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Abstract 

The ap'plica’tion of nonlinear regression analysis to 
observed stream dissolvedoxvygen concentrations, by means 
of an oxygen mass-balance equation, provided estimates of 
the model parameters, wh,i_c_h enabled -fu'_rt_h_e_r determination 
of the component" pro_ce_ss,es in the oXY9en metabolism in a 
segment of flowing water. The‘ procedure was also used‘ to 
identify p'hotosyn‘thes_i_s_-light (I5-I) models for a Canadian 
river. 

Five P-I models were examined, and although none of 
the models was acééfited as .s‘t_ri,ctly adequate, the study 
showed that the goodness of fit was substantially improved 
by using nonlinear photosaturation and phot'oinh'ibit_i'on 

models. No disti'nct- photoinhibition was o_bserved within 
the range of light intensity that occurred during the data 
period. Moreover_, since none of the n’o'n|ine_a‘r' models 
showed a signific'ant'|y better fit to the data, we may con- 
clude that any" of the m_od_e_|_s can be used for assessing the 
component rates of dissolved oxygen change. 

Résumé 

Une analyse par régression non line'_ai_re des concentra- 
tions d’ox?ygene dissous observées dans ,un cours d’eau, 
appliquée au moyen d’u'ne équation du bilan ffiassique de 
l’oxygéne, a fourni les estimations des parametres des 
modéles proposes pour r_e_ndre compte des processus partici- 
pant au_ m_éta_bolism,e de l’oxygéne dans une partie d’uh 
cours d'eau. La méthode a également été utilisée pour 
établir des modéles de _la photosynthése en fonction de‘ 

|’éclairement pour un cours d’eau canadien. 

Cinq modéles de la 'photosynt,hése en fonction. de 
l"éc|aire,ment ont été examinés, et meme si aucun‘ d’entr'e 
eux n’a été jyugé parfaitement adéquat-, |'étude a indiqué quae 
l’utilisation de models; non l_in_,éai,res pour la photosatura- 
tion et la photo-inhibition améliorait de facon importante 
|_a qualité dew l'ajustement. On n’a pas obse"r'vé de photo.-

I inhibition vér‘it‘ab'le dans la gamma d-éclairement qui a été 
_ 

en‘registrée duraant la pério_de d’étude. De plus, comma la 
qualité de |’ajustement n’était significativement supérieure ' 

pour aucun des modé,I‘egs_' non li_ne’_aires, on peut conclure que 
l'un ou' l’autre des modéles peuvent étre _ut,'ii|is_és pour 
l’évaluation de la part de chaéun des processus dans les 
changemerits des concentrations d’oxygéne dissous.



Modelling the issolved Oxygen Change instreams” 
Using Nonlinear Regression Analysis 

A.H. El-Shaarawi, A. Maul and B.G. Brownlee 

INTRODUCTION 

Four main processes affect the concentration of 
dissolved oxygen in a n_atura| stream: photosynthetic pro- 
duction, diffusion, respiration, and drainage accrual. 
Oxygen is released into the water a_s a result of photosyn- 
thetic primary production. Diffusion is an excha'ng‘e’ of 
oxygen with the air in a direction depending on the satura- 
tion gradient. There is’ an uptake of oxygen from the water 
as a result of the respiration of benthic or planktonic 
organisrns and chemical oxidation. There may also be an 
influx of oxygen with accrual of ground water and surface 
drainage. All these factors interact to produce the daily 
curve of oxygen change in a segment of flowing water. 
These processes may be quantitatively summarized as 
follows: 

q=p+d-r+a (1) 

where q, p, d, rand a are expressed in concentration units 
(i.e., g m"3 h“ ) and denote the rates of change of dissolved 
oxygen, primary production, diffusion, respiration and 
drainage accrual‘, respectively (Odum, 1956).<ln the present 
study, accrual is assumed to be negligible relative to the 
other influences. "Respiration is assumed to be constant 
(Odum, 19956: Schurr and Ruchti, 1975). We wish to 
propose here simple indirect methods for determining 
s_imu_|tan,eously the component rates of production, diffu- 
sion and respiration from the a_’na_lysis of the observed curve 
of dissolved oxygen, assuming the data record consists of 
systematic m‘easuremer'1'ts, spaced 1 h apart, from a single 
station. The procedure is based on regression analysis 
applied to, nonli_nea,r_ models that are derived from equation 
(1).,.lt is fu_rt,h_er assumed that the stream studied is homo- 
geneous, in the sense that the rates of photosynthesis, dif- 
fusion and respiration are the same in all sections of the 

’ 

river. 

variety of methods have been used to evaluate the 
different" co?m'pon'ents' of ‘equation (1). Some of these 
r=n"t-Qtlioizls '(e.g'.V, the method pioneered by Odum, 1956) 
suffer from a lack of mathematical closeness and may there- 
fore give very ap'pr‘oxim_ate results. Other procedures have 
='b'een deve|_ope_d on ‘the basis of very stringent hypotheses; 
for example, in the models developed by Schurr and Ruchtj 

(1975), the authors_ assumed pro_portion'ality between pro- 
duction and light intensity, although such an acs,suml5.tion 
maygbe valid for low light intensities only (Cosby and 
Hornberger, 1984). 

It is the specific purpose of this work .to present 
mathematical expressions that incorporate the effects of 
light intensity and temperature of the water and to demon- 
strate their application in the analysis of the temporal 
distribution of dissolved oxygen observed in Canagagigue 
Creek, Ontario. It is_ well known that temperature influ- 
ences the rates of the physical and biochemical react_ion_s 
that affect dissolved oxygen concentration, and also the 
rate and the direction of exchange of oxygen with the air 
through the oxygen saturation concentration of the water, 
which is a function‘ of temperature and the atmospheric 
pressure (Hutchinson, 1957). Photosynthesis in relation to 
light intensity is a major topic in the study of primary 
productivity of water. The understanding a_nd calculation 
of primary production are assisted by mathematical formu- 
lationis of the photosynthesis-l_ight relationship’ which con- 
tain (biologically significant parameters. The photosynthesis- 
light relationship can be generalized as follows: photosyn- 
thesis increases linearly with light at low light intensities, 
becomes approximately constant at higher intensities 
(phot9sa_turation),and in some cases begins to decline at 
even" higher intensities _('photoin_hibition)' (Cosby and 
Hornberger, 1984). Many mathematical models) for de- 
scribing this curvilinear relationship have been reported in 
the literature, and a comparison of the fit of several models 
with the photosynthesis-light curves of natural phytoplank- 
ton populations has been performed by lwakuma and 
Yasuno (1983) and Cosby et a/. (1984). 

THE MODELS 
The models presented in this section differ mai_nl_y in 

the formulat_ion of the pro’ductivit'y-light relation, and the 
diffusion rate has always been assumed to be proportional 
to the difference (Ay) between the real dissolved oxygen 
concentration (y) in the water and its saturation value (05) 
(i.e., Ay = 05 ‘ V). If we accept the first model considered 
below, the equations used lead to nonlinear models, and a 
method is given for ass'es's'ing the parameters related to the 
various component rates. Althoughthe algorithm used for



estimating these parameters followsithe same general 

scher_n,e_ _for all the models, a detailed description of the 

procedure will be developed for ea__c__h case. 

The general expression for‘ the model is 

Q=f(|)‘+)<AY-(+9. (2) 

where q is the n X 1 vector of obserivations (i.e., qt = yt+1 
—‘ 

yt, that is the 'cliff'ere'nce of two su_c_cess_ive values of the 
observed dissolved oggygen‘), f is a’ function of‘the light 

intensity I (E m-2 h") me,asu_re'd fort = 1. . .m, k is the 

reaeration coefficient, (h“ ), and e is the n x 1 vector of 

w,h_ich the n elements are assumed to be independent nor- 

mal variables each with zero mean and variance 0?. 

Model 1' 

‘ 

if f is assumed to‘ be a linear function of I, equation 

(2) becomes ' 

-q"—'ozl+kAy—r+)e‘ (3) 

andthe parameters at, k and r can then be e,s,ti,m,ated directly 

by using linear regression analysis. 

Model 2 

(The second model we considered, wh_ich is a photoin- 
h,ibitior__1 model, is obtained by replacing f(l) inlequation (2) 

by (Steele's f_o_rr‘n‘u‘la (_Steele, 1962) as‘ an equation for 

describing photosynthesis-light curve (i.e., in)‘ = pm“ 
(I/ls('eH/'5,),).,'l_',h’is equation has two parameters: a maxi- 

murn rate of photosynthesis (p,.,,,,x) and the light intensity 

(ls) at which the initial slope (line reaches pm,“ before it 

‘decreases’(photoinhiibition effect). 

V 

Hiejrice, the expressioin of q is given as 

<i:’=)t<xI,e“""+_l<Av.-r+e 
4' 

(4) 

where or = pm“/ls and B =1/ls. 

Estimation of the Parameters of the Model 

Since the right-hand side of regression equation (4) is 

not lineargin all of the para_r‘neters, estimation of oz, (3, k and 

rfwill require an iterative procedure, -which_can be described 

as f_ol_lo‘w‘s: 

(i) , 

I 

Using a first-order Taylor series for e"(“ about an 

initial value (30, the model can be written 

q=ale1’(3°'+8l-2 e1’5°'+kAy-r»+e (5) 

which is linear in the unknown parameters, 0.1‘. 5, k 
and r. 

~(ii) ,§tarti_ng_v_vit_h B9, estimates of these parameters (i.e., 

a1, 61, k, and r1) are obtained using least squa_'r_e_s.; 

(mi 3., is then replaced by 5, .= no 31/511 . 

(iv) The iteration (i.e.,‘(iAi) and (iii)) continues until the 
difference between Bpand, (33-1 is very small, i.e., 

6k is less thjanaa prespecified small value, At this stage 
the values ‘of 01. B, k and r are taken as &k,,f3k,_i and 
rk. 

Model 3 

Another model considered in the present vyork is 

o,btai,ned. by replacing f(l) in equatiodn (2) ‘(by asaturation 

model (i.e., it does not take photoinhibition into account), 
which has been used by Smith (1936). 

This leads to 

x/1+_l3I2‘+kAy'r+e (-6) 0:0! 

Estimation of the Parameters of the Model 

The parameters) of .-the model, which are oz-, 5, k and r, 
can be estirfiated by using the following algorithm: 

(i) Expansion, of the first term in -the raight-h’a'_nd side of‘ 

equation (6). in a first-order Taylor series_ about an 

initial value, 50, of [3 and substitution of the resulting 
approximation into (6) gives:

' 

I 
- .

3 
q = +6 —%— 

\/1+(3o )2 2\/(1’‘’‘Bo")2)3 

+‘kAy'-'r+e (7) 

which, is linear in the unknown parameters at, 8, k 

and r. Steps (ii), ‘(iii_) and (iv) are exactly thesame as 
those used -for model 2. 

Model4 

Another photoin_hibitio’n model is obtained by 
replacing f(l) in equation (2) by Vol|enweider's formula 

(vollenweider, 1965), This gives: 

q=a +kAy—r+e (8) 
\/114312‘/.1 +a2Bl2,



where at is a photoin_hibit_ion parameter which becomes 0 
when photoinhibition does not occur. 

Estimation of the Parameters of the Model 

The procedure used for estimating the unknown 
parameters (i.e., at, B, a, k and r) is quite similar to those 
applied in the previous cas_e_s, although the calculations are 
more tedious. Thus, 

(i) The first term in the right-hand, side of equation (8) 
is expanded in a first~order Taylor series about two 
initial estimates (i.e., ac and 50) of a and B. Sub- 
stituting the resulting approximation into (8) leads 
to: 

q=a —--—---—-——— 
\/1+5o lzx/1-+33l3o'2

3 

\/1+B0I2 x/(1 +213 30 I2)“ 

'3 + y 
\/l1+5o I2)?‘ \/(1+ ag 30 I2 

+ k Ay — r + e (9) 

which is linear in the unknown parameters at, 5, y, k and r.« 

(ii) Starting vvithaao and Bo, estimates of the parameters 
(i.e., 011, 6,, y,, k1 and r,) are obtained using linea"r 
regression analysis. 

(iii) ac and [30 are then replaced by, respectively, 

8—a'-W 
°‘1=°‘o'—».-—°, 

“$050 

and 

U ' 

29 5.1=5o‘T 
Oi 

and step (ii) is repeated on the basis of the new values 
at, and 51. 

(iv) The iteration _stops as soon as both the differences 
' 

a_.gak,J- and fik-Bk-1 are very small, that is when 
+ V3 is less_ than a bprespecified small value. The 

values ofoz, 1?, a, k and r are then taken as ark, fik, ak, 
kk and rk, respectively. 

Model 5 

The dissolved oxygen concentration o_bse,rvec_l at a 
given time may be considered as an outcome of the previous 
recorded values for the light intensity (at least over a cer- 
tain period of time). An appropriate mgodegl for d_esc_ri_bi_ng 
this situation has been developed by Dhrymes (1971); it is 
known as a model with geometrically distri'but'ed lags. Thus, 
in equation (2) f(l,_<) is replaced by 

+00 
p.t=<1 23 lo‘ I14 

a=o 

where l,_, is the light intensity at time H and p is the 
unknown lag parameter of the model. When the values I_., 

(i = 0,1. .— .) are unknown, one can eliminate them from the 
model by introducing the additional parameter w, which is 

+00 
given by w = on 2 pi Li. Hence, model (2) can be rewrit__ten_ 

i=0 
as 

t-1 

qt =wpt+oz 2 pi lt_.,+k Ay, -r+e 
i=0 

t=1,2...n (10) 

Note that when p is known, this is a linear regre"s'sion model, 
but since the lag parameter p is unknown in the present 
case, the model is only partially linear, The procedures 
developed by El-Svhaarawil (1977) and Shah and EI—S‘ha"a"r'a‘wi‘ 
(1980) can be used for‘ estiinating the parameters w, 02 and 
p and calculating their exact confidence "intervals at a given 
probability level. 

Estimation of the Parameters of the Model 

To find vv, or and ,3, 

(i) We linearize the exp,ressi_on of q,- by expanding pt in 
a first-order Taylor series about an initial estim'a't'e 

pg; this leads to
T 

t-1 

qt =W/76 Ta 2 P6 't—i 

i=0 

t-1 

+5[wtp3" +a 2 mi,-1 It-i] 
i=0 

+kAy,—r+e (11) 

where 8 = p—p° and t = 1,2. . .n.



(ii) for a given value of p (e.g., p = 0.5), estimates vvo and 
02° for wand at are obtained from (10) using linear 
regression analysis. 

(iii) We ne_xt consider model 

t~1 

at —=wp5 +01 2 103':-i 
a=o 

t-1 

+a[wtp5-1 +810 2 ip}_.;‘ l,_,] 
i=0 

+kAv:-r+.e (12) 

which is linear in w, oz, 8, k and r. 

(iv) This gives new estimates vv1, (311 and 31 for w, an and 
8, respectively. 

(v) ln model (_12),_ Z20, vvq and do are then replaced by 
p1 = 81 + po, w, and 011 ,.respe'c_tively, and regression 
an_a|ysis is repeated. 

(vi) The procedu'res stops as soon as 5k = pk — pk-1 is 

smalle_r-than a pre,s'pecifi,ed value, and the estimates 
of w, oz, p, k and r are, then taken as wk, ozk, bk, i<k 
and Ek, respectively. 

It must be emphasized that all the models are inter- 
related; for example, if a .= 0 in model '4,'then .we__ obtain 
model 3-,- and if B" 5 0 in r’nodel2 or model 3, then wekreach 
the linear model (i._e. model 1)_. Moreover, model 1_ is also a 
special“ case‘ of model 5, since equation (10) s'implifie_s, to 
eduation (3) when p is _set equal to zero. Furthermore, note 
that when I 

= 0, there is no production and models 1, 2,3 
and.4 reduce to 

q=kAy—r+e (13) 

This offers a very simple way to assess the parameters 
k and r. Hence, from equation (2) it can bestated that the 
production at stage t is then given as p, = q, -n E Ay, + F. 

Thus, the type of the relationship between the production 
and the light intensity (P —: 

I, curve) can be evaluated graph- 
ically from the plot of p, versus It. 

RESULTS AND DISCUSSION 

The raw data from Canagagigue Creek for the study 
period are presented in’ Figure 1, which shows the temporal 
variation of the oxygen concentr'a'tion/observed and the 

oxygen concentration at ‘saturation, the light intensity and 
the temperature in parts (3). lb) and (.6), I'e_specjtively;. The 
saturation value of the oxygen concent_ration was caloulatfled 
from the measured temperature and was corrected, for 
200-nn elevation above sea level. 
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Figure 1. Raw data from Cmagagigue Creek for the study period. 

The component ‘processes in the oxygen metabolism 
of a stream, _i_.e.,- the pr'imary production, the oxygen 
exchange constant and the rate of respiration, were deter- 
mined by means of nonlinear regression a_nalysis applied to 
a simple oxygen mass balance equation (see equat,i9n (1)). 

This approach is quite diffe'r’e‘nt from the cross-correlation 
computational technique d,evel_oped by Schurr and Ruchti 
(19725) or the extended Kalman filter used‘ by Cosby 
et at/. (1984) to provide estimates of the model parameters. 
Thus, the algorithms presented" in ‘the previous section for 
modelling the rate of change o,f.d.i,ssol,ved oxygen led to the 
following regression equations, which were 0.bta_i,ned by 
specially written programs using APL computer system: 

(equation 13) q = 0.215 Ay - 0.578 

Saturation 

_(g 

m”)



q = 0.265 I + 0.250 Ay — 0.611 (model 1) 

q = 0.246 1 
e“°'”9' '+ 0.329 Ay - 0.870 (model 2) 

q = 0.602 1/\/1 + 0.10812 + 0.328 Ay - 0.866 (model 31 

q = 0.651 1/./1+ 0.18012 \/1+ 0.00412 
+ 0.331 Ay - 0.879 (model 4) 

t—1 

q, = 111.253 x 0.001‘ + 0.264 2 0.0011 1,_. 

i=0 
+ 0.251 Ay — 0.611 t = 1.. .n (model 5) 

Figure 2 is a plot of the realized photosynthesis-light 
relationship for the first four models considered. The figure 
indicates that no distinct photoinhibition was observed 
within the range of light intensity that occurred during the 
data period. Models 2, 3 and 4 were generally representative 
of the ph,ot:osynthesis-light; beha,viou_r, moreover the simi-' 
Iarity of the ph.oto.synthes‘is-light responses for those 
models is a’ppa‘r‘e’n't. 

. 

T: 
is 
3’ 
‘L’

8
E 
51

8 
I: 
Q. 

0 ' W 71 
I I I 

- 
I T % 

O 1. 2 3 4 5 6 7 

RADIATION (E 1112 h“) 

Figure2 Photosynthesis-light responses using values of the 
pas-1yx_i‘et_ers from models 1., 2, 3 and 4. 

The estimates of the component parameters, the 
values of pm“, Is and the slope (E0) of the P-I curve as 
light intensity approaches zero are summarized in T:abl_e 1._ 

The residuals, which are listed in the last column of Table 1, 
permit a rough comparison‘ of the relative goodness of fit 
for each model. 

A more convenient way to evaluate the, relative 
“goodness of fit is given in Figure 3, where both the ob- 
served and the predicted rates of changes of d'isso‘l’ved 

oxygen are plotted against time. This has been done for 
each model in Figures 3(a), (b), (c) and (d), respectively. 
Any systematic difference between the two curves is due 
to the lack of fit of the model. 

As can be seen in Figure 3 and from the residuals 
recorded in Table 1, model 1 (the linear model) does not 
fit the data very well. The proportion of the variance 
explained by this model is approximately 45% (R2 ‘-7 0.45). 
Fu'rtherrnore, the t'ur'ning-points test (Kendall and Stuart,- 
1968) was used to test for the ra_ndom_ness in the series of 
residuals, in other words, the problem was to, know whether 
the series of residuals differs sigriiificantly from a random 
white noise sequence. The null h_ypot_hesi_s (i_.e., ,ra,n,dornn,ess 

of the residuals) has been rejected at the 1% level for 
model 1, whereas the test was less significant for both 
models 2 and 3 (P '2 0.0475) and also model 4 (P 2 0.0314). 
Although none of the models can be accepted as strictly 
adequate, a substantial improvement, however, is obtained 
with models 2, 3 and 4 (B2 2' 0.60 for all three of them) 
when compared with model 1. Thus, the goodness of fit is 
quite parallel for those three models, which subsequently 
yielded very similar parameter values and curve characteris- 
tics especially for models 2 and 3 (see Figure 2 and Table 1). 
The close agreement between reaeration and respiration 
rates, which has been observed more particularly for 
models 2, 3 and 4, was ‘expected, s_ince the processes of 
reaeration and respiration are explicitly independent of 
light or photosynthesis in the mass balance equation. 
Hence, any of the equations (4), (6) or (8) can be used to 
assess the component r‘a't'e‘s of dissolved oxygen. 

Table 1. Results of l’rodu"c'tivity Analysis: Parameter Values and Curve Characteristics 

M04915 E0 Pmax (g 111" h") 15 (E 11,!" h") k(l'1") r (g m'3 11;‘) Residuals 

1 0.265 Undefined Undefined 0.250 
7 

0.1511 13.115 
2 0.669 1.654 6.717 0.329 0.870 9.560 
3 0.602 1.831 Undefined 0.328 0.866 9.557 
4 0.651 1.327 5.955 0.331 ~ 0.879 9.514 
5‘ p 2 0.001 0.251 0.611 13.111 

‘Since model 5 did not showany improvement when compared with model 1 (which is a special case of model 5 when ‘p = 0), it was not considered any further.
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if the estimates of k and r calculated from equation 
(13) (i.e., when I 

= 0) are taken into account, the reaeration 
and respiration rates calculated from all the regression 
equations considered fell in the range O.22—0._33 h" and 
0.58-0.88 g m'3 h", respectively. This is in agreement with 
the values observed by Cos_by et al. (1984) for a small 
secon_d—order stream in Denmark and also the values re- 

ported by Schurr and Ruchti (1975) for several-Swiss rivers. 

As well, with model parameters in hand, it becomes 
possible to distinguish and to assess separately the different‘ 
components which interact to produce the daily curve 
of oxygen change. These c'ompone'nts (i.e., production, 
diffusion and r'e'spi‘ration) are em_bodie_d_ in the regression 
equation -that describes the oxygen ba|an'ce. Thus, the 
comp_o_n,ent' processes in the oxygen metabolism for the 
study period were c’alc'u‘lat_ed from the_fittéd regression 
equations and the curves obtained for each model are given 
in Figures 4a to 4d, respectively.‘ The combined effect of 
production‘ (pl, d‘iffu'_s’iO_r’I (id) and respiration is given in 
the rate of change, curve (q). These curves, which can be 
considered. as characteristic of a given segment of flowing 
water at least over a spec_ific period of time, can undoubt- 
edly help in understanding the mechanisms and the relative 
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Figure 4:. Component pr'o’cesses in the oxygen metabolism calcu- 
lated from model 1. 

importance of the component processes in the oxygen 
metabolism. For example, it is of interest to note, as it 

clearly appears in the diffusion curve, that the exchange of 
oxygen with the air was not well balanced for the section of 
the stream studied, since invasion was more important than 
outgas_s_ing. The work reported here showed, by means of 
an example, that regression analysis applied to nonlinear 
models provides an appropriate tool for carrying out 
the ass’e‘s’s“ment of the component ‘processes in the daily 
dissolved oxygen metabolism of a stream. 
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