then
the standard errors obtained will be identical for all
levels of the same factor and will be the standard
error of the difference between the coefficients of
any two levels of that factor.*

Table 6 displays the results of fitting the
dummy variable regression model of equation (6)
to the data used in this study. It will be noted that
over 86 per cent of the total variation in labour force

1° Since the differences between the contributions
of the different factor levels are the only effects which
can be estimated the statements made in this paragraph
are not surprising. They have been included because it
is a point which appears to have been neglected in the
literature.

TABLE 6. Regression Equations of Labour Force Participation Rates of Married Women
in Urban Ontario

Coefficients of
Constant Child status Education Husband’s income
Model 1
$'000
R?2=0.8622 31.421 |Children under 6 - 13.661 |Elementary ~ 8.421 |10+ - 19.709
N =54 No children under 6 3.025 |Secondary + 1,107 | 7-10 ~ 12.046
No children + 10.636 |University L 73 T3R5, =5l +. 102354
8+ 9 + 7.849
1- 3 + 12,417
()] + JMISESS
(Standard error
of coefficients) .......... (2.516) (2.516) (3.559)
Model II
R2=0.8262 45.377 |Children under 6 - 13.661 |Elementary - 8.421 |Continuous variable
N =54 No children under 6 + 3.025 |Secondary + 1.107 | $°000 natural scale - 2.263
No children + 10.636 |University RT3
(Standard error
of‘coefficients) .......... (2.705) ] (2.705) (0.216)
|
Model 11
A= R 43.731 |Children under 6 - 13,661 |Elementary ~ 8.421 | Continuous variable
N =54 No children under 6 4+ 3.025 [Secondary + 1,107 | $°000 on Log: scale =" dte 308
No children + 10.636 |University + 7.313
(Standard error
of coefficients) .......... (3.326) (3.326) (0. 845)
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participation rates is explained by this model which
would suggest that for practical purposes it would
meet the needs of most research workers, It was
noted above that each point estimate is made up by
the addition of four terms: a constant term which is
the average of all the observations and one term for
each factor depending on the level of that factor.
Thus the estimated labour force participation rate
of married women in urban Ontario who:

(1) have children less than 6 years of age;

(2) have only elementary school education:

(3) have husbands whose income was between
$5,000 and $7,000 a year;

is (see Table 6, Model 1)

31.42 - 13.66 - 8,42 + 0.36 = 9.70 per cent

which compares very favourably with an actual
figure of 10.14 per cent.

Before proceeding, however, it may be worth-
while to compare the results obtained from this
dummy variable regression model and those from the
variance analysis model. First compare the coef-
ficients given in Table 6 Model I with the contribu-
tions of the main effects shown in Table 5. That
they agree is as they should— by definition: but this
comparison makes it possible to see what effects
have not been picked up by assuming the relation-
ship takes the form given by equation (6). In particu-
lar the significant interaction effect of child status
with educational attainment noted on page 14 and
in Chart 1 is ignored.

But another repercussion of the failure to
include significant interaction terms, or to control
for them, which was reterred to earlier, is the effect
that this has on the significance which can be
attached to the coefficients. For example, on
page 12 it was shown that if it were assumed that
the third-order interaction effects were not signifi-
cant then the value of the mean square obtained for
this interaction was an independent estimate of
the variance of the error term. And from the formula
for the standard error of the difference between two
means it can be shown that on this basis a differ-
ence of 4.7 percentage points is requited between
the participation rates at the different income levels
before they could be said to be significant at the
5 per cent level. However, using the standard error
obtained from pooling the mean squares of all the
interaction terms participation rates at any two
income levels must differ by more than 7.2 percent-
age points before the null hypothesie is rejected.
It so happens that the increase in the difference
required for significance, under the two sets of
assumptions, from 4.7 to 7.2 would not, given the
data used in this study, change the general con-
clusions concerning the effect of the income of
husbands on the wife's labour force participation
rate, However, it is clear that this may not always
be the case.

Anotherillustration of the disadvantage of using
a dummy variable model without interaction terms
can be provided. If in the example worked out above,
while holding the other factor/levels constant, the
husband’s income is changed from $7,000-$9,999 to
$10,000 and over, then the new estimated partici-
pation rate becomes:

31.42 - 13.66 - 8.42 - 19.71 = -10.37 per cent

which is not only clearly way off the observed per-
centage of 7.53 but is obviously an absurd result.

It is evident therefore, that although wives with
husbands whose incomes are $10,000 a year and
over have, on average, a propensity to be in the
labour force some 20 percentage points lower than
that of wives with husbands earning between $5,000
and $6,999 a vear, this relationship does not hold
over all the combinations aof the other factor/levels,
But before considering in some detail how this par-
ticular problem can be partially taken care of while
still retaining the basic form of a simple additive
model, two other forms of this model were tested.

Child status and, in the absence of a numeric
scale, education have to be included in the model
as dummy variables, but this does not apply to the
income variable, Certainly the use of dummy vari-
ables to represent the income categories, or levels,
does allow the resulting coefficients to take a com-
pletely free form and thus provide better estimates
of the observed factor/level combinations. However,
it may be that research workers are interested in
estimating the participation rates associated with
other income levels within or outside the range of
observed values. This can be done. by interpolation
or, with doubtful justification, extrapolation from the
coefficients obtained in Model 1. Alternatively,
income can be treated as a continuous variable.
The latter procedure is the one used in this Study.

The second model included the husband’'s
income as a variable on a linear, or natural scale
and in the third model the logarithm of the husband's
income was used. The reason for using the logarithm
of the husband’'s income will be explained later,
Because the classification by income was only
available for those class intervals given earlier,
the mid-points of these intervals were taken to
represent the points on a continuous income scale.
However, as this was not possible for incomes of
$10.000 and over, other evidence was obtained which
showed that the average income for this class was
likely to be close to $16,000 and this figure was
used. Also, instead of taking logarithms to the base
10, those to the base 2 were used as a matter of
convenience (when the incomes were in $'000’s),
so that the resulting coefficients would be the
expected change in the participation rates arising
out of a doubling in the income of the husband. The
form of these two models, Models Il and III, were
therefore

P fl + X,
ﬁz-vz + ﬁ3_v3 +YZ + € (8)

X, +a Xy + ﬁlyl +
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and Ba=ifontac e a,x, + a ;v B vl
B2y2 +B3y3 + ylogz + e (9)

where the x's and y’s are as defined above in equa-
tion (6), and z is the income of the husband.

The parameters, or coefficients, of Models II
and III were obtained using the method of least
squares after one of each of the ‘“child status’’ and
‘‘educational attainment’’ levels had been con-
strained to be equal to zero. And for reasons men-
tioned earlier the results given in Table 6 for these
Models are again those calculated after ‘‘decon-
straining’’ the coefficients by the method described
above. But, as indicated, the constant term will not
now hecome the overall mean of the participation
rates,

Compared with Model I, which explained 86.2
per cent of the total variation in labour force partici-
pation rates, Models II and III are rather less effi-

cient, explaining 82.8 and 73.7 per cent respectively.

The contributions of child status and education to
the expected value of the participation rate and
hence to the variation in participation rate are un-
changed. It is the removal of the free form from the

income variables which has caused the loss of

efficiency in Models II and III. Perhaps the simplest
way to show the full effect of the changes in the
form of the models is to reconstruct the variance
analysis shown in Table 3, but adding the new-
found components due to the specified linear form
of the income variable in Model II and the log form
in Model III. The results are summarised in Table 7
below. The point to note is that, although in both
Model IT and III an assumed form has been placed on
the income variable, the total sum of squares attrib-

utable to this factor is unchanged. All that has
happened is that the sum of squares has now been
partitioned, in the way shown in the table. As was
stated at the end of the last section, this provides
some measure of how far the chosen, or assumed,
form of the continuous variable approximates to the
free form provided by Model I. But whereas in the
variance analysis approach it is possible to retain
the separate components to see whether the non-
linear component is, itself, significant, in the regres-
sion approach used above the non-linear and non
log-linear components were respectively included
with the two and three-factor interaction sum of
squares to make up the composite ‘‘error’” sum
of squares.

Only a few lines need now be spent on the
interpretation ot the coefficients given in Table 6
Models II and III. In Model II the coefficient of the
income factor suggests that the labour force partici-
pation rate of the wife declines by 2.26 percentage
points for every $1,000 increase in the husband’s
income, while from Model III the conclusion would
be that a doubling of the husband’'s income would
cause a drop of 6.33 percentage points in the wife's
participation rate. The estimated labour force parti-
cipation rates for the same factor/level combinations
as was calculated for Model I on page 19 are:

MODEL II
45,38 - 13.66 - 8,42 - (2.26 x 6) = 9.74
MODEL III
43.73 - 13.66 - 8,42 - (6.33 x 2.585) = 5.29

where 2.585 is the log, 6.

TABLE 7. Analysis of Variance including Non-linear Components of the Main Effects

Main effects:
(O ARSHR 1S S o O s L B T L
BduRaiorTys" 4 S Sepye b 8 . L. 0.
Income of husband:
Model II:
WG cRIPORERt) s | We g s =R T o
(NomTnedn companentoe: WM. S T . ...
Or Model III:
I PREliEa Rcompanent) .\ Smn. L ... TR
INOR N G lIRSATRGOMPONENU) R, . 4.5 b oo o

il 20515 D T I e o

Residual = interaction effects:
(Second-order interaction effects) ..........ccoceeeevoeeesineerenns
RN~ order interaction elfeets)mh ... ..ol b i L)

Total
Total

Sum of Degrees of Meun
squares freedom squares
5,560.0 2 2,780.0
2,260.9 2 1 L3088
(E7°2 06 8 (1) (7,206.2)
(654.3) (4) (163.6)
#5588 (1) (5,588.1)
(2,272.4) (4) (568.1)
7,860.5 5 1,572.1
(2,049.5) (24) (85.4)
(457.8 (20) (22.9)
2,507.3 44 57.0
18,188.8 53




These estimates obviously look reasonable
when compared with the actual value of 10.14 per
cent but they have only been shown here by wayv of
illustration and it will be left to the reader to see
that when the level of the income variable is changed
the estimated participation rates can become
negative,

The last part of this section has shown that
when all the factor/levels are represented hy dummy
variables the model can produce a '‘good fit"" of
the data together with providing easily interpreted
results. This was clearly the case when it was
applied to the data used In this study. However,
there are certain shortcomings in the method. Inter-
action terms are likely to be ignored and estimates
can easily be obtained which are outside the theo-

IV. PROBIT AND LOGIT

Probit Transformation

The factors which influence the decision of
individuals to enter the labour torce are numerous,
But it can be assumed that, in the last analysis it
is on the individual's (or family’s) recaction to the
social and economic environment that the ultimate
decision rests.

If these environmental pressures are thought of
as stimuli and if the intensity of a given stimulus
can be represented on a continuous scale, then the
probit approach is premised on the assumption that
cach individual in the population has a threshold®
value of the stimulus such that for a higher value
he will always respond and for a lower value he will
never respond. Let thedistribution of these threshold
values in the population be described by a proba-
bility density function f(x), (-~ < x <=). The proba-
bility that a person chosen at random from a
population has a threshold value in the range
Y W s 2 Ax is given by e Ax and the proportion
of the population with a threshold value above Xy is

given by

P(x_) :/mf(x)dx (10)
X

o

If the population is the population of married
women, the stimulus is the husband’s income and
the response is withdrawal from (or failure to enter)
the labour force, An individual’s threshold value,
then, is the level of the husband’s income above
which the individual will withdraw from (or will not
enter) the lahour force and equation (10) gives the
participation rate of married women with husband’s
income greater than X .

2 The term ‘‘threshold’® was originally used by
psychologists who can claim to have first used probit
analysis although they did not recognise its full potential
at the time. Biometricians who develaped the technigue
prefer to use the term ‘‘tolerance’ in hiological assay
work.

T

retical bounds of the variable. Furthermore these
problems would appear to he aggravated when it is
wished to include one of the factors as a continuous
varidable,

The next section will now consider two ways
in which one of the disadvantages of the models
discussed in this section, namely the problem of
constraining the estimates to lie between the ac-
ceptable range of zero to 100 per cent, can be over-
come, It will also be shown that these “‘transforma-
tions” also reduce the size of the interaction effects
thus suggesting that the two main disadvantages of
the simple additive model mentianed earlier may not
be independent but simply different aspects of the
same problem —that of formulating a more concep-
tually correct labour force participation rate model.

TRANSFORMATIONS

The probit technigue now assumes that the
underlying distribution of threshold values is a
normal distribution N(;yrz) with mean p¢ and variance
a? or can be made so by some transtormation of the
stimulus (i.e. income variable).

We then have, for equation (10):

2
X
Wk S s
. N ).

The probit, v, of a proportion P is defined by
Finnev?! as ‘“‘the abscissa corresponding to a proba-
bility P in a normal distribution with mean 5 and
variance 1"’ or, more precisely:

g
1
—
Lav]
1
1o~
c
[

=
\F 27 &
y-5

du (12)

If the right hand sidesof equations(i1) and (12)
are now equated it can be shown that:
X -
Wig o LE ;

(¢4
of more generally:

y=a+ bx
(9
where a and b are constants.

Thus if the observed proportions are replaced
by their probits (obtainable from tables) we can fit
a model which is linear over the range -~ to +~ by
the standard techniques: we can then reconvert the
fitted model to proportions as required. Observe that
the probits corresponding to proportions of 0 and 1

! See D.J. Finney, Probit Analysis: A Statistical
Treatment of the Sigmoid Response Curve, op, cit.



do not exist. Chart 2 illustrates the relationship
between a percentage or proportion and its probit.

There is, however, no reason why probit analy-
sis should be confined to a single independent
variable such as the income of the husband. Indeed,
referring back to equation (5) on page 16, a new
equation can be postulated in which the probit of
the labour force participation rate of married women
is now assumed to be made up of a constant term
plus a contribution associated with the child status
of the family, plus a contribution associated with
the wife's level of education and a contribution
which will vary with the income of the husband.
Three models, using the probit transformation were
examined: Models IA, IIA, and IIIA which correspond
in form to the three simple additive models discussed
in the previous section. In Model IA the income of
the husband is allowed to take a free form defined
by dummy variables so that no normalising assump-
tion is required. In Model IIA income takes a linear
form which assumes that the distribution of thresh-
olds is normal along the natural income scale. In
Model IIIA income is included in a log form which
assumes that the distribution of thresholds is normal
along a scale defined by the logarithm of the income.

It may be appropriate at this stage to consider
briefly what would, in the example used in this
Study, be a normalising transformation for the income
scale. Table 1 gives some clues here. The shape of
the curve of labour force participation ratesalong
the income scale can, in all six cases, be seen to
be a reverse s-shape. The participation rate is
fairly stable at a high level over the first three
income groups, from say, no income to an average
of $4,000 a year. From this point it falls fairly
rapidly to the class of $7,000-$9,999 and then the
rate of decrease in the participation rate slows
down between this class and the $10,000 and over
class. Now it has already been mentioned that the

(291
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open ended class has a probable average income
value of something approaching $16,000 a year, so
that it can be seen that for the reverse s-shape to
be nearly symmetrical, as it has to be to approxi-
mate to a normal (reversed) ogive, the ‘“‘tail’”’ of the
distribution in the upper income range has to be
considerably shortened. This can be done quite
easily by taking the logarithm of the income as the
measurement scale over which the distribution is
viewed. It was for this reason that the logarithm of
the income has been introduced into models ex-
amined in this Study. In addition to the three regres-
sion analyses a full analysis of variance was carried
out on the transformed variable. The results of the
analysis of variance are given in Table 8, and that
of the three regression analyses in Table 9. Com-
paring the results of the analvsis of variance applied
to the original participation rates given in Table 3,
with that of their probit transformation, it can be
seen that the interaction effects which were rela-
tively large when the simple additive model was
used have been reduced in size by the use of the
probit transformation. However, if the three-factor
interaction mean square is again taken as an esti-
mate of o then the two-factor interactions are still
significant.

The amount of variation explained by each of
the three regressions was in all cases greater than
when the corresponding model was applied to the
untransformed data. When income was included as a

dummy variable the value of R* rose from 0.862 in
Model I to 0.902 in Model IA so that in this form,
and using the probit transformation, less than 10 per
cent of the variation now remains unexplained. With
income as a linear variable in Model IIA. R’? was
0.864 and when log income was used in Model 11IA
it was 0.759. In the latter two cases the improve-
ment in the explained variance was 3.8 and 2.2 per-
centage points respectively. The reason why log
income should fail to give a superior result over the

CHART-2
RELATIONSHIP BETWEEN CUMULATIVE NORMAL DISTRIBUTION
AND PROBIT TRANSFORMATION
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TABLE 8. Analysis of Variance with Probit Transformation

Sum of Degrees of Mean Variance
squares freedom squares ratio?
Main effects:
(G CUIE 0 ) s T s et e SResone. SHVB e e 5.7872 2 2.8936 204.78
Education ............. 1.7584 2 0. 8792 62.22
Income of husband 8.7189 9 1.7438 123.41
Second-order interactions:
Child status/education . 0.4992 4 0.1248 8.83
Child status/income .. 0.3929 10 0. 0393 el
RO/ THSOTEE . . .o e oo ra s s oisg e enoe e sa stonsis 0.5940 10 0. 0594 4. 20
Third-order interaction
Child status/education/income ..............c.ooon.. 0.2826 20 0.0141
Totali: o) s n i . om0 e 18. 0330 53

! Obtained by dividing the mean squares of the main effects and

of the third-order interaction.

second-order interaction effects by the mean square

TABLE 9. Regression Equations of Probits of Labour Force Participation Rates of Married Women
in Urban Ontario

Coefficients of

Constant Child status Education Husband’s income
Model T A
} A $'000
R2=0.0919 4.436 Children under & - 0.445 |Elementary - 0.231 |10+ - 0.666
N =54 No children under 6 + 0.114 |Secondary +0.021 | 7-10 - 0.396
No children + 0.332 |University +0.209 | 5- 7 + 0.028
3-5 + 0.267
1- 3 + 0.399
0-1 + 0.369
(Standard error
of coefficients)......... (0.067) (0.067) (0. 095)
Model 1A
R?=0.8641 4.902 Children under 6 - 0.445 |Elementary ~ 0.231 [Continuous variable
N SeH No children under 6 + 0.114 |Secondary + 0,021 [$'000 natural scale - 0.076
No children + 0.332 |University + 0.209
(Standard error
of coefficients) .......... (0.075} (0.075) (0.006)
Model IIT A
R?-0.7591 4.844 Children under 6 = 0.445 |Elementary - 0.231 |Continuous variable
N =54 No children under 6 + 0.114 |[Secondary + 0.021 |$°000 and Logz seale - 0.210
No children 4+ 0.332 {University + 0.209
(Standard error
of coefficients) ......... (0.100) (0.100) (0.025)
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linear income form is again not difficult to see but
an explanation of this will be left to the next sec-
tion. The estimates obtained from the probit regres-
sion equations were converted back to proportions
and the differences between these and the original
observations were used to obtain a measure of how

much of the variation in the participation rates had
been explained by the probit models. Tahle 10 sum-
marises the results of this exercise and compares
them with the measures of explained variation ob-
tained directly from the probit and also from the
simple additive regression equations.

TABLE 10. Percentage of Total Variation Explained by Six Regression Models

Form of dependent variuble
in regression equations

Proportions! Probits

Form of dependent variable

from which variation is

calculated S Proportions! Probits Proportions?

A per cent
Form of income variable:

T NI Y T ol a0 e o e T e 86.2 90,2 ' 90,4
7w ET I R SRS Ao S . TR 82.6 86.4 | 88.2
e Mt = e o, o T e T T T T8.4 75.9 l 13=3

! Labour force participation rates.

From this table it can be seen that the amount
of the variation in the original participation rates
which is explained in the participation rates ob-
tained from the estimated probits is, in the case of
Model IA and IIA, even greater than the amount of
variation in the original probits explained by the
probit regression. But perversely, when the logarithm
of income was used, the efficiency of the estimating
equation falls (when the probits are converted back
to proportions) to even less than that of the equiva-
lent additive model.

The results obtained from Model 1A will now be
used to show how the probit transformation works,
and why on a priori grounds, it should give results
superior to those obtained from the equivalent simple
additive model. On page 19 it was shown that the
labour force participation rate of married women in
urban Ontario who had children under six, elementary
school education, and hushands with an income
between $5,000 and $6,999 was estimated, from the
simple additive model using dummies for the income
variable, at 9.70 per cent compared with an actual
of 10.14 per cent. But when, keeping the other vari-
ables unchanged, the husband’'s income is in the
$10,000 and over class the estimated participation
rate of the wives fell to the absurd figure of -10.37
per cent compared with an actual of 7.53 per cent.

Now in order to obtain the estimates for the
same socio-economic groups obtained from the probit
transformation in Model 1A, it is first necessary to
calculate the estimate of the appropriate probits.
From Table 9 these are found to be:

4 436 - 0,445 - 0,231 + 0.028 = 3.788
and
4.436 - 0.445 - 0.231 - 0.666 = 3.094

which convert to 11.27 per cent and 2.83 per cent
respectively. Taken together these estimates are
now much closer to original ones. But more impor-
tant, from the point of view of an example in the use
of probits, is the effect that this transformation has
on the change in the estimated labour force partici-
pation rate arising from a change in the income
variable. It will be remembered that the conclusion
obtained from the simple additive model was that
the average labour force participation rate of married
women with husbands earning over $10,000 a year
was just over 20 percentage points lower than that
of wives with husbands eaming between $5,000 and
$6,999 a vear and that this applies regardless of the
other social or economic characteristics of the mar-
ried women. The probit model, on the other hand.
says that there is a fall of 0.694 in the probits of
the participation rates between the same income
groups. And, as was seen in the above example,
this only represented a drop of about 8% percentage
points when the higher estimate was just over 11 per
cent. But if the higher estimate had been equivalent
to a participation rate of 50 per cent (equal to a
probit of 5) then a fall of 0.694 in the probit would
be equivalent to a drop in the participation rate of
more than 25 percentage points.

The next section will now examine an alterna-
tive transformation which, although doing essentially
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the same job as the probit, is derived from a com-
pletely different set of assumptions. A comparison
of the two transformations will naturally be left to
the end of the section.

L.ogit Transformation

An alternative approach, then, to the problem
of non-additivity and that of constraining the esti-
mated participation rate to keep between the bounds
of reality, is to consider the variable directly rather
than the forces which generate the variable as is
done in the case of the prohit.

If P is again the labour force participation rate
then it would seem reasonable to assume that the
ratio of the rate of change of P to the value of P is
a function of how far P can go before reaching its
upper limit. If the relationship is assumed to be
lincar and the independent variable isagain assumed
to be the income of the husband (I) we have the
simple differential equation:

(13)
dP/d1_y (1 _p)
P

whose solution is:

ol ) W N (14)
S

where k represents the constant of integration.
Rearranging and changing the notation slightly
equation (14) reduces to:

1

- 15
. 1+e—(a+bl) g4

The curve described by this formula has been called
the logistic curve and Berkson, who first used the
linearising transformation given by the first term in
equation (14), coined the word logit to describe the
expression:
loge _P_
1-P

Before looking at the use of this logit transfor-
mation in the models examined in this study, some
points of interest arise out of the nature of the
logistic curve. From equation (15) it can be seen
that as the variable I tends to become a large posi-
tive npumber, the denominator, 1 + expi-(a+bID{,
tends to one so that P also tends to one, while as
I tends to become a large negative number the
denominator becomes increasingly large and P tends
to zero. The logit transformation will therefore
ensure that estimates of P will always lie between
0 and 1. Moreover, like the probit, the logit transfor-
mation turns a bounded variable into an unbounded
one which is linear in form. Thus from equation (15):

12
loge P =a+ bl

There is one other similarity between the logit
and the probit. It can be shown that the rate of
change in P reaches a maximum when P is equal to
0.5 and that it is symmetrical. The logistic curve is
therefore very similar to the cumulative normal. They
are both asymptotic to zero and one, and are sym-
metrically s-shaped with a maximum gradient when
=0 0855

As in the probit model described earlier, the
expected shape of the logistic curve, when the
income of the husband is the independent variahle
on a continuous scale, is that of a reverse s-shape
since the labour force participation rates of married
women are expected to decline as the income of the
husband rises. This makes no difference to the fore-
going discussion since the curve is symmetrical.
However, to meet the condition the actual form of
the curve which was estimated is:

)
P % 1 . —
l,e—(a+bl)
which reduces to:
1
£ (a+bD) (16)

l+e

The logit transformation is therefore unchanged
since the only effect of reversing the shape of the
cutve is that the signs of the parameters are also
reversed.

The regression equations of the logits of the
labour force participation rates took the same three
forms as those for the simple additive models and
those based on the probit.

The coefficients obtained from the results of
these three regression models are given in Table 11,
The proportions of the total variation explained were
all larger than those obtained in the corresponding
probit models but in no case was the difference more
than one half of one percentage point. When the
‘“explained” variation using the logit transformation
is calculated on the original units, the differences
between the logit and probit methods are in favour
of the probit in two out of three models and in favour
of the logit in the other one. However, the differ-
ences were again so small as to be negligible.

The last comparison to be made, then, is be-
tween the estimates themselves. It is just con-
ceivable that the allocation of the sum of squares
could be nearly the same, using the two transfor-
mations, but with the predicted values for factor/
level combinations noticeably different. Here again,
however, there is no evidence to show that this is
the case and it must be concluded that the probit
and the logit transformations do essentially the
same job. To illustrate this point, the estimated
labour force participation rates ohtained using the
probit and logit transformations are given in Table 12
for the first six and last six observations.
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TABLE 11. Regression Equations of Logits of Labour Force Participation Rates
of Married Women in Urban Ontario

Coefficients of
Constant Child status Fducation Husband’s income
Model I B
L9 ] ($7000)
R?=0.9067 - 0.954 | Children under 6 +a0.778 Elementary - 0,377 10 + =il 162
N =54 No children under 6 + 0,204 Secondary + 0,029 7-10 -~ 0.687
No children + 0,568 University + 0,349 9- 9 + 0.058
3-'5 + 0.466
1,-=3 + 0.686
0- 1 + 0.639
(Standard error
of coefficients) .......... 051125 (0.112) (0.159)
SN 1
Model II B
R?=0.8685 - 0.144 | Children under 6 =80 172 Elementary - 0,377 | Continuous variable
N =54 No children under 6 + 0.204 | Secondary + 0.029 | $'000 natural seale = ORIBi
No children + 0.568 University + 0,349
(Standard error f
of coefticients) .......... (0.127) | 0. 127) (0.010)
i
Model III B
R2=0,7596 -~ 0.246 | Children under 6 == 05772 Elementary - 0.377 Continuous variable
N =54 No children under 6 + 0.204 Secondary + 0,029 $'000 on Log, scale -~ 0.364
No children + 0,568 University + 0,349
(Standard error
of coefficients) .......... (0. 172y (0.172) (0,044
TABLE 12. Probit and Logit Estimates Compared
Estimated participation rates
Child status, education and income of husband
Probit Logit
! per cent
Children under 6:
Elementary:
$10,000 and over 2L.'3) 3.
7,000 -$9,999 5l 5.8
5,000- 6,999 il )] i
3,000- 4,999 16.5 16.3
1,000- 2,999 20.0 1'9.6
Under $1,000 19.2 19..8
No children:
University:

TR OUET ™. e . " T R BT e S e 24.6 23.2
LO0ES97999% ), _—. 33.8 3246
5,000- 6,999... R o 3 50.3 5085
3,000- 4,999 .. 59.7 60.6
L) G R, el TR B [T e ST 64.7 6oL '7
L SO0 e e, S g S i T SS Mi S 63.6 64.6
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The question now arises, given that such a
transformation is called for, which of two alternative
transformations to use when it is known that the
results and their immediate interpretation will be so
little different. But besides these purely practical
considerations there is still the fact that the as-
sumptions on which the two transformations are
based are fundamentally different, and in the last
analysis it is in terms of these assumptions that the
results must be interpreted. This Is particularly so
when the assumptions purport to describe some
causal relationship whether concerned with physical
or biological processes or, as is the case in this
Study, with the physiological or psychological
makeup of human beings. In his paper, “‘Why I Prefer
Logits to Probits’’ Berkson had this to say:

“If it is seriously believed that there is some
physical property more or less stably character-
ising each organism, which determines whether
or not it succumbs, then it is justifiable to
advance the hypothesis of a distribution of
tolerances. In that case one should be prepared
to suggest the nature of this characteristic so
that the hvpothesis may be capable of cotrobo-
ration by independent experiments, If on the
other hand the formulation is only that of a
‘““mathematical model’”’, to guide the method of
calculation, then it would seem more objective
and heuristically sounder not to create any
hypothetical tolerances, but merely to postulate

that the proportion of organisms affected fol-
lows the integrated normal function. I am inter-
ested in the slope of the dosage mortality line
as a ‘‘rate’’, of the obhjectively observed in-
crease of mortality with increase of dosage, not
as a standard deviation of hypothetical toler-
ances of the animals. I should of course be very
much interested in the last, if tolerance of the
animals is what I was observing and studying.
But we are not dealing with measured toler-
ances, we are dealing with a dosage mortality
curve, and when my probitistic friends present
a standard deviation of tolerances, they may be
asserting a substantial quantity for the varia-
bility of something that in fact does not exist
at all. I once had a teacher of philosophy who
employed the Socratic methed in class. When a
student gave a simple and especially plausible
explanation of a very complex social phenom-
enon the professor said, ‘‘Please, sir, do not
make up history.”’ I should like to ask mathe-
matical statisticians when they formulate mathe-
matical models to please not make up physics."

It is for this reason that the present author prefers
the logit transtormation based on the logistic curve.
Put quite simply it attempts to describe the rela-
tionship between the effect of some stimulus and
the stimulus itself without attempting to describe
the causal process.

V. GENERALISED LOGISTIC CURVE

In the last section it was seen that the use of
either of two transformations, the probit and the
logit, generally improved the predictive power of
the models examined, bearing in mind, of course,
that the simple additive model had already explained
86 per cent of the total variation in the participation
rates. It was also seen that the probit and logit
transformations were so little different from each
other in practice if not in concept. However, as has
been suggested above, the logit transformation is
based on assumptions which are, perhaps, more
appropriate to the type of analysis being undertaken,
and it is for this reason only that the logit, or rather
the logistic curve has been used for the turther
developments introduced in this section.

Consider again the participation rate P, of a
given population. It seems reasonable to assume
that, instead of having limits of 0 and 1, P will in
practice have lower and upper limits, L and U, such
that0al <PtV 0.

If it is now further assumed that the rate of
change in P, with respect to I, relative to its posi-
tion measured from its lower limit, P-L, is propor-
tional to the remaining fraction of its total range,
then the differential equation which describes the
relationship is:

dp/d1 _

. (U-P) amn
P-L

b (U-L)

This differential equation can now be solved to
show tiat:
U-L

2= e A e
e Thaal o

where a is a constant.

However, since in the example used in this
Study, the shape of the curve is the reverse of the
more common pattern—i.e, the participation rate
declines as the income rises so that the upper
asymptote is associated with a low income — the
form of equation required is that of (18) but with L
and U interchanged, or:

U-L

P:U—“e—_(am (19)

Now consider what happens to equation (19)
when 1 is assumed to take certain values. As the
exponent becomes increasingly large the denomi-
nator of the last term on the right hand side of
equation (19) approaches 1 so that P approaches L,
the lower limit. But when the exponent becomes a
large negative number the same denominator becomes
very large and the last term in the equation ap-
proaches zero so that P then approaches U, the
upper limit. Equation (19) then, which defines a
generalised version of the logistic curve, has a
lower limit L and an upper limit U, It can of course
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be readily seen that if U is set egual to one and L
to zero, equation (19) is identical to equation (16).

It can further be shown that the curve is again
symmetrically s-shaped with a maximum slope when:

BosiGL U 72

The reasoning behind the foregoing can best be
illustrated by examining the two graphs in Chart 3,
below, on each of which are plotted the original
six observations (one for each income level) for the
group of married women with children under six
years of age who have had a university education.
One graph is drawn with the income of the husband
on its natural scale and the other with income on a
logarithmic scale. Also plotted on each graph are
the estimates obtained from the regression model
using the logit transformation in which income was
represented as a dummy variable. For estimates
obtained from the other two models —with income

on its natural scale and with the logarithm of the
income — the fitted curves have been plotted on the
appropriate graph but drawn so as to go outside the
range of the original observations. This illustrates
the way in which they are forced to seek asymptotes
at 0 and 1 when a continuous scale is used. This,
of course, does not happen when income is allowed
to take a free form and is represented in the equation
by a set of dummy variables. It can also be seen on
this chart why the use of the logarithm of the income
variable did not improve the fit of the equation even
though, as may be observed, the curve of the original
data and ‘‘dummy’’ coefficients are clearly not sym-
metrical on the arithmetic scale. Yet the same ori-
ginal data plotted against the logarithm of the
husband’'s income indicates that the best fit is still
likely to be obtained with income included in this
way, and with a curve which is theoretically sym-
metrical and s-shaped, but with asymptotes, partic-
ularly the upper asymptote, lying well inside the
theoretic bounds of zero and one.

ACTUAL PARTICIPATION RATES AND ESTIMATES OBTAINED FROM LOGIT REGRESSION MODELS FOR WOMEN WITH
CHILDREN UNDER 6 YEARS OF AGE AND WITH UNIVERSITY EDUCATION BY THE INCOME OF THE HUSBAND
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When more than one population group is under
investigation the assumption, implicit in equation
(19), that U and L are constants is unrealistic.
Rather it must be assumed that they are functions
of the factors which define the population groups,
e.g. education of the wife, and child status. With
three levels of the child status factor and three
educational attainment levels there are therefore
nine pairs of asymptotes to be estimated. But
with this additional assumption is it also reason-
able to assume that “‘a’’ and ‘*b'" in equation (19)
are also constant between population groups? The
effect of changing ‘‘a’’ is to change the location of
the mid-point of the curve along the stimulus (income
scale) while the effect of changing ‘'b'’ is to change
both the mid-point of the curve and its slope.

The assumption made in this Study is that
wives with different social characteristics will not
respond in the same way to the same level of the
husband’s income, i.e., it is expected that each
curve will be located at a different point along the
income scale so that “‘a’’ must be allowed to vary.
But around this point it is assumed that the effect
on the participation rate of the same proportionate
change in income will be the same for all population
groups, i.e. the slope of the curve at the mid-point
will be the same and therefore “*b’’ can be left as a
constant. It is implicit in the second assumption
that the logarithm of the husband‘'s income will be
used in the model.
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In defining the form that the asymptotic values
take it would be possible to go back to the original
assumptions made at the beginning of this Study and
assume that changes in the asymptotes, as the factor
levels are changed, are additive, This would be the
simplest thing to do but unless interaction eftects
were included it would in theory permit the asymp-
totes to go outside the range of 0 and 1. Instead,
the form of the model employed is one which con-
strains both the upper and lower set of asymptotes
to keep within the bounds of 0 and 1 by assuming
that they also are defined by two multivariable
logistic curves of the form:

I
Ax. = (20)
1 +e—lb0 L an R , Thgd, b, i)
] \
S (21)
Leo-Ibg4bex, +b X, +bx, +b x,]

Where .A.L and AU are the set of lower and upper

asymptotes respectively and where

X, = n, X, = 0 when there are no children in
the family

X, = 0, X, = 1 when there are children under
six in the family

Xy = - 15 Seis -1 when there are children, but
none under six, in the family

IR e T 0 for completed elementary
schooling or less

<l 0, X, = 1 for some high school or com-
pleted high school

Xy W MO =] ST for some university education

or with degree

The reason for the special form in which the
dummy variables for child status and education are
expressed is that it was also desirable from the
point of view of interpretation to be able to view
the coefficients for each factor as dcviations from
the overall mean. But because the method of esti-
mation which had to be used was not that of ‘““non-
linear least squares’’, the dummies themselves were
constrained to produce results which could be
directly interpreted in this way. Thus it is required
that three coefficients, say, a a, and a, are to be

{1
equated to zero, or:
_— a,) =a,

then the expression
dummy variables, say:

incorporating three normal
alZ‘ + a222 + a323
becomes;
a‘Z' + azz,z - (a1 + 112)23
or:

a, (Z1 =2 a, (L 3= Z 5D

so that the three original dummy variables have heen
reduced to-

T LW

x2 = (ZZ = Z.{)

which will take the values indicated above.

Since no constraints need be placed on the
expanded form of the constant a in cquation (19)
and if b in that equation is replaced by b15 then
equation (19) is:

Peure S (22)

where AU and AL are as defined in equations (20)
and (21) and

1 [blo+b”xl+bux2+ byX,t b %, +b Il
Ke 140 (23)

in which I is the logarithm of the income of the
husband.

Equation (22), with an error term added, is the
model whose parameters were estimated from the
data used in this Study.

The set of normal equations obtained from
equation (22) will contain non-linear terms so that
the classical least squares method cannot be em-
ployed to provide estimates of the parameters. More-
over, no linearising or other simple transformation
is available to assist in the estimation of the pata-
meters. However, techniques are available for the
estimation of parameters of models whose ‘‘normal
equations’’ contain non-linear terms and one of
these?? has been employed to do this. The tech-
nique is one which requires an initial set of esti-
mates to be provided and which then uses an itera-
tive process to successively approximate to the
least squares solution. It is, however, well beyond
the scope of this Study to go into any detail of the
method.

Before proceeding to the results obtained using
this model it should be mentioned that one very real
problem was encountered in the estimation of the
parameters. This is a problem which is not uncom-
mon in the estimation of non-linear models in general
and one which has been previously met in an exa-
mination of methods used to estimate the logistic
function in particular.?® With a complex model the
surface described by the function of the residual
sum of squares —which is to be minimised —may be
so pitted with craters that any set of initial esti-
mates will cause the iterative process to converge
on a local minimum rather than the absolute mini-

2 8ee D.W, Marguardt, 4n Algorithm for least-
Squares Fstimation of Nonlincar Parameters, Journal of
the Society of Industrial Applied Mathematics, Vol. II,
No. 2, June, 1963,

3 See F.R. Oliver, Vsthods of FEstimating the
Logistic Growth Function, Journal of the Royal Statis-
tical Society, Series C, Applied Statistics, Vol, 13, No, 2.
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mum. Indeed one set of quite plausible initial esti-
mates of the parameters of equation (22) gave rise
to a ‘‘solution’’ which had a "'least squares’ larger
than the sum of squares ahout the mean.

However. this situation can be dealt with, even
though it does introduce an element of subjectivity
to the method, The final estimates to equation (22),
which will be discussed later, were obtained by
first providing an initial set o estimates which were
then modified by the iterative process emploved by
the method until a ‘'least squares’ solution was
reached. At the same time the computer was pro-
grammed to print out not only the standard output
of the original values, the predicted values and
the differences, but also the upper and lower asump-
totes and a measure of the rate of decline, as the
income rose, from the upper to the lower asymptote.
From an inspection of this information it was then
not too difficult to ascertain whether the given
“least squares’’ solution was associated with a
local minimum (which could be improved upon by
selecting a new set of initial estimates) or with a
value at or close to the true minimum which could
be accepted. This procedure was repeated until a
‘‘satisfactory’’ solution was found. This is ob-
viously where subjectivity enters into the process,
For it does not necessarily follow that values of
the residual sum of squares which are very close to
each other are always obtained from estimates of the
parameters which are themselves sufficiently close
as to give rise to the same interpretation. Fortu-

nately this latter problem was not encountered in
this study, at least not in the region of the very low
values of the residual sum of squares.

What now follows then is a brief description and
discussion of the results which were obtained based
on the least ‘‘least squares'’ solution found.

As was to be expected, a very high proportion
of the variation in the participation rates was
explained — 93.85 per cent—which, despite the loss
in the number of degrees of freedom because of the
increase in the number of parameters in the model,
gave a standard error term lower than that obtained
in any other model.

Turning now to the actual estimate of the para-
meters these are given in Table 13 together with
their estimated standard errors. It is important now
to remember that the parameters other than the
constant term associated with upper and lower
asymptotes have been constrained to measure the
deviations from the average for the given factor.'level
combination. From this Table it can be seen that
while the estimates of the parameters associated
with the upper asymptote are all significant®, sup-
porting the view that the upper limit of the partici-
pation rates will vary from one socio-economic

24 Because of possible correlations between the
parameter estimates the standard t test may give rise to
an overstatement of the significance of the estimates.

TABLE 13. Parameter Estimates and Standard Errors in Non-linear Regression Model

Parumeter Estimate S%ng{ﬂnzrtrgr t-value
NiDpemas VD tabes R . - s Wi et 0 Ao, . . B bo 0. 328 0. 0335 6.131
b, 0.689 0.9754 | 9. 138
h; - 0. 200 0. 0681 | - 2.937
by 0. 477 0.0740 | 6.446
b, - 0.154 0. 0671 | = 2.295
[
Lower asymptote ., bs 2. 455 0. 3559 | 6. 898
b 0. 592 0. 4368 | 19358
by - 0.237 0.3074 - 0.771
bs - 0.200 0. 2885 - 0.693
by - 0.046 0. 3044 - 0.151
Path between upper and lower asymptotes ........... byo 8.142 2. 1985 3.703
B - 0.992 0. 4083 - 2.430
b 0.074 0. 4252 0.174
b - 1.465 0.4637 - 3.139
o 0. 094 0. 3595 0.261
s - 3.03 0.8172 - 3.708
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group to another, there is no such support for a
similar view that the lower limit is also subject to
variation. It is bevond the scope of this Study to
discuss the empirical analysis in detail. but when
it is remembered that it was assumed the average
income for the $10,000 and over income group was
$16,000 and that this average value was assumed
to obtain for each of the nine groups (not, on reflec-
tion, a very plausible assumption) it would take a
much more detailed study to establish whether
significant variation in the lower asymptote was
present, or should be assumed to be present.

The last group of parameters given in Table 13
determine the ‘'path between the upper and lower
asvmptote’'. Not all the estimates of these para-
meters can be judged to be significant, but the same
qualification made above with regard to the esti-
mates associated with the upper and lower asymp-
totes applies: non significance again means not
significantly different from the average, It is perhaps
interesting to note, at this stage, just what the
coefficients h“. b;z- by and b14 do 10 the path to
be followed between the asymptotes, The income at
which the participation rate is exactly half way
between the upper and lower asymptote is, from
equation (19), equal to ~a/b. But it was later argued
that when more than one group was being cousidered,
with an assumption that their asvmptotes would
vary, that at the same time it should be assumed
that the hitherto constant term “"a’’ should also be
allowed to varyv. It was for this reason that four
dummy variables were introduced into this part of
the expression, to represent the nine sub groups,
with associated coefficients b, to bN. The income
levels at which the participation rate is now half
way between the upper and lower asymptote for each
of the groups can now be obtained directly from the
expression:

TABLE 14. Upper and Lower Asymptotes and Income

N

=(bygt b X b X e b X oD X,

Log, Liyypy 2® o

is

¢S i v 3 B 2 — =
These income levels, I(U L and the asso

ciated upper and lower asyvmptotes for each of the
nine child status/education groups, are given in
Table 14 and the full set of results are graphically
illustrated in Chart 4. In Chart 4, as an aid to inter-
pretation, the participation rates have bheen plotted
against the natural income scale; the symmetry in
the curve which would have been present if the
logarithin of the income had heen used has therefore
been lost.

Table 14 and Chart 4 illustrate how the opera-
tion of the coefficients b“ 1Rl referred to above,
is that of a shift mechanism which places the curve
at some point along the income scale independent
of the upper and lower limits. Thus it can bhe seen,
for example, that although the upper asymptote for
the participation rate of wives with some children,
but none under six, and with secondary school edu-
cation (50.6 per cent) is higher than that of wives
with children under six but with university educa-
tion (33.3 per cent) it is estimated that the income
at which the wife's participation rate is most sensi-
tive to a change in the husband’'s income is lowest
($6,670 compared with $7,000) for the former group.

The question therefore arises as to what eco-
nomic, as opposed to mathematical, interpretation
can be placed on the position of the curve along the
continuous variable scale? The critical income of
$6 670 is different, even if by not very much, from
$7.,000, but what does it mean? Simitarly, the labour
force participation rate of wives who have a second-
arv school education, but have no children, is esti-
mated to be most sensitive to change, as a result

of Husband at (U:L) 2

Factor/level, education and child status SREREL NS Y 8 or 2y oo Lusisto
U L
” $
Elementary:
SOMGLE G, .o SR i s oese Ao | e N, L et 18.3 5.5 3.660
NCPePEG " o N8 0o P e WL SR A e e T 35.3 Lilaly 4, 600
Nolchildrentie oo B b AN Sle sl S oD 13.0 5, 660
Secondary:
IO ORI T | AR o SRR . TTTRTR, o N 29.17 1.7 Bhecal
IN Q2= (e ™ o5 SRR RESSMESINE 5 A SRS R 0 o T 50.6 10. 2 6, 670
N O Rl G U e T SR o i Tenet s P s s 57.8 11.4 8,090
University:
S e PR g L " T e MR 6 T S | 33.3 3.6 7,000
INOT(T= s (WA % B S e . S 54.8 7.8 8,930
Novahilldnanr.., o5 Sl 0% e B E 61.8 8.7 12,690
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of a change in her husband’s income, when that
income is about $8,100 a vear, If there are children
under six in the family, the corresponding incone
level is estimated to be $3,200. It is not sutficient
Lo say that the wife with no children is better able
to combine going out to work with the normal duties
of running a house, and will therefore still choose
to do so even when the husband's income is at a
fairlvy high level. For what is being considered is
the income effect, either direct or indirect: the
direct effect of heing more easily available for work
outside the home has already been taken care of in
the positioning of the upper and lower asymptotes.

Similarly, the reason why the income of the
husband at which the wife's labour force partici-
pation rate is mosl sensitive to change increases
as her standard of education increases cannot he
said to be due directly to the fact that the higher
her education the greater the job opportunities open
to her. this effect is again reflected in the upper
and lower limits placed on her participation rates.
And moreover, as has been shown above, theranking
of the asvmptotes does not necessarily agree with
the ranking of this critical income value.

It could further be shown that while a change
in the position of the curve along the income scate
will obviously change the participation rate asso-
ciated with a given income level it will not change

o L

the average labour force participation rate for that
particular child status/educational attainment group.
And yet the position of the curve is determined hy
thie levels of the child status and educational attain-
ment factors. It can, therefore, be seen that this
“shift mechanism’™ reflects the indirect effect which
these characteristics of the wives have on their
response, in terms of labour force attachments, (o a
change in their husband's income. In this sense it
is operating in a way similar to that of an inter-
action effect. But, in addition, it would seem reason-
able to suggest that the I(U»Q—L),’z income value
which locates the curve along the income scale can
also bhe thought of as measure, or index, of the
wives expectation from employment, defined to
represent some vague notion of the expectation
which the wife has in terms of both job and/or per-
sonal satisfaction and the family’s economic stand-
ard of living. So that it can he said that the higher
this income value the greater is the expectation
from employment for that group of wives, regardless
of the proportion of wives in that group who do go
out to work.

This, then concludes the section on the model
based on the generalised logistic curve. What now
follows, in the final section, is a brief summary of
the Study as a whole with some tentative conclu-
sions on the merits and demerits of the methods
examined.

VI. SUMMARY

What, then, has been found out in this Study?
On page 9 in the Introduction it was stated that
the purpose of the study was to consider ways in
which the labour force participation rates of the
population, cross-classified by a set of demogra-
phic, social or economic factors, can be related
functionally to the different levels of those factors.
The data used in the example were obtained from
the 1961 Census for 54 groups of married women in
urban Ontario who were categorised (1) by a child
status factor which represents both the presence or
absence of children in the family and the age of any
children, (2) by the level of their educational attain-
ment and (3) by the income of their husband. Ten
models were examined: three which were termed
simple additive models: three using the probit trans-
formation: three hased on the logit transformation
and one which was a variant of the generalised
logistic curves. In addition, Section III examined
two analytical tools, the analysis of variance and
dummy variance regression analysis, which are
used in the examination of the f{irst nine models.
Section II briefly examined the nature of the labour
force participation rate as a statistical variable and
discussed some of the problems encountered in
its analysis.

Table 15 now summarises the results with
regard to the proportion of the variation in the parti-
cipation rates explained by the 10 models which

were examined. The first point to note is that in all
models the explained variance was very high and
give clear evidence of the significance of the effect
which the factors examined have on the labour force
participation rates. This will generally be the case
in such studies since the subject is now well docu-
mented and the important factors have been identi-
fied. The main interest in any study will therefore
be centred on the values attached to the coefficients
and in the interpretation which can be placed on the
results.

In each case where it applies (all except the
generalised logistic curve) the proportion of the
explained variation given in the table is that ob-
tained without taking note of any interaction effect,
either by incorporating variables into the model to
specifically take care of known interactions (see
page 19)or by partitioning the model. For the simple
additive type of model without transformation and
the probit and logit models. it is clear that including
income as a continuous variable, either on a natural
or logarithmic scale, causes a significant, even if
small, reduction in the explained variation — particu-
larly so when the logarithm of the income was used.
Since the generalised logistic curve with income on
a continuous (logarithmic) scale produced the best
result in terms of this criterion it would seem that
the choice of which model to use in practice is
between:
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(1) A simple additive type of model with no trans-
formation of the independent variable and with
all factor/levels represented by dummy variables,
but with, in certain circumstances, the means to
test for, and incorporate, ‘‘interaction’’ effects,

(2) A model similar to (1) but with the independent
variable transformed into ‘‘probits’’ (see page 21),

(3) As for (2) but with a “‘logit’’ transformation,

(4) A model based on the generalised logistic curve
with income on a continuous scale.

The first of the four models is undoubtedly the
simplest to calculate and also the simplest to inter-
pret (see page 19). The last is by far the most
difficult to calculate but not necessarily, despite
the complex form of the equation, the most difficult
to interpret, It certainly has to be interpreted in a
different and, perhaps, unusual way by reference,
for example, to the change in the asymptotes caused
by a change from one factor level to another; but
given these constraints it is relatively easy to
understand.

The models using the probit and logit trans-
formation fall between these two extremes in terms
of the ease with which they can be used, although
of the two the logit would have to be judged the
simpler since this transformation can be more easily
““written in’' as an option in standard computer
programmes. However, providing that the number of
observations is not unduly large, use can be made

of the tahles of the probit transformation which
partially overcomes the problem, The interpretation
of the estimated coefficients based on the probit and
logit transformation, at least in terms of their im-
mediate effect on the estimated participation rates,
is virtually identical.

Turning now to the assumptions made in formu-
lating the models it is not surprising to find that the
ease with which the results can be interpreted is
directly related to the simplicity of the assumptions
behind the model. Certainly this is so in the case
of the first model of the four now under considera-
tion. Results based on the assumptions that the
change in the labour force participation rate in
response to a change in one of the factor levels
is (a) independent of the level of the participation
rate and (b) independent of the level of the other
factor are very simple to interpret. But they may
not always be very meaningful since the assump-
tions are not very realistic. (See page 16.) In partic-
ular, it was shown in Section III that the coefficients
obtained from analysis of the simple additive model
could easily result in estimates of labour force
participation rates, for certain factor/level combina-
tions, which lie outside the range of 0 and 100 per
cent. However, it was indicated that if the number
of factors being examined were few, perhaps no
more than three or four, then this problem may not
be so serious as to invalidate the approach com-
pletely. But this would, in part, depend on the extent
of any significant interaction between the effects of
the different factors. For this reason it was advised

TABLE 15. Proportion of Variation in Participation Rates Explained by Ten Models

Model

Explained variation

Simple additive models:
All dummy variables .........o..
With income on natural scale

Wilthaineemeson s e i MIRNCIC Al B T . Birtes oo eosune s B oo oo T ool s HoRals o s oo e ot Lot nbos s AR

Probit transformation:
All dummy variables .
With income on natural scale

WilRSRemer Ao L AR DIMIC S CAlE a5 s e, e sinere s o B B ovvvn il Koo sos e oot S e o)

Logit transformation:

AR T AR, AT G R T T JRUY S o sl U L WO o N B TR
BlitheinGomegensnatunal. scdle- N5 0, L e L.
WsN R RN sigarithinicrscaloh. & el T s o e it

Generalised logistic curve:

Qi Soe T BT T T e R e S N SOk S ot O UOROTY. b

per cent

86. 2
82.6
3.7

90.2 (90.4)1
86.4 (88.2)!
{15~ 0ue TRaBt

90.7 (99.3)!
86.9 (88.4)!
FonE (W2 1)

9389

! Figures in brackets denote the proportion of explained variation after the transformed estimates have been con-

verted back to participation rates.
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that prior analysis of the data by analysis of vari-
ance would indicate whether significant interaction
effects were present which could then be allowed for.

It was seen that although the assumptions made
in formulating the probit and logit models are totally
different they happen in practice to yield essentially
the same results. The practical advantage of either
of these two transformations is that they constrain
the estimates to lie between 0 and 100 per cent and
in doing so allow for the fact that the change in
participation rate arising from a change in the level
of one of the factors is not independent of the par-
ticipation rate. The difference between the two sets
of assumptions behind these transformations has
already been noted in Section IV on page 27, and
need not be explored in detail here. The use of the
logit requires no assumption to be made about the
underlying causal mechanism, if one exists, between
the wife’s participation in the labour force and the
socio-economic characteristics of the family. The
probit transformation, on the other hand, is based
on the assumption of a specific causal process.

The reason for modifying the logistic curve to
provide the equation used in the last model was
explained in some detail in Section V. It was argued
that, when one of the variables was a continuous
variahle, it was reasonable to assume that the upper
and lower limits of the participation rates for a
particular population group, may not be 100 and zero
per cent. In every other respect the assumptions
incorporated in the generalised logistic curve are
essentially the same as those for the logit model.

If, for reasons mentioned at the end of Section
IV, the logit is to be preferred to the probit which

of the three remaining models should be used in
practice?

When all the variables are represented by
dummies there is clearly no case for using the
model based on the modified logistic curve. But
when a continuous variable is included both the
additive model and that using the logit transforma-
tion are liable to give poor results unless only a
few factors are being examined, Similarly there is
reason to believe that a simple additive model, with
only dummy variables but with more than, say, three
factors, will yield inferior estimates unless inter-
action effects are specifically allowed for. In this
case the logit transformation may, on a priori rea-
soning, be expected to yield significantly better
results, but the data used in this study did not allow
this view to be tested.

Which model to use will, therefore. have to be
determined by the nature of the data and the expected
ability of each model to represent that data. But
the decision need not be entirely one of judgement.
The use of variance analysis will indicate whether
interaction effects are significant and have to be
allowed for. And alternative regression models can
often be fitted in the same computer run so that a
direct comparison can be made of their ‘*explana-
tory power''.

This Study has simply attempted to compare
alternative lines of approach whick have been
found useful in practice and which may be of use
to others.
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