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ABSTRACT 

The implicit four-point method is presented for computing 

water level elevations and vertically 'integrated velocities in the 

open chennel.. The theory and FORTRAN'program listing of the model are 

given. Two examples of applications (Vistula River, Poland and 

Niagara River) have also been included. In particular, the importance 

of aincorporating the flow dynamics in the accuratev estimation of 

contaminant loadings from Niagara River into Lake Ontario is 

demonstrated. Such a ndel synthesis approach is essential for the 

prediction of the transport and fate of the toxic contaminants in the 

coastal zone.
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INTRODUCTION V 

. In this report the numerical method for solution of the 

one ,—dimension_a'1 unsteady flow pr.oblem in a river channel has been 

developed. The method may be applied for a number of problems 

connected with transport of the water in the river channel, and also 

to the problem of dispersion of sediment and cont»aminants. In 

particular, the model can be. used to investigate river—lake or 

ri'v"er—sea interactions at the river mouth. In such cases, the 

solution of the one-dimensional diffusion equation should be performed 

(ll-‘read, 1977). the ‘method a simple rectangular geometry of the 

river channel was applied; but the computer program may be easily 

adjusted to the real geometry if the data on depth-‘flow area, and 

depth-width of the channel are available from field observations. 

CQIPUTATIOI AI-@RI‘.l'Ill 

The most-" popular form of the Saint-Venent equations, 

describing the unsteady flow in an open channel is as follows, Amein, 

1968: 

2‘/(1.!) [3v(-1.1)/Br] +v(r.t) l3;v(¢.¢)/Bx] + [B2/(r.t)'/3!] = 0 (1) 
[Bv(x.r-)/Br] +v(x.t)["Bv(x.t)/Bx] +8[3'y(x,._t»)/‘8x] +gl(S,-So) = o , (2)
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In the equations (l),(2), x is the distance along the channel; t is 

the time; v(x,t) is the vertically integrated velocity; Y(x,t) is the 

depth; So is the bottom slope; Sf is the friction slope; and g is 

the acceleration due to gravity. Exact derivation of these equations 

may be found in Baltzer (1968), Abbott (1979). The additional 

assumptions concerning the flow conditions are: 

— one—dimensional flow, 

- width of the channel is constant, 

— no lateral inflow or outflow, - 

P fricton slope is given by the-Manning formula 

sf .= MZQ2/AZR“/3,where 

A is the cross- section of the flow, R is the hydraulic 

radius and H is the Manning's coefficient. . 

Boundary conditions for equations (1) ad (2) often require 

discharges or stages to be known at the first and last cross section 

of the river. Alternatively, the rating curve for the last cross 

section may he employed. Initial conditions require the starting 

velocity and depth to be given along the channel. In the implicit 

method reported here, equations (1) and (2) are first approximated by 

a set of finite difference equations, which are then solved by 

numerical algebraic techniques. 

V 

In the finite difference approximation, the average values 

of the functions and derivatives in equations (1) and (2) are taken in 

the fourepoint scheme (cf. the box scheme, Lam and Simpson, L976) as 

follows:
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3’ = i (ya; +)':,1+1 +y|+1,1"‘J':+1,;+1) (3) 
ay /ax = i (y|+1,1+1Y:+1,1+|_)'t,1"1Y:,;+1)/Ax (4) 

ay /at "i-" 

i ‘($1.1-H +ZV|+1,;+1 -)’a,q1_)'a+1,1)/At (5) 

where the (i,j) indices designate xeposition, and t-position, 

respectively. Substituting equations (3)-(5) into equations (1) and 

(V2), we obtain: 

yr.-1+1 +)':+1,1+1 '|'i (At/Ax) [J':+1,;+1(1’|+1,_; '4' 1’:-+1v,;+1) 
"‘)’1.1+1 (vl,J+l ‘I’ 91,1) +)'i+1,W:+1,;+1 _}'1,1T’a,;+1] —-y:,1"'ZY1+;»,;

. 

“HA!/A.-1.!) (":,1J':,1_3':+1,;v1+1,1) = 0 (6) 

"|+1,;+1 '9’ v|,;+1 + i (At/HA1) (v|?+1,1+1 "v;2_,>;-+1 + 2”|+1,1":+1,;+1 _ 2-77|,1v:,1+1) + 8'(At/A-T)()'¢+1,1+1*ZY;v,;+1)+ g(At/2)(Sn I + Sn“ I 
+ 311,1" +sf;..,;.. )_"1.1'”:+1.1 _234iso +8(Al/A-Z) (y:u.1_y:.:) 
—i (Ar/A==1<v%.1—v?+1.n = 0 

n ('1)
_ 

The unknown values in equations (6) and (7) are yi,j.,.1q, y,-__+1,j+1 

and vi,j.,1, v14.-1.54.1. Sfi id and Sfifl in are functions 
I ' I 

'

¢ of these unknown values; If N is the total number of discrete points 

along ox-axis, ‘ZN-2 equations are available in the form of equations 

(6) and ('7). ‘ho additional equations are obtained from the boundary 

conditions to make up a total of ZN equations for the zjnunknowns. 
Since the terns with subscript j are known at the current time level, 

the set of equations (6)-(7) may be reirritten as:
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7?: = ya + 31+: +5 (At/A3.) [Nu-1 ("I +-Van) -71“?! + 9|) + ¢|v:+1 
—d,v,] -'¢‘| = O, for i = 1, 2,...,N-"1 (8) 

£1 = 91+ W-+1 ‘ii (At/A¥)(1'?+1 “Pi + 2591+: -28:91) 

The coefficients ai, bi, ci, "elf, ei, £1, gi, bl are

+ 8>(A¢/A1)(-‘Y:-+1 -91) + 8(A¢/2) (S1; + Sr“, ) + ha = 0, 
for i= 1,2,...,N-1 (9) 

all known quantities and their explicit form is given below: 

"1 = 1-"+1.1. 

"L1. ff = 
7’:-0-1,}; E1 ; v1.1 (12 

b,-‘= 

C] = 

di =- rm ~ (10 

9| = 3'1.) + )’|+1,1 ’|'i (At/Ax) (M1,; 91,1 -5’ (+14 v;+1_;) (13 

-hi = “Z5450 *"i.1 _”:+1,1 +E(4¢/A1) (Nu-1.1 _J':,;) 
5 (At/Ax) (W2; "' '1-rz+1.1) + £14! (v¢2,;/y';',_';3+ ev?+1,;/y?131,;*)M‘ 

‘ 

(14) 

To simplify eq'uat.ion_a (8) and (9) further, we use the following 

definition and rearrange the indices:
i 

J‘: 

y|+ 1 

"71 

80 that 

12:-1 » 1’: = 372: 
x2(+1,' I714,‘ = 12'}; fOI' I. = 1, 2, - . .>,N— 1 
‘F2:-1.» Eu =?F§: 

equations (8) and (9) now become: 

'”i+1.1 (11)
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F2:-1 -'= ¢2¢—1 *' 321+: +i (A3,/Ax) [321-+1 (81:->2 +01) 
“I2;-1 (31: + b1)+ ¢:1z|+g -d;-r;;] -8; 

F O 
p 

' 

(16) 
F11 = xii ""x2J*2 "1 (At/Ax.) (3i_l+: “Xi: + 2f:-*z:+a _ZE:x::) 

+.€(At/A-T) (-‘¥z:+| “¥u—1)+E(AtM2/2) (Ii:+2-_/1:31 4 

+ xi:/3ii§1)+ hi - 

if _ 
(11). 

Fan-1 = Q;,,‘—.r‘,x, = 0 
1 (13) 

Fm = x2N _9P(-7¢:1v—1) = 0 (V19) 

The last two equations are furnished by the boundary conditions. For 

example, in F2N_.1, the discharge Qbj as a function of time (j) is 

given, whereas F2}; uses the rating curve at the last cross section. 

The solution of equations ('16)-(19) requires the Newton-Raphson 

iterative scheme. The conputation- starts from an initial approxima- 
. . 9 -n 9 9 tion of the solution vector x, xo = ( :1,-xz ,...,x2N). After sub- 

stituting the initial vector Yo into equations (16)-(19)., a vector 

of residuals R0 is obtained: 

.h$'éU 

MOI-IQ 

Fl(.-"ii-'32» - - - Jim) ’ 

F, (x‘,’,x§, . . . ,x§.~) 
= . . (20) 

Rglv F2N(x?»3g-- "sxgN) 

0 0
. '1he fir.st—order corrections P1 ,...P2|q for components :1 ,x2,.-..,x2N 

may be found by solving the set of_ equations:
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-1. 
115 

P‘; ax, (=r?.---.==S~). -.12”) R? 
0 ‘Z ' X . 

&;|§§

N Z.
i 

-1: :19 

' 

a} ar P2~ 5;-j”<:‘:.....=9~>. if (:&’.....==2~> 0 Ran 

(21) 

Then, the first-order approximation of the vector ; is 

' 

-1 
3F 3._F. ..

' 

x§' -5;-i(x?o-~~¢xgN)! (_x(l’o~"yxgN) 

BF 
_ 

_ BF 
§f*¥(;2....,;2,,,),..., -6-if (x§',...,x§~)

1 
321»: 

pF1(x?.- .-.1241) -*9 

X 
._ + I (22) 
F:~(I‘?» - . . , xgu) -x_2~ 

general, the k*th approximation of the vector .; is,
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Q15 ,, 

3'5»! g'E($*",... x"" "'-'1 "'1 
ax! Y1 » aw)» , axw(x, ,...,x,N-) 

x - 4. - 

F; (x-5"‘, . . . ,x';§,") ,4.-. 

u- - e _ F2N(-*1 I,-..,K§~') x§N' 

xi (xlpllt " ' ' 9x:;I)o ' ' ' 2 (x:-l, . - . ,x:K;])- 
>-1 

(23) 

Ihe iteration procedure Gil.-1 be repeated until l§l_<,_s, Where |§'| 
ZN 

is 
equations (21)-(23) are computed from equations (16)—(19), i

1

1

4

r 

n 

v

x

»

s

v 

n

n

v

x 

r

n 

aFv2i-1/axll-1) : 1 “HA3/AX) (bl + 32:) 
aF2l.—1/axéi) = “Q (At/A-'3) (dl + $1:-1)‘ 
3F2|-1/312:4-1) = 1 + HA!/A-X) (4: + $2:-+2) 
aF2r—-1/332114) = § (At/AX) (ct + 12:44) 
aF2:/31::-1) 
“'2:/alas) = 
.aF21/3-'¥z1+1) 

3_F2|/axznz)

1 
-e(At/Ax) -' 5 841M’ (1%;/r2131) 
"§ (At/A-1?) (81 "' -'52:) + JAIN: ($21/1;;/31) 
z(At/Ax) - §zAtM’ (xgm /13431 ) 

1 +§ (Al/A.-I) (fl + 32:4-2) + 8AtM2(-1721+:/3:31) 

I‘ 

J I Bi, and I-: is the tolerance error. Elements of Jacobian matru: 1n
1 

.8», 

I24“) 

.25) 

I25) 

I27) 

I23) 

'29)
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PIOGAH DBSCRIPTIOI ' 

The program for solving the unsteady flow equations 

written in_ FORTRAN IV language and was run on the CDC CYBEB 

computer. Organization Iof the, program corresponds closely’ to 

algorithm described.‘ On the each time step of computations, 

following operational subroutines are employed: 
- COEFF, subroutine for computing coefficients in 

equations (10)-(14). 

- PRSTR, subroutine for computing the right-side of 

equations (16)-(19). 

was 

172 

the 

the 

the 

the 

- JAKVKL, subroutine for computing the Jacobian matrix of 

equations (21)-(22). 
'

. 

- LINVIF, library subroutine (IMSL library for computing 

matrix inversion. ' 

- DRVR, subroutine for output data processing. 

Listing of the progra and examples of input and output data are given 

in the Appendix. 

§P?LICAIIOIS 

applications. The first »example refers to the ~receut _paper by 

' 

e proposed method is supported by two examples of 

Stepien, 1984. In that paper, the timerspatial evolution of the flow 

on the 60 km long reach of the Vistula River, Poland, was tested.
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Flow conditions on that reach of the river are controlled by 

bydro—power station Vtoctawek. Figure l shows the diagram of the 
-

1 

river segment and location of the control depth gauges. The water 

level and discharge records in the 679.4 km of the river (cross 

section Utoctawek) are shown on Fig. Z. These records were taken as a 

left boundary condition (eq. 18). , 

Depths of flov computed for two control gauges and 

comparison with the observed data are given in Fig. 3. It is easily 

seen that ,amplitude, phase and shape of the wave are reproduced 

correctly. 

In the second example, conditions of flow on the lower reach 

of the Niagara River were simulated. The length of the reach (10 km) 

is much shorter than in the former case, but problem is similar. In 

particular, the flow undergoes the cyclic fluctuations corresponding 

to the emptying ad refilling of the two reservoirs used to generate 

hydroelectricity at the hydro-power stations, located in the middle 

part of the Niagara River (Fig. 4). The daily records of discharge 

through Canadian (I) and U.S.A.(II) hydro—power stations and discharge 

of the Niagara River in the Ashland Avenue gauge (III) for 10-12 May 

1983 are shown on Fig. S (Falkenirk and Yee, 1985). As the first 

computational cross section (segment 1, Fig. 4) is just located below 

the reservoirs, the total discharge there is the sum of the above 

mentioned records (upper curve on Fig. 5). Since the total length of 

the modelled reach is 10 km only, it is assumed that the flow is 

kinematic, i.e. the waves are moving without significant modification
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of the shape. The results of computations confirm this assumption. 

Figure 6 shows the computed values of discharge at three computational 

cross sections, located at‘8,5.,2 km, respectively, upstream of the 

mouth of Niagara River. The discharge varies periodically over a 

range of from 5400 to 8200 ma /st. These variations of discharge will 

certainly influence the variation of contaminant concentrations in. the 

river. In particular, we are interested to find out if the 

concentration of toxic contaminants (e.g. 1,2,3,4*TeCB) observed in 

the Niagara Bar area in Lake Ontario are affected in turn by the 

concentration in the Niagara River. *
‘ 

' In the simplest ca_s'e-,- we can assumethat the concentration 

at the river mouth is inversely proportional to the river _d’isc11a{r'ge 

(Turk, 1,980). Based on this hypothesis, we obtained the estimated 

l,2,3,l+*TeC'B concentration as a function of the discharge at t-he river 

mouth (Fig. 7'). This estimated concentration was then used by a 

computer model, POLTRA '(1-8111 and Simona, 1982-) as. the input 

concentration to Lake Ontario. The. computed two-dimensional 

distributions of 1,2,3,4-’1‘eGB in the Niagara Bar area at 15, 2-7 and 42 

hours after the release are shown in Fig. 8. 

In general, the model reconstructed reasonably well the 

isolated patch“ of high concentrations in the north-east part of the 

Niagara Bar as shown in the observed data‘ at 15 hours after the 

release (Carey and Fox, 1984; Fig. 8). This patch apparently_results 

from the alternating 10?-filow and high.-flow condition in the river. 

In other words, at low flow, the river cojncent-ration is high and
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creates the patch which moves along with the river plume in the lake; 

at high flow the river concentration is immediately diluted and the 

patch in the lake appears to be isolated. After some time (e.gv. 27 

hours after the release), the patch has moved out of the Niagara Bar 

area, until at a much later time (_e.g. 42 hours after the release), a 

new patch is formed near the river mouth when the flow slows down 

again (Fig. 8). The quantitative comparison of computed and observed 

data, however, should be made with caution. Such a comparison is 

limited by the following factors: 

— Only several measurement points in -the area are covered by 

the POLTRA computational grid. ' 

— No hourly record of concentrations was available at the 

river mouth during the simulation period to offer more 

accurate boundary conditions for the model POLTRA. The 

assumed average value of concentration ('10 pg/L) at "release 

time was interpolated from weekly data (Oliver and Nicol, 

1983). ' 

- The rectangular shape of the channel of the lower Niagara 
i River was taken for convenience. A mre accurate channel 

shape and a more sophisticated method of computing the 

discharge in the first cross section should have been used. 

- The simple, hypothet-ical relationship between discharge and 

concentration according to ‘lurk (1980) is usually valid in 

the low-to-'-moderate range of river discharges. Further
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confirmation with high flow measurements, however, is 

needed. 

COICLUSIOIS 

Based on the results of the two applications, we concluded 

that the model FRMT is appropriate for mnalyzing flow dynamics and can 

he integrated with coastal zone hydrodynamic models such as POLTRA to 

study river-lake or estuary—sea interactions. Such a model synthesis 

approach is important for the accurate estimation of toxic contaminant 

loadings into Lake Ontario and the prediction of transport and fate of 

the contaminants in the coastal zone. 
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6000.06000.06000.06000.06000.0 4.__ gpace steps array 6000.06000.06000.06000.06000.0 
6000.0 

206 O8 20 
.9 2.6 .9 2. 

2.6 .8 2. 
.8 2.6 .8 2. 

2.6» .8 
, . . 696.0 692.0 688.0 684.0 680.0 ;9_'i b,0U|'ldaF_Y COnd'|t'|DY.l /d'|SCh§T'QE ‘FOP 

676.0 _ 
- successive time steps in the first 

DT-TM.STEP (S)= 3600.0 
SPACE 5TEPvS NR.= l1 
TIME STEPsS NR1 
BOTTOM SLOPE 
CHANN.UIUTH(H) 
CHANNEL LENGTH(M)=60000.0 

3 .3
3 

6 .s I-J 

VJ 

O 

O 

O

I 

CO 

0~ 

W 
0~ --___ initia1 condition /depth,ve1ocity for 

successive cross-section along the riverl 

coputionai cross-section/ 

6 . 

.000 
371.0 

GRflUITY(MflS2) = 9.81 
FINAL T1".E (9)= 36°'°°°-° distance _depth velocity discharge UARUNKI nLn T= 0.0 --—’ ' 2 —~7 -~' _4i-"_"j’7 —~:' /{Z4 "’— ' 

Q ,--'2'?’ it UDLEGLDSC BLEBUKUSC PREUKQSC PRZEPLYU 

0.0 

0000.0 
12000.0 

18000.0 
24000.0 
30000.0 
30000.0 
42000.0 
48000.0 
54000.0 
60000.0 

2.600 

2.600 
2.600 

2.600 

2.600 
2.600 
2.600 
2.600 
2.600 
2.600 
2.600 

.771 

.771 

.771 

.771 

.771 

.771 

.771 

.771 

.771 

-.771 

.771 

H) (M) (H/S) (M83/S) 

743.7 

743.7 
743.7 
743.7 

743.7 
743.7 
743.7 

743.7 
743.7 
743.7 
743.7



ITERATIDN NR 2 
UARUNNI ULA T= 3600.0 
UULEGLDSC GLEBDKDSC PREDKDSC PRZEPLYU 

‘U 

(M) (M) (M/S) (H13/S) 

0.0 

6000.0 

12000.0 

19000.0 

24000.0 
30000.0 
33000.0 
42000.0 
48000.0 

54000.0 
60000.0 

LI O L’! 
-b bl 

2.591 
I-J < U1 *0 ‘O 

2.600 
2.600 

2.600 
2.600 
2.600 
2.600 

2.600 
l~J . U1 *0 ~40 

TIME STEP NR 2 
115303100 NR_2 
UARUNKI ULA T= 7200.0 
OULEGLDSC GLEBDNOSC PREUNQSC _PRZEPLYU 

(M) ' 

00° 

6000.0 
12000.0 
19000.0 
24000.0 
30000.0 
36000.0 
42000.0 

48000.0 

54000.0 
60000.0 

(M) 

PJ 4 U1 O 0~ 

2.546 
I-J O U! W O~ 

2.597 
2.599 
2.600 
2.600 
2.600 

2.600 

2.600 
2.599 

(738 696.0 
.766 736.3 

.770 742.4 

.771 743.3 

.771 743.5 

.771 743.5 

.771 743.5 

.771 743.5 

.771 743.5 

.771 743.4 

.771 743.7 

(H/S) (H83/S) 

.744 692.0 

.744 702.7 

.763 732.4 

.769» 741.2 

.771 743.2 

.771 743.3 

.771 743.3 

.771 743.7 

.771 743.0 

.771 743.8 

.771 743.7



TIME STEP NR 
uanuuxz ULA T= 10900.0 

0ARUNNI.DLA T= 14400.0 

Irskaiion NR 2 

DDLEGLOSC GLEBDKOSC PREDNDSC PRZEPLYU

3 

(M) (M) 

0.0 

6000.0 

12000.0 
18000.0 
24000.0 
30000.0 
36000.0 

42000.0 

48000.0 

54000.0 
60000.0 

2.495 
IJ . U1 I-JO 

Id .. 
U! U! O 

l~J . .U'l IO bl 

IO ~ U1 *0 Ul 

IJ . U1 *0 ~O 

2.600 

2.600 

2.600 

2.600 
2.599 

TIME STEP NR 4 
ITERATIDN NR 2 

DDLEGLDSC GLEBOKDSC 
(M) KM) 

090 

6000.0 * 

12000.0 

18000.0 
24000.0 
30000.0 
36000.0 
42000.0 
48000.0 
54000.0 

60000.0 

2.492 
2.503 

2.530 

2.555 
2.581 
2.594 

2.598 
2.600 
2.000 
2.600 

2.599 

(M/S) 

.749 

.749

. w mm 

.768 

.770 

.771 

.771 

.771 

.771 

.771 

PREDNDSC FRZEPLYU 
(H/S) 

.743 

.743 

.752 

.753 

762 
.768 

.770 

.771 

.771 

.771 

.771 

(M13/S) 

688.0 
700.3 

708.5 

730.4 

739.8 
742.6 

743.3 

743.4 

743.6 

743.5 
743.6 

(H83/S) 

684.0 

690.4 

705.4 

713.5 
729.9 
738.9 

742.3 
743.3 
743.5 
743.7 

743.6



1 

- TIME STEP NR S ITERATION NR 2 
HARUNKI-DLA T= 18000.0 
DDLEGLDSC GLEHOKDSC 

12000.0 

18000.0 
24000.0 
30000.0 

36000.0 
42000.0 
48000.0 

54000.0 
60000.0 

6000.0 

(M) (M) 

0.0 " 2.473 
2.499 
2.510 
‘2.537

w . mUQ 
VJ . Ul Q I-I‘ 

2.593 
F.-J m ‘~43 m 

2.599 
" 2.600 

2.599 
TIME STEP NR ‘ 6 

PREDKUSC PRZEPLYU 
(M/S) 

.741 

.745 

.745 

.753 

.755 

.762 

.767 

.770 

.771 

.771 

.771 

(H*3/8) 

680.0 
687.8 

693.4 
‘708.6 

717.1 

729.9 
738.2 
741.7 
743.1. 

0743.4 

743.6 

DULEGLDSC GLB.MAX. CZAB PREUK.MX. GZAS 

_30000.0 
36000.0 
42000.0 
48000.0 
54000.0 
60000.0 

4.979 cw ssconné EXECUTION TIME.
/ 
IDLE 

IDLE 
hue 

0a4 
084 

IAF 

‘
. 

6000.0 
12000.0 
18000.0 
24000.0 

H) (H) (S) 

0.0 2.543 
2.591 
2.599 
2.600 
2.600 
2.600 
2.600 
2.600 

4 2.600 
2.600 
2.599 

D-it-ll-Jr-I!-I-9-it-lb-*0-1&4!-I 
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. 

. 

. 

.

. 

. 

. 
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OOQOOOOOOOO 

LOG OFF 16.30.21. 
SRU 26.234 UNIS.- 

CUNNECT TIME 00.13.34. 
LOGGED OUT. 

(M/S) (S) 

JlJlJv4w 

nsirg 

. 

. 

. 

. 

. 

.. 

OOOOOOO 

.744 

.766 

.770 

.771 

.771 

.771 

.771 

.771 

.771 

.771 

.771 

$00 
200 
200 
1.0 

PRZEP.MX.‘ CZAS 
(H13/S) (S) 

743.7 
743.7 
743.7 
743.7 
743.7 
743.7 - 

743.7 
743.7 
743.7 
743.8 
743.7 
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