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PROGRAM PARCOHZ

Partial and Multiple Coherernces, Transfer Functicons in the

Frequency Domain

Qbétract.

It is hypothesized that bottom currents in Lake Erie are driven
by three forces, wind stress (through surface pressure
gradients), internal pressure gradients (thermocline tilts), and
coricolis force. An individual velocity comporent is thus a
furiction of 5 variables, two components of wind stress, two
components of internal pressure gradient, and the other
horizontal velocity component. Ordinary coheéerernce furnctions
between the dependent variable and the independent variables,
taken oﬁe at a time, are not reliable indicators of this
functional dependence because of the correlations among the
independent variables. From standard references on time-series
arnalysis (Bendat and Pierscl, 1971. Random Data: Analysis and
Measurement Procedure. Wiley-Interscierce. 0Otrnes and Enochson,
1972. Digital Time Series fAralysis. Wiley-Interscience.) and
using IMSBL and matrix inversion routines,; a computer program has
been assembled to compute multiple_and»partial coherences,
transfer functions and phase angles, between the dependent
(single velocity component) and the indeperndernt variables. This
report has been written because externsions of this routire may be

useful in other, similar applications.




PROGRAMME PARCOH2
Cohérences partielles et multiples, fonctions de transfert dans le domaine des

fréquences.

Sommaire

On suppose que les courants de fond du lac Erié sont produits par

trois forces : la force d'en;rainement du vent (par le trﬁchement des
gradients de pfession de surface), les gradients de pression interne
(1'inclinaison de la thermocline) et la force de Coriolis. Une composante de
vitesse particuliére est donc fonction de 5 variables : deux composantes de la
force d'entrafnement du vent, deux composantes du gradient de pression interne
et une composante horizontale. Les fonctions de coh@rence ordinaires entre
une variable dépendante et les variables indépend&ntes, prises isolément, ne
donnent pas une indication fiable de la relation fonctionnelle eh raison des
corrélations qui existent entre les variables indépendantes; En s'inspirant
des documents classiques sur les analyses de série chronologiques (Bendat et
Piersol, 1971. Random Date : Analysis and Measurement Procedure. Wiley-
Interséience. Otnes et Enochson, 1972. Digital Time Series Analysis.
Wiley-Interscience.) et en se servant dé routines de 1'IMSL et d'inversion de
matrices, on a &laboré un programme informatique qui permet de calculer les
cohérences multiples et partielles, les fonctions de transfert et les angles
de phases entre une variable dépendante (composante dé vitesse simple) et la
variable indépendante. Nous diffusons les résultats de ces travaux parce que
les exténsions de cette routine pourraient s'avérer utiles dans d'autres

applications semblables.



Introduction.
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The theory underpinning these develcopments is given in Chapter
of Bendat and Piersol (1971) (see Abstract for reference). Let Y
_be the dependent variable and the vector X = X1, X&,..., Xp be p
independent but inter-correlated variables. In the time domain we
seek the optimum (in the least-square—error sense) linear

~

predictor of Y on the p independent variables. This predictor can

be expressed in the form

| t
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where the weighting functions hin) are to be chosen so as
to minimize the error between the observed and predicted values

of Y.
Transfer Functions.

The Fourier transforms of the optimum weighting functions

in the frequency domain are termed transfer functions and can be
determined from the p+1 by p+1 cross-spectral matrix formed by
the dependent variable and the p independent variables. Let Sijgk

be the complex cross—spectral estimate between indepernderit



variables Xi and XJ in the kth frequency band. Similarly, let

Syik be the cross—spectral estimate between the dependent

variable, Y, and the ith independerit variable, égain for the kth
frequency band. The transfer functions (Hylk, Hy2k, ..., Hypk} are

defined by p equations of the form

(&) Siyk = Hy1lk*Silk + HyZ2k#8igk + <. + Hypk#51 pk

for each frequncy band. Note that the p by p matrix formed by the
auto and cross-spectra of the independerit variable set is
“Hehmitian", that is to say 8S)ik is the complex conjugate of

Sijk. The complex transfer functions can be expressed in terms of
an amplitude [Hyik]l and a phase angle ARik between the component of
the dependent variable and the ith independent variable at the

kth frequency.

Multiple Coherence.

Inh a noise-free linear system where the cutput variable may be
expressed exactly as a linear combination of the p input
variables in the sense of equation (1) above, the relationship

(3) Syyk = Hylk*Sylk + Hy2k#8yZk + ... + Hypk*Sypk

also obtains. That portion of the observed variance of y in




. frequency band k NOT assocciated with the optimum linear

combination of input variables is defined

(4) Szzk

Syyk = {Hylk#Sylk + HyZk*SyZk + ... + Hypk#*Sypkl}

Syyk# (1.0 - COHzMK)

This equation also defines a multiple coherence-squared function
COH2k linking the dependent variable with the cptimum linear
conbination of the input variables. COHZk may be defined directly
in terms of the elements of the full cross spectral matrix (see
Otres and Enochson, Chapter 9, p 343) and represents the fraction
of the the variance of y associated with the optimum linear

‘ combination of the X's in band k.
Partial Coherence Functions.

The ordinary cohererice—squared between the dependent variable and

one of the independent variables, let us say X1, is defined
(5) COH201k = Sy1lk*S1yk/ (Syyk#*511k)

Note that Sylk is the complex conjugate of Slyk. Each of the auto

' and cross—-spectral estimates on the right hand side of equation



(5) depends not just on variable X1, but on all the qthgr
independent variables as well. By eliminating the efféc&s of the
other independent variables (X2, X3,..., Xp) we arrive at a
measure of the coherence between Y and X1 alone, with the ather
variables in effect being held constant. Let us consider the
variable X1 as being dependent on the remaining p-1 independent
variables. We then construct transfer functions between X1 and
(X&y X3, «.., Xp) and compute in a fashion identical to that of
equation (4) the variance of X1 not accounted for by the optimum

linear relation among the p-1 remaining variables:

(6) S11Kk® = S1ik - (HIZ2k*S12k + H13k*S13k + ... + Hipk*S51ipk)
where the Higk, 3 = 8 3, «.., p are the transfer functions
between X1 and the remaininhg independent variables. Similarly the
variance of y not accounted for by the linear coﬁbination of X&
through Xp may be expressed:

(7) Syyk' = Syyk — (Hyck®*Syck + Hy3k!#*Sy3k + ... + Hypk?#5ypK)

where Hyjk? are the transfer functions between Y and the p-1
independent variables, X2 through Xp. It can be shown that the
expression for Slyk' is

(8) S1lyk® = Slyk - (Hy2k'#*51&k + Hy3k'#513k + ... + Hypk’#51pk)
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The partial coherence between Y and X1 is naw defined,
(9) COHEP1k = S1lyk?*CONJG(S1yk') /(511K *Syyk?)

where CONJG(S1yk?) is the complex conjugate of Slyk’. Otnes and
Enochson (Chapter 9, p344) give a formula for the partial
coherence between Y and X1 in terms of the full p+! by p+i
cross—gpectral matrix. This formulation is used ivi the computer
program PARCOHZ. The partial coherences between Y and the otheﬁ
independent variables are computed in the same way (shifting the

desired variable intoc the place of X1 in the algorithms).

Confidence Limits for Multiple Coherences, Transfer Functions,

and Partial Coherences.

The pracédﬂréé given by Otnes and Enochson (Chapter 9 , Secticons
9.6 and 9.7, pp351 - 357) are adopted. The confidence limits for
coherence are defined in terms of the degrees of freedom of the
spectral and cross spectral estimates, the number of indeperndent
variables, and the required accuracy. Program PARCOHZ constructs
a table of limits f&r both multiple and partial cohererce-sqguared
fﬁnctions for both 65% (1 sd) and 95% (& sd) confidernces.
Confidence'limkits for the gains and phase arigles of the transfer
functions are more complicated to compute. Théey depend upon the

degrees of freedom of the spectral eétimates, the number of



variables, and the frequency-dependent structure of the
cross—spectral matrix. The version of PARCOHZ used_to.computé
Tables 1 through 4 does not compute the confidence limits for the
transfer function, but the listing and sample output in the

appéndix contains this feature.
Description of the Program PARCOHZ

The first part of the program is devoted to the input of the &
contemporaneous time-series, appropriately scaled. Hourly samples
are assumed ivn the present case; records are up to 1200@0 samples
long. The natrix algorithm will work with a minimum of 4
time—-series, ohé dependent variable and three irdependent
variables. The case of 3 variables, one dependent and two
independent, is treated directly in Bendat and Pierscl, Chapter
5. Changes in variable numbers, maximum record lengths, will
‘require redimensioning of the program with consultation of the
IMSL. manual deseribing routine LEGEC. The operator must specify
the number of lags or number of frequency bands in the interval
B. to 1./(4.*TSAM) (TSAM is the sampling interval) to be used in
the spectral analysis routine, LAGS, and the number of frequetcy

bands to be retained in the output, KEEP. The ratioc
(18) n = 2%INN/LAGS

where INN is the number of samples in each record defines the



degrees of freedom of the spectral estimates. n ) 2@ is

considered desirable; the larger n the more aecuraté.thé results.

Depending on the absolute values of the input variables, the
resulting cross-spectral matrix and derived equaticons could be
poorly—-conditioned and the resﬁlting solutions inaccurate. A loop
in the program removes the means and scales the variableg so that
the variances are all identically equal to 1. This scaling has no
effect on the coherence functions but does alter the transfer
furiction amplitudes or gains. The normalized gain is of order 1
when there is a strong functional relationship between the
dependent and the indeperdent variable, and becomes very small
when the two variables are not connected. Gains can be restored
to physical diménsions using the sc&ling factors developed for
variable normalization. This loop could be bypassed in many cases
but provision should be made to remove mearns sinhce the subroutine

ROTSPEC assumes that the means are zero.

The next step in the program is toc compute the elements of the
cross spéctral matrix for each of the required frequency bands.
The first row and first column of the matrix contains the cross
spectra between the dependent variable and the 5 independent
vériables. The routiné ROTSPEc; the heart of the COHO family of
spectral analysis programs, is employed for this purpose. Note
that the elements of the cross spectral matfices are complex.

ROTSPEC uses a Blackman-Tukey algorithm and is efficient for



record lengths of up to 1200 samples. Some care muét'be taken in
smoothing the raw spectral and cross-—spectral estimétéé; certain
schemes that produce accurate auto—-spéctral estimates are less
than optimum for cross—spectral estimates. ROTSPEC was modified
‘to include a "Parzen Window" (see Otnes and Encochson, Chapter 6).
At this stage the ordinary coherence-squared function is
calculated for each pair of variables and each frequency band
retained. The program prints selected power spectra and ordinary

coherence—-squared values.

Confidence limits for selected values of partial and multiple
coherences are now calculated and output in tabular form (see

description above).

Computation of multiple ccoherence, transfer functions, and
partial coherences are next performed in that ovrder. All of these
require partial or complete inversions of partidns of the cohplex
cross—spectral matrix. The IMSL routine LEQ2EC carries out these
cperations. The transfer functions are converted to polar form,
amplitude and phase angle. The phase angle is the fraction of a
cycle that the independent variable lags BEHIND the dependent
vgriable. Partial cohérences between the depéndent variable and
-'the 5 independent variables are obtained by successive
rearrangements of the elements of the cross spectral matrix and

reapplication of the algorithm.

- 1@ -



The main output of Program PARCOHZ is‘a table organized by rows
and columnhs, one row for each of the KEEP frequencyrganas of .
interest and the columns from left to right containing frequency
(eph), multiple coherence-squared, transfer functions (émplitude
abbve, phase angle below) (5 columns) and S5 columns of

coherence~squared valuées, partial above, ordinary below.

In the present version, the two curreént velocity components are
each considered in turn as dependent variables; this necessitates
a second pass through parts of the program with the velocity

components interchanged.

The amnotated code for Program PARCOHZ is listed in Appendix A of

this report.
Sample Computations.
Case 1. Uncorrelated random inputs.

Variables 1 through 6 are uncorrelated random inputs in the range
(-1, +1). With variances normalized to 1.8, the spectral density

in each band is theoretically 4.0 (spectrum estimated over the
fﬁequency interval @ to @.25 cbh). A1l coherences are theoretically
zero. The computed spectral density values are very close to the

theoretical figure (a rms error of 7%).

- 11 -
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Table 1 contains the output from this example. An évérage of the
’ multiple coherence values in the 11 reported bands is 0.23, and a
similar average of the partial coherences is ©.006. From the
standard deviations we determine that a multiple coherence
greater than .@5 is significantly greater than zero at the 33%
level, and the corresponding value for a partial cchererce is
©.218. Thesé seem to be less accurate results than those
anticipated from the computation of cOﬁfideh;e limits by the
formulae given by Otnes and Enochsern and are perhaps the

cansequéhce of smoothing of the raw spectral estimates.

Case 2. Correlated random inputs.

Variables 2 through 6 are random numbers in the range -1 to +1.
Variable 1, treated as the dependent variable, is the sum of
variables 2; 3, and 4. Table & contains the results. The
theoretical values of the multiple coherence-squared and the
partial coherence-=squared for the three irputs summed to yield
the output are 1.0. The remaining partial coherences should be
zero. The transfer function should show an in—phase relationship
with the first three input variables and random phase with the
remainder. These theoretical Fesults are obtained in practice.
Note tﬁat the ordinary cocherences between the dependent variable
and the inputs in turn show differences between the first three

independent variables and the last two but that the partial
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cohererce computation reveals the true nature of theire}ationship.

Case 3; Episcde of winds, currents, and interrnal pressure

gradients from the Central Basin of Lake Erie:

The equations of motion for hypolimnion currents show that local
acceleration 6f one component of the currents will depend on
surface pressure gradients caused by the wind set—-up of the lake,
internal pressure gradients caused in simplest form by the set-up
of tilt of the thermocline, and coriolis force. A simple
statement of this balance of forces and local acceleration is

(11) du/dt fV + Px —-kU

dv/dt

~fU +Py —kV

where Px, Py is the net pressure force vector aﬁd kK is a friétion
factor. By solving this set of eguations for farcihg furnctions of
variable frequency, (Px = P®*sin(wt), etc.) a model frequency
response can be obtained for comparison against observations. The
general solution at forcing frequencies above and below the
inertial frequency, f, comprises a forced response at frequercy w
and a free, but damped response at frequency f. The two combine
to satisfy the initial conditions. The system becomes rescnant as
the forcing frequency approaches the local inertial frequency.

The phase angle between a forcing component and the response is

—13_



the most simply analysed, and may be compared directly to the
phase angle associated with the complex transfer function. The
relationships would be expected to hold in the barnds where the
multiple coherence-squared value was relatively large. Table 3

summarizes the phase relationships:



TABLE 3

Forcing

Frequency

very low

very low

Dependent

Variable

Independent

Variaﬂle

Py
Px

Px

Py

Px

Py

Phase Angle

(cycles)

+@. 25

+2. 25

+2. 25

-@. 25

The phase angle obeys the same convention as that of the transfer

functiong

the deperident variable.

it is the anhgle by which the independent variable lags

We turn now to the analysis of the observations. In the absence

of direct measurements of the surface pressure gradient, and

knowing these to be tightly coupled to wind stress, we replace

the two comporents of surface pressure gradient by the two




components of wind stress. The subsurface pﬁeésure forcg due to
wind will be 180 degrees or half a cycle out of pha;éhw;th the
stress. The iwternal pressure gradient is also expected to be a
function of wind stress, at least in some integrated éense. The
effect of coriolis force is included by retaining the other
velocity component as an independent variable. Thus one current
component becomes the dependent variable, arnd the independert
variables chosen in the study are the remaining horizontal
current component, the two comporents of wind stress, and the two
components of internal pressure gfadient. Friction forces are
neglected; they are expected to be strongly ccherent with the
dependent variable. The internal pressure gradient is estimated
from the thermistor arrays surrounding the current meter
location. The horizontal separation oflthe5e arrays is of the
order of 1@ km so that the estimated gradient may be contaminated
by processes occurring at smaller scales and would therefore not
be reliable at frequencies greater than say 2.1 cph (scale based
on the travel time of an internal wave across the array).

Cohgrences among the individual thermistor arrays are small,

especially at freguencies greater than the inertial. Indeed the

questicon apprcoached by this analysis is whether the. pressure
gradient estimated from the individual readings (in effect a
lirnear combination of these readings) is a significant dynamic

variable of the system.

The examination of the relation between the output and input

- 16 -
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variables in the frequerncy domain assumes that forcing in éne
frequency band will produce motion in that band; it'éssUﬁes thaf
the process is linear. Table 4, Jlosated—iv—Rppendiw-R, contains
the results for the component of velocity eastwards along the
laké during the interval 26 July tc 8 ngﬁst, 1979. Multiple
coherences are large in the lowest five freguency bands that
account for the low frequency and resonance band motions. The
phase angle between the y—-component of velocity and the
x—componient of wind stress is consistent with the low~freguency
geostrophic relationship of Table 3, but the corresponding phase
relation between the y—-comporent of current and the x-compornent
of the internal pressure gradient does not fit the model,; and
furthermore, the partial coherences are barely significant. In
the next frequency band, the phase between the y-component of
velecity and the y-comporent of wind stress closely fits the
model, but again this is not true for the internal pressure
gradient. At freguencies above the resonance band, the multiple
and partial coherences are low, suggesting that very little
variance is explained by the model. In the rescnance band, (2.05 .
cph) the phase anglé between the two velocity components

indicates clockwise rotation of the velocity vector.

The PARCOHZ computations have fhus led to a negative but useful
result.in direct contrast with the surface pressure gradient
directly related to the wind stress, the internal pressure

gradients computed from the array of thermistor chains have ornly



marginal statistical significance, and have no clear dynamical
interpretation. Therefore they must be considered as a possible

consequenice of spatial aliasing and/or measurement error.

Coriclusions.

Test Case 2 demonstrates the value of the computed multiple and
partial coheeences in detecting a linear relation between a
dependent variable and a group of presumed independent variables.
In Test Case 3, both the coherence functions and the transfer
functions are employed t0’examihe the apparent'reletianship
between estimated internal pressure gradient and measured
currents. The PARCOHZ routine provides a useful diagnostic tool

for such multivariate analyses in the frequency domain.
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