
Division des 
mirm entrées-sorties  
ISI 	 NOT 

NE S'EMPRUNTE PAS 

Cahier technique 

/5-&o 

I 	Statisque Statistics 	 Cmia(TS Canada 	Canada  



Entrées-Sorties 
Cahier technique 

La série de cahiers techniques de Ia division des entrées-sorties est destinée aux utilisateurs qui sintéressent aux tableaux 
d'entrées-sorties et aux recherches connexes pour fins d'analyses et d'applications. Les lecteurs des cahiers techniques 
sont invites a communiquer avec les auteurs en apportant commentaires et suggestions. Line liste complete des titres en 
circulation apparait a Ia fin de cet ouvrage. 

Les cahiers techniques sont distribués aux bureaux régionaux de Statistique Canada ainsi quaux bureaux de Ia statistique 
des provinces. La liste des cahiers techniques apparait dans: "Liste de documents supplémentaires' (11-207). Un jeu 
complet est disponible a la Bibliotheque de Statistique Canada pour fin de consultation. 

Pour obtenir une liste des litres etlou un cahier particulier veuillez communiquer avec: 

Consultation et marketing 
Division des entrées-sorties 
Statistique Canada 
23i6me Etage. edifice R.H. Coats 
Ottawa, Ontario, K1A 016 
(613) 951-3697 



Statistics Canada 
Canadian System National Accounts 
Input-Output Division 

The Adding-up Problem in the 
Computation of Aggregate Constant 

Price GDP 

by 

René Durand 

#6 

•YATSflC* 

oc 2? 199? 

IIOThUE 

October 20, 1987 



The thrust of this note bears essentially on the adding-up problem in the current method of 
computation of aggregate constant price GDP. It does not suggest the adoption of new deflation 
techniques to solve the delemma outlined below, but only addresses the more limited question 
of which of the Canadian or the U.S. methodologies appear to be the more consistent in a 
restricted framework. It concludes that the procedure adopted in the U.S. is more "consistent" 
in that, unlike the Canadian procedure, it does not lead to double valuation of the same GDP 
components in any given year. 

The aggregate constant price GDP figures are Laspeyres (base-year weighted) aggregates of 
component industries. The base-year is shifted every decade, the last one being 1981. The 
component industries' constant price GDP figures are obtained with the double-deflation method, 
whereby gross outputs and intermediate inputs are deflated by their respective price indices and 
real GDP is computed as the difference between the constant price value of outputs and the 
constant price value of inputs. 

The adding-up problem stems from the methodology adopted at Statistics Canada which pursues 
the preservation of existing estimated growth rates of aggregates for past periods. As shown in 
the Appendix, choosing to maintain past growth rates produces the peculiar result that, for the 
decades preceding the last base year, constant price GDP figures for components do not add 
up to their aggregates for the same period. In the United States, the aggregates preceding the 
last base-year are simply recomputed by adding up the rebased components so that additivity is 
preserved. In this case, however, rates of growth of the rebased aggregates change each time 
the base year is shifted. Additivity and the preservation of past rates of growth of aggregates 
cannot be simultaneously obtained when base-year weighted Laspeyres indices are used for 
aggregation. 

In the procedures followed in Canada, the components of any aggregate are valued in the relative 
price set of the new base-year when taken separately while, at the same time, they are valued 
in the relative price set of the previous base years when taken as components of the rebased 
aggregates. To use a spatial analogy, it is as if Americans, when assessing the Canadian 
production in comparison to that in the U.S. choose Canadian relative prices to evaluate 
production of components and U.S. relative prices to valuate aggregates. Clearly, they must 
choose U.S. relative prices throughout, while Canadians must use Canadian relative prices to 
make consistent, meaningful comparisons. 

Turning back to the time space, it appears to be more consistent to evaluate both components 
and their aggregates through time with the same set of relative prices for any given year. Of 
course, the components may themselves be valued in the relative price set of the previous 
decades, translated into the last-base year constant dollar value, so that they would now add up 
to their corresponding rebased aggregates. This can be done, as shown in the mathematical 
derivations in the Appendix, by multiplying each past decade component by the aggregate 
Paasche price index. The procedure, however, though it preserves both past rates of growth of 
aggregates and additivity, does not preserve the growth rate of their components. We are thus 
back to the conclusion that the U.S. methodology is preferable from the poing of view of 
maintaining consistency of evaluation. 



- 	 Appendix: Mathematical Derivations 

The Laspeyres index of aggregate GDP, at time t based on year 0 (the reference year) set of 
relative prices, is given by 

0ot (P) = Ep0q I Ep0q0 	 (1) 

where the q's are the component constant price GOP figures in year o prices (i.e., p0=1 )•1  The 
corresponding constant price value of the aggregate, V0  is given by 

V0  (p0j = p0qt = Voo  (P) 	(P) 	 (2) 

The three base-years actually choosen for computation of the input-output tables are t = 1961, 
1971, 1981. We therefore have the following aggregate Laspeyres indices 

061t (P61) = EP61ci/ Ep61 q61 ; 61 _-, t< ii, 	 (3) 

(or) =  F-p7l qt  I EP q71 ; 71 ~ t < 81, and 	(4) 

81t (P81) = p81 qI 2p81 q81 ; 	t ;-> 81, 	 (5) 

As the derivations of this appendix apply generally to all 
Laspeyres aggregation, not only the aggregation of real GDP, we 
have adopted here the usual notation of index number theory as if 
Lhe q's could be measured in some physical units with corresponding 
prices p. We could have used instead the equivalent notation 

Pkqf = q (oh) 
indicating that "quantities" are measured in dollar units of year 
k. This notation has only been used when necessary as in equation 
14. 



C] 

The corresponding values of aggregates for these decades are V51 , V711  and V81r  To link these 
series, it has been decided to shift the base-year of the first two decades to the year 1981 while 
maintaining the relative price weights of each decade, that is to write 

81 (P61) = Ep61 q I  p61 q81 ; 	61 :~ t < 71 	 (7) 

81 (P7i) = Epq I Ep71 q81 ; 71 ~ t < i 	 (6) 

The indices given by (5) (6) and (7) take a value of one for t = 1981 so that they may be spliced. 
We may then write 

= 	P81 q81  081(Pk) 	
(8) 

where 

k = 1961 for 1961 t < 1971 

k = 1971 for 1971 t < 1981 	 (9) 

k = 1981 for t z 1981 

The series V81  is the spliced series for f ~: in 1961 in 1981 dollars but with relative prices 
corresponding to each decade. For k = 1961, for instance, we have 

Q81  (P61 ) = (p61q I p61 q81 ) (Ep61 q61  I Ep61 q61 ) 

= (Ep61 q I  Ep61q61)  I  (Epq81  I Ep61q61) 	
(10) 

= 61 t (P61) I °6181 (P61) 

1961 :~ t< 1971. 

Since 06181  (p61) is a constant, it follows that Q81, 061) and 0151,  061) have the same rate of growth. 
Equation (10) is the formulation used to rebase the first decades data into 1981 dollars while 
preserving its original rate of growth. This formula has a drawback however, since for t . 1981, 
the 1981 constant price aggregate value of output V8 , is 



4 

= 
	 (11) 

which differs from the rebased value V8  computed by (8). In other words, additivity breaks 
down. On the other hand if we use Q 81, (p81) for all t then additivity is maintained for all years 
since V is now defined by 

= E p81q81 	81t (P81) 

= E p81 q81  (E p8lqt/  E p81 q81 ) 	(12) 

= 

but, then, for t < 1981, the rate of growth of Q81t  (p91) differs from the rate of growth of °81t (P61), 
(1961 !~ t< 1971) and 081  071), (1971 !~ t < 1981). For instance, over the period 1971 to 1980, 
one will generally have 

Q81p81) 
= p81 q 	Ep71q 

= Ep81 q81 	p71 q81  
E 

(13) 

except for t = 1981. 

Looking now at individual components, we may see that changing the reference year for their 
prices does not change their rate of growth. Indeed, let 

Vft (Pfl) = P711 q1  

and 	 (14) 

tiç (p81) = P811 qft  

then, for all time period s and t, we will have 

Vit  (P) = - 	 = Vft (P81) (15) 
' (Pr) 	q1 	v1 (prn) 



This suggests that we maintain the relative price set of each decade for individual components 
as well as for aggregates by setting 

	

= Pk8l NO = V1  (p, 	 (16) 

where Pkg
, 

is the aggregate Paasche price index, with reference year k in 1981, defined as 

F'k81  (q81 ) = 	p8.q81 I 	 (17) 

Indeed, summing overall components v, we have 

Ep81q81 	-P,1t 
41t = ________________ = E p81 c,i81  08 (Pk) 	 (18) 

2pq81  

which can be seen to be identical to the spliced series V81 , given by (8). The transformation (16) 
restores additivity and shows once more that both the components and their aggregate should 
be valued with the same set of relative prices. Nevertheless, this alternative solution is even 
more unsatisfactory as the rates of growth of individual components are no longer preserved. 
Indeed, we have for 1971 :~ s <1981 and t ~! 1981 

= P8181  (q81 ) P81 , q1  

v*811s 	P7181  (q81 ) P711  q,3  
(19) 

= 	811  p711 	qit  
P7181  (q81) q1  

which will differ from q,, / q19, except in the special case where the price increase for component 
I happens to be identical to the price increase for the aggregate. 

To summarize, aggregates of past decades are actually rebased by multiplying them by the value 
of the corresponding aggregate Paasche index in the new base year. Obviously, rebasing all 
components by multiplying them by the same aggregate price index would maintain additivity. 
However, when rebasing as is now done, each component is multiplied by its own price index. 
This index generally differs from the aggregate Paasche price index by which these same 
components are implicitly multiplied as components of aggregate GDP and additivity necessarily 
breaks. 
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