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ABSTRACT 

Two-numerical methods are presented for determining the vertical 
structure of an arbitrarily stratified water column in the presence of

’ 

internal gravity waves. The development is entirely self-contained and 
contains listings for Fortran IV computer routines which incorporate the 
theory presented. The two methods were developed for very different 

: specific applications although they produce identical answers. Method 1 

allows the specification of the forcing frequency, but Method 2 assumes a 

very long period wave, in both cases an arbitrary stable density distribution 
is allowed to be specified at arbitrary depths.
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CHAPTER 1 

1.0 lntroduction 
In the course of investigation into the properties of internal 

‘waves in the oceans and lakes, the authors found no specific references 

‘ 

internal waves from actual field data. This report is intended to provide 
to nuerical means of calculating vertical structures and phase speeds of. 

the researcher in this field with a set of tested and documented comuter 
programes to calculate these vertical properties. Although the theory of. 
internal gravity waves upon which our development is based and also the 
nuerical methods that we have applied to the problems are not novel, we 

. feel that the report will, nonetheless, be of use to those who are faced. 
with the practical problem of calculating internal wave properties from 
field observations. 

I

l 

4 

In this report, we offer two_numerical methods which have been 
developed for determining the vertical velocity structure of a water column 
in the presence of internal gravity waves. Although the equations for the 
vertical velocity structure are developed elsewhere [Phillips, 1966; Roberts, 
1975] and the physical interpretations are fairly well known, it was decided 
to make this report-self-contained insofar as the mathematics are concerned. 
This ensures a consistent notation and allows the clear statement of the 
assumptions and the manipulations in the development of the equations. 

_ 
_ 
The two methods were derived for-very different applications 

although, from.a number of analytical and observational test cases computed 
by the two methods,-the answers produced are identical.. Method 1 allows 
specification of the forcing frequency. Method 2 assumes a very long period 
wave in comparison to the Brunt—Vaisala period. Although Method 1 could be 
used to compute dispersion relationships, it should be noted that there 
exists a computer programe to do this specific‘task [Bell, 1971]. It 
should also be noted that Roberts [1975] contains a number of analytical 
solutions that can be used to test these programmes.



CHAPTER 2 

2.0 The Equations.of Motion 
' We assue a rightehanded Cartesian coordinate system (x,y,z,t) 

with the z-axis positive downwards. The three components of instantaneous 
velocity are u*,v*,w*, respectively, so that the total velocity is given by: 

'£=-u*1+v*j+w*k 

.where i,§,E are.unit vectors. The pressure, P*, and the density, 9*, are 
‘functions of x,y,z,t and so, in vector form, the continuity equation is: 

9§;i+ paegv-II) . o ' V 

. 

R 
V 

_ 

A(2.1)’» 

The nomentum equation, or the Navier-Stokes equation, with 
- Coriolis force and arbitrary body_force, §,_1s given by [Batchelor, I967, 

-viscosity. 

p-. 147]: 

'* A .

V 

’p* 
113% + 2_pv.e(?SxZI) + VP* - gp*k = pvzfi + vcv-II) .+ F (2.2) 

where 5 is the angular velocity of the earth and u is a coefficient of 

If we exclude sound or compression waves from further consider- 
ation, then compressibility plays no part in the continuity equation, and 
hence: 

Eggs 0 ‘ 

I A 

' 

' (2.3) 

so that the continuity equation is: 

V-E = o 
4 

. 
_ 

' 

V 

(2.4) 

andnhence'the second term on the righthand side of (2.2) disappears. 
» We now assume that: 

I
T 

(a) There is no mean flow in any direction, or equivalently,



(c) 

I 

(5+o) -E34 

that, if there is a mean flow, the coordinate system moves 
with this mean flow.

T 

(b) There are no arbitrary body forces such as friction acting_ 
on the fluid, so that F = o. 

W

' 

The fluid is inviscid so that uv=.O.. This is equivalent 
to an assumption that the Reynolds number is large.‘ 

(d) Both the pressure and the density are composed of a mean 
value plus a fluctuating part so that: 

P* = + P(x9yaz)t) 
9* * 5(2) + o(x.Y.z.t) 

- Then the momentum equation becomes: 

+ A 

t 
2<6+p><‘r2’xK> + v<1‘>+1=> - g<5+o>k = 0 

We make the further assumptions that: 
(a) We may neglect the fluctuation in density in all terms except 

the gravitational term. This is the Boussinesq approximation 
and has been discussed extensively in Long [1963] and else? 
“where. This assumption if consistently made, eliminates the 
possibility of some solitary wave solutions; 

-(b) We neglect all nonlinear terms of the form 3 g: and so any 
waves must be small-amplitude waves. 

(c) The horizontal components of the Coriolis force may be neg- 

component_ 

lected and 25 = (o,o,f). 
Then the linear, inviscid, Boussinesq equations of motion int 
form are: 

22-‘ .1§E=" 
at >fv+-S o (2.5) 

'3v l‘3P _ n I -3-t-+fu+-6--Y--0 (2.6)



E £32-32, - ac+5az 3 
° 

V (27) 

-§—§+w%§=o (2.3) 

§—:+§§+§§’--:-o 
_ 

(2.9) 

Two alternate methods will now be given fer the derivation of an 
eigenvalue problem.



CHAPTER.3 

3.0 Method 1 
A 

T 

The development of the vertical structure equation uses classical 
arguments [Phillips, 1966] to derive the vertical velocity equation. The 
finite difference scheme and iteration process is initially from a hand 
written manuscript by P. Kovaala supplied by S,J. Prinsenberg although 
it is discussed in a more general fashion and made more rigorous here. 
The problem is also discussed in Keller [1968] in a.more general form. 

3.1 The Vertical Structure Equation 
From the linearized, inviscid, Boussinesq equations, we first 

differentiate (2.5) and (236) with respect to z and add them to get: 

Szu
V 

323: 
*-= 0 ~ (3.1) 

Then, differentiating (2.7) with respect to x and (2.8) with respect to y 
and subtracting the two equations successively from (3.1), we have elim- 
inated the pressure to get: 

3211+ 32v_ 32w_ 3s2w+_a§_g+.g_§_g_f(§_g__3;t_ 
9z8t 3z3t axa: 3y3t 5 3x‘ 5 By 82 82 

= of 
_ 

' 

V 

(3.2) 

We now differentiate this equation with respect to time, use equation 
(2.8) and take the horizontal divergence Vh = 3% + 5% of the resulting i'equation to get: 

2 
’ 

.

- 

-3-3-2 (vzw) +—N2vf1w + fvh -3-2; (3-2; - > 

.'= 82V gy- 5?? hi 32 32



3 
_ 

_ 

.
A 

A 

where N2 = %~§% is the square of the Brunt—Vaisala frequency. 

For small disturbances in the absence of a_mean shear, the right side of 

this equation is zero since the term in brackets is the mean shear. ‘In 

addition, the last term on the lefthand side 
'

l 

- 3 3v Bu Bw 
'3t ( 8x 3y i . 

f 
32 

from the vertical component of the vorticity equation if we assume that 

the fluid is irrotational except for vorticity produced by the Coriolis 

acceleration. Thus, we have our final equation: 

'32 V2 + -2 2 2 32W A 

b I 

5?? V N VHW + f 5;:-= 0 . 

We assume a separable solution for (3.3) in the form: 

w(x9ysz9t) : ¢(z)F(.xsy)e‘-xP(iO't) 

and substitute this into (3.3), then after neglecting the nonlinear terms, 

we get: 
. , _ 2 

; 
1 vh,E = 1 ¢zz = kh 

» F-152 .F -N2-G2 
q; 

oz-£2 

where the separation constant has been chosen from the recognition that 

‘the field equation is a non—homogeneous form of LaPlace's equation, and 

hence the horizontal solutions will be wavelike. ’The constant, kh, isla 

horizontal wave number.. The vertical structure equation is, then: 

» ma" yuzi-oz 2 _t i 

A 

I 

,3:!1+(3-2-E-5)_kh_¢—0 V - 

A. 

(3.4). 

' 

For a sinusoidal-surface disturbance with constant atmospheric pressure, 

"and which has the same wave number as the internal solution, the surface 

boundary condition is; [Fjeldstad, 1933] 

2 ‘ 

V _
I 

.‘§'3+'(3:‘1}éTA>8¢=.o - atz'=.0', ’ ‘ (3.5):



At the bottom, we have: 

¢ = o 
' 

at 2 = H‘ 

’If the relative-displacement of an isopycnal is given by 
€(x,y,z,t), then by definition: 

w<x,y.z.c> = ¢<z>r<=;.y>exp<1o:> = = §-E 

so that £= 3%-F(x,Y)exp(iGt)¢(z);‘so that, at a given depth, 

€(x,y,z°,t) is proportional to ¢(zo) 

(3.6) 

If we can assume that in a small region about the origin there 
is no y-dependence in the motion, so that F(x,y) = F(x) and, if we assume 

w = F(x) ¢(z) exP(1Ut) 
u = G(x) U(z) exp(iOt) 

Bu‘ 3w Then, from the continuity equation 5;-= - 5; , we have: 
‘ 

. VU(z)"/x_%E dx = ._ 5% 
/1‘ F(1j<)dx 

_ 
O 0 

Thus, at the point xo, 

xo 
. 

‘ 

_ 

"°,_d‘ 
U(z)G(x.)o. ;3F<x> 

~ ~ O 

and so the horizontal velocity is proportional to Q9-. do 

3.2- The Eigenvalue Problem 
The system of equations (3.4), (3.5), and (3.6) provide a 

description of the vertieal structure ofna water column with arbitrary 
density structure. The systan may be non-dimensionalized by defining the 
following quantities:



NI II N \ :2: 

¢(z) = M2) 

- oz-‘-fz C2 
Kfigfl 

'= 2--233 -2-‘: =5“ 
M N _o ‘am 0) HM 

Then, by substituting these values into the vertical structure 

equation (3.4), we get: 

2- —'-— , _ 
,. 

A

, 

~-2-5;? +->.«Md> = 0 
4 

' 
« (3.7) 

gg + 
X$‘= 0 

H 

' 

' ' 

at E = 0 (surface) 
I 

(3.8) 

6 = o _ 

V 

A ~ at E =- 1' (bottom) (3;9)



which is the equation for a non-homogeneous string with the bottom end) 
rigidly attached and the top end elastically attached. If (3.8) were 
replaced by the "rigid lid" assuption that: 

¢=o atz=l0 ' 
V 

. (3.10) 

We would then have a Sturm-Liouville system. However, Courant and Hilbert 
_[l937, p. loff] prove two very important theorems which are: 

1) If kn is the nth eigenvalue of (3.7) under the rigid lid 
boundary conditions (3.9) and (3.l0) and un is the nth 
eigenvalue of (3.7) under the free surface boundary conditions 
(3.3) and (3.9), then; 11,1 5 An. 

p

' 

2) The assymptotic behaviour of the eigenvalues of equation (3.7) 
is independent of the boundary conditions and, if n is large 
enough, 

An+l 3 $EE%l: An 

By virtue of Theorem 1 and from the fact-that the surface dis- 
placements are very small for internal waves, we would expect the system of 
equations (3.7), (3.8), and (3.9) to be "almost the same" as the Sturm— 
Liouville system, and we know that for the Sturm-Liouville system it may 
be proved that:

A 

3) All the eigenvalues are real’ and positive. 
A

_ 

4) The eigenfunctions form a complete, orthogonal set. That is, 
all possible motions can be produced by linear combinations of 
the eigenfunctions and, if ¢i and ¢j are two eigenfunctions, 
then, 

[ ¢1;¢jdE= o 
O . 

.ifi¢j'



So, from l and 3, we can have confidence that the eigenvalues of the system 
(3.7), (3.8), and (3.9) will be real and positive and, in addition, we see 
that by virtue of 2 it will only be necessary to calculate a small number‘ 
of eigenvalues in order to get approximations to the rest; This last will‘ 
‘be very important in Method 2. 

N J 

3.3 First Approximation to-the Eigenvalues 
I 

_lIn practical problems, we must have the values of the density 
distribution at p+l depths where the p sub—intervals are of equal length 
h = 1/p.‘ If the densities are expressed as at values and if Dot.is the 
difference between successive ot values, then: 

- 
I 

‘ 

Dot o2 
A I

_ 

M(k) = H [ ~—73535-373:3;--'-E ] l$kSp+1 

where U is the frequency of the forcing function and fi(1) is at the 

‘surface and fi(p+l) is at the bottom. 
We can then replace eduations (3.7), (3.8), and (3.9) by a 

corresponding set of finite-difference equations:
: 

;§- ($<k—1>f- 2$<1<> + q‘><k+1>) + Xfi<k>$<1<> = o 

UIH <$<2i> y- 5(1)) + mm = o 

$<p+l‘) = o 

If we then write, 

am -= 1/r’4<k> ; 

ls 

he = 1/P 

u = hzi ' 

we then have the matrix equation: 

[A - uI]$ = 0 

_.where l is the identity matrix’and_[A] is the matrix: 

10.



-a1 231 _'-a1 
. Q 

-32 ~62 

<:> ‘ap-1 zapfl 'ap-1 

-ap Zap 

¢ is a column vector containing the p+l eigenfunctions and u 
is the matrix of eigenvalues of the system."

_ 

The matrix A may be diagonalized and the eigenvalues calculated 
from 

ik = pzuk 

For this finite-difference approximation the A matrix is 
tridiagonal and the subroutine to diagonalize the A matrix can make use 
of this fact; Householder [1964] gives an explanation of the QR.trans-" 
formation and there are a nuber of other proprietary routines [Grad & 

Brebner, 1968] which will diagonalize a general matrix; hence the finite- 
difference approximation to the eouatipns is not uique. 

3.4 Further Approximations to the Eigenvalues 
If we ignore the bottom boundary-condition for the moment, the 

equations (3.7)_and (3.8) have solutions for all eigenvalues X>O. If we 
define a function 

=e§ “’ ex 

and assume that A? is an approximation to the jth eigenvalue of equations 
(3.7) and (3.8), we may write the next approximation as:

1 
X3. 

'9 A3’ + SA? 
_ 

I 

' 

— 
- (3.11)

11



m and then the bottom boundary condition becomes: 

$(1,>,3? -+ M3’) = o 
,

’ 

Expanding this bottom boundary equation in a Taylor Series to 
first order, about the initial approximation we have: 

$<1.A§’ + <sA.§’> -= $<1,Ag’> +Aw<1.A§><sA§’ 

and so, for a small enough value of 6A§, we have, from the bottom boundary 
condition, 

, 

-$<1.iA°> 
,

n 

ex; = l—.L‘p(l’A3>« 
I 

for ¢(1,x§’)fo (3.12) 

So that the second approximation to the eigenwalue can be. 
obtained from.(3.ll).A Since i is independent of X, then we can differen- 
.tiate (3.7) and (3.8) with respect to X cc obtain:' 

- §%+ Xfitp + 51¢. = o ,(3.13)_ 

and "n gg’-+)‘up_+ $ = o 
' reap; a‘ o (3.14) 

If we fix the relative vertical displacement of the surface equal 
to a small constant, n,.then the surface boundary condition becomes: 

$(o;l)»¥_n # c 

and all other values of the vertical displacement will be scaled to this 
value. -So that (3;l4)-becomes: 

(3 .15) d . 

.‘ -‘...’ 
3% = -n. . 

V- at z = O 

fiance, we can integrate (3.7) using the initial conditions of‘(3;8},and using 
the values of ¢(§,X9), we can integrate'(3,I3) using (3.15) as the initial 

12-



, 
condition. Using the values of.$(l,X§) and w(l,A§), we can then use 
(3.11) and (3.12) to calculate the next approximation to the eigenvalue 
which is: 

- A0 
A1 = A9 - 

¢(l j) 
3 3 w<1.x§’> 

This procedure may be iterated any number of times until the -" 
approximation coverges to the required number of digits. Once a-sufficiently 
accurate value is obtained for X, then equation (3.7) can be integrated 
using the-initial condition (3.8).

_ 

It might be thought that an iteration of the solution is of 
no use since the first approximations are in finiteddifference form in 
any case and so the first approximation should be quite accurate. However, 
there are two reasons for the iteration. In the first place, the finite-

I 

difference form is only accurate if the density distribution is linear 
between the specified points. This is very seldom the case unless a large 
(number of points are used in the first approximation. It is much more 
economical-of computer time to use only a limited number of points for the 
first approximation and then to use all of the available points for the 
integration. Secondly. the integration allows a relaxation of the require- 
ment that the density be specified at equally—spaced depths. If_the 
finite-difference method assumes that the points used are equally-spaced, 
.even though this is not true, a reasonable first approximation may be 
obtained. The integration routine can then be used to refine this estimate 
by taking into consideration the actual spacing between the depths. 

3.5 Normalization of the Solution 
'Since we have determined 5(2) for a number of_eigenvalues to 

fiithin a multiplicative constant, it is natural to want to normalize these 
-Values in some systematic way. A very natural way is given by the calculus 

‘ of variations [Lindsay and Margenau, 1963, pp 442]. For a-minimum total 
ener8Y. equation (3.7) should be substituted into the Euler~Lagrange 
equations to obtain the normalization equation:

13



’fi$*d'zh'=*-,1.

0 

Hence, for the jth eigenvalue, we set, 

i -- 
‘_ 

- d¢j .d$j(E) 
¢j(Z) = Yj ¢j(z) ‘and —:;§ 

= Yj -—E:T*- 

where: yj s 1/ ;/g fi$§d§0 

« There are,.of course, numerous other ways of normalizing the ' 

vsolution. In method 2, d¢/dz is set to 1.0 at the surface. Another 
common normalization in the literature is to set the maximum value of 
¢ = 1.0. 

' 
’ ' 

3.6 Computer Program for Method 1 
_

_ 

The theory developed in section 3 has been implemented in a 
single computer program, EIGEN, which is programed in FORTRAN IV. This 
program has, as input parameters, the water.depth, the nuber of eigen- 
values and eigenfunctions to be calculated, and the period of the forcing 
function. In a separate input routine the density structure, expressed 
as sigma-t, are read in along with the sampling depths,-with the first 
value being the surface density and the last value being the bottom_ 

idensity;g Provisions are made for plotting the Brunt-Vaisala frequency 
and density structure on one plot and_various user—contro1led combin- 
ations of the eigenvalues and derivatives of the eigenvalues on other 
plots. “Integration of the differential equations is done by fourth-orderl 
Runge-Kutta technique. A complete listing, internally documented, is 

given as Appendix 1. 
"It has been found empirically that if the number of points in 

f the vertical is fairly small and does not resolve the density structure— 
adequately, the program will,-in some cases, not converge to the proper 

‘mode} ‘That is to say, for example, if the initial approximation to an

14



eigenvalue is not sufficiently close, then the integration routine will 
converge to a different mode. This sometimes results in the program 
skipping the computation of certain modes. Provision has been made in the 
program to make two additional passes to detect missing modes. If modes 

_ 
have been missed, then the program will attempt to recompute them, using 
as a first approximation, values obtained from neighbouring eigenvalues. 
If the program still skips-the computation of certain modes, the only 
solution is to supply more points in the vertical density structure. As 
a rule of thumb, it has been found desirable to have at least three density 
values for each vertical wavelength, although this may occasionally be 
-relaxed somewhat.

15



CHAPTER 4 

4. 0 Method 2.
_ 

This second method is due to P.F. Hamblin. There are many 
carryovers from Method 1, since the equations being solved are virtually 
‘identical. The development of the vertical structure equation is quite 
‘different and no non-dimensionalization is done. The discussion of the 
eigenvalue problem and the theorems presented for Method 1 are directly 
applicabley The major differences in this second method lie in the 
separation of variables and.in the computation.of the particular eigens 
‘values. In this separation of variables; no frequency dependence is. 

_ 

assumed for the vertical structuregi This will lead to difficulties if
I 

the forcing-frequency is near the Brunt-Vaisala frequency but for long 
waves is unimportant. The second major difference is that this second. 
method assumes an empirical relationship between the eigenvalues and 
usesa result from two~layer theory-to obtain the first approximation to 
the eigenvalues.. The further approximation to the eigenvalues is calcu- 
lated in a different way than in Method 1.. Numerical experiments have 
shown the two methods to give virtually identical answers for sufficiently 
long period waves.V 

4.1’ Ege_Vertical Structure Equation 

_ 

»we assume the linearized; inviscid-Boussinesq equations derived 
in Chapter 2, with-the further assumption that we may neglect vertical 
acceleration so that the equations-are: 

—- fvu+:--.-=0 (.4-1) Bx ‘ 

Bu 1 BP 
81:. p 

fu+-J."--3-?-_’=f) 
T 

(4-2) 

'3 
i 

A
. is gp~= o v 

_ 

_ 

. (4.3) 

3t.+ W 82 O ‘ 

' 

_ 

- 

, . 

(4'4_) 

16"



Bu 3v _3x 
5; + 5; f 32 = 0 (4.5) 

with the boundary conditions: 
4w = 0 

4 

at z = H (4.6) 

and %% + w g; 
= 0 at z = 0 (4.7) 

We differentiate (4.1) and (4.2) with respect to 2; (4.3) with 
respect to x and then y, and substitute into (4.3) to obtain: 

utz - fvz + gpx = O 

-on»: 

-our+ 

Vtz + fuz +' gpyV= 0 

Then, differentiating these two with respect to t and substitu- 
ting from (4.4), we obtain: 

“ttz fivtz ‘ ‘% pz “x = 0 

and vttz + futz --% oz wy = 0 

Solving these twb_equations sinultaneously, we obtain, after 
defining N2 = ~§ pz:

‘ 

3 
I 

2' 2 — _
‘ 

( 5;; + f ) uzt - N (wxt + fwy) — O (4.8) 

3 2 2 _
. 

Substituting these equations into equation (4.5), we have: 

‘ 2 32 4 

2 . N (Wxx + Wyy) + E §E1'+ f 1 Wzz = 0 

‘We now look for a solution-by setting the vertical velocity 

W(Xayszst) = ¢(2)F(x§y{t) (4_1Q) 

'17



so we have: 

-9- 
‘F +F i 

xx , . _ zz = _l _—- -..o. 2 
¢’ ° ‘*1 

where c2 
So, the vertical nelocity equation is: 

2 2 ' 

fig? +n§5 ¢ = o _ 

- 

’ 

(4.11) 

In this separation of variables, the boundary condition at the 
bottom is simply, 

‘¢(z) = o 'A'_ 
. at z = a ' ‘(4.12) 

from (4;6), but the surface boundary condition cannot be simply written 
A-down since the separation oi variables makes no assumption about the time 
-dependence of the wave form. From (4.3), which makes the hydrostatic 
approximation, 

3P - 
g; = - 89 

v:So‘(4.7) becomes: 

3 . 

-
. 

5% - wgp = 0 

Hence: 

' 32? A___§_‘7_=0 
V‘ 3t8z- go 32' 

but, differentiating (4;3) with respect to t, givest- 

31>‘ 
_ Q: 

3t3z + 3 3: ° 

18 

is the constant of separation, which has the dimension of velocity.



so, 

*3! 9.2: az*'aci ° 

and from (b.4): 

-327;- ii, p 32 W 32 0 

Substituting (4.10) and dividing by F, we have: 

32 E 82-¢ 0 

so, 

34> E3 = 5; - g $4 0 

But, from (4.11), we get: 

‘B22 c2 32 

I 

and, integrating this eXPression,

3 £+-C-§¢+1<=0 

However, since ¢ is proportional to the vertical velocity and there can 
be no net flow through the surface, the constant of integration, K, must 
be zero. The surface boundary condition is therefore: 

1i§%+E-§¢='o_ " If 
- —(4..13) 

Equations (4.ll),'(4i12), and (4il3) define an eigenvalue 
-problem for the vertical velocity structure of an arbitrarily stratified 
water column.‘ The form of the equations is the same as with the previous 
method; and so the comments and theorems stated there apply to this
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problem also; The function ¢ is proportional to the vertical velocity ;Q and also to the vertical displacement of an isopycnal. The function dz 
is proportional to the horizontal velocity. 

It is possible to calculate a wave-induced Richardson number, 
since if K is the horizontal velocity, then: 

1-_-‘d_,y_2_r d dy. 2‘~\ 

<d—‘;) (:1-Z-<-53>) 

and from the vertical structure equation: 

Nit 
V 

N2 

,N? h. 
_' c9 ‘*1’ 

< §§-lcb>"
. 

4;2 First Approximation to the Eigenvalues
4 

Method 2 uses a somewhat similar approach to the calculation of 
veigenvalues and eigenfunctions as Method 1 in that first approximations 
_are obtained, and then these approximations are refined through the inte- 
gration of the vertical structure equations. The details, however, differ. 
considerably. .Rather:than using a finiterdifference method for obtaining 
the first‘approximation; the first.approximations are obtained from then 
restricted theory of shallowbfiater waves. 

‘V

_ 

I 

The phase speed of the barotropic mode, or zeroth eigenvalue, is 
given by:‘ 

phase speed of the baroclinic mode for a two-layer system, 
whose layer depths are h; and hz and whose.densities are p; and D2, is. 

I 

given by:‘ 

So, if we assume a twoelayered system where layers are_equal to half the 
._water depth and if we assume the surface density, pg, is characteristic
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of the upper layer and bottom density, pb, is characteristic of the 
bottom layer, then the phase speed for the 1st baroclinic mode is given 
by: 

gb:-gs
‘

O nag 
Db 

4-\|:::' 

We can then make use of the formula given in Method 1 for the 
assymptotic behaviour of the eigenvalues to calculate eigenvalues for 
the further modes as: 

c? c?[3
_ 

C? = 
V

- 

c3 = C?/T 

and, in_fact, we have as n becomes large, 

_£L_‘)§ e co .= 
(

o 
n+1 n+1 11 

4.3 Further Approximations to the Eigenvalues by the Shooting,Method 
The further approximations to the eigenvalues are obtained by’ 

integrating the vertical structure equations and iterating until conver- 
. gence is achieved. we first divide the total depth into halves. From the 
surface, we integrate the vertical velocity equation: 

122 ‘N2 
- = 422 +7503? 4’ ° 

using initial values at z = 0 of_¢ = ég/c2, and g3 = 1, which were 
obtained from the surface boundary condition to the midpoint at H/2. 

V" We then integrate the vertical veolcity equation from the bottom 
to the midpoint using initial values of'¢ = 0 and 3% = Eégl . ,This initial 
value for—the relative horizontal velocity is obtained from the fact that 
.near the bottom the Brunt-Vaisala frequency, N, is usually very nearly 
'constant, and so the solution should be approximately:

0 

'
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§¢(z) =.A sin ( NEE) z ) 

So, if A = 1, then %%'= Eéfil cos ( 
N(§) z), but, if ¢ = 0, then at theC 

bottom, cos (.n§§) z) = 1; hence, 

.2$V ‘=’N 3) 
dz

’ CO3 

If, in particular circumstances, N(H)'=l0, then the first 
non-zero value above the bottom is.used. 

.
0 

If we have calculated-¢(c°) and ggég-1 at the midpoint, then 
clearly, 

. 

I 

:0 

I 

' 

A 

o ‘ 

I

' 

w(co) = £1d(%_).. ¢(C°) ¢(co) ‘.= O 
_ 

surface bottom 

where the term on the left.is the result of integrating from the surface 
to the midpoint and the term on the right is the result of integrating 
from the bottom to the midpoint, By perturbing the value of co somewhat, 

.‘we get a second approkimation to the eigenvalue as c1 = co + 5.‘ The 
third-approximation can be calculated from the we1l4known Secant formula, 
which is:

o 
2_= c wgcl) — cl wgciz 

w(¢1)'-‘w(c°) 

Further approximations'may be generatedt and the convergence 
will be slightly better than linear. Once a good approximation for the

I 

"eigenvalues is calculated, the vertical structure equation may be inte- 
‘-grated_from the.sur£ace to the bottom} 

"A normaliiation for this method is provided by the initial 
conditions on the:integration since we have set gs-= l at the surface. 

'.4;4 ‘Computer Program for Method 2 

_ 
_ 

' The theory developed in-section 4 is embodied in three computer 
programsf PWAVE, QWAVE5.and,ESURF,“which are written in FORTRAN IV. 
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_Input to PWAVE consists of depth-temperature pairs from which 
N2(z) is calculated by a subroutine written by F.M. Boyce. Since the 
program has been applied only to fresh water, the gradient N2(z) is 
specialized to temperature only, and the depth contribution to the 
density field is removed in this calculation, PWAVE computes refined 
approximations to the eigenvalues up to the fifth mode, including thefi 
surface mode, starting with the crude approximations given by (4.14). 

The second program QWAVE takes as input the approximations for 
the eigenvalues generated by PWAVE and computes-further approximations by 
means of the Secant formula. The integration method used is-a Predictor- 
Corrector method, which employs a variable step size depending on the 
error level specified. (i.e. IBM/360 Scientific Subroutine Package, 1966) 

The third program_ESflRF uses the refined approximations to the 
eigenvalues and calculates the function ¢ and d¢/dz for each mode along 
with the wave-induced Richardson Number for a normalized unit surface 
velocity. The values N2, ¢, do/dz, R1 are plotted on the line printerzi 

Listings of the programs and docuentation for them are given 
in Appendix 2. 
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