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ABSTRACT

Two numerical methods aré presented fof determining the vertical
structure of an arbitrarily stratified water column in the presence of
internal gravity waves. The development is entirely self-contained and
contains listings for Fortran IV computer routines which incorporate the
theory presented. The two methods were developed for vefy'different
- specific applications although they produeé identical answers. Method 1
allows the specification of the forcing frequency, but Method 2 assumes a _
very long period wave, in both cases an arbitrary stable density distribution

1s allowed to be specified at arbitrary depths.
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CHAPTER 1

1.0 Iutroduction

In the course of investigation into the properties of intermal

" waves in the oceans and lakes, the authors found no specific references _
.to numerical means of calculating vertical structures and phase speeds of
" internal waves from actual field data. This report is intended to provide
the researcher in this field with a set of tested and documented ¢omputer
programmes to calculate these vertical properties. Although the theofy of
internal gravity waves upon which our development is based and also the
numerical methods that we have applied to the prooiems are not novel, we

. feel that the report will, nonetheless, be of use to those who are faced .
with the practical problem of calculating internal wave properties from
field observations. ' ‘

‘ In this report, we offer two numerical methods which_have been
developed for determining the vertical velocity structure of a water columm
in the presence of internal gravity waves. Although the equations for the
vertical velocity structure are developed elsewhere [Phillips, 1966; Roberts,
1975] and the physical interpretations are fairly well known, it was decided
to make this report self-contained imsofar as the mathematicS‘aré concerned.
This ensures a consistent notation and allows the clear statement of the
assumptions and the.manipulations in the devélopment of the equations.

- The two methods were derived for very different applications
although, from a number of analytical and observational test cases computed
by the two methods,-thé answers produced are identical. Method 1 allows
specification of the forcing frequency. Method 2 assumes a very iong period
wave in comporison to the Brunt-Vaisala period. Although Method 1 could be
used to compute dispersion relationships, it should be noted that there
exists a computer programme to do this specific task [Bell, 1971]. It
should also be noted that Roberts [1975] contains a number of analytical

solutions that can be used to test these programmes.



CHAPTER 2

2.0 Ihe»Equations_of Motion

We aséume a riglht-handed Cartesian coorﬁinate system (X,y,2Z,t)
with the z-axis positive downwards. The three components of instantaneous

velocity are u#*,v*,w*, respectively, so that .the total velocity is given by:
- A -~ A
u = u¥{ + vkj + wkk

.where i,j,k‘are,unit'vectofs. The pressure, P*, and the density, 0%, are

functions of x,y,z,t and so, in vector form, the continuity equation is:
* ' | S
B%E‘+ o*(7+u) = 0 o - (2.1)

The ﬁomentum equation, or the Navier~-Stokes equation, with
- Coriolis force and arbitrary body force, ?,_15 given by [Batchelor, 1967,
p. 147]:

. D-t: - A ‘v-» -> >

p* = + 20%(KU) + VP* - go*k = WYy + L V(V-u) + F (2.2)
where 5 is the angular velocity of the earth and u is a coefficient of
- viscosity. v
If we exclude sound or compression waves from further comnsider-
ation, then compressibility plays no part in the continuilty equation, and

hence:

291 = ) | ‘ . '
e 0 | (2.3)

80 that'the continuity equation is:
Veu =0 . o (2.4)
andfhence'the second term on the righthand side of (2.2) disappears.

. We now assume that:

(a) There 1is no mean flow in any direction, or equivélently,




that, 1f therg.is a mean flow, the coordinate system moves
with this mean f£low. '

(b) There are no arbitrary body forces such as friction acting
on the fluid, so that F=o0. '

(¢) The fluid is inviscid so that U = 0. This is equivalent

to an assumption that the Reynolds number is large.
(d) Both the pressure and the density are composed of a mean

value plus a fluctuating part so that:

P* = B(z) + P(x,y,z,t)
p* = p(z) + p(x,¥,2z,t)

- Then the momentum equation becomes:

component

| (p+p> + 2(5+0) @x) + V(B+2) - g(F+0)k = 0

We make the further assumptions that:

(a) We may neglect the fluctuation in density in all terms except
the gravitational term. This is the Boussinesq approximation
and has been discussed extensively in Long [l965] and else-

‘where. This assumption if consistently made, eliminates the
ppssibility of some solitary wave solutions:

ax

(b) We neglect all nonlinear terms of the form 3 2u and so any

waves must be small—amplitude waves.
(c) The horizontal components of the Coriolis force may be neg-
lected and 28 = (0,0,£).

Then the linear, inviscid, Boussinesq equations of motion in

form are:

du ., lap . :

s T S0 | (2.5)
v 1 3P _ ' ‘ o~
3t + fu + 5 v =0 . (2.6)
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‘%‘0 : | (2.7)
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(2.8)

du  dv _ dw _
3 | 3y t2 0 _ . (2.9?

Two alternate methods will now be given for the derivation of an

eigenvalue problem.




CHAPTER. 3

3 0 Method 1
The development of the vertical structure equation uses classical

arguments [Phillips, 1966] to derive the vertical velocity equation. The
finite difference scheme and iteration process is initially from a hand
written manuscript by P. Kovaala supplied by S.J. Prinsenberg although

it is discuesed in a more general fashion and made more rigorous here.
The problem is also discussed in Keller [1968] in a more general form.

3.1 The Vertical Structure Equation

From the linearized, inviscid, Boussinesq equations, we first

differentiate (2.5) and (2.6) with respect to z and add them to get:

v . 1 3%P

3%u . . du . 1 3% . 3%y
— PR A LA
dz  p Jyodz

523t * "%z ¥ 5 Oxdz T Bede T f

=0 - o (3.1)
Then, differentiatiﬁg (2.7) with respect to x and (2.8) with respect to y
and subtracting the two equations successively from (3.1), we have elim-

inated the pressure to get:

%y , 07w 9w 3 +._&___Q £ _p (& _2u
9zot  3Jzdt  I=xIt eyac p ox  p oy 3z 3z
=0 | | (3.2)

We now differentiate this equation with respect to time, use equatioﬁ
(2.8) and take the horizontal divergence Vy = 3% + 5% of the resulting

'~ ‘equation to get:

Ch 202 du
—T(W)+va+fvhat(az -5?)

ot

_ 92 du, v
T 3t? Vh( .} + 3z




~ where N% = %~%§ is the square of the»Brunt—Vaisala frequeﬁcy.

For small disturbances in the absence of a mean shear, the right side of
this equation is zero since the term in brackets is the mean shear. 1In
addition, the last term on the lefthand side ' '

8 B _uy
'Bt.( Ix 9y )= £ oz

from the vertical compoment of the vorticity equation if we assume that
the fluid is irrotational except for vorticity produced by the Coriolis

acceleration. Thus, we have our final equation:

‘n2
t .
We assume a separable solution for (3.3) in the form:

w(x,¥,2,t) = ¢(2)F(x,y)exp(iot)

and substitute this into (3.3), then after neglecting the nonlinear terms,

we get:
. . 12
1 vh,E SR § ¢zz - kh
Ez_fz F _NZ-O'Z ¢ 02_f2

where the separation constanf has been chosen from the recognition that
‘the field equation is a non-homogeneous form of LaPlace's equation, and
hence the horizontal solutions will be wavelike. The constant, Ky, is a

horizontal wave number.. The vertical structure equation is, then:

. 'dz' y NZ-O'Z 2 _' , ._ , 4
Gt (omm) oo - oo

' For a sinusoidal surface disturbance with conmstant atmospheric pressure,
-and which has the same wave number as the intérnal solution, the surface

boundary condition is; [Fjeldstad, 1933]

a,
TR

. 2 ' '
2 252 2 9%w _ :
TTVW+NVhW+f ‘a—z'z' 0 | ) (3.3)v

* ('Effgf'jg 6 =.d : at z =0 ' ' (3.5)..'




At the bottom, we have:

=0 ' at z=H

" If the relative displacement of an isopycnal is given by

£(x,y,z,t), then by definition:

w(xsy’zst) = ¢(Z)F(X,y)exp(ic7t) = %E' = —g—%

so that £= I%-F(x,y)exp(ict)¢(z);'so that, at a given depth,

£(x,¥,20,t) 1s proportional to ¢(zg)

(3.6)

If we can assume that in a small region about the origin there

is no y-dependence in the motion, so that F(x,y) = F(x) and, 1if we éssume

= F(x) ¢(z) exp(iot)
u = G(x) U(z) exp(iot)

Then, from the continuity equation §§-= - g: » Wwe have:

U(z) // —dx = - —9-// F(x)dx

Thus, at the point x,,

U(z)G(x)

and so the horizontal velocity is proportional to g%-.

3.2 The zgggnvalue Problem

The system of equations (3.4), (3 5), and (3.6) provide a

descriptlon of the vertical structure of a water column with arbitrary

density structure. The system may be non—dimensionalized by defining the

following quantities:




N
(]
N
~
m

¢(z) = 9(2)
- O'zi-fz
c? KggH

M =Nl - o2 =8 (R2-5%2)=28H
M N -0 ' H N g% ) a M

Then, by substituting these values into the vertical structure

equation (3.4), we get:

d2“ —— ) ) . ’ .
I-z’% + 3 = 0 | : - (3.7)
%% + X5‘= 0 o " at z = 0 (surface) | (3.8)

$=0 ‘ | © atz =-l'(bottom) ‘ (3;9)




which is the equation for a non-homogeneous'strihg with the bottom end

rigidly attached and the top end elastically attached. If (3.8) were
replaced by the "rigid 144" assumption that:

$=0 atz=0 | (3.10)

We would then have a Sturm-Liouville system. However, Courant and Hilbert
[1937, p. 410££] prove two very important theorems which are:

1) If A, is the nth éigenvalue of (3.7) under the rigid lid
boundary conditions (3.9) and (3.10) and ug is the nth
eigenvalue of (3.7) under the free surface boundary conditions
(3.8) and (3.9), them: 1, S Aj. '

2) The assymptotic behaviour of the eigenvalues of equation (3.7)
is independent of the boundary conditions and,vif n is large

enough,

An+l = $2%%li An
By virtue of Theorem 1 and from the fact that the surface dis-
placements are Very small for internmal waves, we would expect the system of
equations (3.7), (3.8), and (3.9) to be "almost the same" as the Sturm=
Liouville system, and Qe,know that for the'Sturm-Liouville’system it may
be proved that: ‘
3) All the eigenvalues are real and positive. ‘ _
4) The eigenfunctions form a complete, orthogonal set. That is,
all possible motions can be producéd by linear combinations of

the eigenfunctions and, if ¢j and ¢j are two eigenfunctions,
then,

1 |
/¢i¢jd§=0 REtER S
0 . .



' So, from 1 and 3, we can have confidence that the eigenvalues of the system
(3.7), (3.8), and (3.9) will be real and positive and, in addit;on, we see

that by virtue of 2 it will only be necessary to calculate a small number
of eigenvalues in order to get approximations to the rest. This last will

‘be very important in Method 2.

-~

3.3 First Approximatipn to-the.E;ggnvalug;

~In practical problems, we must have the values of the density
distribution at p+l depths where the p sub-intervals are of equal length
h =1/p. If the densities~are expressed as Oy values and if Do, is the
differénce between successive O, values, then:

) <)

= e T - - .
M(k) = H [ (000 + o.0p _ & ] 13kspHl

where 0 is the frequency of the forcing function and M(1) is at the
~ surface and M(p+1) is at the bottom.
We can then. replace equations 3.7), (3.8), and (3 9) by a

corresponding set of finite-difference equations:
= (¢<k-1> - 2500 +’¢<k+1>) + THOF) = 0
FG@ -3 +Ra) =
(pt1) =

1f ﬁe then write,

a(k) = 1/M(k) -
B =1p
u = h?)

we then have the matrix equation:
[a - u1lé =

'where I is the identity matrix and [A] is the matrix:

10




-ay 22y <ay . O

-az 2a; -az

O 8-l 281 ¥
-a, 2ap

$ is a column'vector'containing the p+l1 eigenfunctions and Y
is the matrix of eigenvalues of the system. _

The matrix A may be diagonalized and the eigenvalues calculated
from

ik = quk

For this finite-difference approximation the A.matrix is
tridiagonal and the subroutine to diagonalize the A matrix can make use
of this fact. Householder [1964] gives an explanation of the QR trans-
formation and there are a number of other proprietary routines [Grad &
Brebner, 1968] which will diagonalize a generai matrix; hence the finite-

difference approximation to the eﬁuatigps is not unique.

3.4 Further Approximations to the Eigenvalues

If we‘igncte the bottom boundary condition for the moment, the
equations (3.7) and (3.8) have solutions for all eigenvalues A>0. If we

define a function
-}
LT

and assume that‘lg is an approximation to the jth'eigenvalue of equations

(3.7) and (3.8), we may write the next approximation as:

1

Xj'; xg + SAg | | ' - (3.11)

11



‘ and‘then‘the bottom boundary condition bécémes:
- o. 0 A -
q>(1,>\j + 6Aj) _ 0

Expanding this bottom boundary equation in a Taylor Series to
first order, about the initial approximation we have:

FLA] + AP = $(L,A + ¥(L,A9EN]

and so, for a small enough value of Gkg; we have,‘from the bottom boundary

conditioa,
BERE 160N o
IHES wTJTgL) | for Y(1,1])#0 (3.12)

So that the second approximation to the eigenvalue can be
obtained from,(3.ll).“Since ﬁ is independent of A, then we can differen-
tiate (3.7) and (3.8) with respect to A to obtain:

2 o _ . - '
Ll +Es =0 | o (3.13)
andv %%-+‘Xw_+ =0 ' atz=0 : ’ (3.14)

If we fik'the relative vertical displacement of the surface equal

to a small constant, n, then the surface boundary condition becomes:
$(o,\) = n#o

and all.other values of the vertical displacement will be scaled to this

value. So that (3.14) becomes:

g&:—»' . | "-=. : v‘. :
s n - o at'Z 0o | | & }5)

ﬁence,‘we can integrate (3.7) usihg the”initial'conditions of (3.8), and using
the values of ~¢(E,X9), we can integra_te”(B_.l’?:)‘ using (3.15) as the initial - ‘ |

12



 condition. = Using the values of.@(l,kg) and w(l,lg), we can then use
(3.11) and (3.12) to calculate the next approximation to the eigenvalue

which is:

- Q
Al =29 - fﬁiliil
S vaad

This procedure may be iterated any number of times until the
apptoximatibn coverges to the required number of digits. Once a sufficiently
accurate value is obtained for A, then equation (3.7) can be integrated
uéing the initial condition (3.8). _

It might be thought that an iteration of the solution is of
no use since the first approximations are in finite-=difference form in
any case and so the first approximation'should be quite accurate. However,
there are two reasons for the iteration. In the first place, the finite-
difference form is only accurate if the density distribution is linear
between the specified points. This is very seldom the case unless a large
number of points are used in the first approximation. It is much more _
economical of computer time to use only a limited nuﬁber of points for the
first approximation and then to use all of the available points for the
integration. Secondly; the integration allows a rélaxation of the require-
ment that the density be specified at equally-spaced depths. If the
finite-difference method assumes that the points used are equally-~spaced,
.even though this is not true, a reasonable first approximation may be
obtained. The integration routine can then bé used to refine this estimate
by taking into considération the actual spacing between the depths.

3.5 Normal;zation of thg Splu;iop

-Since we have determined 5(2) for a number of_eigenvalues‘to
within a multiplicative constant, it is natural to want to normalize these
-values in some éystematic way. A very natural way is given by the calculus
© of variations [Lindsay and Margenau,'l963, pp 442]. For a minimum total
| energy, eqdation (3.7) should be substitutéd into the Euler-Lagrange

equations to obtain the normalization equation:

13



Mp? daz = 1
o]

Hence, for the jth eigenvalue, we set,

. S o ddy .d5j('z')
$5(2) = v4 ¢j(2) and = = Yy -—&-_;——

where: Yy, =1/ Mg2dz
J o J

_ - There are, of course, numerous othet ways of normaliéing the
vsolution. In method 2, d¢/dz is set to 1.0 at the surface. Another
common normalization in the literature is to set the maximum value of
¢ = 1.0. ' ’ '

3. 6 Computer Program for Method 1

The theory developed in section 3 has been implemented in a
single computér program, EIGEN, which is programmed'in FORIRAN IV. This
program has, as input parameters, the water. depth, the number of eigen=-
values and eigeﬁfUnctions to be calculated, and the period of the forcing
function. 1In a separate input routine the density structure, expressed
as sigma-t, are read in along with the sampling depths, with the first
value being the surfece density and the last value being -the bottom
edensity;, Provisioﬁs erezmade for plotting the Brunt-Vaisala frequency
aﬁd deneity structure on one plot and various user-controlled combin-
ations of the eigenvalues and derivatives of the eigenvalues on other
plots. "Integration of the.differential eqqationseis done by fourth-ordet’
Runge-Kutta technique. A complete listing, internally’docuﬁented, is
given as Appendix 1.

' It has been found: empir1cally that if the number of points in
. the vertical 1s fairly small and does not resolve the density structure
adequately, the program will,  in some cases, not converge to the proper

“mode. That is to say, for example, if the-1n1tial approx1mat1on to an

14




eigenvalue is not sufficiently close, then the integration routine will
converge to a different mede. This sometimes results in the program
skipping the computation of certain modes. Provision has been made in the

program to make two additional passes to detect missing modes. If modes

. have been missed, then'the program will attempt to recompute them, using

as a first approximation, values obtained from neighbouring eigenvalues.

If the program still skips the computation of certain modes, the only
solution is to supply more points in the vertical density structure. As

a rule of thumb, it has been found desirable to have at least three density

values for each vertical wavelength, although this may occasioually be

- relaxed somewhat.

15




CHAPTER 4

4.0 Method 2 |
This second method is due to P.F. Hamblin. There are many

carryovers from,Method.l, since the equations being solved atre virtually
.identical. The development of the vertical structure equation is quite
"different and no non-dimensionalization is dome. The discussion of the
eigenvalue’problem and the theorems presented for Method 1 are directly
applicable. The major differencea in this second method lie in the
eeparation of variables and in the computation of the particular eigen-
.values. In this separation of variables, no Erequency dependence is
~assumed for the vertical structure. This will lead to diffiCulﬁies if
the forcing frequency is near the Brunt-Vaisala frequency but for long
waves 1is unimportant.' The second major difference is that this second

method assumes an empirical relationship between the eigenvalues and
| uses a result from two-layer theory to obtain the first approximation to
the eigenvalues. . The further<ap§roximation to the eigenvalues is calcu-
lated in a different way than in Method 1. Numerical experiments have
shown. the two methods to give virtually identical answers for sufficiently

long period waves.

4,1 The Vertical Structure Equation

We assume the linearized, inviscid Boussinesg equations derived
in Chapter 2, with the further assumption that we may meglect vertical

acceleration so that the equations are:

Ju P

E'E'fv+5"§ =0 A 4.1)
—g-‘é+ fu +%’--§%'= 0 o | | 4.2)
'g—zfép?o | | | | .3

16




du . ov , dw
ax + 3y f 3z 0 : (4.5)

with the boundary conditions:

w=0 | : ' - at z = H (4.6)
3P 3® | _ ‘ |
and e +w 52 0 | | at z 0 (4.7)

We differentiate (4.1) and (4.2) with respect to z; (4.3) with
respect to x and then y, and substitute into (4.3) to obtain:

ol ol

Veg + fuz + gpy'= 0

Then, differentiating these two with respect to t and substitu-
ting from (4.4), we obtain:

and . Vitz + futz —-% Py W

Solving these two equations siﬁnltaneously, we obtain, after

defining N2 = % 0z
(-§—%f2)' - N%(wy, + fwy) = O g (4.8
3t 2 Uzt wge + fuy) = : - (4.8)
3 ) . _ . , .

Substituting these equaiions into equatioh (4.5), we have:
N2 (g + )+[32+f2] =0
Vxx T Wyy s l Wzz =

We now look for a solution by setting theivertical VeIOCiﬁy

w(x,¥,2,t) = $(2)F(x,y,8) - (4.10)

“17




8o we have:

©

"F__+F
XX Yy .o zz 1
2 2y p C W
(gez+HF 0

2

where ¢ is the constant of separation, which has the dimension of velocity.

So, the vertical ﬁelocity equation is:

d%¢ ., N2 . '

In this separation of variables, the boundary condition at the
bottom is simply,

‘¢(25 =0 "'_ - at z=H" (4.12)

from'(4;6), but the surface boundary condition cannot be simply written

- down since the separation of variables makes no assumption about the time

-dependence of the wave form. From (4.3), which makes the hydrostatic

approximation,

%5=-35‘_

- 80 (4.7) becomes:

%E -wgp =0
Hende:
3% - ow

TR R
but, differentiating (4:3) with respect to t, gives:-

5P . 30 _
5t9z T 83 - ©

18




80,

_dw , 20,
3% T 5t - 0

and from (4.4):

-=3w_ _3p_
P3z " Y%z 0

Substituting (4.10) and dividing by F, we have:

3 135,
9z p oz

so,
3 _ N
9T g $.=0

But, from (4.11), we get:

2o, g3

322 " ¢2? 3z

' and, integrating this expression,

0
£+E%¢+K=O

However, since ¢ is proportional to the vertical velocity and there can
be no net flow through the surface, the constant of integration, K, must

be zero. The surface boundary condition is therefore:

%9 ¢-o : . atz=0 . (4.13)
z : ‘ o

 Equations (4. ll), (4 12), and (4 13) define an eigenvalue
'problem for the vertical velocity structure of an arbitrarily stratified -
water column. The form of the equations is the same as with the previous

method, and so the comments and theorems stated there apply to this

19



problem also. The function ¢ is proportional te\the vertical velocity
and also to the vertical displacement of an isopycnal. The function %%
is proportional to the horizontal velocity. " |

It is possible to calculate a wave-induced Richardson number,
since if u is the horizontal velocity, then: '

» 2 ' 2

. du 2 z
(8 (dz("‘h))‘

and from the vertical sttructure equation:

N2 et
Ry = R e
NZ 2 NZ 2
(Lot T

+

4.2 First Approximation to the Eigenvalues

Method 2 uses a somewhat similar approach ‘to the caleulation of
-eigenvalues and eigenfunctions as Method 1 in that first approximations
_are'obtained, and then these approximations are refined through the inte-
gration of the vertical structure equations. The deﬁails, however, differ.
considerably. - Rather than using a finiterdiffereﬁce‘method for obtaining
the first approximation, the first approx1mations are obtained" from the

restricted theory of shallOwaater waves.

The phase speed of the barotropic mode, or zeroth eigenvalue,. is

given by:

‘The'phase'Speed of the baroclinic mode for a two-layer system,
whose layer depths are h; and ha and whose densities are pp .and s, 1is .

 given by

-\J (.9.2_9.1.)___1_112.
h1+h2

So, if we assume a two-layered SyStem_whefevlayers are equal to half the

- water depth and if we assume1the‘surfaceldensity, pg» 1s characteristic

20




of the upper layer and bottom density, Py, is characteristic of the
bottom layer, then the phase speed for the 1st baroclinic mode is given
by:

oAl pb-ps H |
LY Top %

We can then make use of the formula given‘in Method 1 for the
assymptotic behaviour of the eigenvalues to calculate eigenvalues for

the further modes as:

c? = c9/3 _
cg = c?/s v . (4.14),
ey = c9/7

and, in fact, we have as n becomes large,

2 0
= (o n+l )

4.3 Further Approximationsito the Eigenvalues by the Shooting Method

The further'approximations to the eigenvalues are obtained by:
integrating the vertical structure equations and iterating until conver-
. gehce”is achieved. - We first divide the total depth into halves. From the
surface, we integrate the vertical velocity equation:

2 2

e
uéing initial values at z = 0 of ¢ = —g/cz, and %% = 1, which were
obtained from the surface boundary condition to the midpoint at H/2.

' We then integrate the vertical veolcity equation from the bottom
to the midpoint using initial values of ¢ = 0 and _Q —SEL . . This lnitial
value for the relative horizontal velocity is obtained from the fact that
near the bottom the Brunt-Vaisala frequency, N, is usually very nearly

‘constant, and so the solution should be approximately:
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‘$(z) = A sin ( N(Eg) z )
So, if A =1, then ——Ul cos ( z) but, if ¢ = 0, then at the
bottom, cos ( Néﬂ) ) l hence,

49 | NE)

dz H - ¢e©

If, in particular circumstances, N(H) = 0, then the first
non-zero value above the bottom is used.
' If we have calculated ¢(c°) and _QL___ at the midpoint, then

clearly,

[}
o

. V4 .
surface d bottom

w(e®) = 1‘3— $(c%) B LICOR
where the ‘term on the left is the result of integrétingvfrdm the surface
to the midpoint and the term on the right is the result of integrating
from the.bottOm to the midpoint. By perturbing the value of ® somewhat,
. we get a second approiimation to the eigenvalue as ¢! = c° +‘5.' The
third approximation can be calculated from the well-known Secant formula,
which is: 7

2 _ c° w(el) = ¢! w(c!)
' w(cl) = w(cO)

Farther approximations'may be generatédJ and thé convergence
will be slightly better than linear. Once a good approximation for the '

'eigenvalues'is calculated, the vertical structure equation may be inte~

. grated from the surface to the bottom.

' A riormalization for this method is provided by the initial

éonditionS“onﬂthe:integration_since‘we-have set %%-— 1 at the surface.

4.4 " Computer Program for Method 2 o _
‘ . The theory developed in section 4 is embodied in three computer ‘ ‘ '
pfograﬁs. PWAVE, QWAVE, . and .ESURF, which are written in FORTRAN IV '
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. Input to PWAVE consists of depth-temperatute pairs from which
N2(z) is calculated by a subroutine written by F.M. Boyce. Since the
program has been applied only to fresh water, the gradient Nz(z) is
specializéd to temperature only, and the depth contribution to the
density field is removed in this calculation, PWAVE computes refined
approximations to the eigenvalues up to the fifth mode, including the:A
surface mode, starting with the crude approximations given by (4.14).

The second program QWAVE takes as input the approximations for

the eigenvalues generated by PWAVE and computes further approximations by

means of the Sécant formula. The integration method used is a Predictor-
Corrector method, which employs a variable step size depending on the
error level specified. (i.e. IBM/360 Scientific Subroutine Package, 1966)

The third prdgram_ESﬁRF uses the refined approximations to the
eigenvalues and calculates the function ¢ and d$¢/dz for each mode along
with the wave-induced Richardson Number for a normalized unit surface
velocity. The values N2, ¢, dé/dz, Ry are plotted on the line printer{‘

Listings of the programs and documentation for them are givén
in Appendix 2.
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APPENDIX 1

- Program EIGEN -

Programmed
by
L.R, Muir
Ocean and Aquatic Sciences
Canada Centre for Inland Waters

P.0. Box 5050
Burlington, Ontario, Canada
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PROGRAM EIGEN -

A PROGRAM TO CONMPUTE A PRESCRIBED NJUMBER OF EIGENVALUES AND TH
RELATED FIGENFUNCTIONS AND DERIVATIVES OF THE EIGENFUNCTIQONS FO
THE NORMALIZED VERTICAL STRUCTURE EQJATION FOR INTERNAL WAVES,
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PROGRAMMED BY3
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PRINT OUT INITIAL DATA FOR CHECKING...

CALL CORNS(NS,NPTS,H)
PRINT 200

VOV VLLLCOO



N

BY PER

-

0

-

o

to

. L

x>

o]

-

™

*

[+4]

o .
[T¥) L
o »x
‘w o
-

> ~
[«0] ~ e
[ el

~

wn >

~ zx
o otV
N a >
-\ >
-~ @ [« W ]
nn *0
S g -~
(=] &) - e
w ~ ¢
(74 (THRS
=~ om e
10 L5V
<3 > ~e
X -~ (] 1))
U~ O -ty
H " e
w [ 72k 3
- & om
(&) L
> o~ -l
-0 - e
O -y
wo (e -t
oW Zo [T ]
(72 ] *

-0 HYZ
oL 2>WrOOo
oomnon O

i
[ 14V}
o o

is*

EQUALLY SPACED.

UMED

*
[3V)
"
- -
-t
1
o
a
«
[ 7a] -~
| " e
Q. »0
Zz n 0.0
- Z<a
] a. ez
Z o~ N -l
0 - Z ZXv
a o W N *»
g a 0+ o0
Z A0~ A O -~}
. ZO vt b <t orld
O vriZ0 Nedom ™~ [ M) -
- 0O 02 eed N a e el
Whd QL el et § ot . i <
Z ZoZN\~-oaZ ZH a1 e
o) w0 O w e 4 N
—0OWh eI aX R B ] L
JOEOZIH I ZZZ OO N o~
OZE ONN o » wuiny Zvi i
Q. p s PN W, B COH N1~4+D
Aot HE «f oe™HDHINZT
«t o e eqa & CQded > e b

ZrHEH )l HAHZZ0 My I
0l Sarariawrlifed 11 A
LOKLZTZXXEOUH SJOUNHETTO

[
™M

OO O0OOO

20)

269 NAPP, MUR, MUI)
s NAPP)

DTAGONALIZE AM MATRIX ANO SORT EIGEVALUES INTO ASCENDING ORDER.
2
R

PRINT FIRST APPROXIMATION TO EIGENVALUES.

* WERE USED TO
FACTOR IS *,F8.3)

»

9 ¥9 15,
CATIVE

Zr

I5,% POINTS . I
STy /91H &+ M PL
X
1
i]

i,
NZ
*y
UE
R(
v(
S

oL * T e
[l 'S Lo V]

0 W %

-wZ oX " o
- 20O © o
wwoY «€INT
otnUiin v el
O - () o O\
2 -
Qe
LEFFTEZEZY
Y OO Y
oroocwoa
oo [« W Ty ¥

250 F
1

251 F

202 F

COOOLC

NG UNTIL CONVERGENCE,

'ME EIZENVALUES BY INTEGRATING
ADJUST

X1 THE EISEN
THE 80TTOM AND ADJUSTI
COMPUTE - ONE PASS THROUGH FOR EACH MODE TO BE COMPUTED.

29

T FURTHER APPROXIMATIONS TO
FRCM THE TOP TO A

GE




WO - »
—-DZ (-] . bod
0O ° - on
-y n [ hd
Wy “w. w »
-~ (U1 &) - - o W
Lo 2 i - B W >
r4 [ 17 o0 IS | Z ~ o~ - «f
[ owl [ » N » z =
x TR, IS x - w *
z no =z Z X > °
- [an] - - w - | ad -4 >
N wo - ~N £ O - w o
K DO (& - o @®m e -
| s -t 4 < % - . »
- W w . - - o~ w o) @ ul -
L) rZow , - T X ~ > Va e b4
- AO.A O o~ - - LS [T Ty} - 0Ox o7
(=) mn -~ - -~ [l - e -~ - W e X
x STU . - L) L a x [ I oV * <t . iy o o
a QOO K~ o ] +*> [ T ‘e [ - [ WC L *
o oul N =t (=) g w L = N *
- X » 74] -~ ~ - o W 3V (o] o T
L - (@) [} % *» ’ -4 O = - ~N W S A0
-~ X [T117,17% Y w - - S - X - % - - n-X oe
~N oo bl Ton B0 | : [ 7] -t -l N a8 b > o’ -~ o *»:
- - IO« -~ [ ot [} + [ [ 0n o un g e~ [ (4] ITInZ (&)
- O V-0 n 0 &) L gl - w W C e LD - o ) a0 P
- po BN L [ z - bt - o D> o He lad ] ) <<
o o OV o ~ - ~ - = - | =z i Wi Wi z (a]e) of O
- S HWwZ o ) - - - 0 « W «a - ZTw = o Zrie »
e = [ b Lo 1 7Y - [ 7] <t - ¢ W ™ > D> b~ X - e (] -t [ o o' | -
. @ < )N > Sl e S (@) (@] - o - N Yy 0 - "n ow >
w < >tin o\ -~ o | - L < 0O - Z.¢ o+ gl «{ - oo o
C e > S -~ Ww w [N o) Wil OV © = e ~Jd Lonc xr )
N o ZIT X [ alat o N NN ONG NOL O e T eXx oW L -z *
- X oW & -~ [7 NN « VNI, T8 L) [ 2 I\ TY] [ R B 2t T \V1 1 4 -y vo0O ~ »
O [VIIL ] K 2 [oal o] - -l -4 « CY<t - o0 Je e e - - ZuH o (o]
ooJ N4z 0 -~ a O) O+ O3 davl i X e ik S w »n o
m e e VT [&] o) Z b = meo Tue Z e 0 Hed B -~ SO - o
TN = - o [TV L g S~ - hat Zmed i ® O mn o >0 H & -~ [THITRITE R o] a
L4 ] TV Zwunum ol (1 5] - 00 QO Lo R TV O ey 4 (O% [ lar] o3 D X >0 " <x
T, X : ow v oW ow SO & ZaX FHIHI T e ~X H O a1 =
~Z0 m—uw O o ol » » Z0 el <€ Wi OIN M W O b 3 TO 0 B
ol W e O ok NS em ) s W~ ¢ =0Za ~U W e T - A=
Z0o, - [a]ol-ta) n @ INE 0 -~ Za - OUINK-O ) e WNKK e o Xos -y W
[JTRTS O+ 0o -0 sem OO op o [ T TS o WD X T it -~ O Ul 0O
(72 3 I8 o X N O =0 o o -~ (Nee (APPSR M tan -Oow o O
-u W N «x W o ol. . v as~ oW [N T TR 1Y) W oW eN™ o M SN~ E T He X
a o KZW OO0 et Qw b b a0 *O a0 eXE-NN =OT N 0D =T
ZWNO OOX < VW oD A O e = Qw20 QN o VO e 0L w0 - O e
-7 U0 «ZF © O 0 O 0 © HO-Z X T oD el o ZH 0 w +lDwZH W N ~-O e
(D r — o oD 0 Al o~ ) ) o . it LWiD s >~ — ogd D SO & @ ol & oo & -t XX - O
wNY QITUW ) e oeded i~ Q0 «itt «Hh © 1N LWINK OXAT AT Wl MT N m— —“oinT

0. Lt HEMHY ik~ e M e M1 MO+ M AHA N 0D FOHNHZ o 1o e HINGD ot <N ol
ZXTID D= O IIIT..61-.67..61:61:6:6 o ZXID Us..\s:\ ——«:\ICJ:\US(SSISU =ZX linns~

—-EZOZ Xty .:.AINCN o (o N - Wi -
- X0 h#C.)OC)O.)OC)OC)O)O (=] e TATA'TASTAITATTETI ] et ol st
et b O >0 DO et i b O b L e (10 - ) ELLLT_TNNNHXNMGNMTNMNNGNT ZWu ZZZY

. B} 4 oa Juw e ww W e e o~ O PTSINZ ZHEHEOHY  HEZH O > Y
AL WaAZW oCLLOOLOCOULEOOLOOLLOOVOD «ada«aO HEOXKO 1 qeleliWalol Julid: fol: Lo 0al 0o
O0OVO XYaOZ DDIIF_GIEGIEGIEGIF_GEGWCLCCCC oolua FiDFDDCCPFpPODC axZ paoGu
Q. . : C

(=] ~ o} o 1 ™M I

B ] o~ vhn ™ Y ¢
0’ (¢} [Ty [Ty o O 0 O W_

5
in in " tmn

5510

30



— -

—
~
”. :
L -~
"o o]
x> -
oo ©
"~ -t
* W [T
nx -
[TERLN > 4
wo o~
[ W= ¢ -
- o L]
. o o«
(@] -t
(VAP (4] .
puo 1751 s »
-J W) % >
[- ¢ 4 -0 S
~ O "
Zus [N &} O
wx | A TS .
D~ O~ (=]
[k [ Z ot
(VRS ol >
X [ b= N 3
L2 8 N *)
> o -~ o L}
g % >
L T 5¥ xo
[ & ] O T ee
i) o 4
o 174} 'x Wivt
-t N~y (& 179
L& ina L
wr ~% -
% I~ [ N
Ww e g - -
t»x O 40 (&1}
vl b a0 W e
wm ~ZM . ey
o O rHirdew o~ vd
D =N\ —
ox O © - -
e I SNgd Dum

*NO e TI~ODX 0
e o % W~-ONWm
* Ul e WO~ XZHOQH
THZr ~3-LAaAX e
N o) = e\ O
eMed oY ICT JENNT

NI~ ) O cOHW

o) 4N QNIN~ D

W 0O Nl i<
> e [ =) ZXr
X W SO0 AT T
TNMCLOWOED>>000
% cOHTYOLL XX0OL O
-\ :

mneo

(=]

w

- FOR PROGRM IGWAMP

PUNCH OUT REL VERT DISP

EIG A N
z%(KK;II)’KK=29NMINi)

Za e
Ll )
" e
[ 1142 2 1Y}
HO~D

[ ST
WOT -

s 4
OI00
oa e

[ 8
[[33V]

) KEY,ICARD
9AhL) :

PLOT CONTROL

P
w
-t
[
[ )
[
-_— I
o -
-~ [ = I8
W [+
P | [
- [&)
-
o -
L o) -4
. e I
o [ V.
n oo
el O o
- x
00 « O
=N e
L] >
oouw oOw
OO O e
- X
,,T - "
ZUn LN
ot o e
oo wn
ook O
ria Ia
SFZ F2Z
* O [ Do
W ZIDwtL N
WZWoZ-+o
o 0w elpivri
>>0 >0
Wi Ow O
¥ ¥ SN i
o) )
LLaOU IO
HHOQLUHOL
U
-t
-t

GNIZABLE KEY WORD IN PLOT CONTROL IS *,A4e % ==

H8888) GO TO 90
ECO
TED

TERMINATE PROIGRAM

L COMPUTATIONS COMPLETED®)

- ™

[oms § v }
oto
(4]

31



MBER ACTUALLY COMPUTED,TO PRINT OUT VALUES

OO0

&
THE *,15,%T4 MODE WAS CALGC.*)

F
F

GO TO 56 _

EAD _OF MODE *,I5,*

oMP
conp

v OO -
T XO% o0
Z o e oY op-¥
o O ot
oI WoeXT 0
1 e el oph-HO Y
W=D~ T

HHZO -On

QN> OO
T UL-XZY W
Q e el wiD
COFFOFROFO
T OHONA W

in

x

@ W

n N~
o~

“RIVATIVES

ONE _PA

PRINT EIG
- PLACE IN

1=1,20)
3

o QO«a% -
- mOx o [ ]
—~ T ON o~
~ I W\ < 0.
el oZ & D ~U

NOOOM A e IO -
*XTOWWZ Zemul

R Sl A =TT T

IO e »OF «#AD0O
OwHONE HTIZ~ HOX
M)~ o WX o«

= oy [ ]
<l eO OO~
EXZF O WHNT Q-
Y NOQO-~ T
oOrCu=OOXN
oua FyFHNEOPD

1401
300

COCOL

Eara
ZX-D

o0

avoowz
au ool

[~ ] ]
o

32




SUBROUTINE QREIG(A,LyMyROOTR,RO0TI)

PROGRAM TO CALL QR TRANSFORMATION. MAXIMUM IfER IS =0,

Z e Z
g YO
O oM+
- "
[P TH anT" ¢
XODZ—
QO JesZ
i<t J
nI>0
¥ ZaD
wowne
OZOVO
-~ O
O Wwd
ITg Muy
w W o
(720 O of sl o]
D= Wx
Q. X
o SR TR TR
< O+
[7o > 30 |
w ex
- 20
oXwa<
b oX

W anu
Zu wo

QOLLVLOLOLO

©
wn
tn o
A -
o o
+ o)
(o]
G -
A -
- -
o * b~
[ X 4] : -
uIm -
- -3 3 (Ve) —
-t o o~ L. ¢
-~ -t -~
[ (=3 w
- . - o
[a) ke <€
o (LN (@] 'S
[+ 4 o L o
> o~ = . L o)
- * - '
- * b 94 - i
bt -~ - o o
o ~Z N« o~ °
- Z ® -~ [TV ] -l
o sl NN =z -
O - <)y om [ Fey] .
o Y wF et = Y >
o -y L 1) b . -~ .9
) -t L= ¢ ®om -1 (LS o
O e 1% e o o~ [ .
N N 14 -~ Owl * v - <@ no Nz
- -l .-y il a f o o . . em . e~ &
O e_jor «t ) Zo~ ~ Y o (] ~NaZ VT eiZoO
o ¥ o o 1 Z40 o Ll -ied - ~ [l o~ o
-~ oa Z» ol [] [ ooty O ~ o Hiu. i p MZao
g [JUR N ]] ez Z z Z N oo o e (N (-] - o
)N o il Z e~ L *vdom LA VIA VI N oV I oI W~ ~Zul
=z 0N S 1 I ot wHZ el D NN NN~ th )~ el e
O © HINW ZHHCS ] oMt & 3 ) s N Fomm G O mem | | T
L oo QD e~ D 0 LUwZIZMZZ N+Z CoNnNOOoONY o Ow22IZTZ —ZTZ
[74] [ ] =] o SN T o ol S/Ivwrr wow @ = U AN N O s e e S laemrnr s (N
ZE OO O o0 1t OO i~ IO A CIOX L ~ACTOX | 40 1 + OIUN helal ol i4 ST ol Ve Yo st i 0]
W vl HO o 00 o X ZNep=t—~D ) X M=t - - UVHND o220 NNWL™ S e b= | DD b |
ENMZNNOO OO OOZHNHHWS >IN R HH~IO ww = XX~ | ~O000Z~—-0O0Z
H DNZZAN HO0ONH-LOOO0OOWD  Huh (o] [&] LONLHBHOHNNO Nl LOOCOOCHLLOON
OZN AL OO N O YD OO IO WO OO LU DY) XHONLE HUROOOWOL WO THOHYO O Z -0 Y Z
[\V) [YoR o] [V o TN T4} [ . © . o
- L lip) M M . - ~ o
~ ~ ot m - o s wn SO
~ i~ © o~ -4 o o o~ o L]
- «< EAV)

33




,63,700

63,63,62
63

=1 ,0E=5)

=1, 0E=6)

NNZ N ot
M~ Yo
radd el | o0 & eO®
e webl ZOMOWZOUY FXLUOEOOLWOW WOo
T T e L U

OOOOHO | O )l OC
T =2
~

VN o o >

bl 1]

M BN
. O YW
(=1 ] il
[TalVe)

=0

(4

e adONNT

-

A0
D

-~

K 4
0

o
’ (=)

o
M~ o~

o ok

-t
Intn

.4
n

55455,601

25)

.
'

ann
nin

NsRsSIGsD)

N-1)
’N’Z,
(A, LoMy

-4
Vo LK.
O OZTZX

. e w3

- AW OLIWONVNO O Oa I
NNE RN NS N oW
NO s el WO~V COZuSHLol
oLLCLL HO HOWLL ANLL NHONHOW HHO W2 ZaeL ) i
GIIVIIRSGRSGIIIZZIIRSGQSGIRSGRSXXCABC

- o
o
w

x

[
(]

o
-«
©
-
©
(U]

END




g OUTINE,QRT(Ag}qH,N,R,SIG,U)

SUBR
DIMENSION A(26,2
. CALL BY QREIG

(& &1}

AGJL+1,J14118A(J1+2,J142)
1 ]

10,1 - ,
1+1,J1+1V=SIG) +A(J1+1,J142) % A(J1+2,J1+1) 4R "

~N
-l
[ 3
<
~ 4
~—
N+
o
-t -t
Lal -~
% 0O
o4 -~
o~
+ 2z
@ e
-0
LS
[P
T e
- o=
o~ T
o> —«+
1% <Ot
-~ %™
- P
Lo b X oLl g
IO 4
*TY o ol A
i O™
L X Lok -
i el v

Lol © M- §

Al Ll
|

etird thd 2 B )

ZOANM Z ZUVe
I 0N O Ui Madvd | Y b O §

HZZZHNa O™ HA™) el a0 b et ) =1 11X I A0 OOt o M4

. (LNl an bl o B o 8 | | ;

HABQ UL O WL LB OHLOOL "M~ O HNULMOMYUL N0 _ IVNLL~>OY0UL Ol li~>~u ~OLD0oL o

"~

R A L d B ]

Jistl, 1)) -0

N

Z D IO HH ) O™

!

13,13,14

IP+1,IP)#R

+A(IP,IPa1) *A(
IP+1,IP+1)-S1IG)

Hely)

~ *d FHOHHAHPOW NOUN Ooa om0
o o0 QI <M

7918

L g
*

o~

-
-l
(]

it

~1f
Ll
[

[

N
&*

G1)

*G1 + G2%G2 + G3*G3),

NN & >~
=Y NN
Z MM

o000 0 ey dbdw vl opd
O 0 e VD )|

L UL ]

" H~

©

x
Lo = | o ]

o

o
[VeLoN)
O o

o0 v
L L
LU ]
D -
N
N ~ Yo

o~
M=
e ]
-l -
Moy
-4
it

< X oM
[} [ L B - ¢

"t oun

COORHY )
O e NI IHOHO IDOOENHINHI 40O JF 100

"

-

9J)+C)

+PST1*A(T+1

-~

~

Lt}

o .
N o
hp LR
I
L
o™
HM
0 <
he 2 K |
- e~
. (o)
oy

W~

T VT Y S W S
Ottt b Z ™ |

[==]

HOHOOVOVIOCUHOLOUOXHIOL0 OO 0 HHIODd OHOV O g OO OOV

(1]
-l

N
-«

MM
had a sV

<+
V]

[SVE (VT VI (VL 3N}

)

S MR 6IM

M

3o

35



,,
(&) t
L *
- o
Lol -
+ W o w ) w
- » » -
~ 1 o -~ )
by 2B I = B~ 1V o~
- N N o+ o
< O O it +
% 1o e Wi
o ~Fs M e
HorN 3 i
(7oA VP X (VR S U R =
QA I1HF M~ U
b~ e oe Jda O~
~TI0 ) » fa

I AL N D4 % MDD
S ZZ S T

% ) SOOI
i & Ot Oohmtd b S
LMYy Tt (| HEAIHAZ - T
L ~wh Ol ~~wOuil
W Ha Ol ST OO Y

vt
-t N o -7
.u.. .414..4‘ .11

36




RTA(A,N) :
g SOR*ING AN ARRAY OF REAL NUMBERS INTO

>in
e of 1))
ZO v
O=<1®
oo
LT
ZO o
—HZZ
TaO
Wi
aOWY
- o TOZ
-4
(el (TR TS o
o (w117
o el
wE > X
Zay v -Z
—HOZ M U e
—OH W NTW
DO w i
OoxZ ¢ wWoE
xaw v Dap-
oo T HA
DI X FZwuw
e D DO
(S1AISTSIATLTATATS)

AUGUST 1972

PAAVO KOVALA

PROGRAMMED BY ..
R
M
R

N A
IES THE SAME LOCATIONS AS THE ORIGINAL ONE,

RS.
I
E

UMBE
ENTS
ccupP

COLOOVO

LY -
Lot B o
o L
Z Z s HO
o Oed & =
ZON e g )
~ i N e =2
qH I~ e N~z
- Syt -0
IO D

wo oul ~w—-owz
KOV OO OO0’ U

§ e

37



IS TTERAT

AT _7=0 '
D THE WHCLE PROCESS

6=0
AN

SUBROUTINE INTEG(NPTSqNSoLAMBOA,C,nypyNIyzi

DESCRIPTION OF VARIABLESeess

FINAL VALUE IN OUTPU
c
T
Z

M

ON
N INPUT,

| G
ENF

G

T

7

H

s

I
I
1
3
1
H
R

WMDIH OF0D0XX
i WdDD
Z gqai <O0xX
HWY  woO>»WOw
OTHWD UL el
o NnNe

Ol < WD O W<
ZUODPD> T
o0 NS -Z
- LW Za o
- NADWIOO WX T
gl -0 OO
DI IO U
G DOoand o
wetlw) Twoe- Ow
D OO 7
Z AL -

1
38

%,75,5X,*STEP SIZE FOR FIRST INTERVAL = *

)
2002),AM(2002)
1))/FLOAT (NP)

/EFLOAT (NP)
(ITI=1)
NS(II-1)

(1117
RT,STE
erY =

P

S
Z(I
NS

O Q- e
ZoH0Z WnOnw
w' ZHZT uwowzvw

ouwwz uo DUV

+
1
) =
INSE
*INS

QUL O * Jdaingg
X - O Ooari.)

W Wz >WZ>0
Na WS am
T E 1o
DY oD W
TAALXAZ X |}
[ST&T - x>
nNow NIz
xun Na©
A¥er = ArZu«a
Za JOUL UZHTU

VLOLOOLOOVLLOLOLOLLOLVOOLOOLOLLOLO

) = Z(I-1)
N1(RMIN,DIF)
IFIX (L1000 *RMIN)

R

(

g

0
-LAMBDA®C

E
p
Z
0
H
I
C

U ke

TOHIOZ
oo OH

1 CONTINUE
£

1000



PrK3)

AM{T=1) *F(I=1)

NSERT=2000
GO TO &40

CCUR)

+ 0.5*STEP*(R1+R2)
oA
0A- Q

©1)

PP1)
INTEGRATE THE AUXILLIARY DIFFERENTYIAL EQUATION

FIRST DIFFERENTIAL EQUATION
G
A
E
8

P’A,AAA °
H=ZHDHO0 OO

EIP ) O 1OOMm N

TN HE X T 40~

R s £ O

N JE DI DN

ity VY
~

(DI LB TR Pt pd ] o}

(FLOAT(KX=1)/FLOAT(NP)) *0ELN + NS(II-1)

0.S*STEP*(R1+R2)

Oa~QOQ0o
M~ Do
rn (V.MML.

I=2,NPPL

e VZHNnNnN-Z Z2Z
He @O Z O HiN
L tar e =

kZPlOAFFNPOOO
£-¢'4 KV\RGGAL.—P OO

K
I
T

AM(KK) =
S CONTINUE

) ©
Tttt N TNy

V-0 Orirt AUMINO O~
WFFDRKAKKKRFFCXX

RECOMPUTE EIGENVALUE AMD TEST FOR CONVERGENCE

Ai

C
c

s
~
L )
»
. -
P-4 ~
O~ .-
-t % .
- o [74]
<O <
L] o)
wius [mlal
-~ o Fa3 'Y .
—% < »
@ - o
> wa w
L 4] > Z
- e o
(2= (=
Laa) 17 L 3 = B
" otla) <X
X5 M- @
ow [l ] L ¢
791 4 ol
- % Y —
wo [ 41 4 [« ¥
() wo x
| ] Lt
own w |
o=t 1) Lad
~ZX - ¢
-4 ) ox )
Qe w :
[ra] g z%n |
e » - -
g <IN (o <t
- e | ot - o
Ll Y] - (72}
—HO 24
ZzZW ‘ (=]
- o [T8] o
(=111 O% | o
[&] o
-Zn 9E ] (78]
w ~N
O DRE Lol
zZD omD /2]
il od r>Jd
y>a aQZda Q
nz> 20O w
Oz *OZ b~
~) =Ll tn
HR O n O
< o - o
¥ ow Lol 110
[ 3= oX. .
WX puow dJoe v liw
O~ DD i~ <l Owd

WZZZ -z
Ha - O SO
ZE €T ZY O

~Yh ZFZH

LO OOXO® OO OO
L ooa L GPFLAu

Ll

© oo 3
(=T o FE. S

-

o
-l

39

s
0

RETURN
END




W
>
(=]
- .
-4 et Z.3
> (o] - ¢
- Hw -
o m (g’ 2
[TT) ~N . Ow
(=] -l Zh
B = le oDz
(72} (o] el [T
L {1 {0 z
(2] < wo
N - I : 4 O
Q LV L) =N
Zun N W wo
) » -
=0l Z wo
Z (=) x
oxNn u B~
[l Qo w w T
FJuZh T W
QX < - Z0
ZZs T o =z
1 4 Y Xl
witemeod © -2

Y NP

P),FP(NP)

-
[« WL
-4 TR
- >

0.5'(iH(I‘i)‘F(I-i)’F(I-i) * AMIDI*F(T) *F(I)) *(Z(1)

NP

Q.
Zz2Z od -

Ovon ~W-10

HE o pwleiD
NAaoOHNI Z

- N -
W peAN== NaD
=X ZN H o -0
-t o O vl Ow0 W

«t
Bl

oxunom C.QDF bow

S OOVOLVLOLOLOL

et 0
o N

40




a0 OO0

SUBROUTINE CORNS{NS,NPTSyH)

~ TO CORRECT N®*#2 FOR SOUND VELO
SOUND VELOCITY IS CALCULATED FRO

REAL NS(51),TEMP(51),SAL(51)

READ IN TEMPERATURE AND SALINITY ARRAYS.
EA p ! ( (I),I=1,NPTS)
10854

K) 9 K=1,NPTS)

CITY, .
M WILSONS FORNULA.

100

n
(=]
>0
Qxa
>
ol

vy

/(NPTS=1) .
H°§I) »SAL(IY)

Do 4t ~~T

(%]
$ MD~
7, [ 1)
a1 -N

Q

0nNMmMmNe
e # T  Doe (1]

~AFOEZ Ve
- Y= TN
Ne o
~Ah~—

[« D1} :f.:'niic 2~
ZRO~H * The
UHTIUl*'

ig0

V4w NIl
m

ZzZ

MOAZVN VIO # Z)
[t T LR )

ZMONK MO
QD Z~ Mo

41



n
n ~
w ]
- o [17]
(a4 o [}
W » S G
”n o [+
[74171] o N X
< [ I ] 1w
o) N Mt -
[72172] Rl ] %
~Hn ! %0 ~2
- w on me
41 4 Lo T B TR o |
a o W %
(L) O 0 0w
-4 8} M g 3
[ o WiN~WIY
no M oot
D) [ ] i) o
o M OB Nt
) Q +nui
m * NOV) o~
R ¢ D =uldn
(&) I % oX4em
0o w JFnonNg
i W )+ -4
(198 - WIoIOVE o~
>N N Ink- 10N
- m vyt
O o OMCOLIN
zZ M OO
22D & etulpn v
~0 [\ VR TTAY ] 1Y)
~Hnm Ot el odm
g O » NA Mot o0
(7114 - (Tl S g SNT,Y
X u W e + 0O
OA<IO w We =IO o=
T Y o oM + WYX N
wh. 0 WO+
=0 * NP TR -0 4
O v oNMWE -
elly) 4 *OIN= NS L™
nLwv ~ L AT R
w Z o + InNIY WS N
<t OS>
awY o N e olilp | 4
-0 Wet 0 0OWO
1 o) . E+ 1 F gD
wzm AL cOve
VST.Z...S * VO NL-T

% MV it e 1IN
NK.F.M M g tOMnNwNne~— o @
NOKOMXY) ¢ X WM ot % VO

HONOONINLIA N et~ o | I
FONVO% UIME Tt MNe .3
ZONY. oY 1 ¥ WINN~ R U e Wi
OZW o ook a.miigres it

HOK (il T8 OINTOA0 JIZ
o oIt oMl ¢ + Lo
© oA |-k =5
z W A gD oFo
= MM aMa N0 Wz
iy PPoSTTVVVV;;;SQE

T 42




SUBROUTINE POEN(NPTS 4ST4BF 2y ICARD,ITITLE 4 H)

TO PRODUCE A PLOT OF DENSITY ANO BRUNT-VAISALA VERSUS DEPTH.,

p-4

[ o]

o

*
in o . .

[ e ] . ..c

vy o s OlL) o=
Y ouwuno
oI\
W O©ONO~-
D MmO 0
I [ 15
<. WnNom
° e HIEC e
o0 o [~T~ N
Yo ol o o~
«f o I DO
OO0 o9 HIN
o Od) ~
et LS U o N
oow i o

T QOO alii~
QIrnNZ«ay >0
[ ATV TR Y] v
w T wWworik-

Weyzey 4
NOZH | D oh~
X 4 | oI
win > Lt e
- ZH WY -
RZHX OO0
o XY QX e
i NG D ) D
> LT W IHIOO oD
N IO XII N oY
W0 0.0t~
roOJu

ERTICAL.
EQUENCIES.

W We
= WD oM
DX ZO0 4> Jin
NI 1 HOA T et~
bl JOU. >0
ZIZI hOW m
(allie) 4TH OFTXIYY o
OHMXOY> X DHID~
ONEO  «<IheI XZT¥YMm
ZZ 3 O D =N
MLl AXIVOIFEXZI
OO0 Wl Z < Ha -
o JWZIETEW

-4
nnnzZ
200y X W o

OO, D ZXZIH

| IO § AL RN
ay NSIXFYZ

VIt = xBLLWw
- T
o-u © W
ZUngNH

Co

DECODE ICARD ARRAY AND SORT OUT PLOT PARAMETERS.

OO0

[ )
ol [ ]
oN
SO ©O MO
[oSEE 1 N 1 = B
S ot O
~citisy N M
O N NHZXX
Y o3 MHaa
A IXETT
QXMNa NG
-y X
* Som o~
OMCI~ ¢ ¢ ¢
© 9o e OO

MWW o o o
o o ¥

Wi 3O et o

OaaaX yy
OENM NN

WOkttt

OW A1
o .

<
-

SCALE ARRAYS IN INCHES WITH ORIGIN TO BE AT TOP LEFT CORNER OF PL

OO

QO

MOVE PLOT ORIGIN AND ORAW AXES.

) 9417 yXAX o 04 0y FMIN,OELTV)

-
=
-
-4
-~ w
> [ ]
[ od -
o =z
W -
O~ x
£S5 78]
k=1 o -
o 4 o
o .
D o
o s (Y [
oo W x
e W <
1o N bod
‘.o (&N »
X e w ~
g0 . ]
NOY . [
) |
ne W [}
X X X
[ S TS x
b o N (L]
— ™ Loy
-~ 0.1 172}
M W eam XX
t O XTI «ah
* ITXTNM X o
W thedemey N
(L] e eoZ * ~O
O OV A -
*Q °eX eXHO [= 20
N> OOuLogaX > -
'S el oM o o
$OXODINNXOE | O
o€l ecf{ct ¢)X o >
HONOXIToO <0 -
ANl e HE -
NN~ 1 NN n
© H - ey b4
[ e NI N N4 w
O o< <« <t [en]
W > > W
(S, Q000 | U B | o N [, | QW | x
0 Ul i n Wi o
> OOOOOOL>00 o
(&I &T&H 5]

INT = 2 ' v
(STUI) 9 Z(I) 9007 9INT40.0,IPEN)

- o

o O

* emcy
LN ~OX %

W ez
0OZXua0 O
HOHM OO

74}
Lol

ORAW B=-V PLOT

43




Y 9Z(T) 3007 4 INT»0.0,IPEN)

PUT PLOT ORIGIN BACK TO STARTING LOCATION AND PLOT TITLES.

OO

-_—

bod

o
o  Sam,
oo
e Aal
ol -
-
e &0
DO
T o L
T O~
I~ Owe
Juw oam
Oed
[ opt »
L & o 4
~Ob ettt
D ot s e
O OoOwod
~® & e
O~ N~
A O of) o
A Q0O
xQ *0 e e
L@ gl B - TS T ]
N o oo ® & e
(0 OO
B OO OO
o I N
QO aag O +O
(Rl idl=t ~Tsalootogl

RIANGLE DENOTES SIGMA=T,0.0,24)
)y I=1,10) |

Ty Q< ©

W IJOXE 40O
< IO JeoHd
0O IAZOI T
> OO OWo

o
o
o)

GIN FOR NEXT PLOT AND RESTORE ARRAY Z.

E90e04=3)

FOodO>~wWT

XOONKL

[ =
N

44




SUBROUTINE PEIF (INPTS4ZeHsEV,PHI,DPHTI, ICARD,ITITLE)

L ]
. w
D (]
(72 e *
z I d g *
o o T
[ ot o x
o [ e QO - [~} -
(&) Z  In- < o~ Lal :
z on Q Ll - -
> o )1 O w ~ ot -« o
w -4 ] <X - O~ n -t
-4 Ok k- | ond [2 4 T35 . L . a
w ¢ o D - LR -
O Z DOZ -t OO0 [ B > (&
4 oD « O o (2} ©V - -
LIL) Zu W L T g - -~
DT W v n - w w t > (L]
W Wwii s0Onll oo R ale - © O~ Ll z
Q ZOKr- uw> [aa )} -l w o L= P N | . (=]
w—=HO 1 T+ Zw [ 2o x x o > W | ad >
) W O O -~ o o = O 5] o
-4 ° - O eZ<q [ anl oud mo o L ol .J oW Ll
o 9 wi.  NH>N0-0 ~fd < -~ 0O w o o~
4 ot (oo JTURNE ol STV &I ) - o a M SDe 0O o - o0 © > tt -
Ty ) OTZNIeib-Za. T o~ ~ 0> & et (-] SN O |
e ZUL.O-bla=-D am - O D e © -l co o O [
Zo ~H Z ook om © = o e @ - O o X x
Ll V] 4 Z =N LSZm o -l - 1 * v o i sl o o« b 3
oow Y HEXOW C e o - e ) ) " o © .
Z > <= WZ>XOW WU «t QO P P ) > © L -] -4 o4 s D W
Oy o di=ta OUNH - =~ Qo ao O e e O O = (=}
OmDWw Z>W NEHBIO - D Zx NOY e X -~ O~ O Z o
NI OMXIX.JZul - tom [ [ o) © « [ el m-t M (&)
V- OXaHaOZuw they > o me o X -~ i
2 A WEXE-HZOOK -~ — O XX X = w s e O Wi
O>»>ZWw YDAANTT..L w Lo hoed o >+ [74) ol «f i -t [ . I Y o |
- D a 00 Fuwm e of =) o - [TV} N X ) [ ip— - - m
in RG INZ JI0O>Y 0w  n XN o X : e & o o obd - o <X
SWNQ K Z J-+HDOR ZHD o <THCI & I ~ Qt 4 - o © O ~
ST a0 YL ZD--2 ot O N~ of Mm We o T - o e -t
HZNE ZoWOoZ W< o - z N - L =} -t - Wi W o zZ
FTIIPLITDHEFNVB i~ g -~ i O , ~ X =T - (&) (L] o
OaQ JuiaaZ vow—HO - (= - - Ww thed « W -~ qmineg U inn © -~
SO <IOZF-0Oul - Ko =0\ > QX > o Lan) U ee o O (=] a0 e o oM O b4
N T OZOOOWHWE Wi~ << et . - 09 oo © <« O »> w e
00 O wuieo ol o Qeax O N e °® s 0 In e« e O -0 o [l =]
OoWoOOWNOLITULWY » o ~ad [ o ITAY N b4 * O ODXO > - OO - Z a
0 Z-Z OO0 «itJ M- < o - G X o et o> o o wleoe o 3 * - Z
a0 o <Sw> Lo o W N ) e e SOXOXXSI o o 1oowo » a 0o )
QWU EXEA>ZZ » P o) -~ 0O OoOMmees > QAN ol oI\ o)X © OCmXwOWw & Z =00 %~ «I
WHNO Hor<wwOw o N O e «a Zu MONOXOIOAD NISFT I ) O » [rares o
OWT 10K IJIZO000X = MV oo Y o e elwNww o> W odINO ¢ O K « wma- «+OW I
DYD>T XY O+ ZzZ 0 OLOC Y el NETONONONIN J OO0 I | -aldedtoT.O " -
DTNAUOAA:::C 00 - ONNLIW < I O e g T T O o IO
(=] x-x - s 808 N H DUAUMINKNIINI I S jf P 1D Y O QI X \Ot-tom
YONOr " H XX.L L ) NNIT W WX DN Z O da < < P - 0Ol 0w (&1 A TVITT - —
02 «a< <10 O Zz& 0O O9ua«t W © HW > > W Catu Cul QO QOH ¢ o T O
<N HHOMNMZ wiw.d O OXNX 1\.TGLT.LLTLG.L P OTVNOV I a W I Z T b M~
O i IO T O Q@a~w o HZS D A Sl Sad © O iOad W~ -
- O - < L W woul © O-obdiaduidpa ) Z0Qa9Z0< N O tuoro oo
NZHMDm OO0 O OCurH 1 ONO»OQOCOOOO>0 O UL >O0W>»oO OV HEHOL OO0k
. Lo
o . © © ) - o no
o -t ’ [=] [ IR VT )
- : : B Lg]
(8] : ) (&) -

LLLOOCLLCOOOVOVOLVLCOOOO (&1614] (& 5] oLO QOO

45



(FCTUII)/RMAX)) ®(XAX/2.0)

AX4ABS(FCT(II)})
GO TOo 60

1,NPTS
OPHITII,K)
NPTS
£=-8)
1.NPTS
OLC(FCTC(II) 9Z(IT) 3007 4JJs0.0,IPEN)

5

Iz

3
3,

L
I
)

U

D DD

1
N | |
NORMALIZE FINCTION INTO INCHES.

ZAN N SN

[ Heiyl-(.Nele]
HO OO0

- PLOT ARRAY

OT ORIGIN AND RETURN

RAYS

o
aQ

»
<1
[ 741 Y}
=
o~
<+
bt
«iN
"W
- DN NnJ
n [ 54
o o
(Vo P N " T L, 70 ks
HZ ST I
O-oapatlyz
OMNQ> O W

-7AX - 2,0
XAX + 3.0 )
OT (XPAGE s YPAGE,~3)

46



OO O

O

STO®

100

106

50

SUSROUTINE INPUT(NPTS,STsZ,H)
DIMENSION ST(51),2(51)
REAL H

READ IN DENSITIES FOR ST LAWRENCE TEST CASE
) (STIK) 9y K=1,NPTS)

%(I)yI=1,NPTS)

L ]
T4 Fm W
-

MAO $ONI O .
ZM 0~ Oom o

47




APPENDIX 2
- Programs PWAVE, QWAVE, ESURF -

Programmed
. by' _
P. F. Hamblin and K. Beal
National Water Research Institute.
Canada Centre for Inland Waters

P. 0. Box 5050
Burlington, Ontario, Canada
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