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I. BASIC CONCEPTS OF TIME SERIES ANALYSIS

1.0 Introduction

During the last decade, many statisticians have been devoted to the
search for optimal methods of estimation for time series analysis and
forecasting. The reason for this search {is not hard to perceive. The
need for accurate statistical data is crucial for decision-making.
Policymakers, faced with the responsibility of controlling the economic
activity, will hardly base their decisions oﬂ poor est1ma£es or on
estimates subject to significant revisions whenever new information is
available.

Several methods of estimation, and corresponding computer programs,
have been produced. For the most part, they are based on classical
statistical techniques such as least squares or moving averages, although
some other types of Tlinear filters have also been considered. However,
when using these methods of estimation, a fundamental and simple principle
is forgotten, the optimality of any method of estimation strictly depends
on the fulfillment of the assumptions upon which the methods rely.

In other words, behind each method of estimation, there is a model for
which it is optimal. But since there is no unique model that should be
applied to all time series in all situations, no method of estimation
should be used uncritically as the one giving unique optimal solutions.

The more the behaviour of the generating process of a time series
departs from the assumptions of the model, the less its validity to
describe the phenomenon and consequently, no ma“ter how optimal i*s

corresponding method of estimation is, the final results will be seriously

distorted.



This kind of negligence should be attributed not only to users but
also to researchers engaged in wasteful discussions on the superiority of
one method with respect to another (superiority usually illustrated with a
given time series for which the method proved to be optimal). This
criticism is extended to the theoretical statisticians, for most of the new

methods of estimation are based on very simple models, the assumptions of

which are sometimes so general that it is very hard to find the real
phenomenon that properly fits them. Yet a large class of models exists
which, from a mathematical point of view, are feasible %o deal with and
better fitting the behaviour of many phenomena evolving through time, but
for which methods of estimation have not been developed. We specifically
refer to those models based on the assumptions of non-stationarity, and
non-normality. We shall not discuss here these types of models but shall
concentrate our analysis on univariate models for which well-established
methods of estimation exist. By discussing their assumptions, we hope to
make users and researchers aware of their limitations. Our approach is
concerned strictly with the theoretical empirical foundation of the models
and not with their estimation procedures or other aspects of statistical
inference.

We hope in this manner to provide an insight into the most realistic
and/or mathematically tractable assumptions to be made concerning the

behaviour of a phenomenon that evolves through time in a probabilistic way.



2. Time Series as a Sample Realization of a Stochastic Process

Following the definition of Wold (1938) already accepted in the
current literature, a time series is a sample realization of a stochastic
process, which from a non-mathematical viewpoint, is any process controlled
by probabilistic laws. The most important characteristic for time series

is that the data are dependent and the nature of this dependence is of

interest in itself. The observations made as the process continues
indicates the way it evolves.

Assume the process is described by only one random variable X(t), then
for each t, the numerical value of X(t) will not be uniquely determined as
in the case of a deterministic system but will depend on the random
influences that have been acting upon the process up to the time t. Then,
for every fixed t, X(t), is a random variable defined on a probabilistic
space (@, F, P). When t varies over the tihe range under consideration, we
obtain a family of random variables X(t) depending on the parameter t and
defined on the same probablistic space. This family {X(t), tcT} of random

variables X(t) is a random function or stochastic process. If T is a

finite set, then we have a finite number of random variables in the process
which can be described by using multidimensional distribution functions.
In effect, if X = {X{, X2, .., Xph then this is an n-dimensional random-

vector and it is specified by its multidimensional distribution function.

Fxy, x2,...,xp)2P X1 <x1, X2<x2,...,Xp<Xn} °

If T is the set of the integers, the process is infinite and is called a
stochastic process with a discrete time parameter (discrete here refers to
the nature of the set T) or a stochastic sequence. I[f T is the set of the

reaf sumBers, fthe srocess is alse infialte dSut dncocuntadie| ar non-



denumerable and is called a continuous stochastic process or simply a
stochastic process. The term stochastic process, has usually been applied
to indicate processes with an infinite (countable or uncountable) number of
random variables. The complete specification of a stochastic process
requires something more than a mere extension of the finite case.

For every fixed t, say t=t;, we have a random variable X(t1) which is

completely specified by its distribution function (d.f) denoted by

For every element t in the set T, we have
(2.2) Fo(x)=P { X(t)<x }

For each pair of points t1,tp2 in the set T, we have the following

bivariate distribution function,
(2.3) Ft1’t2 (x1,x2)=P {X(t1)Sxy, X(t2)xp}

of the two-dimensional random variable X = (X(t1), X(tp)).

In general, for any arbitrary finite set of t values, we have
(2.4) Ft1’t2"°"tn(xl’ xz,...,xn)=P{X(t1)f}l,X(tZ{ixz,...,X(tn) Xn}

corresponding to an n-dimensional random variable X=(X(t;),
Mlgor Iy »J 5, ) ) -

The family of all these joint probability distributions for n=1, 2,...
and all possible values t; constitutes the family of finite dimensional
distributions associated with the stochastic process X={X(t), tT}. For
(2.4) to specify a stochastic process, it has to satisfy the following two

conditions:



(a) The symmetry condition, according to which

(W) M ™ e Lee (R L L I
t‘]‘l tJZ tJn 3 i, i, 't ety (x.l,xz,...xn)

where jl,jz,...jn is any permutation of the indices 1, 2,...,n.
In words, the symmetry condition requires that the n-dimensional
distributions F given in (2.4) should be symmetric in all pairs (xj,tj) S0

that F remains invariant when the tj and xj are subject to the same

permutation.

(b) The compatibility condition according to which

(B Fy e o
trtyett

’ Y (X ,X ,.--,X ,w""’m)’
e tn s 32 m

Ft]’tz""’q“(xl’xz""'xm)

for any tp.1,...,t, if mn,

In other words, the compatibility condition requires that

1im. Ftl'tz""’tmf(xl'xz""xm)gFtl'tz""qm_l(xl'XZ""'xm-1)

Xm ++ »

[t was oroved by a celebrated theorem by Kolmogorov (1933), that (2.4) with
(2.5) and (2.6) uniquely defines the probability distribution of the sample

space of the stochastic process.

The converse is also true; that is, any family of finite distribution
functions (2.4) satisfying conditions (2.5) and (2.6) can be regarded as
defining some stochastic process.

We have defined a stochastic process or random function on T as a
family of random variables { X(t), t<T}. It is important to point out
that, since the X(t)'s are random variables, this means that they are real

valued functions of the outcome = of the sample space 0 . For this



reason, sometimes a stochastic process is written explicitly as a
collection of functions with two arguments, namely, w (the outcome or
point) which is an element of Q and t (time) which is an element of T.
In symbols

(2.7) X = {X(w,t), we, =T}

This was not done above because in probability theory, the dependence onw
of a random variable X is traditionally suppressed.

Looking at (2.7), two interpretations of a stochastic process can be
given depending on which of the two argument variables the emphasis is
placed. For a given  , (2.7) reduces to a family of functions of time,
which are indexed on w. Thus to each outcome w of a given experiment,
there is a corresponding well-defined real function of the variable t.

This function is called a realization or sample function of the stochastic

process. This approach is of great interest to us since a realization of a
stochastic process is precisely an observed time series.

On the other hand, if t is given, (2.7) reduces to a collection of
random variables indexed on t. In this case, to specify the stochastic
process, we have to give the probability of occurrence of the various
realizations, which leads to the definition of a probability measure P on
the function space of realizations.

If t and  are both given, then (2.7) reduces to a number.

The process that generates the observation of a time series is thus
seen as a random process where one of the infinite many w , members of O ,
could have been the observed outcome at an instant of time t, say t;.
Since this is done for all t elements of T, one realization (observed time
series) of the process is one function of a doubly infinity set of
functions which might have been generated by the stochastic process.

Figure 1 shows a monthly time series consisting of all agricultural



' male employees 20 years and older from January 1967 up to October 1980.
(Place Figure 1 about here)

Figure 2 shows the number of employees from January 1975 to December

1977 together with other time serie which might have been generated from

the population of time series defined by the underlying stochastic process.
Therefore, each observation xy at a given time t, say t=January 1975 can be
seen as a realization of a random variable X¢ with a probability density
function P(Xt)' Similarly, the observations at any two instants of time,

say ti=January 1975 and tp=June 1975 may be seen as realizations of two
random variables Xt1 and th with joint probability density functions

P(xtf xtz) and in general, the observations of an equispared time series can be
described by an n-dimensional random vector X = {X], X2,...,Xp} @nd its
multi-dimensional cumulative distribution functions Flxy,xy,...,x,.

(Place Figure 2 about here)

The feature of time series analysis which distinguishes it from other
statistical analyses is the explicit recognition of the order in which the
observations are made. In several areas of study, successive observations
of a time series are dependent, particularly in social and economic time
series. There are, however, cases where the observations are statistically
independent, especially in some physics and astronomy problems. The
hypothesis of dependence or independence among successive observations of a
time series determines the kind of model to use for describing the
generating process of the series.

When a stochastic process is specified according to the family of

finite distribution functions (2.4) ghat fulfill the symmetry copdition

Qo




(2.5) and compatibility condition (2.6), the model that generates a time
series is said to be non-parametric in the sense that an infinite number of
parameters are involved.

There exist however other methods of specifying a stochastic process.
It is often convenient to define a random function by an analytical model,
containing a finite number of parameters which are random variables. When
this is the case, the modelvis said to be parametric. In other chapters,
we analyse the parametric and non-parametri¢c models which are more often
encountered in time series analysis. One parametric model that has proved
to be useful for description and forecasting in empirical cases is the
autoregressive integrated moving average (ARIMA) process. On the other
hand, the autocovariance and autocorrelation functions and their Fourier
transforms the spectral density (spectrum) and the normalized spectral
density (normalized spectrum) are non-parametric approaches to describe a
random function.

There are several classical books that discuss extensively the theory
of stochastic process and to which the interested reader may refer; see,
for example, Bartlett (1978), Bucy and Joseph (1968), Doob (1953),
Grenander and Rosenblatt (1957), Jazwinski (1970), Parzen (1952), Skorokhod
(1965), and Sveshnikov (1966).

e




2.Classification of Stochastic Processes

Given that an observed time serfes {x(t), teT} is assumed to be the
sample realization of a stochastic process {X(t), teT} one attempts to
infer from the observed time series the generating mechanism or probability
structure of the process. It follows that in order to analyse a time
series, one must first assume a model for it which must be completely
specified except for the values of its parameters which one proceeds to
estimate on the basis of observed samples. Models for time series are
stochastic processes and there are several ways to classify stochastic
processes. Next, we introduce in table 1 a classification that enables us
to discuss the underlying assumptions of each type of process as well as to
distinguish those processes used for practical applications from the more
theoretical ones.

Table [

Classificatian gi Stochastic Processes

(1) According to the independence or not of the (a) Stationary
properties of the stochastic process on the { (b) Non-Stationary

time origin.

(2) According to the distribution functions that {:(a) Normal

characterize the process. (b) Non-Normal

(3) According to the independence or not of the { (1) Markovian
behaviour of the process on its values in the (2) Non-Markovian

preceding time intervals.

3.1. Statignary Stochastic Processes

The most important and common assumptions made about a time series are

Chat ke correéspending stechastic progess: is statiopary fand thag g



stationary stochastic process can be described by <he lower moments of i<s

distribution function, namely, the mean, the variance and the

autocovariance function or its Fourier transform, the spectrum.

Intuitively, a stationary process is one whose distribution remains

the same as time progresses because the random mechanism producing the
process does not change with time. In other words, all the probability
distributions depend only on the mutual positions of the instants of time

1, tlseeeyty, Dut not on the actual values of these quantities,

The theory of stationary stochastic processes is extensively discussed
in Cramer and Leadbetter (1967), Wiener (1949), Wold (1938) and Yaglom (1962)

and only a brief summary will be given here.

stochastic process X = {X(4,t), weR , teT} is said to be stationary or

strictly stationary if all the finite dimensional distribution functions

(2.4) remain the same when the set of points t1,%2.0t, 1s shifted along

the time series t. That is, if

(3.1) Ft]’tz""’tn(xl'XZ""’xn) = Ft]“'T ,t2+T,---,§1+T("l’x2""”‘n)

for any n, t1sto,...,ty and T,

In particular, this implies that for a stationary stochastic process,
all the one-dimensional distributions of Fe(x) (2.2) must be identical. In
other words, they are independent of the values of time t. In the case of
the two-dimensional distribution functions of (2.3), equation (3.1) implies
that they can only depend on the time difference Ty -ty Gt | noEan i The
values of t; and t, and, in general, according to (3.1) the finite n-
dimensional distribution functions depend only on the differences t - tj
(I tk.. o, )

Figure 3 below illustrates the definition of a stationary stochastic

process with values of ¢ as abscissa and values of zgds ordinates.

Resulting from one realization the stochastic process will be a sequence cf

values which can be represented on the granh (dotted line). Given a
& T =



sequence of numbers xj, Xp,..,X, and a sequence of times ty,tp,..,t, we
' can associate with them a curve (unbroken line). The distribution function
Ft1 vty et (X1,X2,400,Xp) gives the probability that the realization of
the stochastic process yields values which do not exceed the real numbers
x. It follows from (3.1) that this probability does not vary when X is
displaced laterally. In other words, the distribution is the same in the
interval [t+T ,t,+T] and in the interval [ty,t,l.
(Place Figure 3 about here)
In practice, instead of defining a process as strictly stationary, it
is very useful to consider it as stationary in the wide sense or second

order stationary. In this case, only the properties of the first two

moments are specified. Thus, a stochastic process is defined as

stationary in the wide sense if:

(i) the mean value or first order moment u(t) is a constant. In symbols,

' {8 2} u(t)=E[X(t)]=_2xdFt(x) =m
(ii) the autocovariance function cxx(tl,tz) defined as,
(339 oxx(ty,t2) = E[X(tl) -u(tl)][)((tz) - u(tz)]

is finite and depends on a single variable which is the difference between

any two points in time tp,t;; that is,

(3.4) Oxx(t]_,tz)=ox)((t1+T,t2+T)
SEUhing T =-ty, gives

(3.8) oqx(ty,tp) = oxx(0,tp-ty)=oxy (ta-ty)=oxy (T)

where t= tp-t) is the time lag between the two random variables. For tp-t;= 0

(94}

. Bl e tle  warlapee %x(0) of the process and dividing (3.5) by the



variance we obtain, the autocorrelation function o(t)
(30805 (o R e
-9} o o =pyy =
N2 3;;TUT

The mean value is an important characteristic of a stochastic process but
it only gives the coarsest properties of the process: it is only a measure
of location. A better description is provided by the autocovariance

function. For t;=t,, oxy(t) reduces to the variance, that is, a measure of

dispersion in the mean square sense and for all t, #ty,oyy(T) is a measure
of the linear association of the random variables through time.

For the comparison of the autocovariance functions of two different
stochastic processes, it is convenient to use the autocorrelation function
which eliminates the influence of the unit of measure of the random
variables involved.

Observe that a second order stationary process coincides with a
strictly stationary process when the process is assumed Gaussian or normal,
with finite second order moments.

We now give some examples of stationary stochastic processes with a
discrete time parameter.

Example 1 - A process of independent random variables or white noise

Let Ut's be independently and identically distributed random variables

with

(3.7) B Y simi g QY == o2
and

(3.8) O (Y =0 itk

This is a strictly stationary process but if the requirement of
identical distribution is not fulfilled, the process is then stationary in

the wide sense. This process is known 23s a purely rando®m orocess by



statisticians and white noise by engineers.

Example 2. A Moving Average Process Let the independent random variables

of example 1 all be identically distributed with zero mean and unit
variance. We now define a new stochastic process that is a linear

combination of these variables, that is,

(3.9) Zt = aout + alUt-l ot aqut-q; t=---"1,0,1-nn

where the aj's are given constants, then every Zy will de identically

distributed with zero mean and o2 = aoz + a12+",¢uq2. For the covariance
of Z¢lg+g we obtain
dgas * ajag.] *...t ag g Oq for s<q

(3.10)  ogz(s)
0 for s>q

Thus, the covariance depends only on the time lag s so that two pairs of

random variables (Z,,7Z,_ o) and(Zy4n,Zt+s+n) will have the same joint

probability distribution for any integer h. Thus, the moving average
process (3.9) is strictly stationary.

Figure 4 shows a moving average process of order q=2 generated from ag =1,
a; = .80; ap =-.60 and o2, = 1.0
(Figure 4 about here)

Example 3 An Autoregressive Process. This is a process satisfying the

following stochastic difference equation,
(R Zt e th-1 + ...*szt_p = Ut; LT 4 [0 ||
distributed with zero mean. If the roots of the associated polynomial

equation



are less than one in absolute value, (3.11) is said to be an invertible

process, such that,

%
(3.13) Zt = j=o Gj Ut'J o ],0’], s

where the right-hand side converges in the mean. Thus, the autoregressive
process (3.11) is strictly stationary. If the U's are uncorrelated and
have common mean and variance (but are not necessarily independently and

identically distributed) the process is stationary in the wide sense.

Figure 5 shows an autoregressive process of order p=2 and 8431, 8§ *=
85 =-.50 and By = 1)

(Place Figure 5 about here)

Example 4 A process that is stationary in the wide sense but not in the

strict sense is

(3.14) Zt=COSLUt i =pTh 2N S

Where  1is uniformly distributed in the 1ntervél (0,27. Then the mean of
the process is zero with o2 = 1/2 and olt) =0 for all T # 0. These
random variables are uncorrelated although dependent functionally and

statistically.

3.2 Non-stationary Stochastic Processes

A non-stationary stochastic process is one that does not fulfill
conditions (i) and (ii) as expressed by the equations (3.2) and (3.3) for a
stationary process. Of the class of non-stationary processes, the so-
called homogeneous non-stationary or processes with stationary increments
were first studied by Kolmogorov (1941) and Yaglom (1955).

Processes of this kind are non-stationary but, by adequately

differencing the process, we obtain a stationary process in the difference

L5
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of a finite order. In the empirical applications, very often the

distinction between one part of the observed series and another part of the

same series is only in the local level and/or slope of the curve; therefore,
the order of the difference is low.

The homogeneous non-stationary processes generalize the theory of
stationary random functions. [t is obvious that every stationary process
is also a process with stationary differences.

The derivative (difference) of a random function (sequence) of
stationary increments is a stationary process and conversely, the
indefinite integral (infinite sum) of a stationary process is a process of
stationary increments.

We give now the following definition for a process with stationary
increments (Yaglom 1955): The random process X(t) is called a process
with stationary increments if the mathematical expectation of the increment
of X(t) during any time interval is proportional to the length of the
interval, so that E(X(s) - X(t)] = a(s-t); a, constant; and the structure
function D(t; u,v) of the process X(t) depends only on the differences u-t
anl v=-ifi; d.eap Mt; u,v) = D(u-t, v-t)im 0(1, 7).

The structure function is more appropriate than the autocovariance
function for the description of this type of process and was first used by
Kolmog orov (1941). Thus, a process with stationary increments is
characterized by a constant a (which in practice can be taken to be zero)

and by the structure function, which is a function of two variables.

(3.15) B( 7, Tp) = ELX(t+ T - x(t)] [X(t+Tp) - x(t)]
For the real case, instead of (3.15) we have a function of one variable,

3,16) D(7) = ETX(t+T) - X(t)]2



For a real stationary process, 2 is equal to zero and D( ) can be expressed

in terms of the autocovariance function O(T) as follows:
NIRRT =a@mMo) - 9Tt) - o(-T) = 20(7T)

An important category of homogenous non-stationary processes is the
homogenous linear non-stationary where the process is seen as the output
from a linear filter, the input of which is white noise. In this type of
process, previous values of the random variable X(t) will contribute to the

determination of its value at time t. The non-stationarity may be present

in the mean and/or in the variance.

We now give an example of non-stationary stochastic processes.

Example 5. Random Walk Process. A simple example of non-stationary

processes is given by the random walk process in which, as the time increases,

the random variables tend to oscillate about the mean value (a line) with
an ever increasing amplitude. This type of process has been used for time
series of economic levels and in particular, to fit stock market price

data. Let us assume that Uy is a purely random process and Xt is another

process related to Xy as follows:

X1 = Uy

X2 = U+l = X1+U2

(3.7) Xg = Up+U2+...+U¢ = Xg-1+Us

Then X¢ can be expressed as a linear combination of the purely random

N
~J



process Ut with all the weights equal to 1. If the expected value of Uy is u

and the variance o2y, it follows that:

and (3.9) var X¢ = t 02y

The autocovariance of the X process is

(3.10) oxx(ty,t2) = min (t,t2) GZU

Equation (3.7) is also called a process with independent increments, since

(3.711) Ug = Xe=-Xg-1

is a purely random process or white noise and hence equation (3.11) has

stochastically independent increments Ug-Ug¢-1, U= - Ug-2, ..., U2-U1-

3.3. Normal and Non-Normal Stochastic Processes

Another attribute that can be used for the classification of
stochastic processes is the form of the distribution functions that
specify the process. The distribution function most frequently
encountered is the multivariate Gaussian or Normal distribution. Since the
multivariate Normal distribution is fully characterized by its moments of
the first and second order, the existence of a constant mean and an
autocovariance matrix where each component is function only of the time
lag, would suffice for this type of process to be stationary in the wide
sense; and if the random variables are real-valued, then the process will
be wide stationary and strictly stationary at the same %ime. Most of the
processes to be studied here belong to this class. If the distribution
functions that characterize a stochastic process are not normal, the

process is then said to bea MNon-Normal process. One of the most commonly



appiied Non-Normal process is the Poisson process. The Poisson process
arises in situations in which one is interested in the total number of
occurrences of a specified type of event up to time t>o0 as, for example,
the telephone calls originating in a given locality, the occurrence of
accidents at a certain intersection or in a mine, the arrival of customers,
for services and the breakdowns of a machine. The justification for
viewing these cases as Poisson processes is based on the concept of the law
of rare events. We have a situation of many Bernoulli trials with small
probability of success where the expected number of successes is constant.
Under these conditions the actual number of events occurring follows a
Poisson distribution.

A process X(t), t>0 1is said to be a Poisson process with rate A> 0
if it satisfies the following conditions:

(i) X(0) =0

(i1) X(t) is a process of independent increments

(i1i) the number of events in any interval of length t is Paisson
distributed with rate A t, that is, for all s, t>0,

(38N P{X Gksm 0 =" Bl =l e (ONBT LS5 x=0,1,2,...

[t follows from condition (iii) that a Poisson process has stationary

increments and also that E{X(t)} = At which explain why X s called the

rate of the process. Since it is not clear how we would determine that

conditions (iii) is satisfied, an equivalent definition is given where
(3.18) is changed to:

(3.19) P(X(t+h) - X(t) = 1}= XAh - o(h)

(3.20) P{X(t+h) - X(t) > 2} = o(h)

where a function f(x) is said to be of arder ofh) if lim.f(h) /h = o.
n~0

LS




Equation (3.19) gives the probability of at least one event happening

in a time period h and equation (3.20) states that the probability of two
or more events occurring in time h is o(h). Thus, condition (iii) excludes
the possibility of simultaneous occurrence of two or more events.

Next we give an example of a Poisson process and for a more detailed
discussion of this kind of stochastic process the reader may refer to
Karlin and Taylor (1981), Rolski (1981) and Ross (1980)

Example 6. Total Claims on a Life Insurance Company

Let Wj, wp,... denote the occurrence times of the death of the

policyholders of a given 1ife insurance company. Considering these times
as the arrival times of insurance claims, the number of deaths can be
described by a Poisson process {X(t)}.

3.4.Markovian and Non-Markovian Processes

Another important classification of a stochastic process is that of
Markovian and Non-Markovian processes made according to the independence or
not of the behaviour of the process on its values in preceding time
intervals.

Consider a stochastic process {X, n=0,1,2,...} that takes on a finite
or countably number of possible values. Let us assume this set of possible

values is that of the non-negative integers {0,1,2,...} . A discrete

stochastic process is called a Markov Chain if, for any sequence {xg,x]
»+»Xn+1 } of states

P{Xm_l :xn+1|xn 2 Xp, xn_l = xn_l’_..xo = XO} =

(R B T PR e B el g 20 2o P, (R | et

Equation (3.21) can be interpreted as stating that for a Markov Chain
the conditional distribution of any future state xp+] diven the past states
*n=1, .., Xo and the current state xp is independent of the past statas

-

and depends only on the present state. The values of Pln, xn, Xpsi)

]



represents the probability that the process, when in state xp.» Will make a
transition into state x4,
The probabilities P(n, x, y) are called one-step transition

probabilities at time n. Let us fix an neT ={0, 1,2,...} , then the

transition probabilities P(n,x,y), x,y €S where S denotes the state space,
can be treated as the elements of a matrix

; Poo Pol Po2 ...7
P10 P11 PR ...

(3.22) M(n) =
Pio Pil Py24s |

The matrix M(n) is called the one-step transition matrix at time n. Since

the probabilities depend on n, the Markov Chain is said to & non-

homogenous gr temporarily non-homogenous. I[f the one-step transition

probabilities P(n,x,y) are independent of n; that is M(n) = M = [P(x,y)]
for all ng T then the Markov Chain is said to be homogenous or with

stationary transition probabilities. Therefore, if a Markov Chain is

homogenous, the process is completely determined by its one-step transition
matrix M = [P(x,y)] (x,yeS) and an initial distribution (Po{X), XeS). The
concept of one-step transition probabilities can be extended to n-step

transition probabilities defined by,

(3.23) Pn(X,Y) =P {qu.n = y' Xm = %15 n,>_2
Equation(3.23)gives the probability of transition from state x to
state y inn steps.__Accordfng1y, an n-step transition matrix is defined by

uiny = [pn(x,y), x,yeSl
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The Poisson processes discussed in the previous section are also

. Markov processes with discrete states in continuous time. The main
characteristic of this prototype of Markov processes is that in a small
time interval there is either no change or a radical change of state.

Therefore, in a finite interval there is either no change or a finite or

countably number of discontinuous changes. Realizations of such processes

are step functions. [f change of states occur all the time the process is

called a diffusion process or a Markov process with continuous state space.

Next, we give a few examples of commonly encountered Markov processes
and for further discussion on these processes the reader may refer to Cox
and Miller (1965), Basawa and Rao (1980), Joffe (1978), Dynkin (1965) and
Ross (1980).

Example 7. A process of Independent Random Variables.

' If X = (X5, n>0 }is a sequence of independent random variables, X is

trivially a Markov process.

Example 8. A First-Order Autoregressive Process. This kind of

process is defined by
(3.28) Zy = BZypy + Up; tX
and is a Markov process because the distribution function of 2y is
completely characterized by a knowledge of Zy.; and s independent of the
| random variables preceding Gy Uy is Normal with mean zero and
variance cuz the process is also Gaussian and the conditional probability P
{Zy = z¢ |Zy.y = z4-1}is Normal with mean BZ..y and variance Guz. 1f 8= 1
and Z, is finite, then (3.24 defines a random walk (see example 5). The

random walk fs a non-stationary process whereas the first-order

autoregressive process is stationary if[3,< 1,

. Example _9; Wiener or Brownian motion Process. A stochastic orocess
{x{t), tR!} is called a Wiener or Brownian motion process if¢:

(i) X(0) = 0 22.



(ii) the increment X(t) - X(s) over the interval (s,t] is normally
distributed with mean zero and variance o2(t-s). In other words, Xty
tx0 1is a process with stationary increments; and

(iii) X(t) 1is a process with independent increments.

The Brownian motion is a Gaussian-non-stationary-Markaov process. It
is the limiting case of random walk processes, where the state space is the
continuum of real numbers and in which changes of states are occurring all
the time.

A process is said to be non-Markovian if the probability properties of
the process at a given point in time depend on its values in preceding time
intervals. Among the non-Markovian processes the Homogeneous Linear Non-
stationary processes are very important for describing socio-economic
phenomena. These processes will be extensively discussed in another
section.

The three main categories of stochastic processes here introduced are
compatible and several combinations are possible. Thus, a process may be
normal-stationary-Markovian, or non-normal and non-stationary or normal-

non-stationary-non-Markovian and so on.

"I
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4. Ergodicity

in the applications of probability theory, one ardinarily deals with events
that repeat themselves many times. Hence, as the mean value of a random
variable X characterizing an observed event, we can take the arithmetic
mean of all the observed values X3 of X. Similarly, to determine the mean
value and the autocovariance functions of(t,s) of a stochastic process X(t),
we must have a large number of realizations of the process X(t), that is,
Xi(t)..,Xy(t) and then we calculate the mean for every value t, and the
autocovariance function for every pair of values t and s. However, in
practice there are many time series and particularly, economic time series,
the data of which is the result of a single experiment. For this kind of
series, it is necessary to specify the conditions under which a single
realization of the process allows the calculation of consistent estimators
for all the characteristics of the distribution of the process. The
possibility of doing the latter is because the Ergodic theorem (or law of
large numbers) is applicable to a class of homogeneous linear non-
stationary processes that can be made linear stationary after taking finite

differences of a relatively low order.

According to the ergodic theorem, the mathematical expectation of X(t) and
of X(t)X(s) obtained by taking the average of the corresponding quantities

over the whole space of outcomes @ (called the ensemble average or sometimes

spatial average) can be replaced by the time averages of the same

quantities.

Given stationary stochastic process X(t), the time average for the mean of

X(t) is defined by,

4.1)  we=ly
|



For T»«, the time average ﬁT converges to the ensemble average u in mean

square (also in probability) if and only if

(4.2) Tlim. E(ﬁT-u)2 =0

T
since,
} ~ g~ " 5 i
(G215 1 ¢ Wi E(uT-u) -11m.Tfoc(r)dr; T =S-t
T2 T4

then, the (4.2) will be verified if and only if

(4.4) 1im.%f;c(r)dr =0

T
This condition was first shown by Slutsky (1938) and any stationary process
that fulfills the (4.4) is said to be ergodic in the mean. For ergodicity
in the second order moments, we need the time average of the autocovariance

function, namely
= L. £ =
(4.5) oo(1) = T{ét[x(t+r)-u] CX(t)-uldt

to converge in mean square to the ensemble average of the autocovariance

function a(t). That is,

(4.6) 1im. ECor(c)-o(t) =0
T
For normal process, the (4.6) reduces to
(.7) Tim. 37 Tlo(7)|Zdr=0
Trc0
The existence of time averages and their convergence properties were proved
in the famous ergodic theorem of Birkhoff and Khinchin (see Genedenko

(1966)).
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[t is easy to show that all linear stationary stochastic processes are

ergodic. Similarly, the homogeneous linear non-stationary processes which

are linear stationary after taking differences of a finite order fulfill

the principle of ergodicity. However, not all the stationary processes are

ergodic. Consider, for example, the following simple stationary process,

where a and b are normally distributed random variables with zero means and

common variance o 2.
(4.8) X(t) = a cosit+bsint
The autocovariance function o(t) is

(4.9) oft) = czcoskr

Using {4.4) we can show that this process is ergodic in the mean.

(4.10) 11m.]TfOTc(r)dr = limg2 HAL < o

Toc0 T=c0

But the process is not ergodic for the autocovariance function.

(4.7,

= Wy | 2 = o SIAST g4
(4.11) 1im. TIOIG(T)i dr= ]1m.(2_+ L ) -3

oy Tce

We have

Applying
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