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A THEORY OF LONGITUDINAL MICROSIMULATION
AND ITS
APPLICATION TO OPTIMAL POLICY COMPARISONS

G.S. Pandher and M.S. Kovacevic
Methods Development and Analysis Section
Social Survey Methods Division, Methodology Branch
Statistics Canada, Ottawa, K1A 0T6
Canada

Abstract

With advances in computing power, longitudinal microsimulation modelling (MSM) has
become an important analytical and inferential device for quantitative policy analysis in
a wide range of policy development and decision-making settings. It allows a form of
controlled experimentation which is now widely applied in disciplines where experiments
on real populations are infeasible or sometimes impossible. In this context,
microsimulation output has analytical and inferential uses rather than merely providing
data to construct simple point estimates for descriptive purposes.

In this paper, first a general theory of the longitudinal microsimulation process is
developed. This abstraction is used to identify an optimal microsimulation design
permitting the use of statistically efficient policy comparison methodologies. Next, a
statistical model for MSM is obtained from the theoretical representation to estimate and
test policy effects and to demonstrate the gains from using the new design on important
aspects of the statistical testing methodology (eg. power, sample size, significance level).
One important outcome of the proposed MSM design is that dramatic reductions in
sample size are uniformly achievable over conventional approaches at any specified level
of significance and power for the testing procedure.

Results are presented from a simulation study in which the theory and concepts
developed in the paper are applied to a small microsimulation model. Remarkable gains
in efficiency for the estimator of policy effects were observed under the new
microsimulation design.

Keywords: Across-policy Monte-Carlo effects; Decision functions, states, sequences and
spaces; Designed experiments; Sample size reduction; Variance reduction.



UNE THEORIE DE MICROSIMULATION LONGITUDINALE
ET SON
UTILISATION POUR OPTIMAL COMPARER DES POLITIQUES

G.S. Pandher et M.S. Kovacevic
Division des méthodes d’enquétes sociales
Direction de fa méthodologie
Statistique Canada, Ottawa, K1A 0T6

Résumé

En tant qu’outil servant a élaborer des politiques, la modélisation par microsimulation
longitudinale (MML) est un mécanisme d’analyse et d’inférence majeur pour étudier
I’impact de diverses politiques.

Dans cet article, on développe une théorie du procédé de microsimulation longitudinale
et on I'utilise pour identifier certains aspects du plan qui alterent le rendement
d’estimateurs mesurant la différence entre des politiques. On propose une conception d’un
modele de microsimulation qui permet d’utiliser une méthodologie de comparaison trés
efficace et sensible. Cette méthodologie sert a évaluer I’impact d’interventions en matiere
de politique en contrdlant I’interaction entre la variabilité de type Monte-Carlo et la
politique retenue. Ensuite on développe un modele statistique fondé sur la théorie de la
microsimulation longitudinale s’appliquant aux caractéristiques des individus. Ce modele
sert & estimer et 2 tester |’effet de politiques. On démontre les bénéfices résultant de la
reformulation d’aspects importants de la méthodologie utilisée pour les tests statistiques.

Enfin, on présente les résultats d’une étude de simulation dans laquelle les concepts
présentés dans I’article sont appliqués & un modele de microsimulation simple. L’étude
souligne que le nouveau plan de microsimulation a produit des gains remarquables quant
a I'efficacité de I’estimateur des effets de politique.

Mots-clé :
fonctions de décision, états et espaces; séquences de décisions fixes et permutables;
Monte-Carlo; plan de génération de biographies; gains en efficacité; test t en paires
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A THEORY OF LONGITUDINAL MICROSIMULATION
AND ITS
APPLICATION TO OPTIMAL POLICY COMPARISONS

G.S. Pandher and M.S. Kovacevic’

1. INTRODUCTION

With recent advances in computing power, longitudinal microsimulation modelling (MSM) is
becoming an increasingly popular, and in many cases indispensable, tool for quantitative policy analysis
in a wide range of policy development and decision-making arenas. It allows a form of controlled
experimentation which is now widely applied in disciplines where experiments on real populations are
infeasible or sometimes impossible. In this context, microsimulation output has analytical and inferential
uses rather than merely providing data to construct simpie point estimates for descriptive purposes.

MSM affords the researcher the ability to model the essential determinants of complex real world
phenomena under various assumptions under his control. An abundant collection of papers with
applications of longitudinal microsimulation to study various processes in the economics, finance,
demography, public health, energy planning and distributing, etc. are given in Orcutt er al. (1986) and
Pawlikowski (1990).

Our work originally arose in the context of the Population Health Microsimulation (POHEM) system
(Wolfson and Berthelot, 1992), a microsimulation modelling system developed at Statistics Canada which
enables the analyst to simulate the Canadian population’s health, cost, and medical resource utilization
under various policy scenarios. However, we soon realized that a large gap existed in a formalized and
unified treatment of longitudinal microsimulation; with most approaches usually treating the subject as

an ad-hoc exercise in empirical data analysis.

This paper attempts to fill this void by developing an abstraction for the MSM process and further
uses it to identify an optimal microsimulation design permitting the use of statistically efficient policy

*Gurupdesh Pandher is Methodologist and Milorad Kovacevic is Senior Methodologist, Social Survey
Methods Division, Methodology Branch, Statistics Canada, 16th Floor, Robert Coates Building, Ottawa,
Ontario K1A OT6, Canada. The authors would like to acknowledge the support of Social Economic Studies
Division in funding this work. We also thank Geoff Rowe, Harold Mantel, and Jean-Marie Berthelot for their
beneficial comments in the development of this paper.
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comparison methodologies. MSM output generated using the proposed microsimulation design allows
a highly efficient and powerful statistical analysis to be performed in assessing the impact of different
policy scenarios. One important result obtained is that, under the proposed design, dramatic reductions
in sample size may be achieved over conventional approaches at any fixed level of significance and power
for the testing procedure.

MSM generates a sample of simulated individual biographies over time. An individual biography
may be viewed as a series of simulated event outcomes mimicking the essential features of a complex
stochastic process. The only source of randomness or variability induced in this process is due to the
randomness of the pseudo-random numbers drawn to execute the various decisions/events in the
biography’s life-path. We refer to this as Monte-Carlo variability. Moreover, each MSM run is
performed under a set of external (policy) conditions under the control of the researcher. Frequently,
one is interested in studying the impact of certain changes in the policy environment on the simulated
population. Hence, the issue of policy comparisons arises in a context where at least two simulation runs
- each under a different policy setting - are performed?.

The execution of more than one simulation run introduces additional across-policy Monte-Carlo
variability in the estimators used to test policy differences. This leads to the confounding of policy effects
with across-policy Monte-Carlo variability, diluting the efficiency of estimators and ability of statistical
tests to discern the real impact of policy changes - whether observed differences in response are due
to policy changes, or are they the result of uncontrolled differences in the random numbers used.

In the next sections we develop a general theoretical representation for longitudinal microsimulation
and use it to identify design issues which lower the efficiency of estimators of policy differences. We
then propose a biography creation strategy which reduces across-policy Monte-Carlo contamination and
allows sharper discernments of policy effects to be made. Based on the theory, a statistical model for
MSM is developed to permit estimation and comparison of policy effects and to demonstrate the
efficiency gains of the new design. Finally, results from a simulation study are presented in which the
theory and concepts developed in the paper were applied to a small microsimulation model.

? For a formal investigation into the statistical properties (bias, efficiency, stability) of methods aimed
at reducing Monte-Carlo variability in estimators based on outcomes from a single simulation run see
Kovacevic and Pandher (1993); Schmeiser (1982) studies the effects of batch size on analysis of simulation
output.



2. GENERAL REPRESENTATION OF LONGITUDINAL MSM

A creation of a synthetic biography generated at time ¢ may be depicted using the concepts of ‘state’
and ‘laws of motion’ found in physics as proposed by Wolfson (1992). The state in the MSM context
describes for each individual certain variables of interest (such as age, risk factors, health, etc.) associated
with the individual as well as relationships among individuals (such as spouse). The laws of motion
specify rules of how the state of each individual may change over time. The velocity with which these
laws operate may change over time as the attributes describing the individual’s state change. For
instance, probabilities of certain events such as death due to coronary heart disease (CHD) may change
as risk factors linked to CHD vary over time. The MSM takes on the character of a computer algorithm
which embodies these laws of motions in the form of structural connections between temporal states.

In order to proceed further in specifying a more precise mathematical formulation of MSM, we need
to further extend the "laws of motion" analogy and distinguish more clearly between two classes of states.
State attributes which collectively describe an individual may be separated into two categories. The first
category, symbolized by the vector o, = (o, ..., o), constitutes a vector of descriptors and
enters the MSM as an exogenous information set at time 7 . Values in o, are not modified by the MSM
model. Examples of these variables are disease risk factors, socio-economic status, genetic pre-
disposition, and survival distributions. Note that this exogenous information is usually obtained/estimated
from observational and controlled studies. This information is available prior to microsimulation and
enters the MS model as an external assumption.

The second category of state variables are termed as endogenous state variables. They describe the
state or condition of each individual i generated by MSM and are effected by the exogenous state vector

a,. These endogenous state variables are symbolized by the vector 8, = M 8% and are

!
observed only once the r* time period has been simulated. Components of §, may be variables
describing the disease and health status of individual i , utilization of medical resources, medical costs,

employment status, income earned, etc. at time 7 .

Decomposing the total state vector for each biography i at time ¢ in terms of exogenous and
endogenous attributes allows the simulated outcome at time t to be portrayed by the macro-level

representation given in Figure 1.



Figure 1: Inputs and Outputs of MSM for Biography i/ at time 7 .

!

T

Figure 1 depicts that at time ¢, the MSM algorithm takes as inputs the parameters consisting of the
exogenous state vector a, and the endogenous state vector observed at the previous time period B
and, lastly, a vector of random uniform variates r, (discussed below). It produces as output (using the
laws of motion defined in the MSM) the endogenous outcome states 8, at time . In the microsimulation
of biography i at time ¢, the outcome state 8, depends not only on the exogenous conditions prevailing

at time ¢, but also on the outcome state 8, , occupied by the biography at the last simulated time

-1

point®.

When performing the microsimulation of a biography at time ¢, a sequence of uniform random

variates 7, (of size m, ) is drawn to determine the transition 8,  to g, .

In order to complete the general description, the formulation of MSM output from the generated
outcome states é“, t=1, ..., T, needs to be discussed. Time-aggregated output of interest for each
biography i is denoted by the vector y, = (", ... y*) whose components may be the total survival
time, number of visits to physicians, ;wdical costs, etc. The time-aggregated output vector for each
individual will be based on the endogenous states 8, = (8,,, ... .8 :7) realized for the simulated

biography till the time of termination 7. In fact, y, is a deterministic function of g, ¢=1, ... T}

* The transition to state _ﬁ.ir may depend not only on the previous state é ;41> but also on the states
occupied at the previous times -1, -2, and so on. To spare notation, we take it to mean that £ ;, does
not just depend on its endogenous state at the previous time point E ;11> but also on states observed further
back in the simulated history of the individual. Similarly, o, may be interpreted as not merely representing
the exogenous information set used as input to MS at time 7, but includes the set of exogenous descriptors
up to time /.
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yioE Y. S0 2.2)
(=1
For example, if BY is defined as the endogenous state indicator variable signifying whether or not

the biography entered the death at time ¢,
w_ [l if employed in period (t-1,t]
it = 10 otherwise

T,
then, y® = ¥ B% gives the total number of simulation time units in which biography i* was employed.
1=}
Therefore, once the outcome states 8, = (8, ... 8 ,,.) are realized in the microsimulation of the
i* biography, the corresponding output of interest y , may be directly computed functionally in terms
of the time-wise elements of .. Population parameters may then be estimated by appropriate
aggregation over individual values given by y ..

3. A MICRO-LEVEL ABSTRACTION OF LONGITUDINAL MICROSIMULATION

In the previous section a macro (black box) representation of the longitudinal microsimulation process

at time 7 was developed for the output vector 8, = (8, ..., B7) as a whole. In this section a micro-

level theory of how individual outcomes BY, k=1,..., S, at each moment ¢ are generated by MSM is
developed. Aside from providing an abstraction of the longitudinal microsimulation process, this

description is essential for the results obtained later in the paper.
3.1 Decision Steps and Sequences in Longitudinal Microsimulation

Microsimulation for a given biography at each time ¢ (or over period (£-1,7] ) involves executing
a number of ordered decision steps (functions). Let U, = {Du N O . D‘s‘} represent the universe of
all possible decision steps which may be encountered by a biography during its microsimulation at time
r. Decision steps answer questions such as "does the biography smoke at time 1", "quantity smoked at
", “income earned at time 7", "does the biography survive the simulation period (#-1,7]", etc. We
further denote by U, ={D,,D,,..., Q,Q‘} the set of all possible orderings of decision steps in
u = {Dn, B = D(sl}. The decision sequences (paths) Q,q, q=1,...,0,, which may arise in the
state space are dictated by the "laws of motions" of MSM specifying the interconnections between states
at each time node. Each decision sequence D, inthe set U, is constructed as an ordered combination
of decision steps from U, = (D, D,,, ..., D}

Elements in the endogenous state vector 8, = (85,87 .....8;") generated for individual i at



simulation time ¢ are outcomes of a decision sequence D, chosen from the finite universe of all possible
decision sequences U, = {D,,,D,,...,D }. Having established the general notion of decision steps

12 ’~th

and decision sequences, these concepts will now be formalized and developed in greater detail.

Definition 3.1: Set of All Possible Decision Sequences U

o~

A decision sequence D is a possible ordering of the decision set U, = {D

s -+ Dy} permitted
by the "laws of motion” of the MSM at time . Consequently, the set of all possible decision
sequences at time f isdenoted by U, = {D,,D ,,...,D .}, where Q, is the number of orderings

I R O)

possible.

Each decision step D,, at time + maps a uniform random variate u, drawn to decide the outcome
of D

¢» ONto & point in its decision space X, representing the set of all possible decision outcomes (either

continuous or discrete). Each element of X, is in the support of a corresponding probability distribution
fD”k ”’u'( ), U <k, Gedf FD“,DU_( * )) which quantifies the probabilities of transition from decision states
in X, which we call the source space, to states in the decision space X,,, which we call the destination
space. These thoughts describing the k® decision step at time ¢ are expressed more precisely by the

definition below.

Definition 3.2: Decision Function (Step) D,,

Given a state in the source space X, and the transition cdf parameter L /D,,-( * ), the process
by which a decision outcome x e X, is generated from a uniform random variate u is defined by the
following mapping:

D'k(“;FDu/D,,'): u - x, whereue U[0,1], xeX,

such that x F';,lt“’u () , if X, continous

inf {y € X | F(y) = u}, ifX, discrete.

]

X

In the case of a discrete destination space, Definition 3.2 assumes an ordinality to exist among the
states in X,,. If a natural ranking of discrete states does not exist, a reasonable ordering may be
artificially imposed as long as the transition cdf F, , (-) over X, is well defined and used

(1 3 7]
consistently.

3.2 Types of Decision Sequences

We now address the structure of the decision sequences D, ¢=1,...,Q, in U,. Decision steps in
the decision sequence D, may depend on each other in one of three possible ways discussed below.

6



3.2.1 Fixed Decision Sequence (FDS)

This is the most straightforward and convenient form of decision step dependency. This situation
arises when connections among states in the state space are such that while advancing a biography through
time ¢ only one ordering of the decision steps in D ={D,, ..., D‘s‘} is possible. FDS arises when states
in each source space are connected to states in only one other destination space. In this case, since
0, =(l; B Stl)xe universe of all possible decision sequence configurations contains only one sequence:
U, = {D,}. Furthermore, the fixed decision sequence at time ¢ may be written as
D, =D

ordered sequentially by the order of decisions taken.

ot Dls‘} if we assume without loss of generality that the decision set D, for time ¢ is

il tyjiaisis

In a MSM model exhibiting a FDS structure in the state space at time ¢ , regardless of what outcome

occurs upon taking the first decision step D, the next decision step will always be D,. Similarly,

tu?
regardless of the outcome from decision step D,,, the next decision step will always be D, and so on
for subsequent decision steps. Previous decision outcomes may, however, effect future decisions

quantitatively as discussed later.

Conditions which must be met for a FDS structure to hold among discrete decision spaces at time
1 are stated in the following theorem.

Theorem 3.1. Sufficient and Necessary Condition for FDS at time t
For each source decisionspace X, k=1, ...,
X, P21, such that

1

there exists a connected destination decision space

=R

1

S z z f;) /D, =x (xk‘p.m) =1
My g Xk Shop.m X kep i.kep Tk " Tkq
where x,_,q=1,...,n,, and x,_ ., m=1,....n, , are the states in X, and X , ,

respectively. In refering to the size of the source decision space n,, we exclude terminal states
in X, while counting n,,.

For all source decision spaces X, , k=1,...,S5 -, the equation above checks to see whether
transitions from all states in X, (excepting terminal states) occur to the same, one and only, connected
decision space X, , p >0.



Proof

Assume that there are a total of n,, states denoted by x, ,m=1,...,n, in X,. Take the non-
terminal state x,eX, . Since x, is a non-terminal state and, moreover, the state-space allows
transition from a source state x, in X, to states in only one decision space X ks » P >0, the sum

m=1,..,n in X

of all transitions from x,, in X, to possible destination states x cos By pops e

kep,m ?

must add to one:

) Jo .. . (xkop.m) =i

t.kep’ V1 k
Teop.m Xi kep g

Now a FDS structure among the decision spaces {X X} arises when only one possible
D, s )}. This

all states in X, are

10 0o

ordering of decision stepsin U = {D,, ..., D,s‘} is possible givenby U, = {(D

TERRE

implies that all non-terminal states in X, are connected to states in X,

connected to states in X, and so on.

Repeating the same step given above for x,, in X, for all non-terminal states x, ,g=1,....n,, in
X, then yields
) L 5

1D, =5y ko m) =My
g Xk Tkop.mt X pap P tk=Tqk = KP.m

Finally, for the FDS structure to hold across the complete state space at time ¢ , the above expression

must hold for all source decision spaces X, k=1,...,5 - 1.

tk?

3.2.2 Permutable Decision Sequences (PDS)

Random sequential dependencies may arise in the decision sequences D, ,q=1, ..., Q, if the outcome
of previous decision steps D,, alters the types of future decisions D,.,» =1 which may be undertaken.
This occassion arises if the state space structure is such that a decision space X, is connected to more
than one other decision space. When states in a decision space X, map onto states in more than one

other connected decision space X , , p=>1, then it is possible for more than one decision path

N4
configuration D, ,q=1,...,0, (@ > 1) toarise. The set of all possible decision sequences possible

at time 7 denoted by D, ={D , ...,Q,Q‘} will now contain more than one element.

As an illustration, suppose that at time ¢ the decision spaces X ,, X ,, X,, and X , are connected

({4 22

with each other as shown in Figure 2.



Figure 2. Notational Example of Permutable Decision Space Structure at time 7.

Xt1 ng Xta Xt4

" xt11‘\ '_—'{ Xt31j Xt41j}

(t-1)

- Xw2)

This structure of the decision state space at time ¢ allows the occurence of three decision sequence
configurations, namely D,, = (D,,, D), D,, = (D, D,,,D,;) and D, = (D, D, D,,). The set of all
possible decision sequences at time f may then be written as

U, = {D,y. Dy, D} = {(D,, D),

el =2l =3

(D Dm D:a ),

(Y

(Dll’ D!?’ Dll) }

The same illustration given above is re-expressed below in terms of a simple (but fictitious) example of
a MSM decision space at time 7 .



Figure 2. Example of Permutable Decision Space Structure at time /.

Smoking Health Employment Sickness
Space Space Space Space
f ;J;n V\\, : / Unem#- :\" / 7 \

- Smoker loysd |

t-1)

/ Heart
Disease }

Conditions which imply a PDS structure among discrete decision spaces at time ¢ are stated in the

following theorem.

Theorem 3.2: Sufficient and Necessary Condition for PDS at time t
For at least one source decision space X,, k=1, ..., S,_,, there exists a connected destination

decision space X ,, , p=1, such that

k+p

1
O < — E z fD’ k*p/le.xklI (xk+p,m) < 1
n,k xchx,k xhp.”"x,.,‘,,, :
where xkqvq'_'lv""nlk’ and xk‘P.m’m=1""’n’.k*P are the states in X'k g Xt(hp)‘

respectively. In refering to the size of the source decision space n,,, we exclude all terminal

states in X, when counting n , .

The proof of Theorem 3.2 is analogous to that for Theorem 3.1 and may be easily modified for the

PDS case. These two theorems may be used algorithmically to distinguish between fixed or permutable

decision sequences.

A complication introduced by Permutable Decision Sequences (PDS) which was not present in the

10



FDS situation is that the life path of the simulated biography may change depending on the outcome of
previous decisions. On the other hand, in a state space where decision steps are arranged in a fixed
sequence, all biographies experience the same life paths (decision processes) although outcomes of

previous events may quantitatively modulate later decisions.
3.2.3 Mixed Case: FDS and PDS

The decision dependencies discussed in Sections 3.2.1 and 3.2.2 above describe the basic types of
decision processes which may arise in the state space of a longitudinal microsimulation model. Most
MSM models will consist of mixed decision structures with the fixed FDS segment containing M, ( < §)
decision steps preceding the random PDS segment.

In order to represent the set of all possible decision paths U, in the mixed case, we first define its
two components: gf = { Q,Fl} ={MD,, ... ,D‘MI)} denoting the possible paths (only one) in the FDS
segment and U] = {Qﬁ, Q,’J
possible decision paths at time r may be written as the cartesian product of Uj and U7
U = (U xU").

denoting the possible paths on the PDS segment. Then, our set of

3.3 Simulated Decision OQutcomes

In this section we examine in greater detail how the components of the endogenous outcome vector
g., are created for a simulated biography i at time #. Recall that g, is one particular realization ofa

decision path D,qe U, using the random number stream r, = (r,

e R r,.,s') drawn at time / to advance

the biography from the achieved state 8, to the new state g, .

Each decision function (step) D, in the decision set U, = (k.. =ep Dls‘} is a random variable. The

decision function D, for decision k at time ¢ takes as argument a random uniform variate r,, e U [0, 1],

and given the outcome of earlier decision steps 8., = (8, ..., 8™), maps r,, onto a point in the

decision space X,. Probabilities of transition from a state in X, , |

obtained from the transition density function f, ,, (- ). All probability functions fle by LY s

to states in the decision space X, are

t=1,...nk=1,..,85  used enter the decision process as components of the exogenous information sets

sl
a,. Inaddition, transition densities f,:“k 1D, 4,0 ) A time ¢ may be altered by endogenous outcomes
B,,5=1,...,¢-1, obtained while simulating earlier time points s=1,...,¢-1.

The dependence of the conditional transition pdf and cdf on both the exogenous information set «,

and the realized endogenous states § and ¢ is captured in the definition below.

i0-1 irfl:x-1)

11



Definition 3.3: Conditional pdf and cdf of transition from the source decision space X to the

t(k-1)
destination decision space X,

fD‘kID () =f;)“(lD
()=

1 k-1 ( ) ;Q-"'* (oz,, ,@,i.'—l 2 ,@,nn:k-u))
(385 (g' ¢ éi-hl i éi:[l:k-ll))

t.k-1

Dy /Dy k-1 Dy /Dy g1

where 8 .. (a,, é oy _@ i1x-)) A€ parameters which impact the shape and range of the transition
pdf and cdf faced by biography i in executing decision steps D, .

We are now poised to formulate the concept of a simulated outcome for biography i at time ¢ using
the defintion of the decision function. The labelling of the random numbers used to make each decision
is crucial in connecting the outcome of a decision function with the simulated outcome of a biography.
In Definition 3.4 below the original Definition 3.2 of the decision function D, introduced in Section 3.1
is modified by replacing the Monte-Carlo draw u with r,, to explictly link the decision outcome B for
biography i at time 7 with the decision function D, and its input 7,, .

Definition 3.4: Decision Step D,, and Decision Qutcome 8,

Given a source decision state x , eX and the cdf parameter F (-) to the decision
1, k-1 £ k-1 Dyi/Dyk-1)

function D, , the decision outcome 8, in the destination space X, obtained using the Monte-

Carlo draw r,, is described by the following probability map:

Dy, (7ii s FD,k/D‘_k_l): r.¢UM0,1] - -(’:) €eX,

(k) -1 . .
such that 8, = F B/, 4 (r,), if X, continous

ff) inf {XEXH:IFD

iy g © 21,4, if X, discrete
Moreover, the relationship between the labelled random variate r,, and the decision outcome g*
for biography i at time f may be further stressed by expressing the definition above more compactly using

the functional notation given in Definition 3.5 below.
Definition 3.5 Outcome B3 of Decision Step D,, for Biography i at time t

5:(? - D:k(ri:k; FD /D (- ;.Qilk (g.:’gi.t-l’éit[l:k—ll)))' 3.1

k' Tr k-1

Having developed the concept of an individual outcome g for a particular decision step D, we
now formulate an expression for the complete endogenous outcome state vector g, for individual i at

time r. Simulation of biography i at time ¢ requires a number of decision steps to be taken in a
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sequence. The ordering of this sequence may be fixed (FDS), yielding U, ={D, }, or the ordering may
be subject to permutation (PDS) in which case the set of all possible decision sequence configurations at
time ¢ contains more than one element U, = {Q,,, ...,Q,q}, Q0 >1.

When the ordering of decision steps is fixed, the number of random variates required to simulate any
biography at time ¢ is also fixed. In cases where the dependency of decision steps follows the FDS type

of structure, each ordered elementof r =(r,,, .. ) corresponds exactly in position with each element

HS,
of the decision sequence D, =(D,,,..., D, ). A functional representation for the endogenous outcome

state vector 8, for biography i at time #, based on Definition 3.5, is given below which directly links
...,r,.,s‘) and

itl?

the decision functionsequence D, = (D,, ,..., D,q ) with its random input stream 7, = (r,

cdf parameter vector F For ease of notation, the cdf

—r(1:5] = (F, "’I;‘le/x)‘_,‘_1 ""’FDIS‘/D,.S‘_l)'

parameter will be written simply as F - FDm » mgrlig . -

~t1:5] (FD” Vo> ks,

Definition 3.6 Outcome Vector B, in FDS Case
When the ordering of the decision steps is non-permutable, there exists a one-to-one

correspondence between the elements of the random variate stream r, =(r, e lis, ) drawn to

irl?

simulate biograhy i at time ¢ and the decision steps in D, = (D The complete

Fie ).
t1? ’ !S‘
endogenous outcome state vector @ ,, simulated at time 7 for biograhy i may be expressed functionally

(by Definition 3.5) as follows:
B = Oy (3 Fo (1)), Dig (g3 Fp ()

= D:u 51 (.fu[x 510 us,]( ))

In the case where the ordering of decision steps is open to permutation (PDS), this one-to-one

correspondence between r. and decision sequences in U, ={D } will no longer hold

., Mg 2

throughout the whole sequence because decision steps in the sequence may vary for different biographies.
In this situation, different biographies may randomly follow different decision paths.

In most MSM situations, however, both FDS and PDS type segments will hold in the decision space.
Here, permutable decision sequences (PDS segment) arise after the fixed decision path (FDS segment)
giving rise to the mixed decision path structures discussed in Section 3.2. For instance, in the example
provided in Section 3.2.2, the set of all possible decision sequences was
U =1{D,,D,,D,} = {(D,,D,)(D,, D,, D,),(D,, D,;, D,)}.

In all three possible decision path occurrences, decisions D, and D, occur commonly in the first
segment of all decision paths. The size of the random variate stream r, =(r,,,,,, ...) used to advance

biography i in the interval (r-1,7] will vary depending on which decision path Q,q, q=1{1,2,3},is
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followed by the simulated biography. However, among all three realizable decision paths, the first two
random variates drawn, r,, and r,,, will always correspond to the first two decision steps D, and D,,.

More generally, the decision paths which may arise in a mixed state space at time r were represented
by U = (U X U ") (see Section 3.2.3). For all biographies simulated, the first M, < S, decision steps
will remain constant. This enables us to represent the cdf of conditional supports for the decision spaces
X, k=1,....m, by E _F:um (B, ... FDk’ "FD;M‘)' Similarly, we allow

1k

F -
L .CunJul (ritl’ PO00 uM
steps in  U,". We represent the decision outcomes for blography i at time ¢ obtained from the FDS

segment of the decision path by Bir = B sy = (B oo 8"y, Definition 3.6 allows these outcomes

to be written in terms of the Monte-Carlo stream r I and cdf parameter F [ as follows:

) to be that sub- stream of r,, used to determine the outcome of the decision

Bii = @, (ryy,Fy (- )) 5. Dy (s Fi (- )

=D

YoM, (Tapiagy ED,[,:M‘]( *)

=D; (ri,, FD)

—

Meanwhile, outcomes in the complement of 8 denoted by 8, (@ =B, 8 ﬁ)) arise from decisions
from the permutable PDS segment of the decision path taken by the biography. Decisions in the
permutable segment of the decision sequence realized for biography i/ depend on outcomes of decision
steps taken by the biography in earlier decisions and becomes completely specified only once the last
decision in the path is taken.

This implies that the length of r f is random and depends on the decision path realized in U, .
Therefore, the length of the entire Monte-Carlo stream r, = ( ___r,-f ol ") needed to simulate a biogr;i)hy
at time ¢ is also random. The complete outcome vector may be expressed in terms of decision sequences
and their arguments as

8. = BL, BY)

— T —

- (Qfll:M,] (Fwy)s DO ) ).

4. POLICY COMPARISONS AND ACROSS-POLICY MONTE-CARLO EFFECTS

An important use of longitudinal MSM is in the area of policy development and strategic planning.
MSM affords the researcher the ability to model the essential determinants of random real world
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phenomena under various assumptions. For example, in the context of POHEM microsimulation, the
researcher is interested in the health outcome of a hypothetic Canadian population (constructed from
observations of the actual population) under various health policy scenarios (Wolfson and Berthelot,
1992). The researcher wishes to study how health measures and health costs are affected by public policy
initiatives aimed at discouraging smoking or lowering the cholesterol level for instance.

4.1 Concept and Representation of a Policy in MSM

The micro-level theory for longitudinal microsimulation developed in Section 3 allows us to describe

. 5 ] o0 k) - (5,
the simulation process for individual states BY ing g = . ,-,‘)) at an elemental level as follows:

® _ . .
i D!k (ritk % FDI‘|D,"_1 - ﬁ““-"( 2 .Qut (2, ’Ei.:-x ’ éi:ll:k-l]))) (4. l)
for k=1, ..., §.
As discussed earlier, the decision function D,, maps the uniform random variate r,, onto a point
B% in the decision space X,. This mapping is performed with the help of the transition cdf
Foan ., €5 0. (a,.8,, . Biuy)) parameterized by the exogenous information set « , and the
outcome states 8, and g, ., ,, achieved earlier.

A policy in the mathematical model for MSM proposed in equation (4.1) is represented by variables
in the exogenous state vector a . This vector describes all external assumptions to the MSM model such
as the effect of risk factors (egs. smoking, cholesterol), socio-economic factors, genetic disposition and
the like on the survival distribution of age-sex based biographies which eventually quantify the structural
connections over the state space. Clearly, policy interventions directed at changing smoking and
cholesterol levels through behavioral change (eg. exercise, diet) represent changes to the exogenous state
vector o, t=1.

Changes in outcome states @, are the result of quantitative changes induced on the ‘laws of motion’
guiding the MSM and do not cause structural changes in the model. By this we mean that the state space
in not structurally changed by policy alterations in the sense that new states are not added or old states
deleted at any time in the state space. Nor are flow connections across time between states altered by
policy changes; only the probabilities of transitions among states are eventually effected by policy
changes. It is important to understand that structural changes to the state space in the form of
addition/deletion of states and flow connections represent changes to the ‘laws of motion™ governing the
system. Such changes alter the structure of the model and should not be confused with policy changes.
Therefore, policy changes hold the structure of the model constant but alter the likelihoods of transitions
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to connected states.
4.2 Types of Policy Change

When comparing two policies for each simulated biography, represented by
a=(a,.,2,.,a,)ad o =(g§, o gf, e gi,), the researcher is interested in studying the
impact differences in the two policy assumptions have on the corresponding simulated outcomes
B,=@.-s8,nB,y) and 8 = (Qf,,...,ﬁf,,...,g',f,‘,). The representation for « ' above

—

assumes that policy interventions are made at all times in the simulation horizon.

Other types of policy change may be of possible interest to the researcher. For example, the case
of policy intervention only at time #, (o/ = (@,,...,a, , @,, &

- 1,41

., @ .)) is a special case of the
policy change mentioned above. Here, change to the exogenous conditions facing the biography occurs
only at time f,; conditions at all other times before or after remain the same as before. Yet, another
variety of policy intervention is when interventions affect exogenous conditions at time f, and also
thereafter for all times but not before 7,; i.e. of=(a,,...a, ,, @, @, ). This situation also

leads to a similar pattern of outcomes as in the case of intervention at time £, only.

4.3 Confounding of Policy & Monte-Carlo Effects

In order to investigate the impacts of policy change on the simulated outcome 8%, consider the
consequences of a policy shift from o« to o'. To maintain simplicity in the exposition, without
sacrificing generality, we assume that the policy change o involves only a change in policy at time 7 s0
that if oa=(a,,...,,..,a, ) represents the baseline policy, then after policy shift
of = ot gf, ..., a ) represents the modified policy.

Using the results established in Section 3.3, the different outcomes for decision & at time ¢ under
the two policies may be represented by the following models:

Policy I (a,):

i=1,..,n;
g7 = D, (rm; Fo,kw, f1® p,.;‘**('; 9, ’E-‘.hl ’Eir[l:k-])))’ F=1,., Ty 4.2)
5 k=1,..,5§,.
Policy II (a;):
If the decision structure is fixed (FDS):
X
ﬁilt() = ng (s,',g; Flelbt,bl' ﬂff‘" (' ’ ,Q,l/lk (E.Y,;/ L] g;.,qs ﬂ:{r(lzk-ll)))y (43)

16



If the decision structure is permutable (PDS):
*1

651 ' = Dtk’ (sul: , FD”‘|D'_*,_[ - a:,‘""(' , .o..m' (g..f/ ’ éi.l-l ’ 6:'/:[1:1:’-1]))) (4'4)
It is important to note that both r,,, and s,, are uniform [0, 1] Monte-Carlo draws drawn to simulate

policy outcomes for biographies i = 1,..., n under policy (1) and policy (2). Since policy runs are

performed separately, r,, and s,, are drawn independently under both policy runs and furthermorer,,

will be usually different from s,,. Here, i simply labels the order in which biographies are generated

under the two policies.

The effects of a shift in policy from o, to g,-’, on the outcome S, are altogether different depending
on whether the state space gives rise to a fixed (FDS) or permutable (PDS) decision path structure.

FDS Case

Recall that in the FDS situation the set of all possible decision sequence configurations U, at each
time ¢ has only one element: D, = {D,,... ,D,Q'}, Q, = 1. This implies that the length of the random
stream r, , used to simulate biogaphy i at moment ¢ is fixed and each elementof r, = (r,,,... ,r“s,)
D‘s‘) and the
kth random variate in r,, namely r,,, serves as input to the kth decision D, : B = D, (r,,).

has a one-to-one exact correspondence with fixed ordered decision steps in D,, = (D, ...,

Although the order and length of the decision path remains fixed in the FDS case, decision steps
occuring later in the path, say D, ,k >1, depend conditionally on outcomes of previous decisions
B it =Dy Lipayy) through their effect of their outcomes on the parameters of the transition cdf

—~

Ful,tlo,',‘_, (+5 0 (e

—

o Bii1s Bipa-))) supporting the decision space X, of D, .

Comparing expressions (4.2) and (4.3) representing the outcome from the same decision step D,,
under the two policies « , and « !, one observes that changes in the outcomes 8\ and 6,.',(” are the result
of two influences:

i) Policy effect represented by change in policy from o, to « 7 and

ii) Across-policy Monte-Carlo effect due to using different random variate draws r,, # s, ,.

From these observations, it is clear that the difference in outcomes 8,“ 8% under the two policy
scenarios is confounded by both a policy effect and an accompanying across-policy Monte-Carlo effect.
Ideally, one would like to observe the impact of policy change on microsimulation output independently
of such Monte-Carlo contamination. In Section 4.5, an optimal biography generation design is proposed

which blocks out such Monte-Carlo contamination (confounding).
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PDS and Mixed Case

In the PDS situation, more than one ordering among decision steps can arise at each time f:
U =1{D,,....D,}, Q> 1. Theeffect of policy change o, on the outcome @’ is more complex.
Here, results from earlier outcomes B,.',[,:k,_” do not just quantitatively modulate later decisions but may
alter the subsequent decision path taken by the biography. Therefore, the decision steps taken at time
¢ and later under the two policies may be different. The propensity of the decision step to change is
reflected by the prime in D,,. Consequently, the parity between the outcome 8 = D,, (r,,) under policya |
and the outcome £ = D,,, (r,,) under policy o, with respect to the Monte-Carlo draw 7,,, is broken.

Decision outcomes under the two policy scenarios are no longer comparable because the decision
spaces X, and X ,, are no longer the same. The random variate stream 7, now varies depending on the
decision path D, e U, selected by the biography and the one-to-one exact correspondence between the
random variates and decision steps no longer persists across policies.

In mixed decision sequences, a fixed (FDS) sub-sequence is followed by a permutable (PDS) one (see
Section 3.3) and the one-to-one correspondence between the positioning of Monte-Carlo draws 7, in the
random number stream s, and decision steps D, holds only in the FDS segment of U = (U xU,").
Recall that outcomes arising from mixed decision sequences were represented as N o

Eil - (.gﬁ’ E:)

- (Qf[l:M,l i) » D; (jﬁ))-

L . _ & _ nyF . F
where E“ I .gil[l:M,] B (Du (rin) B | DtM, (rMM,)) N Q:[::M,l (,._’,-iql:u” ) = Ql Qi()
represents outcomes for the FDS segment of the decision sequence D, and _gf, represents outcomes

obtained upon executing decision steps in the random PDS component D! . If the Monte-Carlo stream
L ‘_rf, s ~rf,' ) is used to simulate 8 |, , then the one-to-one correspondence between the decision functions D,

and their inputs r,, holds only among elements of Qf =D = (D D,,) and

—~11:My]
F

Fi = Lipemy = (rm""’rim,)'

e

Therefore, the biography generation design directed at blocking out Monte-Carlo effects in policy

comparisons may be applied to the fixed decision path segment D

D, x, of all decision paths in U,.

4.4 Optimal Biography Generation Design

From Section 4.4 it can be seen that unless control is exercised on biography generation policy
effects become confounded with Monte-Carlo effects. Due to this confounding nature of policy effects
and Monte-Carlo influences, it becomes difficult to evaluate the direct impact of policy change in
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simulation outcomes - whether differences in response are due to policy changes (a vs. a’) or are they
the result of uncontrolled differences in the random numbers (r,, vs 5,,) used. From a design
perspective this is undesirable because inadvertent changes in the random numbers used in performing
different policy scenarios blur the real effects of policy change.

Optimally, if control over biography generation was possible, one would wish to produce
microsimulation output for the same set of biographies under the two policies & and a ' which was free
from confounding Monte-Carlo effects. Expressions (4.2) to (4.4) suggest that a design (call it D2
design) which would block out Monte-Carlo influences across policy scenarios is one which used the same
random numbers r,, i=1,...,n; t=1,...,T; k=1,..,8§, to simulate the common decisions under
both policy scenarios o and «’. This would ensure that r,, =s,,,V,, . Under the D2 design, the
simulated outcome for decision k at time ¢ would be represented by the following models:

Policy I (a):
i=1,..,n;
(3 - d
BEI) - Dtk (ritk ; Flelol.k-l' p‘:;'!(‘ . ,.g.'rk (Ql,, ’Ei-"l ’ E““Z“”)))’ ’i ; : Lt ?’ (45)
Policy 11 (for FDS segment) (a):
i=1,...,n;
Bg)/ = Dm (r,-,k; FDrklbl,k-l' 5?;"(.; ,Q:lk (9_:, s E[',-l ,En{r[l:k—l])))s ’:i ;’ chAthy Tn’ (46)

DEEERE PO

The use of the same Monte-Carlo draw r,, in both policy scenarios for the FDS segment removes
influences on the generated outcome states due to differences in the random numbers used. This ensures
that in a Monte-Carlo sense the same "genetic" biography is observed under different policies and allows
the effect of policy change to be measured in the absence of confounding Monte-Carlo effects.

It is important to note that based on the discussion in Section 4.4, blocking out Monte-Carlo effects
across policies is meaningful only among outcomes generated from decision steps contained in FDS types
of decision sequences or in the case of mixed sequences from decision steps located in the fixed segment
of the sequence. However, the benefits of reducing across-policy Monte-Carlo variation in the fixed
segment of the decision path will also carry over to the permutable component of the decision path
because outcomes £, ., and 8, ., obtained from the fixed decision sub-sequence parameterize the
transition cdf FD”:“,’J!.1 (5 8, (a, B, 1s Bipay)) of decision steps in the PDS component of the

decision path.

Controlling Monte-Carlo fluctuations across policies in the FDS segment of the decision path will
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contribute a lower level of across-policy Monte-Carlo contamination to the stochastic profile of transition

cdfs in the permutable section of the decision path.

Some schemes for implementing the proposed D2 design are given in Appendix .

5. STATISTICAL MODEL FOR MSM AND ITS USE IN POLICY COMPARISONS

In this section, based on the theory and concepts developed in the previous two sections, we posit
a statistical model representation for generated MSM outcomes and develop a methodology for estimating
and testing the impact of policy from data generated under different policy scenarios. Once an
appropriate statistical representation for MSM output has been specified, the gains from the proposed D2
biography generation design of Section 3.3 may be clearly demonstrated.

5.1 Statistical Model for MSM Output

MSM output in its most disaggregate form is available for each biography i over its simulated life
as a vector of endogenous outcomes 8, = (8, ..., 8,;). The simulated outcome vector for the

—

biography at time 7, 8, = (&, ..., 87), contains generated values for many characteristics whose &
th element 8% denotes the observed value for characteristic & (e. g. medical cost). The time-aggregated
outcome for characteristic £, y,,, may be functionally represented in terms of biography /’s time-wise

simulated values 8, = (8, ..., 8,..). In the simplest case, each time aggregated element y, , will be

a simple aggregation of time-wise outcomes B§f’ ,t=1,..., T, for characteristic £. In this situation,

L3

keeping in mind that y, , = BY represents for instance the medical cost incurred by individual i at time
f; we may write 3

Yu = L BY G.1)

Making use of the functional representation of S in terms of input r,, and cdf parameter

FDM,D'“_“(-) given by Definition 3.4, the time-aggregate total medical cost (characteristic k) of
individual i may be expressed as follows:

7 7
Yiky = Zl Yiew = E D:k(rm; FD,&”’: H(' s B (gr’éi.l—l’gu(l:bl))) (5.2)
I tel .

Relationships among the argumentsto D, (7, ; Fy 1o : € 30, B, 1,8 1x)))) arevery complex
A i -

and the whole microsimulation model is expressible only as a computer program; an analytical
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representation is too complicated to derive. In devising a comparison methodology we need to first
abstract the essential features of microsimulation output (using the results of Section 3) and model them
in the simplest way convenient to estimate and test statistically.

Allow superscript p to denote the policy in effect, ¢ to represent the simulation period (r-1,7], k to
denote the characteristic simulated from decision step D,,, and i to represent the biography simulated
using the Monte-Carlo draw r,,. We posit the following additive statistical model for the outcome
Yitn ()

Vit i) = BE + Y+ 60 54

where the model components having the following interpretations:

pE = pf (Fy (58 @)
Mean level of microsimulation output y& for characteristic k under
policy p due to the effect of policy g_, onF, (-).

Yii = Yir () — ©,0 m) Random Monte-Carlo effect induced by the selection of the random
Monte-Carlo draws r,, (r,, ~ U [0,1]) to execute decision D, for
biography i.

P ® B 3
,.g'fm(p ll‘( ~uk(ﬂnll’ unku)) ,ae )):

Error term composed of the following combined effects: interaction
between Monte-Carlo and policy effects gg(” * v,,) and the effects of
previous biography outcomes 8, , and 8., , on FD.k(')'

The statistical representation for y) (r,,) developed above may be easily extended to obtain a time-
aggregate mean model for the ith characterlstlc (e g, medical cost) of biography i. Defining

e = g ): Bus Vg = a ): Y., and €} = _ ): €%, yields the following linear model:
4 T, 2 & T, ' T‘ inl
;I(P) = “_"(:) * §|’.k * -gi(.Pk) (55)
where
7 is the time-aggregate mean for characteristic k under policy p for the simulated

population;

W~ 0 ) is the time-aggregate mean Monte-Carlo effect mean induced by the selection of
randomly drawn numbers (r,,,, Fipys -5 Firs) -
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€’ ~ (0, a;) is the time-aggregate mean error component.

5.2 The D1 (conventional) and the D2 (proposed) Biography Generation Designs

The statistical representation for MSM developed in Section 5.1 may be used to estimate policy effects
under various microsimulation designs. The statistical model may also be used to demonstrate the
statistical gains of the D2 biography generation design proposed in Section 4.5. First, however, it is
necessary to specify the type of alternative design (D1 design) we will be comparing the proposed design
with.

In Section 4.5 the optimal D2 design was proposed to block out across-policy Monte-Carlo effects
induced by differences in the random numbers (r,, # s,,) used to simulate the common decision steps
for each biography across policy runs. The D2 design ensures that the same random numbers are used
to simulate the common FDS segment of decision steps among all possible decision paths in
U={D,,...,D,} forall times s =1, ..., T. Under this design r,, =5, for v, ,. The D2 design

may be convenienly implemented using the Minimum Life Cycle biography generation scheme described
in the Appendix.

We will refer to a biography generation design which does not consiously ensure that the same Monte-
Carlo draws are used to simulate each common decision step across policy runs for all biographies as the
D1 design. In this design, r,, and s, are drawn independently of each other so that
Cov (., 5,,) =0, V,,. This further implies that the random variates r,, and s,, used to execute each
decision step D, under policy o and o®, respectively, will be different in most cases:

rx’:k £ sitk’ vitk'

Frequently, when studying various policies the experimenter may attempt to intuitively reduce Monte-
Carlo variation among simulated outcomes y,%, obtained under different policy scenarios by storing the
first initial seed r,,, (i=1, t=1) used to start the simulation run under the first, say baseline, policy.
Next, when performing simulations under other policy scenarios, the same initial seed is used to start the
run in an attempt to reduce Monte-Carlo variation across policies.

This design maintains random number consistency (with decision steps) across different policy
scenarios for all simulated biographies only under very stringent and usually untenable conditions. Not
only must the state space exhibit the FDS (Fixed Decision Sequence) structure (discussed in Section 3.2)
with only one possible decision sequence U, = {( D,,..., D.s,)} arising at all times, but, additionally, the
termination time must be the same for all biographies at all times: 7,=T,i=1,..,n.
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If the above condition; prevail then regardless of what policy scenario is in effect, the total number
of Monte-Carlo draws ( ¥ S,) needed to simulate each biography will be constant. In most MSM models
even if the PDS conditio'r-llholds for all simulation times 7=1,..,w, the condition T,=T fori=1,..,n

is too limiting because the termination time is usually itself a random variable of interest.

Therefore, exempting the first simulated individual i=1, this design will fail to maintain random
number consistency for all simulated biographies and is not sufficient to ensure that the same individual
- in the Monte-Carlo "genetic" sense - is simulated under different policies. Hence, simply using the
same starting seed fails to maintain decision step/random number consitency across policy scenarios and
will not block out across-policy Monte-Carlo effects.

In their paper on "simulation experiments”, Schruben and Margolin (1978) pay attention only to
control over the use of the random number stream at different design "points”. The issue of consistency
between the decision path and the Monte-Carlo stream drawn to simulate it is ignored. Based on the
discussion above, this approach will block out counfounding across-policy Monte-Carlo effects only in

the most simple longitudinal microsimulation models.
5.3 Policy Comparison Methodology under the D1 Biography Generation Design

Without loss of generality, the D1 and D2 designs will be examined under the framework of two
policy scenarios: a” and o®. We further restrict our analysis to continuous (non-categorical) simulation
outcomes and will assess the impact of policy differences by comparing simulation means using the #-test
(ANOVA) approach. In cases where binary or categorical outcomes are generated, other statistical model
(eg. logistic, multinominal) representations for MSM output may be specified and the basic concepts
developed in the paper may be easily applied to these settings.

Let y.! and y.? denote respectively the simulated response for decision step D, under policy o and

policy o for biography i at time . To perform the r-test analysis, the means y.y and y,; are formed

and (under assumption of independence of the two samples and normality) are used to test the null

hypothesis that the means for the two policies g, and p} are equal: H,: uf -p3 =0 wherepl, - py

is estimated by 4, =y - ye.

Our posited statistical model for an observation from MSM under this design is the same as the general
model of equation (5.8):

p=1,2
i=1,....n

yi(fk)(r;,k) = ”'f? h 7,‘,‘ i Efﬁ t= 1, ’Ti (58)
k=1,..,5.
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with the individual terms assumed to exhibit the following standard behavioral assumptions:

E(y,) = 0, E(€}) =0, Var(y,) =

Yik?

Var(€l) = 0., Cov (3, €2) = 0

In the D1 design the random variates r,, and s,, used to respectively generate outcomes y2, (+)
under the two policy scenarios o, p=1,2, are drawn independently and will be usually different
(r,, #s,,). Since Cov(r,,,s,,)=0,V,,, then Cov (y, (7)) Yin (s“k)) 0,V,,. Asa consequence,
simulated outcomes yY, , p =1,2, for the same "genetic" individual under policies af, p=1,2, cannot
be generated. Hence, we can treat the output from the two policy simulations as two independent

samples.

Under the D1 design the mean difference Z,k, and its variance under policy p=1 and p=2 may be

expressed as
- (DN _ ._
A,k = yt(kl) n y((kZ)
1 ] 1 (5.9)
W HR) + = (Z Yu = L Vo) * + (T - T 2.
n i=l n = i=1
- (DD 5 g
Var(a)) = (2 o, 0, . " ¢2 k) /n= am/n (5.10)
The corresponding #-test statistic under H, is
= e - Yie
I [ 1 4
- . t!(n-l)
YVar G -y 05,/ V0
where
- - 1 & ol ,Vu) 511
Var, 3 - ¥%) = 8h/n = o ): 26T G-11)
is an unbiased estimator of Var (3 -y7) = (20 ,l R M)/n based on the total within policy

sum of squares error.
Additionally, when the impact of more than two policies needs to be compared, the ANOVA approach

may be used. The relevant ANOVA table needed to carry out this analysis is given in Table 1 below
(ignoring subscript k):
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Table 1: ANOVA TABLE under D1 Biography Generation Designs

EFFECT SS d.f. EMSS) 2., F

P n . P E 0. MSS
POLICY $S,=Y. Y 6»-y» P-1 n): (;u»)ua + * —

i P MSS,,,
Monte-Carlo  §5,.=Y. Y 02 -y®)>  P@m-1) o’ + E “”
(Within) S
Total Y Y o -y nP-1

P ‘

From the expected mean sum of squares column it can be seen that the effect of policy may be tested

MSS
(H,: 6@ = 6@ = ..6”) by using the F-test based on the ratio MSSP X~

MC

P-1.(n-1)P"

Can we do better? More precisely (going back to the two policy context), this is to ask if it is possible
to obtain an unbiased estimator for the policy effect p'; - u; which is more efficient. It is shown in the
next section that the answer to this question is yes - when the D2 biography generation design is used.

5.4 Policy Comparison Methodology under the D2 Biography Generation Design

Under the D2 design, the statistical model for MSM output

y:tk (r,,k) F'rk ‘Y,‘,g 6?:;

> - =T

— bt ot b
« - v
-

=

A

remains the same. However, contrary to what occurred under the DI design, simulated outputs
¥, p=1,2, for the same "genetic" individual / are generated under policies gf”’ , p=1,2 by using
the same random draws r,,, v, , for all common decision steps in the FDS segment. This has the
important consequence that

CovlyS (7,00 Y2 () = CoV (s i) = 02, (5.12)

The mean difference Z\,k under policies p=1 and p=2 now becomes

R (92) S _ T
ko 3 ik
1 (5.13)
W - lga-sa
n i=1 i=]
with variance
- D2
Var(A,k) (= ) (af“m ,2 k)/n = aDzln. (5.14)
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An unbiased estimator of ¢5, under this design is given by o, = Ll E A, - ./_A,,‘)2 as it can be
=l =
easily shown that E(&},) =a” + ofl = 03,. l

‘Y.ek tk

Moreover, an unbiased estimator of Var (./_l,k) can now be constructed as

A2
| Op2
Var(a,) = — =

A -3 (5.15)
n ( itk tk)

=

.S
n-1i

2|

In order to test for policy differences (H,: ) - u =0) we use the fact that

-1 _=®
A, N Yk ~ Yu _

Na@y il

is distributed as a r-statistic with n-1 degrees of freedom.

Hence, the D2 design blocks out Monte-Carlo variability in the estimator for policy difference
A, =YY -32, leading to the use of a paired r-test methodology in comparing policy differences.

5.5 D1 and D2 Designs: Efficiency and Stability

It may be seen that the D2 design leading to the use of the paired r-test is a superior strategy over the
combined D1 design and unpaired #-test (ANOVA) strategy in two important respects:

1) In the context of comparing simulation means to assess the impact of policy change the

estimator of policy differences 4, =y -y is more efficient under the D2 design:

Vary, (4,) - Vary,(4,) =20 /n > 0.

This occurs because the D2 biography generation design blocks out the component of
Monte-Carlo variability due to v,, in the difference of individual outcomes
A, =Yy -Ysi, V¥, by ensuring that in the Monte-Carlo sense the same "genetic"
individual is observed under both policies.

i) The estimator Z, .= V2 =32 of the policy difference under the D2 design is more stable
in smaller samples. This is implied by i) but also by the terms in A as shown by

expressions (5.9) and (5.13) respectively under the D2 design:
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-— Dl 1 n n
8,5 (s =)+ — (L Vi~ £ i)
" . (5.9)
+ Z (L - en
n i-1 i=1
< D2 e :
A E @ - ) Fe (D € - z €k (5.13)

Note that A, under both designs is consistent, however, in small samples the term
(Z:' Yo ~ El 71{11:)/”
may not be exactly zero. However, this term is completely eliminated by the D2 design leading to more
stable behavior in small samples.

5.6 Statistical Gains from the D2 Design: Significance Level, Power, and Sample Size

To conclude this discussion on the statistical gains of using the D2 biography generation design, we
consider the implications of the fact that paired differences for data generated over policies a Zh, g=ill A,
under the D2 design yields smaller variances than the D1 design: o}, < 0p,.

Without loss of generality, we discuss the import of the above result within the context of the simple

hypothesis H,; p - p = p, = O versus H,: p} - pp = p, = > 0 underthe assumption of normality

with o known. The corresponding equation for type I error is given by (droping the subscript 7k)

Ak > Z}
a/\/;

Z = (ka_;"")ﬁ (5.16)

(3

a = Pr{

where

and k_ is the critical value for A consistent with a test of significance level a.

Similarly, the power equation is

Z -
1-g=pr{Z_H >z
where o/yn
k =
z,, - & = m) (5.17)
g

Combining (5.16) and (5.17) together yields

‘/_ (5.18)

n
Zip =2~ (hy - m,) —
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Expression (5.18) allows us to evaluate the impact of the D2 design against the D1 design when
0p; < 0p, With respect to type I error, power, and sample size. Some interesting cases of spreading

efficiency gains are considered below.
i) Effect on Sample Size with Constant Significance Level and Power
In this scenario a,, = «,, and (1-8,,) = (1 -8,,). Applying equation (5.18) to the D1 and D2

situations yields
\/n
Bl: Z,=7 =(=np) = (5.19)

DI

yn
D2: Z,,=Z - (p -p) = (5.20)
D2
0_2
These two equations reveal that n,, = ;nm o (5.21)
Op1

Result (5.21) implies that the same significance level and power offered by the D1 design may be
attained at a lower sample size n,, ( < n,, ) with the D2 design. The extent of the reduction in sample
design n,, - n,, depends on the relative magnitudes of o5, and a;,. More precisely, since o, and op,
are related as (see equations 5.9 and 5.13)

o =2 0l + O
the reduction in sample size (droping the subscripts for time ¢ and decision k) is exactly
2 ai
fp ~Npy = — >

2
+ +
o, *+ 0, + 20,

ny,.

Recall that 2 a: is the additional across-policy Monte-Carlo variability induced by using different Monte-
Carlo draws in executing decision D, under policies a, p=1,2, when generating outputs
y,2, p=1,2.. Under the D2 design, however, the term 2 of is totally eliminated, reducing with it the
sample size by the amount 2q n,, while maintaining the same level of significance and
2

2 2
g =, + 20,

power for the testing procedure.

ii) Effect on Significance Level with Constant Sample Size and Power

In this scenario n, = n,, and (1 - B,,) = (1 - B,,). Applying equation (5.18) to this situation
yields
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iy =y %) (5.22)

DI
oDl ODZ

e = 2

D2

Since p, > p, and o, > ¢

pz » this implies that Zam > Zam so that «,, > «,,. Therefore, one

implication of the D2 design is that when the sample size and power achieved under the D1 design are
held constant, a smaller type I error (higher significance level) results for the test. The magnitude of the
gain in the significance level is quantified by equation (5.18) where Z_ is determined by the distibution
of the generated data.

R =
If ® (-) is allowed to represent the cdf of the transformed random variable _”‘i, then the

reduction in type [ error may be further quantified as S-E.(3,)
Ao = a, ~ap, = @(Zam) - Q(Zam) =0 (5.23)
iii) Effect on Power with Constant Sample Size and Significance Level
In this case n,, = n,, and a,, = «,, and use of equation (5.18) leads to
SEY SR RS b k. L S (5.24)
v o GDI ODZ

Since u, > p,and a,, > 0,,, Z < Z, 4, sothat (1-8,) < (1-8,,). Hence, when the type

D2* “i-gp,
I error and the sample size are held fixed, all gains from the D2 design are tranferred to

achieving a higher level of power: (1 -8,) < (1-8,,). Similarly, with $(-) defined as the cdf of

the transformed random variable Lp", the increase in power may be quantified as
SE.(4,)
A(l-8) =(1-8,)-(1-8,) = (I’(ZI-BD,) = @(Zl_ﬁm) -3 (5.25)
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6. SIMULATION STUDY

A simulation study was performed to empirically verify the theoretical results regarding the D2
biography generation design obtained in earlier sections within the context of a simple microsimulation
model. The microsimulation model used consists of a FDS sequence of two decision steps D, andD,
with only one time point (T=1). Decision step D, simulates the smoking status of the biography while
D, simulates the future lifetime of the biography. In terms of the notation and concepts developed in the
paper, the complete microsimulation model is given in Table 2 below.

Table 2. Microsimulation Model Used in Simulation Study

Decision Sequence
D =(D,, D)

Decision Space

D

1

(smoking status)

D

2

(time to death)

X, x,={NS,LS,MS, HS} x,=[0, )
Transition pdf
fo,,)o,, q B, s 0 ik (a o, Ei.k—l)
i) Policy ¢ @ =(a{", a§’
l) cy aQ ((,.1..1 @, ) sz/D (6,;” 0(1) (l) ﬁu)
~ Weibul (0‘,‘,’, c =3)
3if B, =NS 1/60 if 8, = NS
218, =LS 1/58 if 8., =LS
9 9 (1) N i1 oY (n " i
o, 8,38 N=13i8, - B =156 it 8, - Ms
2if B, =HS 1/54 if 8, = HS
i) Policy & ®=(a}’, ay’
) y g ((Z'l (Z'z ) r sz,'Dl(ﬁjz; 0522) (g_g)r 6“)
6if 8, =NS ~Weibul 63, C=3)
2if g, =LS @
fo (5,1 ’ ( (2))) 1if ﬁ,: =MS Since Q 2 a, ,
1if g, =HS 6% =02

Note that the policy intervention (o @) changes only the distribution of smokers, with a larger segment
of the population shifting towards lower smoking. The policy change does not effect the parameter 6%

0 fy 10, () 35 @ =a?.

may be written analytically as follows:

f02|u (B,z’ i2» ==

l
co
30

02

Moreover, the pdf supporting the decision space X, for decision step D,

[exp (_ 652/0,‘2) ]”c

e aiemmbae o

N TN ORI T -

AR

- e B o 4
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where the shape parameter C is fixed at the value C = 3. The value of 6, faced by the individual
biography under policy a ¢ represented by 65’ (¢ ¥, 8,,) depends on the smoking status (8,,) generated
for the biography in performing the first decisiou step D, .

To be consistent with the notation used in the paper in Sections 5 we define yy (= §,,) to be the
simulation output of analytical interest for biography i for decision step D, under policy « #. The
expected theoretical difference for the future life-time random variable y under policy scenariosa @
and o @ is E(y) - E() = -1.2502 years. This means that if the "smoking distribution" of the
population is perturbed by health/education programs to effectuate a @ the expected future life-time
should increase by 1.2502 years over the "smoking distribution" reflected by current policy a

A program was written in GAUSS to simulate the microsimulation model described above. One
hundred (K = 100) simulations were performed under varying sample sizes in the range from 5 to 3,000
biographies under both the D, and D, biography generation designs. For each simulation the means yio
and ¥ for the observed future life-times were computed under the two policy scenarios along with the
difference in means A = 5 -3 and an estimate of its variance Var(A) under the D, and D, designs

using the expressions obtained in Sections 5.3 and 5.4.

Table 3. Variance of A and its Estimators

D1 Design D2 Design
Var(a) op,/n 05, /n
0? 05, =20’ +0 ,2+0 2) 05, =(0.,2+0 2
D1 ¥ y § D2 t‘i’ ¢‘;’
Var(a) &, /n &,/n
2 L] =
7 = T T 00 -FO) &=L T T(a-2Y
2(n-1) peii=t n-1ia

where A, =yz ~¥5

Estimates of the policy effect g, =3’ - p5” and its standard error o obtained under the D1 and D2
biography generation designs under varying sample sizes averaged over the k = 100 simulations are

reported in Table 4 below.
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Table 4. Results from Simulation Study: Averages of A and & Under D1 and D2 Designs
over 100 Simulations

D1 Design D2 Design
n i, EN x, e 55 | 6
(-1.250) (-1.250)
5 .895 19.413 -1.326 1.258 238
10 -1.015 19.218 -1.243 1.271 229
15 -.343 18.903 -1.270 12795 231
20 -2.355 19.120 -1.235 1.258 220
50 -1.7192 18.747 -1.258 1.272 218
100 -1.490 18.843 -1.254 1.298 212
200 -1.282 18.818 -1.253 1.294 21
500 -1.203 18.970 -1.250 1.304 212
1000 -1.221 18.926 -1.253 1.300 212
2000 -1.298 18.836 -1.251 1.298 213
3000 -1.255 18.884 -1.252 1.299 211

Comparing the columns for & under the D1 and D2 designs along with the column for 5, /55,
reveals the extraordinary efficiency of the D2 design over the D1 design (approximately of the order 211
times). In Section 5.6, the relationship between the sample sizes n,, and n,, under the two designs
required maintaining the same type I error (a,, = «,,) and level of power
(1-8,,)=(1-8,,) was given by 5

Op1
Ny =—n

D1 D2

Op2

Using this result with our observed estimate of c‘ﬁ,l /&,2,2 = 211 in this particular simulation
experiment, one interpretation of the extremely high efficiency of the D2 design is that a sample size
approximately 211 times larger is required for the D1 design to maintain the same significance level and
power for the testing procedure as fixed for the D2 design.

It should be kept in mind that the ratio o),/ 05, =(2 o),/ o +af?,) +1 is large because
2032 > > af"., + of:.,. In the simple microsimulation model wused in this example
af;., + aff, =Var(e?)) + Var(¢%) (the sum of the two error variances in our MSM model
v =pd +v,+€5, p=1,2)is small. Recall that % ~ (0, o)) representing the error component of
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the model, is influenced by i) the interaction of policy and Monte-Carlo effects (a % ¥,.:) and by ii)
perturbations to 67, (@ @ B i1 B i) the parameter to the transition density FD“‘ (;0%), dueto its
dependence on previous outcomes §, , and 8., ,. In our simple model (7 =1 and § =2),
02 (o, 8,) is affected only by one previous outcome, namely 8,, , so that sources of perturbations to8;?
as a result of variability in previous outcomes are smaller making 0‘2‘3 + 0‘21"’ small in comparison to the

. 2
Monte-Carlo variance Var(y,,) =a, .

In more complex,microsimylation models we expect the term 05, = ":2:' + afa, to be larger relativeto2 a:' R
.G . .
so that the ratio % =_" "Mk 41 will be smaller, although we expect it to be still much larger than

L
one. oz G0y

In Section 5.5 it was shown that the second advantage of the D2 design arose from the complete
blocking out of the Monte-Carlo effect (y,,) in the estimator of policy differences
2,2 (0 -2 +% ( z’ eh - ):1 ¢?) leading to its higher stability especially in small-scale
simulations. This facet is also borne out by the simulation results by noting the closeness of &, to the
theoretical expected difference of -1.250 years even in small sample ages of n =5, 10, 15. TheestimatorZD,
under the D1 design behaves very poorly in these small samples and begins to display better consistency

after exceeding n = 100.

7. CONCLUSION

In this paper, a theoretical description for the longitudinal microsimulation process was abstracted and
used to identify an efficient biography generation design (D2 design). It was shown that policy changes
inadvertently incur with them across-policy Monte-Carlo effects. To compensate, larger simulation
experiments with greater number of simulated biographies are usually performed in the hope that i)
across-policy Monte-Carlo perturbations are averaged out so that estimators of policy effects are stable
and well behaved and ii) standard errors of policy effects decrease to yield the desired significance level
and power for the testing procedure.

Using the mathematical representation, a statistical model for longitudinal microsimulation output was
developed and used to demonstrate the high efficiency and stability of the estimator of policy effects
under the D2 design. One implication of these gains in efficiency on the policy comparison methodology
is that much smaller sample sizes are required to achieve a specified level of significance and power for
the testing procedure.

3B



In the simulation study performed using a small microsimulation model, it was found that the
efficiency of the D2 design over the D1 design was approximately 211 times greater. This implies that
under the D2 design, 211 times fewer biographies need to be generated over other designs which exercise
no control over across-policy biography generation. This constitutes a significant saving in computing
resources for very large scale simulations and also in statistical resources as less data needs to be
tabulated and analyzed.

Finally, the advantage of the proposed D2 biography generation design is amplified when there is
interest in the effect of policy change on rare events. Rare events may constitute an atypical condition
observed in the population with very low frequency (eg. 30 cases per 100,000). In the study of rare-
events, a certain minimum desired number of rare-event biographies need to be generated under different
policy scenarios to allow statistically valid comparisons. The proposed biography generation design
would reduce by a large factor the total number of biographies needed to measure and test the effects of
policy change on the occurrence of rare events.
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APPENDIX: METHODS FOR IMPLEMENTING THE D2 BIOGRAPHY GENERATION
DESIGN

The objective of the D2 biography generation design is to ensure that under all policy scenarios, each
generated outcome Bﬁf’i= 1,...,n; k=1,...,8; T=1,...,T, simulated from decision steps in the
common FDS segment of decision paths uses the same Monte-Carlo draws r,,, ¥, (see Section 4.4).

Random Number Generation in MSM

The Monte-Carlo draws in r,, = (r,,, ... ), M, <§,, used to simulate biography i/ at time r are

Tiem,
generated iteratively from their preceding values. For instance, the first number in the random number
stream of r, is generated from the seed r,, and subsequent numbers are generated recursively using
a relation of the form r,, = f(r,,.), k=1. Due to the algorithmic dependence of the random variates
used to simulate each biography on preceding values, the choice of the initial seed 7, (r=1) effectively
determines the sequence of random number streams R, =(r,...,I;z ) used in simulating biography i
till its time of death 7,. Upon completion of the i® simulation, the last Monte-Carlo draw serves as the

initial seed r.

1110 for the next biography to be simulated. More precisely, 7., ,, = 7;

sy where r"T.'Sr,

is the last random number to be used in r . = (7 ) once the biography terminates at time

pEp— 3
AT'.I’ o gt O 'TlsT.
t=T,. Since the time to death T, is random, the length of the Monte-Carlo stream R used to simulate

biography i is also random.
Methods for Maintaining Monte-Carlo Consistency Across Policies

Two methods for implementing the D2 design which ensure initial seeding consistency between policy
runs are now described.

i) Maximum Life Cycle Method

Let M represent the maximum size of the random stream that may be required to simulate a biography
through the longest path in'the state space to reach the death state in the longest conceivable time 7. We
may further define M as the product of two components: M=Tm, where T represents the maximal life
span of any biography and m is the upper limit on the maximal number of decision steps to appear In
the longest decision pathof U, = {D,,,D,,, ..., Q,Q‘} (the set of all possible decision paths at time f) over
all times ¢ = 1,...,T. The D2 design may be implemented by simulating any biography i at time
) of fixed length m to generate E“ from 8, ,. The
complete Monte-Carlo stream drawn to generate biography i under this scheme may be expressed as

by drawing the random vector r, =(r,

(12 S 'ritm
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We know from the definition of m that all transitions between states over all times will require at mostm
random variates. The surplus variates, those not required further during the transition, will not be used.
Since M is known or determined beforehand, each biography will require a maximum of 7m = M
random numbers to complete its microsimulation. If the biography terminates before time T (7, <7),,
then the remaining random number stream in r, following ., will again remain un-used.

Under the Maximum Life Cycle scheme, upon completion of simulating biography i, the random

number generator will advance to the last element of R, namely .. , and this value will serve as the

Tm?

r

initial seed for the next (i+1) simulation; i.e. r by

10" This strategy of selecting initial seeds

roi=1,...,N, t=1,...,D, , will ensure that the corresponding random streams r, used to generate
events in the FDS segment of decision paths will remain constant for all biographies under different

policy scenarios (as long as the first seed is the same).

This method of drawing the random variates R, =R* =(r,,...,r.;),i=1,...,n, will maintain
Monte-Carlo/Decision Step consistency across policies so that common simulated outcomes under
different policy settings are generated without the confounding effects of across policy Monte-Carlo
variation. This effectively means that, in the Monte-Carlo sense, one will observe the same "genetic"
individuals under different policies.

ii) Storing Initial Seeds

In this approach, the initial random variates r,  , i=1,...,n,¢=1,...,T,, used for each biography at

>
each time under the first (baseline) policy a® are stored to be re-used in the microsimulation of
biographies under other policy scenarios a® ,p > 1. Although this methods will also implement the D2
biography generation design of Section 4.4., its main drawback is that the memory required for storing

initial Monte-Carlo draws is directly proportional to the size of the simulated population.
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