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ABSTRACT. We prove a Glivenko-Cantelli property in a “joint” design-model probability space that
changes as the sample size increases. We also prove weak convergence of the sample empirical process
under selected complex sample designs.

RESUME. On établisse le théoréme de Givenko-Cantelli pour un espace qui inclut  la fois ’espace
plan d’échantillonnage et I’espace modele. On €tablisse aussi la convergence faible du procés
empirique d’échantillon sous plans d’échantillonnage complexes.
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1. INTRODUCTION

Statistical tools like the empincal distribution function and the corresponding empirical process
yield many important tests and related results widely used in the practice. The Glivenko-Cantelli
theorem, which concerns a statistic of the empirical distribution function is sometimes referred to as the
fundamental theorem in statistics. However, until recently, few of these results have been extended to
their sample counterparts in an analytic form. In this paper we prove a Glivenko-Cantelli type theorem
for the sample space and we also show weak convergence of the sample empirical process, which in tum
implies convergence in law of many important processes used, for example, in survival analysis (see, for
example, Rubin-Bleuer (2001) and Lin (2000).

The Glivenko-Cantelli theorem states that given a sequence of independent, identically
distributed random vanables (i.i.d.r.v.) from a distnbution function F, all defined in the same
probability space, their empincal distnibution function converges uniformly (in sup norm) to the
distribution function £, with probability one, as N — .

Now we consider a sample estimator of the empirical distnibution function. Given a sample
design on a finite population of size N , we can construct a sequence of sample probability spaces

which change as N changes. Thus, any asymptotic property we might want to consider has to be

proved either in probability or in law, rather than with probability one, since there is no concept of
almost surely when the spaces change as N — oo,

In this paper we show convergence in sup norm of the sample empirnical distribution function and
weak convergence of the sample empirical process for some complex designs, under sufficient design
conditions.

The treatment that we give here to the problem consists in acknowledging that there is a super-
population which spans the finite population, and using the distribution F of the super-population model
in the proof, not unlike the usual proof of the theorem. We define a “joint” design-model space and look
at uniform convergence in this space. We take into account all the processes that generate it, and we do
so here using the super-population theory approach introduced by Hartley and Sielken (1975). The
approach regards the finite population of interest as the outcome of a sample of N independent random
variables from an infinite population (the set of these N random variables are often called the super-
population). And it regards the stochastic procedure generating the observed sample of size n from the
finite population as the second phase sample of a two-phase sampling process. Thus, in terms of the
super-population model, the design-probability may be viewed as being based on the conditional
distribution given a particular outcome of the first phase process. '

Rubin-Bleuer (2000) and Rubin-Bleuer and Schiopu-Kratina (2002) formally defined a general
space, which contains both the sampling design and the super-population that generates the finite
population. This space, called the product probability space, is the product of the design probability
space and the super-population (or model) space, with a sigma field defined by the product of the
corresponding sigma fields, and a well-defined probability measure Fy ,, . The “product space” changes

with the size of the finite populations and samples, so as the sample size n goes to infinity (we
assumeliminf n/N >0 as N — o0, n — e ) we have to deal with a sequence of probability spaces.

In Section 2 we establish notation for different sample designs and for the design-model space
mentioned above, and set conditions to be used later on in the article.



In Section 3 we prove that the sup norm of the sample empirical distribution function minus the

model distribution function converges in probability to zeroas N —5 o, nn — o .

In Section 4 we study the sample empirical process and show weak convergence of the sample
uniform empirical process.

o

2. DESIGN-MODEL SPACE

According to the super-population approach mentioned in the introduction, a sample statistic is a
sample estimator of a finite population statistic, and hence subject to a randomization twice. Here we
define a new probability space that will enable us to work with both randomizations at the same time.
We follow the methodology of Rubin- Bleuer and Schiopu-Kratina (2002).

Let (XN, ZN), xN = (X}V), j=L..,N, 2 = (Z;V ), J=L...,N, be random vectors (also called

super-population) defined on a infinite probability space (2, 3, P) and for we Q let
(X N (), il (@))be the data associated to the labels of a finite population of size N (we say that the

finite population is generated by the super-population and we ). We are interested in the sample
estimator of the empirical distribution function of the random sample XV = (XJN). j=L..,N, and how
it behaves as N — oo,

The random vectors ZV will play a role in defining the design, since for a fixed outcome

weQ, zN (@) could be considered as “prior information”, or information available at the time of the

design.

In order to define the product space (joint model-design space), we adopt the comprehensive
definition of a sample in Hdjek (1981, p.42): it views the sample as “a finite sequence of units or labels
of the finite population, which are drawn one by one until the sampling is finished according to some
stopping rule. This sequence distinguishes the order of units, may be of variable length and may include
one unit of the finite population several times”. This definition includes both samples selected “without
replacement” (WOR), and “with replacement” (WR). Let Sy denote the collection of all possible

samples under a sample scheme. Let C(Sy) denote the collection of subsets of the sample space Sy .
A sampling design p y is a function on C(Sy)x RN such that for a fixed outcome @e €, anct “prior
information” ZN((z)), it 1s a sampling probability distribution pdN(s,a)) = pdN(s,ZN((u)) and for a

fixed se€ § , itis Borel-measurable in B,

Definition 2.1 Product space. We will assume here, without loss of generality, a generic product space
derived from one design, and for its properties we refer to Definitions 4.1 to 4.3 in Rubin-Bleuer &
Schiopu-Kratina (2002).

Let (Qx Sy, IXC(Sy). Fy,,) with Py, (sXF) = [ p,(s.@) dP(w) be the product space
F

determined by the super-poputation ¥, ZN) and a sampling design p,y defined on C(Sy ).



Note that this space changes as the respective population sizes change. In what follows, we
denote by E,, E,, E;,the expectation with respect to the design probability space, the model space

and the product space respectively.

Next we assume that we have a sample scheme with expected sample size equal to n and define
a few of the more common some sample designs and conditions sufficient for the asymptotic properties

to hold. For a “withou‘ replécemeﬁt design” (WOR), let Ij (s) j= 1,.1.‘., N denote the sample ’
s selection indicators. Let 77 ; denote the probability that unit j is selected to sample s , then I ; follows
a binomial distribution Ij ~ B(l.itj) J = L Y

For a Probability Proportional to Size with Replacement ( pps ) scheme with units “sizes”

N
Z ; (w) j=1,., N, and selection probabilitics pj=Z j (w)! X Z;(w) j=1,., N, let
=1

0<J;(s)<n j=1..,N, denote the number of times unit j is selected to sample s . Thus

(J1(5)..... Iy (5)) follows a multinomial distribution (J{(s),...,J 5 (5)) ~ MN(n, py,..., pn) -

For a two-stage design with ( pps ) in the first stage, let us first assume a joint model-design
space defined in a super-population space where the sizes M;=7j(w), j=1,..N areknown a priori,

i.e., a super-population space where the measure is the conditional probability

Py =P(|Fy) Fy={wo:M;= Zj(), j=1..N} (for more detail on this space, see Example 4.2
in Rubin-Bleuer & Schiopu-Kratina (2002)).

The design assumes independent selection in each in primary sampling unit (psu) under a
WOR design with probability ;) ; of selecting unit / in psu j, giventhat psu jwas selected in the
first stage, | = ..M, j=1..,N. Thesample selection indicators of the second stage are defined

conditionally, by 1 ; (s) =1 if unit [in psu j is selected to the sample given that psu j was

selected to the sample in the first stage.

We consider the following conditions for the designs:

Co: f=lim n/IN>0as n—oo.

n

1| 1
Ci: ImyE, (— Y —)<o , E,(max —) <o as n — o, and
N j=inp; ISisN np

E,,,(Zj)2+a <C, j=1..,N, N =1, for pps one-stage designs.

|
Cy: hmy E,, (~Ilv 2. —) <o for SRSWOR, Poisson or 7zzps one-stage designs.
=1



N | M) g
P—A(2X—)=0() as n—> oo

1
C3Z ——r
M j-inpj =17

Remark 2.1. We remark that the probability in conditions C; and C, are on expectations in the law of

the super-population (P) to account for the cases where the design probabilities depend on we Q..

Note that for one-stage designs, we can define the safnp]e space s, and the product space
Sy x & before we know the “prior information” or outcome Z N(w) which completely define the
design probabilities, since every sequence of (expected) n labels from the finite population has positive
probability of being selected. However, for a two-stage design where the first-stage selection

probabilities depend on “sizes” or the number Z ; (@) of ultimate unitsin psu j, j=1..,N, the sizes

must be known a priori for the sample space S 5 (and hence the product space S 5 X Q ), to be well-

defined: a two-stage sample is a sequence of blocks of second stage sub-samples and we need to know

how many labels are in each psu j to define all possible sequences of labels from it (see also Rubin-

Bleuer & Schiopu-Kratina (2002), Example 4.2). In C; above, we stated an absolute bound (not in

expectation), since once the sizes M ; are considered non-stochastic, the second stage selection

probabilities from a SRSWOR, 7 j =m;/M ;, 1 =1,..,M, j=1..N are also non-stochastic in Q .

Remark 2.2 Condition Cy ensures that the relationship between the sample and the population sizes
(and its impact on the statistics considered) remains the same as we increase the population size towards
infinity.
For SRSWOR designs, condition C; follows directly from . For Poisson one-stage designs condition
C) means that no probability is disproportionate as N — . For zps and pps one-stage designs,
conditions C; and C; mean, respectively, that, as N — oo, the sizes are of the same magnitude in
N _
average. Indeed, if 7;= an./_Z]Z,-, C; and Cwill follow respectively, from Cy and
1=

N P
2 Z;/N—p (u 1s non-stochastic in Q) as N — oo. Similarly, for two-stage design, C3 follows
J=1

N
from Cy and 3 Zj((u)/N_;.,u (4 i1s non-stochastic in ) as N — oo
JiEl

Definition 2.2. Empirical and Sample Empirical Distribution Functions. Let us assume the design-
model space described above with D :(X}V), j=L...N, 1idrv.’s from a distribution function £ .



1 N

Let Fy(t,w) :W 2 I(X j(w) =1), 0=t <o, we L, be the corresponding empirical distribution
Jj=1

function and let a sample estimator of Fy (1,) be given by

Fy(t,s,0) = z I(X j(@)<D8;(s), N = 25 (), where & =1;(s)/7; for WOR one-stage
Nj=1 - j=1

designs and 51- =J; (s)/np; for pps one-stage designs, j =1...,N . Inthe case of a pps two-stage

N Mj
design (with second stage SRSWOR) we have Fy (f,@)) = Z Z I(Xﬂ(a)) <1).

b
M
We define the sample empirical distnbution function by

. ~ J
= JlYsnds), M=% ¥ 5]'1(.8‘), and the sample selection coefficients
= j=11=1

are (,Yj, = (Jj(s)/npj)lj,(s)/flllj. = l,...,Mj, P=I.. N

1:\ (7. 5.m) &

3. A GLIVENKO-CANTELLI TYPE THEOREM
In this section we develop the product space version of the Glivenko-Cantelli Theorem. For this
theorem the only design requirement is that the empirical distnibution function be a design-consistent

estimator of the finite population empincal distribution function.

Theorem 3.1. If the sample empirical distribution function is design-consistent, i.e., if

ﬁ"N(t,s,w)—FN(t,m) —0in pyny as N >0,  forall we Q, 0 <t <o, then

sup | Fy(t,s,0)~F ()] =0 in P;,, as N — oo, (3.1)

0<t <o

Proof: We define

Fy(t—w)=

1 N 5 1 N
N Z:‘, (Xj(a))<t) and Fy(r-.s,m) :ﬁ 2 (X j(w) <t)§j(s)

J=1
By the Glivenko-Cantelli theorem (see below for a reference) we have,

Fy(tw)-F()—0 as. (P) and Fy(t—,0)- F(@t-) =0 as. (P) as N — oo,

Now ﬁN(t,.v,a)) is design-consistent for all @€ Q , and Fy (1,@) is model consistent, hence by

Theorem 5.1 in Rubin-Bleuer and Schiopu-Kratina (2002), both  Fy (1,) and I:“N(t,s,m) are consistent
in the product space. Thus

I:“N(t,s,(u)—F )= If“N(r‘s,m)— Fn(t.w)+ Fy(.w)-F () >0 in Fy,, as N 5. (3.2)

7



A similar argument yields
FyG=s5,0)~F(t=) >0 in Py, as N - . (3.3)

We now follow, almost in its entirety, the proof of the Glivenko-Cantelli theorem given in Billingsley
(1979) (Theorem 20.6, p.232).

Let.r > 2 be an integer, and for k- =12,...,r -1, define 7, ; =min{r:k/r < F(1)}, t, g.= —oo, Ly =0
Note that the minimum exists and F(z, ;) = k/r because the distribution function is right continuous.

Now let 1 be any real number. Thus, there exist integers r, k such that 1, , <t <1, 4.

We have,

Fy(t,s.o)—F (1)< ﬁ)v (I, k417-5.@) = F (t, ;) , by the monotonicity of both ﬁN and F.

- ﬁN Iy g 41— 50— F (tr‘k+1_) +F(t, je17) - F(‘r,k )
£ ﬁN (tr,k+l_’s’w) -F (tr,k+1_) +1/r.
The above inequality follows from F (1, ;)= k/r and F(t, ;4;-) < (k +1)/r . Indeed if

= Fu) < (k +1)/r ,hence F(t, 13-} = Lim F@)<k+)/r.

u<t
r,
u tr‘k+l

k+1

By the same token, — (F (¢, y4)-)— F(t, x)) 2 —1/r and
Pyt s,w)=F ()2 Fy(t, 45,00~ F (1, j41-)

= Fy(ty . 5.0) = F (4, 1)+ F(t, 1) = F(t, g 1-)

> Py ,5,0) = F (1, 1)~ 1r.

Similarly, for —eo <t <t, | we have | Fy(t,s,0)~F ()] < | Fy (1= 8,0)—F (t,; —0)|+1/r, and

for 7, ,_; <t <eo wehave | Fy(t.s,0)- F (1)] < | [:‘N(t,’,Hl,s,(u)— F, ,.D|+UUr.
Thus, for any real number ¢ and all r > 2,

| Fy(t,5,0)— F (1) |< D, y(s,)+ 1/ r, where

D, y(s.0)=  max {|Fy(tz,5.0)=F @, )| FyG, j=s.0)-F (1, j-)[}.
1k<r, 1€j<r



Hence

sup | Fy(1,5.0)~ F () [< D, y(s.0)+1/r forall r>2, N>1.
—oof oo

Now we first show that D, y(s,w) = 0 in Fy,, as N — oo, forall r > 2. Indeed, for a fixed r > 2,

we apply {3.2) and (3.3) to the finite number of sequences converging to zero in the product space:

. Fiam . Pd,m
| (g0~ F (1)) = 0and | Fy(t, 450 = F (t, ;=) — 0as N oo <k<r.

Hence the maximum D, y (s,@)of these sequences also converges to zero in probability. This implies

the thesis of the theorem, since for any positive € and &, there exists an r with 1/r < £/2 and an
No(r,€,8)and a such that for N > Ny,

Pym( sup | Fy(t.5.0)=F (1) [2 €) S Py Dy n(5.0)+ 1/ 12 €) < Py (D, n(5.0) 2 E/2)< 5 0
—oof o0

4. TIGHTNESS OF THE SAMPLE EMPIRICAL PROCESS

In the super-population or model space, the uniform empirical process converges weakly to a
Brownian Bridge (ticd down Wiener process) which is a Gaussian process with continuous sample paths
and covarniance function E, (BuO)B(r)) =ur—ur.

In this section we are concerned with the sample counterpart of the uniform empirical process, that
is. with the sample uniform empincal process, and with its asymptotic properties. We shall see that it
also converges weakly to a Gaussian process, but its covariance function will depend on the design on
which the sample process is based.

We consider for now the one-stage designs defined in Section 2, where conditions Cy and Cj or C,

hold., and we will show convergence of the finite dimensional distributions and tightness of the sample
uniform empirical process under the corresponding design.

Definition 4.1 Sample Uniform Empirical Process. The model uniform empirical process is given by
an(t.w) =In(Fy (o) —1), —w<t<o, weQ,

where the empirical distribution function Fj, (¢, s,@) is based on an uniform random sample, i.c.,
random vaniables X,..., Xy =uniform U(0,1) which are conditionally independent given the prior

information (which is, for example. Z{(®)....,Zy (@) for the p.p.s. design described in Section 2 and

none for SRSWOR).
The sample uniform empirical process is defined by
Gy (t.s.0) =In(Fy(ts.@)—1), —o<i<o, s€S, weQ, 4.1)

where the sample empincal distribution function Fy (f,5,@) is a consistent estimator of the empirical

distribution function.

Theorem 4.1. Covergence of the Finite Dimensional Distributions. The finite dimensional
distnbutions of the sample uniform empirical process, under designs for which the sample ratio
9



estimator of the mean is asymptotically normal, converge in distribution to those of a Gaussian Process

{B4(t): 0<t<1}with covariance function depending on the corresponding sample design. When the

design is one-stage p.p.s as defined in Section 2, under conditions Cjy and C| the covariance function is

given by
. | |
E,(Byu)By(n)}=f -(unr—ur)+ f -limy E ,(—>—) unr—ur.
\ i - N i np; - ‘
Proof:

ay (t,w)/vn = —;72(1,.(:)—:) is a finite population mean of which @y (1,s,@)/~v/n is the ratio

1
estimator. Hence ay (t,s,) converges in the law of the product space to the random variable
B, (1) = o(1)R(0,1) where R(0.1) is a standard normal random variable and
: | 1
o2(t) = fil—1)+ flimy E, (—Y—) —1°. (4.2)
N i np;
The asymptotic normality of the sample uniform empirical distribution function for every real number ¢

follows from Example 6.1 of Rubin-Bleuer & Schiopu-Kratina (2002). The variance and covariances
can be calculated from &y (t, s,w) directly, using Slutzky’s theorem and letting N — o o

Theorem 4.2. Tightness. Under one-stage designs satisfying conditions Cy and C) or C, respectively,
the sample uniform empirical process is tight, i.e., for each positive £ and 7, there exists a

0, 0< 6 <1, anda Ny such that for N > Ny,

Pyl sup |ay(t.sw)-ay(usw)|>e)<on. (4.3)
u<t<u+d

Proof: For notational convemence we take u = 0, and this is no restriction since the increments of
dy (t,s,w) are stationary. Thus we will prove

Py misup | ap (1,5,0) |> €} < o (4.4)

(<o

The proof follows closely the techniques used to prove tightness of the uniform empirical process in
Billingsley (1968), Theorem 13.1, p.105-108.

Suppose that forall 0<r <1, 0<t+r <1 and 0<7+r +u <1, there exists a constant C

independent of N, t, r, u such that we have:

Egmllan@+r)-any@ P |ay@+r +w)—ay@+r [} <Corou. (4.5)
Then, for fixed &, we deduce, following the same steps of Billingsley (1968) p.107, that

Py d max | @y d/m) |2 e} < K -C-871* + By | an () 2 €12}, (4.6)
1<i<m

10



where C is the constant in (4.5), and K is another constant independent of £, &, N .We continue as
in Billingsley, to state that since for each s€ S, we Q, dy(t,5,@) is right continuous in 7, as m —» oo,

we have max |dy(id/m) |- sup|ay(1,s,@)| foreach se S, we Q. 4.7
1<i<m <5

Now, looking at the second term in (4.6) we observe that the sample uniform empirical process
evaluated at 1 = §, approaches By(J5) as N — oo , where B; () is defined in Theorem 4.1.

EXY01)248° 4262
6‘4 84

Hence Py . {| @y (6) |2 €/2} — P{B(0) 2 €/2} < as N — . (4.8)

K-C+42

Thus given € and 77, choose & so that —4—52 < J7. Let now Ng be such that the inequality in
£

(4.8) holds for N = N 5. Hence together with (4.6) (4.7) and (4.8) we have for N > N:

Pd.m{SUp | dN(f,S.a)) IZ £} S-K—.C#52 < (SI],

36) £
which is (4.4), the statement of the theorem.

To complete the theorem we have to prove inequality (4.5) which we previously assumed to hold.
For this we have to account for the differences between the sample and the finite population empirical
processes and the fact that the sample counterpart is not a sum of stochastically independent random
variables in the product space. We first change the notation to simplify the look of the long equations
we will develop. We set:

@ =1t < Xi(w)y<t+r)o(s)—r, Bi=I10+r< Xy (@ <t+r+u)di(s)-u, i=1..N.
We have: E; (@) =0, Ez,,(£)=0, i=1..N.

By condition Cy there exists Ng such that for N > Ny, N/n<2/f and hence for N = N inequality

(4.5) 18 cquivalent to:

Eg m((Z ) (£ BTSN QCI f)- ru (4.9)

i J
Unless the design is Poisson. the ;. i =1,...,N are not stochastically independent in the product space.
Similarly with the £ i =1....N. This implies that many terms in (4.9) do not cancel out as in the proof
for the super-population uniform empirical distribution process. But we will see that those terms are

small enough to make inequality (4.9) hold.

Let us further simphfy the look of the equations by setting:
Liiry=1t< X () <t+r), L)y=It+r<X(@<t+r+u), i=1..N.

Now we have:

(Za) (Z/f,)z—(za +3 Y @) (Zﬁ, +L T BB

i j#i (N EL]
1



—(Za WF (ZﬂkH(ZEZaa ﬂkH(ZEXﬂ;ﬂﬂkH(Z LY X aqaiBf)

ki j#i ki j#i Pj#ik k#l

:Sl+82 +S3+S4.

Za P+ Salp and

1 izk
al B2 = (I;(NSE(s) - 2rL, (1S, (s) + r2) - (1) (5) — 2ul; () S; () + u?)

= w2 L (N3 (5) - 2r L, (1)S; (s) + 2 L)SE (5) - 2ur L (), (5) + ru?.

since I;(r)-1;(u) = 0. Now
Eg (@2 B7) = uPrEg (67 (s) — 2r'u” Eg(8;()) + rPuE (67 () — 2u*r* Eg (8:(s)) + ru?

For SRSWOR and Poisson designs the design expectations of the sample indicators are bounded as
N — oo, For the p.p.s.design, the expectations of the J;(s) = J;(s)/np; follow from the respective

expectations of J;(s) given in the appendix. We have:

Ej(6i(s) =1, Ej(03(s))=1-Un+1/np;, i=1..N.

and by condition C|, 1/np; is uniformly bounded in i as n — . Hence

Ed.m(zaizﬂiz) SN-Bj-ru 4.10)
i

Now a’,-zﬂkz is a finite sum of terms which are products of ru times expectations of product
combinations of J; ’s and for all three one-stage designs considered here, these are uniformly bounded in
i as n— oo

Since there are about N (N —1) terms of the form a,-zﬂ,?, there i1s a constant B,independent on

N, r or u such that

Eym(E S0 B < N By -ru @.11)
IETS

From (4.10) and (4.11) we get

Ed’m(Sl)SNz-Cl i (4.12)



. 2 — - e - .
Now consider S, = (23 ¥ o« j/}k“). In the proof for the super-population uniform cmpirical process
k 1 j#i
advantage is taken on the independence of the ¢ 's and of the /3 "s and some terms cancel out. But here

we have a number of terms of the order of N2, so having each term bounded as n — o is not enough to

obtain a bound in O(N?)- e .
We will show that

Eqm(Biaga;)= O/ NY-ru forall k, i # j, i,j.k =1..,N. (4.13)

Indeed, assume first that &k #i, k# j. Note that for a Poisson design, the g, «;

j and

& i1 # j, k#i, k# jare stochastically independent and

Egm(@) =0, Eg(f)=0. i=1.,N. Hence E , (Slaa;)=0.
Now we look at p.p.s. and SRSWOR designs.
B = U S - 2uly ), +1> WL {(NES )~ (1 (NS, + 1) + %)

Hence Ey (Bia,;) = Ez (E (Eq(fieia;)| Z)) =
= EZ{r*ukg(575:8;) = 2r8u  Eg (8,58 ) + r*ul Eg (88 ) ~ rPuEg (528 ) — rPuE (525,)

+2r57 Eg (58 )+ 2r P Eg (55, — rPu” Eg(8)) = rPu Eg (8) + rPuEg(87) - 272> By (8, ) + ru’)

= Ez{r’u- Eg(808,5; — 58— 578 + 50+ rul By (<28, 8,6 + 8,8, +28, 8, + 28,8, - 25, -5, - + 1)}

Now the expectation in the first term above fora p.p.s. design is

. : I 2 B 1. 201 Iz B L. 0
Eg(088,0; - ;= 646 + ) = (1= ) 1= (1= D)+ (1 - )1 = ) — = 21 - —)(1 - Z) = 2(1 - —)—
n n n n n npy n n nonpy

1 1
= (=S = O(=).

n npg n _
Indeed, the terms equal to 1 above all cancel each other since there are same number of positive and

: 1 . . .
negative 1’s. There are two terms of order —— with coefficients 1 and -1 respectively, so they cancel
Py

. S 1 . . |
each other. Thus we have left with terms of order O(—) . some of the with coefficients ——, but these
n npy
are bounded as n — oo by condition C;. And condition C, yields

()(l) = O(%) as n — <o, Similarly, for SRSWOR we also obtain an (')(7\]1—) under condition Cy.
n

The expectation of the second term above fora p.p.s.design is

Ed (‘Z(Sk 5‘(5_’ ol é‘ib‘j + 2(51( 5} + 25‘ o‘i = .?.45,‘, = (5‘1 = Lsi = l) =



1 4 1
=—ﬂ1—1x1—3)+a—lq+2a—30+20—10—2—1—1+1:-+—5:cx—y
n n n n n n n n

And similarly we obtain the same rate of convergence for SRSWOR designs. Hence (4.13) 1s verified
for these terms.

If the index k =i or k = j then some terms disappear (since I;(r)-I;(u#) =0) and the terms left out are
bounded in expectation by a constant times ru .“Now there are only 2N(N —1) of these terms, and

N(N —=1(N -2) terms that verify (4.13). Thus there exists a constant C, independent on N, r, u,

such that
Egm(S2)<SN?-Cy-ru (4.14)

Similarly, we obtain
Egm(S3)<N?-Cy-ru (4.15)

Nowtheterm Sy =3 > 3 X a‘,-aj,b’k,b’, consists of about N terms. We will show that each term
i j#ik k#l

1 e o ,
Eqm(a;BiBy) = ()(—2) as N — oo for all distinct indexes i, j, k, [ =1,...,N. As we found with
N

S5, Poisson designs imply that these terms are all zero. For the other designs we note that there are

N(N = 1D(N = 2)(N - 3) of these terms and at most 4N(N —1) terms with a repeated index, which are at
most

BB = LT (DL 1,88, 8 — rl (N1 )] (08,8 ;8 = rl;(NI @ )3, 65, O
+ r21k ()1, (u)§k§, —uI,-(r)Ij(r)Il(u)é‘i 5j‘51 + rqu(r)I,(u)5j51 + rul; (r)l (u)o;0 — rzull(u)é',

=2ul; (N1 (N ()0, 0 + url j(r)ly (u)5j5k +url,(r)l; (1)5;0; — r2ulk (u)oy + uzli(r)lj(r)cﬂn’)‘j
—urzlj(r)5j —urzli(r)é} vulr?
Thus for a p.p.s. sample design we have:

E4 ufB; [flaia'j) = r214215‘1{1$i(5j($k(31 - ‘$j‘gk‘$l — 8;010; + 010 — ()‘,-Jj(sl + (5}-(‘)'1 + 0,00 —~
—(gi(Sj(Sk +(S‘j(5]‘ +()"§k —()‘L +5,-5J- —(5i —51 +l }
5

b
r‘_u‘_{

nin—1)n-2)n-3) 4 nin—1Hn-2) +6 nn—1)

/ )
n4 n3 n-

1
—4+1=0(—=).
712

And we obtain the same rate of convergence for a SRSWOR design. Hence, there is a constant Cy4 such

that
14



Eym(Ss)SN?-Cy-ru (4.16)

Thus (4.10), (4.14), (4.15 and (4.16) together imply (4.9) which is equivalent to (4.5) and the theorem is
proved e

APPENDIX

We state some expectations in the design space of the multinomial random vector

(J1(5)--s IN(5)) ~ MN(n, py.....PN) -

E;j(J;)y=np;, i1=12,...N

Ej(I3)=nn-0p? +np;, i=12...N

Eg(J; J)=n(n-Dp; p, ,k=12,. N

E;(J; Iy dp) =n(n—=0)(n=2)p,; pypp, i,k,h=12,.. N

E (I3 1) = n(n-Dn—2)pf pi +n(n—Dp;py, ik =12...N

Eq(J2IE) = n(n=)(n =2)(n=3)p} p§ +n(n~1)n—2)(ptpy + pipt) + n(n—Dpipi, ik =12, .N
E (IR Tdp) = n(n=1)(n - 2)(n—3)pZ prpp, + n(n =D =2 pipe ppr ik b =12, N

Eg(J; Jxdpdp) = nn=0)n =2 n=3)p; prpppy ik bl =1.2,..,.N

IS
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