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‘ KBSTRACT: Using‘ dimensional analysis, the bed-load discharge coefficient for 

the case of two-dimensional flow over dunes was expressed in terms of bed-form 

geometry and the sand size of the bed material. Experiments were conducted in 

a rectangular flume using artificial dunes and a flow visualization method to 

‘ 

measure the flow separation length from which the coefficients were 

determined. The results showed that the gbed-load coefficient is affected 

significantly by sand-grain size only when the ‘dunes are flat. When dunes are 

steep, the value of the bed-load coefficient is affected maindly _.by the dune 

steepness. Application of the bed-load coefficient resulted in some improvement 

of estimating bed load.



SOMMAIRE: Au moyen de l'ana1yse dimensionnelle, le coefficient du 
charrié dans le cas d'un‘ écoulement bi-dimensionnel au dessus de dunes a été 
exprimé en fonction de la configuration du lit‘ et de la grosseur des_ gfains de 
seible de ce dernier. "Des expériences- ont été faites dans canal rectangulaire ‘a__ 

l'aide de dunes artificielles et d'une méthode de visuailisation de Pécoulement, 
' afin de mesurer ia longueur de la séparation de Pécoulement 5 partir de laquelle 
les coefficients des débits chafriés ont été dféterminés.‘ Les résultats ont 
démontré que ces coefficients ne sont gradement influencés par la grosseur des 
grains de sable qui si les dunes sont peu prononcées. Quand lies dunes sont 
abruptes, la va_leur du coefficient du débit charrié est modifiée surtout sous 
l'influence de la pente de la dune. Le recours au coefficient du débit charrié a 
permis d'améliorer quelque peu l'é\’/a-luation du chalgriage de fond.
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-‘BED-LOAD DISCHARGE COEFFICIENT 
‘ ’ 

By‘Peter Engell and.Y. Lem Lauz
I 

V ‘ INTRODUCTION 

“ When flow _conditions are in the dune regime, the flow separates at ‘the 
dune crests, creating a wake zone which extends some distance downstream to 
the point of reattachment on the back of the next bed form. This results ina 
‘velocity along the bed in the upstream direction within this zone. . Therefore, the 

mater-ial contributing to the averagebed-load discharge must be obtained from 
the region between the point of flow reattachment and the first crest 

downstream. This contention is supported by observations of Raudkivi (8), Yalin 

(11),, and Vanoni and Hwang (9). 
' 

The fact that bed-load transport occurs only between the point of flow 
greattachment and the next crest, was -a basic consideration in the development of 
an equation by Crickmore (1) and by Engel and Lau (3) to compute bed load from 
bed profile _records of migrating dunes. A basic requirement of this equation is a 
definition of the bed elevations on the bed forms at whidm there is zero transport 
and this was taken to beat the point of flow reattachment. Analysis of data T 

Jonys (6) for a large number of dunes showed that the point of "maximum pressure 
(minimum velocity) could be taken above the trough elevation in the lee of the 
bed forms by an amount equal to 0.17 the bed-form height. 

lResearch Engineer, Environmental Hydr. Sect., Hydr. Div_., National Water
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A review of the literature could not confirm. the above value ‘for the 
’ position of zero t_ransport nor was it possible to determine" this position 

theoretically. Therefore, an experimental study was conducted _to reveal the 
" 

relationship between the position of zero transport, bed-form height,’ bedsform 

shape, grain size and flow conditions. The results are used‘ to produce a bed-load 

discharge coefficient for use with the equation presented by Engel and Lau (3). 

ANALYTICAL CONSIDERATIONS . 

Background. -‘ The equation given by Engel and4La'u (3) to compute .bed-load 

discharge from migrating 'dunes is given by 

GS. = 1.32 vs (1 - P) EUW 
, 

(1) 

-where. Gs=submerged weight of bed load per unit width per unit time, 

YS=submer‘ged unit weight of sediment, Pzporosity of sediment, E'=average 

departure of the bed elevations about the average of all the elevation 'f—1 in the 

profile record and ’i.lw=speed of the migrating dunes. In developing Eq. 1, it was 

assumed that the dunes‘ were triangular in shape. An additional requirement 
to define the distance between the elevation of zero transport no and the lowest 

point in the trough nt for ‘the dunes (Figure 1). From data by Jonys (6), an 

average value of this distance in terms of dune height A was determined as (no-nt) _ 

=O.l7 A. This value, together with the assumption of triangular dune shapes lead 

to the final value of 1.32 given in Eq. 1. Reasonably good results were obtained 

.when bed-load discharge computed with Eq. )1 was compared with data from 

flume experiments.



Bed‘-Load Discharge Coefficient. - 
‘ 

The coefficient of 1.32 in sq.‘ 1 may be 
regarded as v_a p'ar‘ticula’r value of a general bed-load coefficie\nt.i This general 

coefficient can be obtained from the equation given by Engel and I.-au (3) as 

=(ns'.n.)u, ' 

‘V 
_ 

A 

‘ 

- (2)‘ 

where qsa = average volumetric transport rate per unit width including the voids, 

Uw = average dune migration speed, and n = bed elevation. Equation can be 

rewritten as 

qsa =u( (n""-ants)-(“""'n‘,-imp) yuw 
f A 

(3) 

If one now writes (n"-'-'n.t_) = qA_, (noent) = k A and A = af, where A =. height of the 

bed forms, then upon substituting into Eq. 3, one obtains 

'=a[a—k).'r,'u..=1<gu (4) qsa W W 

where E = average departure of the bed elevation about the mean bed elevation. 
The quantity a(a-k] is the bed-load discharge coefficient and will be denoted as 
K. If the dunes are assumed to be triangular in shape, the coefficients a and a ' 

can be shown to be equal to 1+ and (3.5 respectively. Willis and Kennedy (10) have 
stated that the assumption of triangular dunes is sufficiently accurate for 

computation ofbed-load transport rates. Fredsoe (5) used both triangular and 
sinusoidal forms for calculating the variation of shear stress along the dune and‘ 

: 

found that the triangular shape gave more accurate results. Therefore, the 

triangular dune shape was used for this study and the bed-load _discha.rge 

coefficient K may be written as



1<=4[o.5-k) 
, , 

’ 

— 

p 

(5) 

Dimensional - 
_ 

In order to have good control of the variables 

-. defining the dune height and length, it is convenient to use a rigid bed composed
. 

of artificial dunes. Under these conditions, considering two-dimensional flow‘ in 
i ‘a straight uniform channel, k can be expressed as 

k = f ( A! A.’ 4’! D50) h! Ualps “{3} (6) 

where llilength of bed ‘forms (crest to crest), A=height of dunes (trough to crest), 
‘

\ 

at =angle of inclinatim of downstream face of dunes, D50=median grain diameter, 

hzaverage depth of flow, U=average flow velocity, p=density ‘of the fluid, 

u=viscosity of the fluid and g=acceleration due to gravity. The symbols are 

schematically defined in Figure 1. Using the 1: theorem for dimensional analysis 

and simplifying, Eq. 6 can be written in dimensionless form as 

950 h Uap ““1[%"¢-"K"7S""iT"/'%) 
_ 

(7) 

Measurements by Etheridge and. Kemp (4) ‘have shown that flow the separation 

-zone. is insensitive to the flow in the corner region at the foot of a reverse 

rectangular step. This suggests that quite crude modelling of ripples and ‘dunes in 

. 

‘the region between crest and downstream toe is justifiable. Therefore, the angle 

¢ isnot an important parameter in Eq. 7 and can be omitted from further ' 

A‘ consideration. For large Reynolds number, the effectof viscosity will also not ‘ 

' 

be important am the term UAD/u can be deleted. Analysislvlof the experimental 

data obtained by Engel.(2) also indicated that within the_experimenta.l error, k is - 

virtually independent of the’ Froude number U/v’_gh and at only weakly 

-4-



dependent on h/ A. Therefore the consideration of k is reduced to revealing the . from of the relationship‘ T m T

/ 

. 

~ D '

I 

.kaf2[-AK,--£-9] ‘ 

(3.)V 

The coefficient k depends on no, the elevation of "zero transport, which was 
taken to be at the point of flow reattachment. 

, 

In this study the postion of no 
was obtained by measuring the length of the flow separation zw defined in Figure 

‘ 

1. The value of k could then be simply computed from the relationship 

2. WFA cot ¢ "= (9') 

The variation of k and hence the discharge coefficient K with the hydraulic 
parameters and its effect on the computation of bed-load discharge have been 0 ’ 

investigated. 

EXPERIMENTAL EQUIPMENT AND PROCEDURE 

Experiments were conducted in a tilting flume rectangular in cross section, 
20 metres long and 1-metre wide. Discharges were measured at the downstream 
end using a weir box. The flow leaving the flume was split into three parts of . 

equal width and only the flow from the central portion was measured in the 
i gweir box. ‘By working only with the nearly two_-dimensional flow in the centre 

A 

1 

»portion- of the flume, the effect of the side walls was practically eliminated. The 
flows were always unifor-tn! with Froude numbers not exceeding 0.5. 

The dune roughness» was obtained by using artificial bed forms fabricated, 

D from plywood and coveredwith ‘sand. ‘Four different bed form shapes (A/A), each -



A with different sand roughnesses (D50), as well as the ‘smooth bed forms (D5ol=O) 6 ; were used. All bed forms had a height of 3 cm with a ‘downstream toe angle of 
T 

A¢=u3O° and were placed over the ‘full length of the flume. The sand was fixed to 
- the bed forms by first covering these with "Mactac'l,_self adhesive" vinyl covering. 

Then a thin layer of varnish was brushed on and the sand was sprinkled on top so 

that the "Mactac"" was completely covered (7). After drying overnight, the 

excess sand was washed off and a uniform layer of sand was left on the dunes. 

To change over to another sandroughness, the "Mactac" was stripped off and the 

process repeated. Each form was tested with one or more sand sizes before 

a new one was placed in the flur'n'e. In all, three different sand sizes were used 

having median‘ diameters of 0.62 mm, 1.20 mm, and 2.60‘-mm, respectively. Thus 

each sand size was approximately twice as large as the one preceding it. Tests 

on the plane bed forms were conducted using the smooth surface of the "Mactac" 

only. 
I

‘ 9 . . The flow separations in all cases were observed usi_ng Potassium Perman- 
V 

' 

ganatesolution as a tracer. A 1.00 ml hypodermic syringe with a needle 45 cm 
I 

long and 1 mm inside diameter was attached to a traversing mechanism on a 

movable carriage which travelled on the rails on top of the flume walls. This 

. permitted movement of the syringe in both the vertical and horizontal direction. 
The tip of the hypodermic needle was ground off at an angle of 30° with the 

vertical. This made it possible to place the needle so that the dye was always 
injected at right angles to the main flow, and ensured thatno momentum in the - 

streamwise direction was imparted to the dye. Once a given flow was set up the 
T 

syringe was filled with the dye and positioned on the centreline of the flow and 
I 

I 

then lowered so that the needle was about 1 mm or less above the dune surface.
) 

6 I - 

l 

. l 
- 

- -/K’



The location of the point of flow reattachment‘ was obtained by the 

following two steps-. In both steps-, dye was injected into the flow in short 

pulses and these were observed to note their direction of movement. In the first 

step, the syringe. was always positioned well downstream of the ‘anticipated 

‘ separation zone so that there was a clear and distinct movement of dye pulses 
— downstream. The syringe was then moved in small in'crem_ents to-new positions 

upstream and in each case. the behaviour of the dye pulses was carefully noted. 

The progressive upstream positioning continued until. it was observed that some 

of the dye tended to travel upstream. This point was defined as the downstream 

edge of the relgionin which the point of flow reattachment occurs. The concept 

of a region was adopted since, due" to the turbulent fluctuations, it would not be 

pos_sible to define a precise point, but rather an average. ‘In the second step of 

"the procedure, ‘the syringe was placed at the toe of the bed form in the. 

separation zone being considered. At this point, the dye pulses clearly moved
I 

_ upstream and up the steep face of the dune. The syringe was then placed at 

different positions, eadw being‘ about 3 to 4 mm further downstream than the 
previous one, and the movement of the dye observed. This was continued until 

‘once again aportiofn of the dye pulse was entrained in the downstream flow. This 

point was taken to be the upstream edge of the region for "the point of flow 
reattachment. All positional measurements were related to the crest of the dune 
upstream of the separation zone and thus the probable average location of the 
‘point of flow reattachment was simply the average of the measured pairs. 

Several pairs of such measurements-were made for a given flow condition to 
ensure a reasonably reliable position for the point of . reattachment. The 

variation between values’ of the length of flow separation for the different pairs 
' of measurement was, less than ten percent.. ‘In all, data for_ 291 runs were 
- obtained (2) in which dune _length,.flow depth, sand size and the discharge were 
the basic variables that were varied. 

.-7-



DATA ANALYSIS 

Average ‘values of 4k were computed with Eq. 9 and plotted in Figure 2 as a 

function of Al A using D50] A as a parameter. The variation of k is shown as a 

, 

family of curves which diverge in a nonlinear fashion from a near common value V 

at A/A=0.0‘7 to form separate branches for each value of D50] A, as A/A 

decreases toward the lowest tested value of A/A.=0.02. For each curve, values of 

k decrease as ‘A/A decreases, with the rate of change in k increasing as A /A 

decreases. The curves also show that, for small values of MA, the effect ‘of 

change in grain size is more‘ significant for a given dune height A then for larger 

values of A/A. This effect is virtually negligible when A/A< 0.06. ‘Next, values 

_ of k were obtained by interpolation’ for even values of D5o/ A for eac_h value of 

A /A from Figure 2 and these were used to compute K from Eq. 5. These values 

of K were then plotted in Figure 3 as a function of the A /A using D50/A as a 

V parameter. The family of curves displays similar dmaracteristics to that in 

Figure 2 except that K decreases as A/A increases which is a direct consequence 
of the application of k to Eq. 5. 

Upon _exar_nin_ing Figure 2, it can be seen that the value of k=0.l7 used by
V 

Engel and Lau (3) to obtain -the value of K=l.32 in Eq. 1 c'orresp'ond_s to a dune 

steepness of approximately 0.06. The value of A/A =0.06 is" the maximum value 
that is likely to occur for du_nes (12) and is approximately the value for the data 

of Jonys (6) used by Engel and Lau (3). In this range, as can be seen’ from Figure 

3, there is always an effect on K due to the grain size of the bed material. 
. Figure 3 also shows‘ that K=l.32 is the minimum value of the bed-load coefficient 

in the dune regime. Therefore, the use of K=l.32 when A /A<0.06 lwillresult in 

an underestimate of the bed-load discharge and this error should increase as A /A 

decreases.

~



Equation 1 can now be generalized into

S 

in which K varies with dune steepness and grain size of the bed material. Values‘ 

of Eand Uw. can be obtained as shown by Engel and Lau (3). . 

APPLICATION OF THE BED-LOAD COEFFICIENT 

Existing data used by Engel and Lau (3) were used as a preliminary test to 
assess the effect of using K from Figure 3 when computing bed-load discharge 
with Eq. 1. The dune lengths A were obtained by dividing the length of the bed 
‘profile record consisting of a number of complete dunes divided by the number of 
dunes. The dune heights A were obtained as the difference between the crest 
and trough elevation of clearly identifiabledunes. The final values of A and A 

were taken as the arithmetic mean obtained from at least 15 profiles for each 
flow condition. More sophisticated methods are available, but the present 

procedure was deemed to‘ be sufficient for a preliminary assessment of the 

discharge coefficient K. The data are given ‘in Table 1. Values of K were 
obtained for the appropriate values of AIA and D5O/ A for each of the ten runs 
and the bed-load discharge‘ GSC computed. These computed values of GSC were 
compared with the measured values Gsm by computing the relative percent error 
defined as 

e.- G 
E = ———‘g“.i“ x 100% ’ 

(11)SC



The computed va__lu_es of Gsc and E are given also in Table 1. In order to ‘assess 

the effect of K, the computed bed-load discharge errors in Table 1 were 
compared with the percentierrors obtained Engeliand Laud (3) when l<=.l.'32., 
The ‘computed bed-load discharge and the corresponding percent err_ors for the 
two cases of are given in Table 2. 

The ‘values of ' the computed bed load were plotted in Fig. It versus the 
measured transport rate for the two cases of K=l.32 and those obtained from 
Figure 3. Upon comparingthe two sets of plotted data, it can be seen that the 
effect of K. has been to reduce the negative errors and to increase the positive 
errors over the range of A./A from .039 to .062 used-. However, the reduction in 

- the negative errors was greater than the increasein the positive errors. The net 
effect of this was a ‘change in overall average error from -5.2 percent to +3.6 
percent. The overall average absolute error changed from 15.2 percent to ,ll+'.5 

percent. 
A

V 

7 The ' use of the bed-load coefficient K has resulted in an overall 
improvement. However, the limited data indicates that the improvement is 

small because the value of K depends heavily on the bed-form parameters and 
both of which are known to have large sampling variances. This is particularly 

true for the bed-fo’r“r‘n height A. Since it has been shown in Figure 3 that K is 
quite sensitive to changes in A/A, then it is quite clear that values of K cannot 
be more reliabe than the measured values of A and A. 

' 

coNc_1.us1oNs 

' 

- 

. conclusions: 

The results from’ experimental 
_ 
data (2) resulted in the following 

.-.l0,



The position of zero transport on the back of a dune varies with the 

steepness of the dunes and the grain size of the bed material. 

The bed.-load coefficient as defined in Eq. 1+ is quite sensitive to changes in 
dune steepness and to a lesser degree to changes in grain size of the bed 
material. When dunes are flat the effect of grain size on the bed-load 

coefficient is significant. When dunes are steep, the coefficient depends on 
dune steepness only. 

The use of the bed-load coefficient resulted in some improvement by 
decreasing the overall average error in a set of ten separate flume tests. 

The value of the bed-load coefficient Ki=l.32 used by Engel and Lau (3) 

appears to be agspecial case representing the value for maximum dune 
steepness of 0.06. 
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APPENDIX 11. - NOTATION ‘ 

-. 
-' 

5- 
-

‘ 

The following symbols are used in this paper: 

a = a dimensionless coefficient; 

D50 = median grain diameter; 

E = relative percent error; 
' 

f denotes a function; 

g = acceleration due to gravity; 
'

H 

Cisc = computed submerged weight of load; 

G 5”"! = measured submerged weight of bed load; 0 W 

h _. 
= v average depth of flow; 

k = dimensionless difference between elevation of point of reattachment 
and the dune "trough;

i 

K = bed-load discharge coefficient; 

aw = length of flow separation; 

P = porosity of the bed material; 

U = average flow velocity; 

Uw = migration speed of the dunes; 

g = dimensionless coefficient;
I 

A 

‘A ‘ = ’ 

height of the dunes; 
I 

' “ 

‘A 

l 

= 
. 

-. 

average depar-ture of bed elevation about the mean ‘elevation; 

vs 
V 

~= ~ 
V submerged unitgsveight of bed load; 

_ E , - 
V" A g ; length of the dune;



u = 
' 

viscosity of the fluid; 

:5 = angle of repose of bed material; ‘ no = elevatioo of pointof reattachment; 

vnt : elevation of lowest point in the trough in the-lee of the dune crest; 

p = 
_ 

density of 'the/fluid. 
'

J 
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"TABLE 1 
V 

COMPUTED BED LOAD USING K 

Run E r .A D A ‘K2’-G E 
No. 4 

’w sm sc_ 

4 m . 10 m/s Kg/s/m Kg/s/m 
1 (1) (2) (3) (4) (5) 1 

(6) (7) (8) (9) 

1' .0201 6.02_ .0166 .062 .018 1.30 “.0143 -14.0 

3 .0191 6.25. .0161 4.049 .020 1.45 .0157 . 

- 2.5 

4 .0164 5.37 .0089 
' 

.052 .020 1.42 .113 27.5 

.5 
_ 

.0175 6.52 .0177 .044 “.025 1.51 ‘.0156 . 511.5 

6 .0185. 10.87 .0336 .041 .024 1.54 .0281 -16.4 

7 .0162 4.20 .0107 .039 4.023 1.56 .0096 — 9.9 

8 .0207 7.33 .0171. .045 ‘.024 1.50 .0206 20.8 

13 .0147 6.75 .0128 .050 .026 1.45 . .0131 2.0 
I 0 14» .0179 7.79 .0153 .048 .026 1.47 .0186 21.5 

4 

H 

15 
1 

.-0179 19.409 .0174 .054 .021 1.40 ".0207 18.8



TABLE 2 
" A 

EFFECT o1= BED-LOAD‘ COEFFICIENT 0 1 
A 

K=l.32 
A 

K=K_( D5O/A,‘A/A] 
{ Rm 3 ; .. am 

No. GSC 965 Gsc 965 
'

. 

Kgls/m_ '> lb<g/s/m 
‘ " Kg/s/m 

(1) 
. 

(2) (3) (4) <5) 
‘ 

<6) 

1 .0145 
' 

-12.7 -.0143 -14.0 .0166 

3 ".0143 -11.2 .0157‘ - 2.5 .0161 

4 .0106 
‘ 

19.1 .113 27.5 " .0039 
5 .0137 -22.6 .0156 -11.7 .0177 

6 .0237 _ 

‘-29.5 ~ .0231 -16.4 .0336 

7 .0033 -22.4 .0096. 
' 

— 9.9 .0107 

3 ‘ 

.0132 6.4 .0206 20.3 .0171 . 13 .0119 - 7.0 .0131 . 2.0 .0123 
7 

14 .0167 9.2 .0136 21.5 .0153 

15 
' 

.0195 - 12.1 .0207 
. 

+13.3' .0174 
/ 1 

i j H . 

E 
3 

- 5.9 +3.6
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