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Abstract 

A mathematical one-d imensional model of unconf ined ground water 

f low over a s l o p i n g impermeable base i s d e s c r i b e d . The model employs a 

Crank-N icho lson i m p l i c i t f i n i t e - d i f f e r e n c e f o r m u l a t i o n , in which the 

n o n - l i n e a r i t y of the d i f f e r e n t i a l equat ion owing to the va ry i ng sa tu ra ted 

t h i c kness i s handled by i t e r a t i v e adjustment dur ing each t ime s t e p . F i ve 

examples of p o s s i b l e a p p l i c a t i o n s are d e s c r i b e d , and the model r e s u l t s 

are compared w i th a n a l y t i c a l s o l u t i o n s . 

Resume 

Un modele mathematique un id imens ionnel d 'un ecoulement 

s o u t e r r a i n non c a p t i f sur une base impermeable en pente es t d e c r i t . Ce 

modele u t i l i s e une formule de d i f f e r e n c e f i n i e i m p l i c i t e de 

Crank-N icho lson dans l a q u e l l e l a n o n - 1 i n e a r i t e de I ' equa t i on 

d i f f e r e n t i e l l e due a l a v a r i a t i o n de 1 ' epa i sseu r s a t u r e e , es t t r a i t e e par 

des ajustements i t e r a t i f s au cours de chaque etape t e m p o r e l l e . C inq 

exemples d ' a p p l i c a t i o n s p o s s i b l e s sont d e c r i t s e t l e s r e s u l t a t s f o u r n i s 

par l e modele sont compares avec c e r t a i n e s s o l u t i o n s a n a l y t i q u e s . 

V 



A One-Dimensional Model of Unconfined Ground Water 
Flow over a Sloping Impermeable Base 

A. Vandenberg 

INTRODUCTION 

A s tudy of the movement of l eacha te from a s a n i t a r y l a n d f i l l 

near Gander, Newfoundland, l ed to the development of a model o f ground 

water f l ow f o r the p r e d i c t i o n o f f l ow v e l o c i t i e s on the b a s i s o f recorded 

r a i n f a l l data and measured aqu i f e r c h a r a c t e r i s t i c s . The l a n d f i l l i s 

s i t u a t e d a few m i l es from the A t l a n t i c Coast i n a t e r r a i n where 

metamorphic bedrock w i th ext remely poor p e r m e a b i l i t y i s covered by 

approx imate ly 10 m of unconso l ida ted sand and g r a v e l . The bedrock 

su r face s lopes gen t l y and un i fo rm ly toward the c o a s t . Contour l i n e s o f 

the und is tu rbed water t a b l e are v i r t u a l l y p a r a l l e l to each other and to 

the c o a s t ; thus ground water motion can adequate ly be desc r ibed by a 

one-d imens iona l model . The model employs a Crank-N icho lson i m p l i c i t 

f i n i t e - d i f f e r e n c e f o r m u l a t i o n ; the n o n - l i n e a r d i f f e r e n t i a l equat ion f o r 

unconf ined f low i s f i r s t l i n e a r i z e d by the assumption o f cons tan t 

sa tu ra ted t h i c k n e s s , whereaf ter the sa tu ra ted t h i c kness i s ad jus ted each 

t ime s tep by an i t e r a t i v e scheme. 

THE MODEL 

The most important s i m p l i f i c a t i o n used in the d e r i v a t i o n of the 

conceptual model ( F i g . 1) i s the assumption t h a t , g iven the smal l angle 

of the s lope o f the impermeable base , the f l ow i s e s s e n t i a l l y h o r i z o n t a l 

and in one d i r e c t i o n o n l y . 
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The s t r i p of aqu i f e r between two s u b - p a r a l l e l f l ow l i n e s i s 

subd iv ided i n t o a number, n , o f smal l compartments which are ass igned a 

node midway between each of the compartment boundar ies . The 

compartments can be chosen such tha t the nodes c o i n c i d e as much as 

p o s s i b l e w i th t e s t or observa t ion w e l l s so tha t the t e s t r e s u l t s can be 

taken as r e p r e s e n t a t i v e va lues over the compartment. However, to ob ta in 

a reasonab le degree of accu racy , there u s u a l l y w i l l be more compartments 

than there are observa t ion p o i n t s . 

To each of the compartments or nodes , the f o l l o w i n g parameters 

are ass igned in which the s u b s c r i p t denotes the i t h compartment ( i = l , 

2 , . . . n ) : 
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L̂ . = d i s t a n c e between Ŵ . and W^^j^ ( l e n g t h ) , 

A.J = width between bounding f low l i n e s , measured at 

( l e n g t h ) , 

= he igh t o f the impermeable base above datum ( l e n g t h ) , 

= p e r m e a b i l i t y ( l e n g t h / t i m e ) , 

= s p e c i f i c s to rage ( d i m e n s i o n l e s s ) , 

R.̂  = r a t e o f recharge from p r e c i p i t a t i o n ( p o s i t i v e ) or 

e v a p o t r a n s p i r a t i o n (nega t i ve ) ( l e n g t h / t i m e ) , and 

h^ = sa tu ra ted t h i c kness ( l e n g t h ) . 

The s i m u l a t i o n procedure used i n the model i s b a s i c a l l y a 

repeated a p p l i c a t i o n of the law of conserva t i on of mass, s ta ted as a 

water ba lance over each of the compartments. S t a r t i n g w i th a known water 

l e v e l , and t he re fo re a known volume s to red in each compartment, the 

change i n s to rage over a sma l l pe r i od of t ime i s c a l c u l a t e d f o r each 

compartment: 

Increase in s torage = a l g e b r a i c sum of a l l i n f l ows (1) 

Inf lows comprise i n f i l t r a t i o n over the area of the compartment and the 

ground water f l ow through the v e r t i c a l c ross s e c t i o n s sepa ra t i ng the 

compartments. I n f i l t r a t i o n , which may be n e g a t i v e , i s c a l c u l a t e d as the 

product of a g iven i n f i l t r a t i o n r a t e ( l eng th / t ime ) and the area of the 

compartment. Ground water i n f l ow or ou t f low i s c a l c u l a t e d by means o f 

Da rcy ' s law: 

.3 



q = - K A ' S (2) 

where q = i n f l ow r a t e (vo lume/ t ime) , 

A ' = c r o s s - s e c t i o n a l area of su r face through which f low takes 

p l a c e , pe rpend icu la r to the d i r e c t i o n of f l o w , and 

S' = the g rad ien t of p i ezome t r i c head or water t ab l e e l e v a t i o n 

( d i m e n s i o n l e s s ) . 

The c r o s s - s e c t i o n a l a r e a . A ' , i s the product o f the w i d t h , A, o f the 

compartment, and the sa tu ra ted t h i c k n e s s , h: 

Fur thermore, K, h and A in Equat ion 4 r e f e r to the va lues of these 

v a r i a b l e s at the boundar ies between the compartments, whereas in the 

model they are de f ined at the nodes themse lves . Replacement o f these 

v a r i a b l e s by t h e i r mean va lues in Equat ion 4 i s t h e r e f o r e a l o g i c a l 

approx imat ion , and the i n f l o w , q p from the ( i - l ) t h compartment to the 

i t h compartment then becomes 

A ' = h A (3) 

Thus Equat ion 2 becomes 

q = - K h AS (4 ) 

i - l 
+ K.) (h 

i - l 
+ h.) (A. 

i - l 
+ A . ) S ' / 8 (5) 

4 



The in f l ow ^^^^ the ( i + l ) t h compartment to the i t h compartment, i s : 

= +(K.^^ + K.) (h .^^ + h.) (A.^^ + A . ) S ' / 8 (6) 

The g rad ien t S ' , f o r the boundary between the ( i - l ) t h compartment and the 

i t h compartment, i s approximated by : 

[ h . + D. - (h . + D. , ) ] / L . , (7) 
'"1 1 ^ 1 - 1 1 - 1 ' - " 1-1 ^ ' 

and f o r the boundary between the i t h and the ( i + l ) t h compartment by: 

[h .^1 - D.^^ - ( h . + D . ) ] / L . (8) 

s i nce the water l e v e l i s the sum of the e l e v a t i o n of the base of the 

a q u i f e r , D, and the sa tu ra ted t h i c k n e s s . 

In the terms of the water ba lance Equat ion 1 f o r i n f i l t r a t i o n 

and change in s t o r a g e , the area of the i t h compartment i s needed; i t i s 

approximated as a t r apezo id w i th he igh t 

(L. - L . _ i ) / 2 

and p a r a l l e l s i des of lengths 

(A. + A . _ ^ ) / 2 
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(A. - A . ^ ^ ) / 2 

r e s p e c t i v e l y . Thus the area becomes 

Area^. = {k._^ + 2A. + A.+^) (L -̂ + L^-_i)/8 (9) 

Thus the t o t a l recharge to the i t h compartment per u n i t o f t ime i s 

Recharge = R̂ . (A._^ + 2A. + A . ^ ^ ) ( L . + L ^ . ^ l / S (10) 

S i m i l a r l y , the i nc rease in s to rage i n s i d e the compartment due to a r i s i n g 

or f a l l i n g water t a b l e , per u n i t of t i m e , i s 

A Storage = S . (A._^ + 2A. + A .+^ ) (L . + L . _ ^ ) ( H . * - h . ) / ( 8 A t ) (11) 

where H.j* = the sa tu ra ted t h i c k n e s s at the end of a t ime i n t e r v a l A t . 

The complete water ba lance of the i t h compartment can now be 

w r i t t e n : 

+ q2 + recharge = i nc rease in s to rage 

or 

( V i " ^ ^ ^ - l ^ ^ ) ( K i - l ^ - ^ ^ -

^ (h. + h .^^ ) (A . + A . ^ ^ ) ( K . + K.^ i ) (h^ .^ l - h. + D.^ i - D^.)/h (12) 

^ R i ( A i _ i - 2 A . ^ A . , ^ ) ( L . U . _ ^ ) = ( S . / A t ) ( A . _ ^ H - 2 A . . A . , ^ ) ( L . ^ L . _ ^ ) ( H . * - h . ) 

6 



Using the fo rmu la t i on of (12 ) , H.j* cou ld be c a l c u l a t e d e x p l i c i t l y f o r 

each of the nodes and f o r success i ve t ime inc rements . For ve ry sma l l 

t ime s teps such a procedure would be a c c e p t a b l e , but n e c e s s a r i l y s l o w ; 

f o r l a r g e r t ime s teps the f o rmu la t i on o f (12) must be m o d i f i e d , s i n c e 

(12) i m p l i e s t ha t throughout the t ime s t e p , A t , the sa tu ra ted t h i c k n e s s , 

from which both the c r o s s - s e c t i o n a l area of the f low and the p o t e n t i a l 

g rad ien t are determined, may be assumed to be equal to the sa tu ra ted 

t h i c k n e s s a t t^ , the beg inn ing of the t ime s t e p . Instead of t h i s 

coarse approx imat ion f o r the t r ue but unkown va lue o f h ( t ) , i t i s more 

a c c u r a t e l y r ep laced by the l i n e a r e x p r e s s i o n : 

h ( t ) = h + (H* - h ) ( t - t^)lLt (13) 

The average va lue of h ( t ) over A t i s t h e r e f o r e 

t +At 
h ( t ) = ( l / A t ) / ° [h + (H* - h ) ( t - t J / A t j d t = (H* + h ) / 2 (14) 

^ 0 

S u b s t i t u t i o n of (14) in (12) renders the equat ion i m p l i c i t , i . e . , unknown 

va lues H.J*, H._-j^* and H^.^.^* appear i n the equat ion f o r the i t h 

e lement . Fur thermore, s i nce H* appears as par t of the h y d r a u l i c head, 

h.j + D^., as we l l as a f a c t o r of the c r o s s - s e c t i o n a l a r e a , the 

equat ion i s no longer l i n e a r , and d i r e c t s o l u t i o n becomes very awkward. 

In the present model the n o n - l i n e a r i t y i s handled as f o l l o w s : 

7 



(a) A d i s t i n c t i o n i s made between (1) the sa tu ra ted t h i ckness appear ing 

i n the exp ress ion f o r the c r o s s - s e c t i o n a l a r e a , f o r which the 

des igna t ion h i s r e t a i n e d , and (2) the sa tu ra ted t h i c kness appear ing 

i n the exp ress ion f o r h y d r a u l i c head , f o r which the n o t a t i o n H w i l l 

be used . 

(b) I n i t i a l l y , h w i l l be assumed constant w i th a va lue equal to the va lue 

of h at the beg inn ing of the t ime s t e p , whereas H w i l l be averaged 

over the t ime s t e p , i . e . , 

"ave = ^ 

where H now rep resen ts the va lue at the beg inn ing o f the t ime s tep 

and i s t h e r e f o r e known, whereas H* rep resen ts the va lue of H at the 

end of the t ime s t e p . 

(c) The se t of l i n e a r equat ions r e s u l t i n g from (1) f o r a l l nodes i s 

so lved f o r H* . 

(d) The va lue o f h i s now rep laced by (H + H*)/2 and the se t of l i n e a r 

equat ions i s again s o l v e d , r e s u l t i n g in improved va lues of H * . 

(e) Step (d) i s cont inued u n t i l the new va lue of H* d i f f e r s from the l a s t 

c a l c u l a t e d va lue by l e s s than a predetermined amount. 
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( f ) The new va lues H* r e p l a c e the o l d va lues of H and the process i s 

repeated f o r the next t ime s t e p . 

Replacement o f h by (H* + H) /2 in the term f o r h y d r a u l i c g rad ien t of (1) 

r e s u l t s i n : 

- ( h . - h . ^ ^ ) ( K . . K . ^ ^ ) ( A . - H A . , ^ ) [ H ^ . i * - H i * - H . , ^ - H . - 2 ( D . , ^ - D . ) ] / { 2 L . ) (15) 

- R . ( A . _ ^ - ^ 2 A > A . , ^ ) ( L > L . _ ^ ) = ( S . / A t ) ( A . _ ^ ^ 2 A . - A . , ^ ) ( L . - L . , ^ ) ( H . * - H . ) 

Rearranging (15) w i th the H* on the l e f t - h a n d s i d e and the known terms on 

the r i gh t - hand s i d e g i ves 

- U . H . _ ^ * - H H . * (U. - ^ S . P . / A t + U . , ! ) 

= U. [H._^ - H. - 2 (D._^ - D.)] - U . , ^ [H .^^ - H. - 2 (D . , ^ - D.)] (16) 

+ P. (R. + S . H . / A t ) 
1 1 1 1 

where 

U. = (h ._^ + + K . ) (A ._^ + A . ) / ( 2 L . _ ^ ) (17) 

and 

p. - (A,_ j * 2 A , + A , , p ( L , _ ^ * L , ) (18) 

Equat ion 16 i s v a l i d f o r any of the i n t e r i o r e lements . For the 

end elements a s l i g h t l y d i f f e r e n t equat ion i s r e q u i r e d . Depending on 

9 



which assumption i s made, i t may take e i t h e r of two forms: e i t h e r (a) 

the t o t a l f l u x through the aqu i f e r boundary face i s known at a l l t ime or 

(b) the p o t e n t i a l at the aqu i f e r boundary i s known at a l l t i m e . E i t h e r 

o f these c o n d i t i o n s must be f u l f i l l e d f o r the problem t o have a unique 

s o l u t i o n . 

(a) Tota l F lux through the Boundary Face Is Known 

In t roduc ing the n o t a t i o n : 

= t o t a l i n f l u x through the a q u i f e r boundary ad jacent t o node Wp 

= t o t a l i n f l u x through the a q u i f e r boundary ad jacent to node W^, 

= d i s t a n c e between Ŵ^ and the ad jacent boundary, and 

= d i s t a n c e between and the ad jacent boundary. 

The term r e p l a c e s the term q̂ ^ (Equat ion 5) i n the water ba lance 

over the f i r s t e lement , g i v i n g 

H^* [ U ^ + 8S^A^ ( L Q + L ^ / 2 ) / A t ] - U ^ H ^ * 

(19) 

= + U2 [H2 - + 2(D2 - D^)] + 8A^(R^ + S ^ H j / A t ) ( L ^ + L ^ / 2 ) 

The term Q̂ ^ r e p l a c e s the term q2 (Equat ion 6) in the water ba lance 

over the l a s t e lement , g i v i n g 

- V l * ^m ^ V t^m ^ (W^^nSn ^ 
(20) 

= 8Q„ + U„ [ H „ T - H„ + 2 (D„ 1 - D „ ) ] + 8A (R^ + S H / A t ) ( L + L „ J2) ^m m m-1 m ^ m-1 m'-' m̂  m mm m m-1 

10 



(b) P o t e n t i a l at the Boundary Is Known at A l l Time 

Given the sa tu ra ted t h i c k n e s s at the aqu i f e r boundary adjacent 

to node , H ^ , the equat ion f o r the water ba lance of the f i r s t 

element can be s t a t e d : 

H ^ * U2 + 8A^S3^ (LQ + 4 / 2 ) / A t ] - U 2 H 2 * 

( 2 1 ) 

= 4 A ^ K ^ H Q ( 2 H Q - H I ) / L Q + U 2 [ H 2 - H ^ + 2 ( D 2 - D ^ ) ] + 8 A ^ ( L Q + L ^ / 2 ) ( R ^ + S ^ H ^ / A t ) 

and i f H|_ i s the sa tu ra ted t h i c kness at the aqu i f e r boundary ad jacent 

t o the l a s t node, the equat ion f o r the l a s t element becomes: 

- U H * + H * [ 4 A K H, /L + U + 8 A S (L + L J 2 ) / A t ] m m-1 m ' - m m L m m m m ^ m m-l 

* 8 A „ ( L „ ^ L „ . i / 2 ) ( R „ . S ^ H „ M t ) 

FORTRAN CODING 

FORTRAN IV cod ing f o r a computer program used on the Con t ro l 

Data Cyber 7 4 computer at the Computer Sc ience Cen t re , Department o f 

Energy, Mines and Resources , Ot tawa, i s g iven in Table 1 . 

1 1 



T a b l e 1. FORTRAN Coding 

P R O G R A M O N E D O P T - 1 F T N ' . . 6 + 5 2 8 0 3 / 1 1 / 8 1 lit.37.39 

PROGRAM O N E D I I N P U T , O U T P U T ) 

1 0 

1 5 

2 0 

2 5 

30 

' . 0 

5 0 

55 

6 0 

6 5 

PROGRAM DNED S I M U L A T E S O N E - D I M E N S I O N A L U N C O N F I N E D GROUNDWATER FLOW 
OVER AN I M P E R M E A B L E . S L O P I N G B A S E . T H E S O L U T I O N T E C H N I Q U E I S A C - N 
F I N I T E D I F F E R E N C E METHOD WITH I T E R A T I V E A D J U S T M E N T OF THE 
S A T U R A T E D TH I C K N E S S . C O N S T A N T HEAD OR C O N S T A N T F L U X B N D R Y - C O N 0 I T I O N S 
MAY BE S E L E C T E D I N D E P E N D E N T L Y AT E A C H B N D R Y . 

C » * * 
C * * * 
c * * » 

c**» 
c*»» 
c«»» 
C * * * t 

c*»* 
D I M E N S I O N A L { 5 0 ) , A ( 5 0 ) . A K ( 5 0 ) . H ( 5 0 ) , H A ( 5 0 ) » H D ( 5 0 ) , 0 ( 5 0 ) . S ( 5 0 ) , 

1 U ( 5 0 ) , P ( 5 0 ) . R ( 5 0 > . B < 2 0 0 ) » R H S 1 5 0 ) 
C * * * * * * « * L I S T OF I N P U T V A R I A B L E S 
C * * * DATA I N P U T I S L I S T - D I R E C T E D AND F R E E F O R M A T , B U T FOR C L A R I T Y W I L L 
C * * * BE D E S C R I B E D H E R E AS A P P E A R I N G ON 3 D I S T I N C T C A R D S 

C * * * 
C * » * N 
C » * * MAX 
C * * * TEST 
C * * * ALO 
C*** A I L 
C » * * IS 
C * * * 
C * » * 
C * * * 
C * * * 10 

C**» A ( I ) , I « 1 , N 
C * * * A K ( 1 ) . I ' U . N 
C * * * H ( I ) J I ' l . N 
C * * * D ( I ) » I » 1 , N 
C * * * S ( I ) , I ' 1 , N 

C A R D 1 
•NUMBER OF NODES 
• M A X I M U M NUMBER OF I T E R A T I O N S IN E A C H T I M E S T E P 
• A C C U R A C Y L I M I T QF I T E R A T I O N S 
• D I S T A N C E FROM F I R S T NODE TO N E A R E S T BOUNDARY 
• D I S T A N C E FROM L A S T NODE TO N E A R E S T BOUNDARY 
• I S « 0 » T H £ N ON BOTH B O U N D A R I E S F L U X I S G I V E N 

• 1 » T H E N F L U X G I V E N ON BNDRY N E A R NODE l . H E A D ON BNDRY N E A R NODE N 
• 2 , T H E N H E A D G I V E N ON BNDRY NEAR NODE l . F L U X ON BNDRY N E A R NODE N 
• 3 , T H E N ON BOTH B N O R I E S HEAD I S P R E S C R I B E D 

• S K I P F A C T O R FDR P R I N T O U T OF W A T E R L E V E L S ANO S A T . T H I C K N E S S 
C A R D 2 

• C O M P A R T M E N T WIDTH 
• P E R M E A B I L I T Y 
• S A T U R A T E D T H I C K N E S S AT T I M E ZERO 
• E L E V A T I O N OF I M P E R M E A B L E B A S E 
• S T O R A T I V I T Y 

C * * * A L ( I ) , I « 1 , N - 1 • D I S T A N C E BETWEEN NODES 

C * * * DT 
C * » * T I N C 
C * * * TMAX 
C * * * Q l 

C A R D 3 
• I N I T I A L L E N G T H OF T I M E S T E P 
• M U L T I P L I C A T I O N F A C T O R A P P L I E D TO DT AT E A C H T I M E S T E P 
•MAX IMUM T I M E OF S I M U L A T I O N W ITH T H I S S E T OF DATA 
• F L U X OR HEAD AT BNDRY NEAR NODE 1 
• F L U X OR HEAD AT BNDRY NEAR NODE N 

I N F I L T R A T I O N R A T E 

D E P E N D I N G ON V A L U E OF I S 
D E P E N D I N G ON V A L U E OF I S C * * * Q2 

C * * * R ( I ) » I « 1 , N . 

C * * * R E P E A T C A R D 3 AS O F T E N AS YOU W I S H , W I T H I N C R E A S I N G TMAX 
C * * * L A S T CARD MUST C O N T A I N ( N + 5 ) V A L U E S QF WHICH THE F I R S T MUST BE Z E R O . 
C * * * 

R E A D * , N , M A X , T E S T , A L O , A L L , I S , I D 
P R I N T 1 3 0 

1 3 0 F G R M A T ( * 1 S 0 L U T I 0 N OF O N E - D I M E N S I O N A L GROUNDWATER F L O W * / / ) 
P R I N T 1 3 1 , N , N A X , T E S T , A L D , A L L , I S , I D 

1 3 1 F O R M A T ! * NUMBER OF NODES • • , 1 3 / 
1 * M A X I M U M NUMBER OF I T E R A T I O N S • * , I 3 / 
2 • A C C U R A C Y • • , E 1 2 . 5 / 
3 * D I S T A N C E TO L H S BOUNDARY • • , E 1 2 . 5 / 
<. * D I S T A N C E TO RHS B O U N D A R Y • • , 6 1 2 . 5 / 
5 • B O U N D A R Y C D N O I T I O N S , S E T ^ ^ , 1 2 / 
6 • S K I P F A C T O R • • , 1 2 / / ) 

N 1 » N - 1 $ N N ^ N 1 ^ 3 $ TM^O 
R E A D ^ , ( A ( I ) , I < X , N ) , ( A K ( I ) , I ^ 1 , N ) , ( H ( I ) , I ^ 1 , N ) , ( 0 ( I ) , I ^ 1 , N ) , 

1 ( S ( I ) , I « 1 , N ) , ( A L ( I ) , I ^ 1 , N 1 ) SDO 22 I ^ 2 , N 1 
2 2 P ( I ) « ( A t I - l ) * 2 . ^ A l I ) + A ( I + l ) ) * ( A L ( I - 1 ) + A H I ) ) 

P R I N T 3 0 0 $ DO 3 6 9 I ^ 1 , N 
3 6 9 P R I N T < > 0 0 , I , A ( I ) , A K ( I ) , H ( I ) , D ( I ) , S ( I ) , AL ( I ) 
<iOO F O R M A T d X , I 5 , 6 E 1 2 . < > ) 
3 0 0 F Q R M A T ( ^ X , * I * , 5 X , * A ^ W I 0 T H ^ , 5 X , * A K ^ P E R M . H - S A T . T H I C K D E B A S E E L E V S^ 

I S T Q R . C O E F A L ' L E N G T H * ) 
3 R E A D * , D T , T I N C , T M A X , 0 1 , 0 2 , ( R ( I ) , I • 1 , N ) » I F ( D T . E O . 0 . ) S T O P 

P R I N T 1 7 3 , D T , T I N C , T M A X , 0 1 , 0 2 
1 7 3 F O R M A T ( / / * I N I T I A L T - S T E P , T I ME S T E P - 1 N C R E ME N T , M A X I MUM T I M E , Q 1 AND Q 
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PROGRAM ONEO 7 3 / 7 « . O P T - 1 F T N <».8 + 5 2 8 0 3 / 1 1 / 8 1 I ' . . 3 7 . 3 9 

7 0 1 2 * / / ,5ei5.<t/) 

P R I N T n - j , ( R ( I ) , I ' 1 , N ) 
17 * . F 0 R M A T ( l X , 1 0 E 1 2 . < i ) 

C * » * C A L C U L A T E C O E F F I C I E N T S OF M A T R I X - E Q U A T I O N 
75 C*** 

9 I C N T . O $ 0 0 1 I « 1 , N $ H D ( I ) = H ( I ) 
1 H A ( I ) - H ( I ) 
10 DO 2 1 - 2 , N $ U ( I ) » ( H A ( I - l ) + H A ( I ) ) • ( A K ( I - 1 ) + A K ( I » ) • 

1 ( A ( I - 1 ) * A ( I ) » / ( 2 . * A L ( I - l ) ) 
8 0 2 C O N T I N U E $ I F ( I S . G T . 1 » G 0 T 0 12 

B < l ) - U ( 2 ) + 8 . * S ( l ) * A ( l ) * ( A L 0 + A L ( l ) / 2 . ) / D T t B ( 2 ) . - U ( 2 ) 
R H S ( 1 ) « 8 . * Q 1 + U ( 2 ) * ( H ( 2 ) - H ( 1 ) - 2 . * ( D < 1 ) - D ( 2 ) ) ) + 

1 8 . * ( R ( l ) + S ( l ) * H { l ) / D T ) * A ( l ) * ( A L 0 + A L ( l ) / 2 . ) 
I F ( I S . E O . l ) Q O T O 14 

8 5 1 5 B ( N N ) — U ( N ) 
8 ( N N + l ) - U ( N ) + 8 . * S ( N ) / 0 T * A < N ) * ( A L L + A L ( N l ) / 2 . ) 
R H S ( N ) « 8 . * 0 2 + U ( N ) * ( H ( N l ) - H ( N ) + 2 . * ( 0 ( N l ) - D ( N n ) 

1 • 8 . » A ( N ) * ( A L ( N l ) / 2 . + A L L ) * ( R ( N ) + S ( N ) * H < N ) / D T ) 
1 3 DO * 1 - 2 , N l $ I I - ( I - 1 ) * 3 $ B ( I I ) — U ( I ) i B ( 1 1 + 2 ) — U ( I • 1 ) 

9 0 B ( I I + l ) - U t I ) + U ( I * l ) + S t I ) * P ( I ) / O T 
<. R H S ( I ) - U ( I ) * ( H ( I - 1 ) - H ( I ) + 2 . * ( 0 ( I - 1 ) - D ( I ) ) ) 

1 + U ( I + 1 ) * ( H < I + 1 ) - H ( n + 2 . * ( D ( I + l ) - D ( l ) ) ) 
2 * P ( I ) * ( S ( I ) * H < I ) / 0 T + R ( I ) ) 

c * * * * 
9 5 C * * * S O L V E M A T R I X - E Q U A T I O N 

C * * * 
C A L L M A S 0 0 8 ( R H S , B , N , 1 , 1 , 1 , 1 . E - ' . , I E R ) 
I F ( I C N T . G T . M A X ) G 0 T O 7 t DO 6 I - 1 , N 1 
I F ( R H S ( I ) . L T . O . ) R H S ( I ) - . 0 0 0 1 

1 0 0 I F ( A B S ( R H S ( I ) - H D ( n ) . G T . T E S T ) G O T O 11 
6 C O N T I N U E 
7 DO 8 I » 1 , N 

B ( I ) - R H S ( I ) + D ( I ) 
8 H ( I ) - R H S ( I ) $ TM -TM+DT $ D T - D T * T I N C 

1 0 5 I F ( ( T M + D T ) . G T . T M A X ) O T - T H A X - T M 
P R I N T 1 0 0 , T M , I C N T , I E R 
P R I N T 6 0 0 
P R I N T 2 0 0 , ( H ( I ) , I - 1 , N , I D ) 
P R I N T 5 0 0 

1 1 0 P R I N T 2 0 0 . ( B ( n , I - l , N , I 0 ) 
5 0 0 F O R M A T ( / * W A T E R L E V E L S * / ) 
6 0 0 F O R M A T ! / * S A T U R A T E D T H I C K N E S S * / ) 

I F ( T M . G E . T M A X ) G 0 T 0 3 $ GOTO 9 
1 0 0 F O R M A T ! / * T I M E * , E 1 2 . <., 2 1 5 / ) 

1 1 5 2 0 0 F O R M A T I l X , 1 0 E l l . ' i ) 
11 DOS I - 1 , N $ H A I I ) - I H I I ) + R H S I I ) ) / 2 . 
5 H D I D - R H S I I ) $ I C N T - I C N T + 1 $ GOTO 1 0 
12 F A - * . * A ! 1 ) * A K ! 1 ) * Q 1 / A L 0 S F B - 8 . * A 1 1 ) • I A L O * A L ! 1 ) / 2 . ) 

B ( 1 ) - F A • U I 2 ) * F B * S I 1 ) / D T J B ! 2 ) — U ! 2 ) 
1 2 0 R H S ( 1 ) - F A * I 2 . * Q 1 - H ! 1 ) ) + U 1 2 ) * I H ! 2 ) - H l l ) + 2 . * ! D ! 2 ) - D ! l ) ) ) 

1 + F B * ! R ! 1 ) + S I 1 ) * H I 1 ) / D T ) 
I F ! I S . E Q . 2 ) G Q T 0 1 5 

1<. B I N N ) — U I N ) S F A - < i . * A ! N » * A K I N ) * Q 2 / A L L 
F B « 8 . * A ! N ) * I A L L + A L I N - l ) / 2 . ) $ B ! N N + 1 ) • F A + U ! N ) + F B * S I N ) / D T 

12 5 R H S ! N ) - F A * I 2 . * Q 2 - H ! N ) ) + U I N ) * ! H ! N - l ) - H I N ) + 2 . * I D I N - l ) - D ! N ) ) ) 
1 + F 6 * I R I N ) + S ! N ) * H ! N ) / D T ) » GOTO 1 3 i END 
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Subrout ines 

The main program ONED - f o r one-d imensional - c a l l s the 

subrout ine MAS008 fo r the s o l u t i o n o f a system of l i n e a r equat ions w i th 

band s t r u c t u r e ; MAS008 i s i d e n t i c a l w i t h subrou t ine 6ELB o f the IBM 

S c i e n t i f i c Subrout ine Package (IBM, 1966) . 

Core Requirements 

The program r e q u i r e s 40 K words of memory. 

INPUT DATA 

Input da ta a re i n f r e e fo rma t , and da ta are g iven i n the 

f o l l o w i n g o rde r . Even though card boundar ies are d is regarded in f r e e 

fo rmat , f o r convenience in the d e s c r i p t i o n each READ - statement i s 

represen ted as one c a r d . 

Card 1 

Item 1: N = the number o f compartments ( i n t e g e r ) 

Item 2: MAX = maximum number of i t e r a t i o n s at each t ime s tep 

( i n t e g e r ) 

Item 3: TEST= accuracy c r i t e r i o n f o r the i t e r a t i o n s : I f the 

d i f f e r e n c e between the va lues of H c a l c u l a t e d 

dur ing the l a s t and second l a s t i t e r a t i o n s i s 
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l e s s than TEST f o r a l l nodes, the i t e r a t i o n i s 

t e rm ina ted , r e s u l t s f o r the t ime s tep are 

p r i n t e d , and c a l c u l a t i o n f o r the next t ime step 

s t a r t s . 

Item 4: ALO = d i s t ance between the f i r s t node and the ad jacent 

aqu i f e r boundary ( length) 

Item 5: ALL = d i s t a n c e between the l a s t node and the ad jacent 

aqu i f e r boundary ( length) 

Item 6: IS = code number i n d i c a t i n g the boundary c o n d i t i o n s : 

IS = 0: On both boundar ies the f l u x i s known. 

IS = 1: F lux s p e c i f i e d on boundary near node 1, 

head i s known on boundary near node N. 

IS = 2 : Head s p e c i f i e d on boundary near node 1, 

f l u x s p e c i f i e d on boundary near node N. 

IS = 3: Head s p e c i f i e d on both bounda r i es . 

Item 7: ID = s k i p f a c t o r f o r p r i n t o u t of water t a b l e 

e l e v a t i o n s at s e l e c t e d nodes. I f ID = 1, va lues 

f o r a l l nodes w i l l be p r i n t e d ; i f ID > 1, va lues 

w i l l be p r i n t e d on l y f o r nodes 1, 1+ID, 1+2ID, 

e t c . 

Card 2 

A p i = 1 ,N : compartment wid ths (Length) 

A K p i = 1 ,N : p e r m e a b i l i t i e s (Length / t ime) 

H p i = 1 ,N : sa tu ra ted t h i c k n e s s (Length) 

D p i = 1 ,N: e l e v a t i o n of the impermeable base (Length) 
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S . , i = l . N : 

A L . , i = 1 ,N -1 : 

Card 3 

DT = 

TINC = 

TMAX = 

R . , i = l . N 

s t o r a t i v i t i e s (D imens ion less) 

d i s tances between nodes, on l y N-1 va lues (Length) 

i n i t i a l length of t ime step (Time) 

m u l t i p l i c a t i o n f a c t o r app l i ed to DT at each t ime 

s tep i n order to i nc rease the length of the t ime 

step g r a d u a l l y (D imens ion less) 

maximum t ime of s i m u l a t i o n w i th t h i s se t o f data 

(Time) 

i f IS = 0 or IS = 1, the constant f l u x through 

the aqu i f e r boundary i n t o the f i r s t element 

(Lengths/Time) 

i f IS = 2 or IS = 3 , the constant sa tu ra ted 

t h i ckness at the aqu i f e r boundary near the f i r s t 

element (Length) 

i f IS = 0 or IS = 2 , the constant f l u x i n t o the 

l a s t element (Length's/Time) 

i f IS = 1 or IS = 3 , the constant sa tu ra ted 

t h i c kness at the boundary near the l a s t element 

(Length) 

the i n f i l t r a t i o n i n t o each element from the top 

(Length/Time) 
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Card 3 can be repeated a number of t i m e s , each t ime wi th d i f f e r e n t va lues 

of R p Q p Q2, as we l l as the t ime s tep parameters. Note tha t each 

TMAX must be greater than on the prev ious c a r d . 

Las t Ca rd : To stop the program, the va lue o f DT on the l a s t ca rd 

must be z e r o . Note tha t even i f DT = 0 , the program 

s t i l l expects va lues f o r the other v a r i a b l e s on t h i s 

c a r d . Th is can be achieved s imp ly by us ing the repeated 

input f a c i l i t y a v a i l a b l e under f r ee format i n p u t ; thus 

the l a s t ca rd can con ta in s i m p l y : 100 * 0 . 

EXAMPLES AND COMPARISON WITH ANALYTICAL SOLUTIONS 

(a) The L i n e a r i z e d D i f f e r e n t i a l Equat ion of Ground Water Flow 

I f t he change i n sa tu ra ted t h i c k n e s s w i th t ime and p l ace i s 

smal l in comparison w i th the t o t a l sa tu ra ted t h i c k n e s s , H, the l a t t e r may 

be assumed to be a cons tan t . The d i f f e r e n t i a l equat ion f o r h o r i z o n t a l 

unconf ined ground water f low then becomes i d e n t i c a l w i th the equat ion f o r 

con f ined f l o w . In the one-d imensional case we have: 

(1) The n o n - l i n e a r f o rmu la t i on 

( 3 / 3 x ) ( K h 3 h / 3 x ) = S 3 h / 3 t (23) 

(2) The l i n e a r fo rmu la t i on 

HK32h /3x^ = S 3 h / 3 t 
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Example 1: Linear Flow with Constant Recharge through the Central 

Compartment 

The f i r s t example i s a s i m u l a t i o n o f a h o r i z o n t a l aqu i f e r (D = 

cons tan t ) w i th cons tan t p e r m e a b i l i t y . The i n i t i a l head i n the a q u i f e r i s 

c o n s t a n t , and the boundar ies are assumed to remain at a constant head 

equal to the i n i t i a l head in the a q u i f e r . The ground water i s thus i n 

s t a t i c e q u i l i b r i u m at the beginn ing o f the s i m u l a t i o n , when a constant 

recharge q i s app l i ed to the c e n t r a l compartment. Fur thermore, the 

parameters L, A , K and S are uni form throughout the a q u i f e r . 

Th is s i m u l a t i o n i s e q u i v a l e n t to the d i f f e r e n t i a l Equat ion 24 -

prov ided the change i n sa tu ra ted t h i c k n e s s remains smal l compared w i th 

the t o t a l sa tu ra ted t h i ckness - w i th the boundary c o n d i t i o n s : 

h{x , 0) = h { s , t ) = h^ (25) 

AHK ( 3 h / 3 x ) = -qAL /2 at x = 0 

or 

3h/3x = qL/(2HK) a t x = 0 (26) 

and x = s i s the l o c a t i o n o f e i t h e r boundary o f the a q u i f e r . On account 

o f the symmetry o f the problem the r e c h a r g e , q , i s d i v i d e d even ly between 

the l e f t - and the r i g h t - h a n d s e c t i o n o f the a q u i f e r . For po in t s near the 

c e n t r a l compartment, f a r away from e i t h e r boundary, and f o r a shor t 

pe r iod a f t e r the recharge commences, the boundary may fur thermore be 
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assumed to be at i n f i n i t y . Under these assumpt ions, the s o l u t i o n to the 

boundary va lue problem has been found to be ( for example. G l o v e r , 1978) . 

h = hp + [ q L x / ( 2 D K A " ) ] G(u) 

where u = {xhl AKHt)^l^ 

x = d i s t a n c e to the recharge p o i n t , and 

u 

For the s i m u l a t i o n of f low w i th recharge through the c e n t r a l node the 

f o l l o w i n g parameters were used: 

CO 
(27) 

N number o f nodes 49 

MAX = maximum number of i t e r a t i o n s 100 

TEST = accuracy of i t e r a t i v e adjustment 

o f sa tu ra ted t h i ckness 0.0001 m 

ALO = d i s t a n c e to l . h . s . boundary 10 m 

ALL = d i s t a n c e to r . h . s . boundary 10 m 

IS = code f o r boundary c o n d i t i o n s 3 

( i . e . head s p e c i f i e d on both boundar ies) 

ID = s k i p f a c t o r f o r p r i n t i n g o f r e s u l t s 1 

( i . e . r e s u l t s at a l l nodes are to be p r i n t e d ) 
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A p i = 1, 49 = 100 m 

K p i = 1, 49 = 1 m/day 

h p i = 1, 49 = 10 m 

i = 1, 49 = 0 

• = 1, 49 = 0.15 

= 1, 48 = 10 m 

DT = i n i t i a l t ime s tep = 1 day 

TINC = t ime step increment = 1.03 

TMAX = s imu la ted pe r i od = 500 days 

= constant head, l . h . s . boundary = 10 m 

= cons tan t head, r . h . s . boundary = 10 m 

Recharge: R p i = 1 , 2 . . . 2 4 = 0 

R25 = 0.015 m/day 

R p i = 2 6 , 2 7 . . . 4 9 = 0 

The input f o r t h i s s imu la t i on i s as f o l l o w s : 

card 1 = 49 100 0.0001 10 10 3 1 

card 2 = 49*100 49*1 49*10 49*0 49* .15 48*10 

card 3 = 1 1.03 500 10 10 24*0 0.015 24*0 

card 4 = 100*0 

In Table 2 the r e s u l t s f o r node No. 21 , 40 m from the 

recharged compartment, are compared w i th the a n a l y t i c a l s o l u t i o n : 
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h - h = + 
0 

(0 .015) (10) (40) 
(2) (10) (1) ^ G ( 2 . 4 5 / t ) 

or 

h - = 0.1693 G ( 2 . 4 5 / t ^ ^ ^ ) (28) 

Table 2 . Comparison of A n a l y t i c a l and F i n i t e - D i f f e r e n c e S o l u t i o n s , 
Examples 1 and 2 

t 
(days) u G(u ) * 

h-hp(m) 
A n a l y t i c 
s o l u t i o n 

h-ho (m) 
F i n i t e d i f f . 

example 1 

h-ho ("i) 
F i n i t e d i f f . 

example 2 

1 2.45 7 x lOrS 0 0 0 
2.03 1.72 0.0036 0.0006 0 0 
3.09 1.39 0.0165 0.003 0 0 
4.18 1.20 0.0388 0.007 0.01 0.01 
5.31 1.06 0.0686 0.012 0.01 0.01 
6.47 0.963 0.104 0.017 0.02 0.02 
8.89 0.822 0.185 0.031 0.03 0.03 

11.5 0.724 0.276 0.047 0.05 0.05 
15.6 0.620 0.424 0.072 0.07 0.07 
20.2 0.546 0.580 0.098 0.10 0.10 
28.7 0.458 0.856 0.145 0.14 0.14 
34.4 0.418 1.03 0.174 0.17 0.17 
50 0.347 1.46 0.247 0.25 0.25 
69.2 0.295 1.93 0.327 0.32 0.32 
100 0.245 2.56 0.433 0.43 0.43 
152 0.199 3.45 0.584 0.58 0.58 
201 0.173 4 .18 0.708 0.70 0.70 
301 0.141 5.46 0.924 0.89 0.91 
403 0.122 6.54 1.107 1.04 1.08 
500 0.110 7.42 1.256 1.14 1.24 

*From Glover (1978) 
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Note tha t toward the end of the s i m u l a t i o n , the f i n i t e - d i f f e r e n c e r e s u l t s 

are l e s s than the cor responding a n a l y t i c a l r e s u l t s due to the e f f e c t of 

the f i n i t e d i s t a n c e to the boundary. 

Example 2 

To t e s t the numer ical s o l u t i o n when f l u x r a t h e r than cons tan t 

head i s s p e c i f i e d on the boundar ies . Equat ion 24 and c o n d i t i o n (25) can 

be used , but c o n d i t i o n (26) has to be s l i g h t l y m o d i f i e d . Since 

rep resen ts the t o t a l i n f l u x through the v e r t i c a l face at x = 0 , we have 

Q l = AHK 3 h / a x 

or 

3 h / 9 x = Q^/AHK 

Then the a n a l y t i c s o l u t i o n becomes 

h - h^ = Q i X / ( A H K / - T r ) G(u) 

By a s s i g n i n g the va lue of 7.5 m^^/day to Q ^ , the numer ical va lues f o r 

i d e n t i c a l va lues of t w i l l be i d e n t i c a l w i th those given fo r t he 

a n a l y t i c a l s o l u t i o n i n example 1 (Equat ion 2 8 ) . The r e s u l t s f o r the 4th 

node, 40 m from the recharge boundary, are g iven in the l a s t column o f 

Table 2 . Note tha t s i n c e the constant head boundary on the r i g h t - h a n d 

s i d e i s now approx imate ly tw i ce as f a r away from the recharge p o i n t , t he 

d e v i a t i o n , f o r t > 200 m in , o f the f i n i t e - d i f f e r e n c e s o l u t i o n from the 

a n a l y t i c s o l u t i o n i s f a r l e s s severe than in the f i r s t example. 
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(b) The Steady S t a t e D i f f e r e n t i a l E q u a t i o n 

In ground water systems i n which t h e f l o w i s a t e q u i l i b r i u m - no 

change i n head w i t h time - E q u a t i o n 24 s i m p l i f i e s to 

(3/3x ) ( K h 3h/3x) = 0 (29) 

and t h e n o n - l i n e a r i t y p r e s e n t s no p r o b l e m . E q u a t i o n 29 can be s o l v e d : 

h^ = ax + b (30) 

where a and b are c o n s t a n t s depending on t h e boundary c o n d i t i o n s ; i f 

h(x = 0) = h^ and h(x = L) = h|_, then (30) becomes 

= + {\^-h^'^hll (31) 

Example 3 

T h i s example s i m u l a t e s how t h e head i n a h o r i z o n t a l a q u i f e r , 

o r i g i n a l l y i n s t a t i c e q u i l i b r i u m w i t h a c o n s t a n t head o f 5 m everywhere 

i n t h e a q u i f e r , w i l l r e a c h a new dynamic e q u i l i b r i u m when t h e head a t one 

end of t h e a q u i f e r i s s u d d e n l y r a i s e d t o 10 m and kept c o n s t a n t a t 10 m 

t h e r e a f t e r ; t h e n e c e s s a r y i n p u t c a r d s are shown b e l o w : 

19 100 0.0001 10 10 3 1 

19*100 19*1 19*5 19*0 19*1 18*10 

1 1 .1 20000 5 10 1 9 * 0 

100*0 
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A steady s t a t e i s reached a f t e r 442 days ; the head at each of the nodes 

c a l c u l a t e d from (31) and those c a l c u l a t e d w i th the f i n i t e - d i f f e r e n c e 

model are g iven in Table 3 . 

Table 3 . Comparison of A n a l y t i c a l and F i n i t e - D i f f e r e n c e Steady S t a t e , 
Example 3 

h (steady s t a t e ) 
computed from h (s teady s t a t e , 

computed by model) Node x Eq . 31 
h (s teady s t a t e , 

computed by model) 
No. (m) (m) (m) 

1 10 5.362 5.374 
2 20 5.701 5.712 
3 30 6.021 6.031 
4 40 6.325 6.334 
5 50 6.614 6.623 
6 60 6.892 6.900 
7 70 7.159 7.166 
8 80 7.416 7.422 
9 90 7.665 7.671 

10 100 7.906 7.911 
11 110 8.139 8.144 
12 120 8.367 8.371 
13 130 8.588 8.592 
14 140 8.803 8.807 
15 150 9.014 9.017 
16 160 9.220 9.222 
17 170 9.421 9.423 
18 180 9.618 9.620 
19 190 9.811 9.813 
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Example 4: Steady State Water Table above a uniformly Sloping Base 

Given an a q u i f e r unde r l a i n by a un i f o rm ly s l o p i n g base such t h a t : 

D = BX 

where B « 1 

the q u a s i - h o r i z o n t a l f l ow can be c h a r a c t e r i z e d by the d i f f e r e n t i a l 

equat ion 

3 / 3 X [h 3(h + Bx) /3x ] = ( S / K ) ( a h / 3 t ) 

and f o r the s teady s t a t e 

3 / 3 X [h ( 3 h / 3 X + B ) ] = 0 

Then 

h ( 3 h / 3 x + B ) = = - q ' / K (32) 

where q ' = the constant f l u x per u n i t w idth at any given c ross s e c t i o n 

( l e n g t h s / t i m e ) . 

Equat ion 32 can be r e w r i t t e n as 

dx = h / ( C i - Bh) dh 
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from which 

B^x = Bh + In (C^ - eh) + 

I f , f o r example, the sa tu ra ted t h i c k n e s s at x = L i s kept cons tant 

then 

and 

h (x=L) = h^ 

= B^L - Bhĵ  - In (C^ - Bh|_) 

x = L + (h-h|_)/B + (C j /B^ ) In [ (C^ - Bh ) / (C^ -Bh^) ] (33) 

For L=0, i . e . , the sa tu ra ted t h i c kness s p e c i f i e d at x=0 

h ( x = 0 ) = h „ 

X = (h -h^ ) /B + (C^ /B^ ) In [ (C^ -Bh ) / (C^ -BhQ) ] (34) 

Thus , w i th the a i d o f (33) or ( 34 ) , the s teady s t a t e sa tu ra ted t h i c k n e s s 

at po in t s in the aqu i f e r can be c a l c u l a t e d by i n v e r s i o n , i . e . , a r b i t r a r y 

va lues o f h are assumed and the cor respond ing va lue o f x i s c a l c u l a t e d . 

Values of h at a r b i t r a r y va lues o f x can then be found by i n t e r p o l a t i o n . 

These c a l c u l a t i o n s were c a r r i e d out f o r the s imu la ted a q u i f e r , w i t h the 

f o l l o w i n g c h a r a c t e r i s t i c s and i n p u t s : 

K = 1 m/day 

S = 0.1 

A = 1 m 

B = 0.1 

L = 100 m 
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= 1 m / d a y , cor respond ing t o = -1 m 

h, = 5 m 

The model was run th ree t i m e s , w i th 9 , 19 and 49 un i f o rm ly 

spaced nodes. The i n i t i a l sa tu ra ted t h i c k n e s s was 25 m at a l l nodes . 

Table 4 g ives thp steady s t a t e s o l u t i o n s ob ta ined from (33) and from the 

three model r u n s , showing how the accuracy improves when the number o f 

nodes i s i n c r e a s e d . 

Table 4 . Steady Sta te Flow over a S lop ing Base, A n a l y t i c and Model 
S o l u t i o n s 

Sa tu ra ted t h i c k n e s s , h (m) 
X 

(m) A n a l y t i c s o l u t i o n 
Model s o l u t i o n s X 

(m) A n a l y t i c s o l u t i o n 9 nodes 19 nodes 49 nodes 

0 22.834 
10 21.37 21.01 21.18 21.29 
20 19.88 19.51 19.67 19.80 
30 18.36 17.98 18.15 18.28 
40 16.78 16.40 16.57 16.70 
50 15.15 14.76 14.94 15.07 
60 13.47 13.04 13.23 13.37 
70 11.66 11.21 11.41 11.57 
80 9.74 9.23 9.45 9.62 
90 7.60 7.00 7.26 7.45 

100 5.00 — — — 

Example 5: A Time Dependent Solution 

Although in genera l Equat ion 23 cannot be so lved a n a l y t i c a l l y , a 

p a r t i c u l a r s o l u t i o n can be found on i n s p e c t i o n ; supposing h ( x , t ) to be 

o f the form 
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h = ax + bt 

s u b s t i t u t i o n in (23) g ives 

a = + ( S b / K ) ^ / ^ 

The constant b i s determined by the boundary c o n d i t i o n at x = 0: 

h(x = 0 , t ) = bt 

t ha t i s , the head at x = 0 r i s e s l i n e a r l y w i th t ime from h = 0 at t = 

Assuming the s o l u t i o n wi th negat i ve a , we note f u r t h e r t ha t p o s i t i v e 

va lues o f the head are on l y p o s s i b l e f o r 

x < t ( K b / S ) ^ ^ S 

and fo r x > t ( K b / S ) ^ ^ S the s o l u t i o n (35) must be r e p l a c e d by the 

t r i v i a l s o l u t i o n 

h = 0 

Thus: 

For x < t ( K b / S ) ^ / S : h = b t - x ( S b / K ) l / 2 

For X > t ( K b / S ) 1 / 2 : h = 0 
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i s t h e complete s o l u t i o n of t h e d i f f e r e n t i a l e q u a t i o n and t h e i n i t i a l and 

boundary c o n d i t i o n s : 

h(x = 0 , t ) = b t 

h ( x = CO, t ) = 0 

h ( x , t = 0) = 0 

T h i s problem was s i m u l a t e d by making a s l i g h t adjustment t o t h e p r e s e n t 

p r o g r a m , p e r m i t t i n g t h e v a l u e o f Q p r e p r e s e n t i n g t h e head a t x = 0 

under c o n d i t i o n IS = 3 , t o be s e t e q u a l t o t h e time a t t h e end o f each 

time s t e p m u l t i p l i e d by a c o n s t a n t f a c t o r , b . F i g u r e 2 shows t h e 

s i m u l a t e d heads a t t = 5 0 0 , which f a l l midway between t h e a n a l y t i c 

s o l u t i o n f o r t = 4 5 6 , t h e b e g i n n i n g o f t h e t i m e s t e p , and f o r t = 5 0 0 . 

T h u s , r e d u c i n g t h e t i m e s t e p o b v i o u s l y w i l l r e s u l t i n convergence t o t h e 

t r u e s o l u t i o n . 

F i g u r e 2 . Time dependent s o l u t i o n w i t h u n i f o r m l y r i s i n g head a t x = 0 . 
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