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PREFACE

This manuscript traces the development of the various equétions
which are used in studying diffusion and dispersion in open-channel
flow. Starting from the general convective-diffusion equation, other
simpler equations applicable to vertical, transverse, or one-dimensional
transport are derived. The meaning of the various transport terms
are explained and the equations commonly used for calculating the
various dispersion coefficients are derived. This manuscript should
be a useful and concise summary for scientists and engineers who

are working on diffusion problems in open-channel flows.




PREFACE

Le présent document décrit les &tapes de 1'&laboration des
€quations utilisées pour 1'Etude des phénomenes de diffusion et de
dispersion dans un canal & ciel ouvert. A partir de 1'équation
générale de diffusion-convection, on peut obtenir des &quations
plus simples, apb]icab]es au transport vertical, transversal ou
unidimensionnel. Les termes relatifs au transport y sont définis
et les €quations qui servent généralement au calcul des divers
coefficients de dispersion y sont &tablies. Ce document concis
- sera sans doute fort utile aux scientifiques et aux ingénieurs

qui étudient les problames de diffusion dans les canaux & ciel

.ouvert.



Convective Diffusion EQuatipn

Applying the principle of mass conservation to the diffusing
substance, one gets the following equation

93¢ L y9¢ — D, de (1-1)
3 T 3%, dx:9x:

where ¢ is the’concentration, and u is the velocity -- both are in-
stantaneous values as used in equation (1-1). Dm is the molecular
diffusion coefficient.

Separating c and u into their time mean and fluctuating values one
can write

c=C+c',u=U+u', v=V+ v, w=W+ v

Substitute these into equation (1-1) and apply time averaging to the
equation: :

————

-a—§+Ué§+V3_C +W_3_C_-=_D,,, £g+§:§.+§:§ +§_“7‘7+ 6*3'?"+k;757 (1-2)
ot 3x Yy oz ot oy oz ox. oy oz

The transport due to turbulent fluctuations are usually assumed to be
proportional to the gradients of the mean quantities;

I

Rin

—-we =€,2

- 7e = €,9C ~ioe’ = €9C (1-3)
3 :
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E.s € €, are the turbulent diffusivitiesrof mass in the x,y,z directions
respeZtively. Transport by the turbulenat fluctuations are terms turbulent
diffusion. The equation now becomes -

aC . UsC . vaC wac 3C.¥3C ., yC ;Q’—s 1653E L3S
=4+ Uok L VG =D (2542 4 90 ) L I¥5 IV LS5 1-4
e Sut 55 + 5 )“(911*‘9‘3# 53155 ° +93 3 +e z (1-4)

Equation (1-4) is the general convective diffusion equation. Very often
the physical situation allows some of the terms to be dropped and the
equation simplified. This enables some analytical solutions to be
obtained. The turbulent diffusion coefficients are generally not known
and have to be determined experimentally,




Vertical Diffusion

In open-channel flows vertical mixing is usually completed long
before the dispersing substance has spread across the channel.

An expression for the vertical diffusion coefficient & can be
derived by using Reynolds analogy between diffusivities of Xass and
momentum, For a wide open channel, assuming logarithmic velocity
distribution

Ucy) = + U oy Y
jQ (/Y/f) , 7?5 ,7(2512
and & linear shear stress distribution

Tw=7 (1~ F2)

= _ g |
one gets é‘-ymf‘ ‘—0-:—% = /rqe_y(/—- Z (2-1)
2

where ¢ is the vertical diffusivity of momentum, K is the Von Karman
constant “and h is the flow depth.

The depth averaged value of sym is

Assuming € = \g one can see that the distribution of & in the

vertical‘d¥fectigg will be parabolic. Measurements by AlySaffar (1964)
showed that ¢ and e_ had similar variations with depth but €. had a
higher maximum value.’” Observations by Vanoni (1946) and Jobsoh and
Sayre (1970) of dye and sediment distributions indicated that A 2 1.

For a steady state 2-dimensional flow with no concentration gradient
in the z (transverse) direction and assuming that 8c is small compared

with 3¢ equation (1-4) becomes 9x
ay
- 2C
vac _ 995,
pra pfy _ (2-3)

If thevvelocity U and the diffusion coefficient € _are considered as
constants or depth-averaged values it can be 'showfi, by multiplying both
sides of (2-3) by y2 and integrating, that

J T 2 Tx% 4 | | (2-4)
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2 . .
where c§2:: _zféLEZZZ is the variance of the vertical concentration
JSCay
distribution.
However, if U = U(y) and ¢_ = ¢_(y) then one cannot use (2-4). €_ can

be calculated from the pro¥iles of the velocity and concentration®

_c_//‘/@("y)‘!y
6\‘7(3) = Jdz (2-5) .
9Cy
<y
h2
The time scale for vertical mixing is Ty =< From results of
y

concentration distributions calculated from solution of equation (2-3),
it can be seen that the time required for vertical mixing is approxi-
mately 0.5T_. Therefore, the distance Lyrequired for the concentration
to become mdre or less uniform throughout the depth is

[/ = 05 UA® (2-6)
’ &

Transverse Diffusion and Dispersion

For a steady flow in which the mean vertical velocity is zero and
in which molecular diffusion is neglected equation (1-4) can be written
as )

c oC e
U ., woc &3 | 29% , »%5 (3-1)
ox 2z e {7’ dz )

In open-channel flow the dispersing substance is often well mixed
throughout the depth before significant transverse spreading has
occurred. Therefore average values with depth can be used when studying
transverse spreading. Let

U=0+u",; C=5+c"; W=];\7+w"; 6-‘7!:6*6;"} .Gtzé‘:-f ¢’

The overbar indicates depth-averaged values and the superscript " indi-
cates deviations from the depth averaged values.
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Substituting these expressions into equation (3-1) and then
averaging the equation over the depth results in the following equation:

— — — L — T '—a = C :'” ~ ° .7"
U< + WoC 4 oue” , Jwer __ 9 ox é_féj’?-,/- é.égﬁ s 2 qg}.g
o z ot oz o oz oo >z

oy

When conditions are well mixed vertically the last two tertis on
the right hand side can be neglected and one can write

—_—— = = =o>F T /=20C o
vocC . 2C — __;)_.(g‘a?cc— we )+ _07_(6‘;'5’:"' 'wc) (3-2)
) Dz ox ) 4

The terms u"c" and w'"c" represert transport arising out of the

deviations of velocities and concentration from the depth average
values and are usually called dispersion terms. The diffusion and
dispersion terms are generally grouped together and described by the
dispersion coefficients e and e ie,

"J_Z'_ er ) =& oC
‘ (E“‘ax ee = S o= (3-3)
(Gz«aQ_aﬂ?j=é;£§-’-' (3-4)
oz ' o
Equation (3-=2) then becomes
N e = =oC = JC
Ul _, WL _.:&_‘3“33 + 2° f?z (3-5)
ox oz o 2z ;

In a straight open channel, where there are no transverse velocities
and when the concentration is varying slowly with x (3-5) simplifies to

e
=¥

|

Q|

_ 2

—

oz (3-6)

o
o

There is no theory which allows e
determination has been used.
integrating across the channel

Multiplying
fromy = -B to y = +B

to be calculated and experimental
both sides of (3-6) by z2 and




€ = Jéz O e
2 /%dz _ /z G Z: | . (3-7)

In the region where the plume has not reached the sides of the channel,
c =0at z - B and z = -B, then

_ z;z’ébk
& = .—(-/i f SGdz - _(_? ddz‘ (3-8)
Z 2 74 '8 2 o= 3

Equation (3-8) is generally used to determine E; frqm experimental
measurements of concentration profiles.
e is usually assumed to be proportional to Ush or U,R where R is
the hydraulic radius, ie.

(3-9)

Experimentally determined values for o have varied between 0.1 and
- 0.25. Much higher values have been found for some rivers and curved
channels. It can be shown from dimensional analysis that

Cz%_____f(_éél _g) ' (3;10)

Therefore, the value of o can be expected to vary with the friction
factor as well as the width to depth ratio of the channel.

Prych (1970) measured the spreading of salt solutions and showed that
with the presence of a transverse density gradient, a secondary current
was set up which increased the initial transverse mixing and hence ¢ .
However, after the initial stages, the value of € returned to that 3f a
flow without density gradient. z '

For curved or meandering c¢hannels transverse Velocities exist and the
spreading is affected by thé advection by ttansverse velocity as well as by
the differential convection w'c". Equation (3-5) has to be used, in some
instances with a slight modification to allow for the variation of depth
across the channel. '




Longitudinal Diffusion

The turbulent transport by lengitudinal diffusion € 3C and that by
' 9X

|l'»ll mn_n

differential convection u'c are additive. However, u"c¢" is usually
much larger, making it very difficult to measure e . It is possible to
measure € _at the surface of a flow by measuring tﬁe distribution of
floating %articles. . :

One method used is to measure the longitudinal coordinate X of
particles at a time t after their release. Then the mean distance
x(t) is

N
- -~/
X =K/—2 X (E)
=y
where N is the number of particles released.

The variance ci(t) is

a4 a2
=g = & - =)

2
2 7t
Another method is to measure the time t,(x) taken by the particles
to reach a station x and calculate the mean %ime and variance of the
‘time distribution .

- A
Ceo) = @L‘% Z;)

‘ N —
a7 )2
sw=:t 5(::‘, z)

Then 2 adx (4-2)

Measurements by Sayre and Chang (1968) and Engelund (1969) gave
values of about 0.5U,h for'ex at the surface.

Longitudinq;mDispersion

When a slug of tracer has spread over the entire depth of a 2-
dimensional channel or the entire cross-section of a natural stream,
the governing mass transport equation can be simplified if depth
averaged or cross-section averaged values of concentration is required.
By averaging the equation, a transport term appears owing to the
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spatial variation of conceentration and velocity. This differential

convective transport term which is responsible for an apparent

diffusion in the longitudinal direction, is termed longitudinal

dispersion. It is often many times larger than the longitudinal

diffusion term. The longitudinal dispersion coefficient usually have

. to be determined experimentally, although for 2-dimensional floys it
is possible to derive an amalytical expression for it.

. Two-dimensional flow

For a 2-dimensional channel with no concentration or velocity
gradient in the lateral direction, equation (1-4) can be rewritten
with C = C + c", U =T + u" and also neglecting the molecular diffusion
terms. The overbar indicates depth average and " indicates deviation
from the depth average.

= ' = Z )(Crher) 2(Cre™)
ACte), (Ghu) XCrer_ Y EET ) 938
Jz Ix T o= * S (5.1-1)

Averaging the above equation over the depth results in
o= (5.1-2)

u"c" is a transport term in the x-direction arising out of the correl-

ation between the spatial deviations. Under certain conditions, one can
write

(€28 _ 7w ) = 2 2C
ox ’ Tox | (5.1-3)

D. is termed the longitudinal dispersion coefficient. Hence the longi-

tudinal dispersion term includes the differential convective transport

u"c" in addition to the turbulent diffusion term €_3C. Usually u'c"
*3x

is the much larger of the two terms. The equation of mass transport is

now

oC . J2€ _ DJIC (5.1-4)
2t ox ox*
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The assumption of a Fickian type diffusion relationship for e is

not always valid. Fischer (1966) showed that it can be applied only
when c¢"<<C and the rate of change of C is slow.

For 2-dimensional flow, an analytical expression for D, can be
derived based on the velocity distribution and the value of ‘¢ . From
equation (5.1-1), with longitudinal turbulent diffusion negletted and
since 9C = 0 by definition,one gets

y
2(Cre)  (Fter)d(Cher) _ =
2 o U+u)d(Cte j;€2i7

Putting £ = x - ﬁf (co-ordinate moving with mean velocity) one gets

XCre) | ) (Ere) _ 55

The assumption that c''<<C and §£<<§Q- and that ¢ 1is varying slowly with
time allows the equation to be 31mp£1f1ed to
UIE _ 295
°F T
g — 2C y
u'd
J')y 2%/ 7

One can see now how the assumptions used allow one to write -u''¢" = %%DL

. .D‘ = - a"c‘ll — —_l ‘I /—Lv/“"d
= (5.1-6)
".T

This is the equation given by Elder (1959) for the dispersion coefficient
in a 2-dimensional open channel. For a log velocity distribution, linear

shear st = =
ear stress, and assuming ey eym Elder evaluated DL 5.86 hU*.
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For axisymmetric flow in a long straight pipe Taylor (1954) got
DL = 10.1 aU, where a is the pipe diameter.

Longitudinal Dispersion in Natural Streams

The dispersion term in a 2-dimensional channel is caused by
variations in velocity with depth. In natural streams where width to
depth ratios may be 100 times or more there may be much higher con-
centration differences between the centre of the stream and the banks
than between the surface and the bottom. The tracer would usually have
been mixed throughout the depth before it spreads across the whole width
of a river. Hence in a natural stream it is the lateral variation in
velocity which is important to the dispersion process and values for DL
much greater than Elder's prediction of 5.9 U,d are found for rivers.

The governing equation for this case can be derived as in the
2-dimensional case but with the lateral Variations included. Again,
starting from equation (1-4), with v = w = 0 and neglecting molecular
diffusion, one can write the varlables as the sum of the cross-sectional
mean plus deviations from the mean. Then the equation can be averaged
over the cross-section. The same assumptions have to be used in order
to be able to write

—ge = 4
ox

The overbar in this case.denotes cross-sectional average and the double
primed quantities represent deviations from the average. The governing
equation becomes identical to (5.1-4)

IC , JIC _ P I%
ot ” UJ:{ = 2‘3 > . (5.2-1)

An analytical expression can also be derived for DL' The equivalent of
equation (5.1-5) for this case is

— JC 7
(e, "9(C+c)__&__ 2555
— oF 2y +dz \ (5.2-2)
"
Applying the same assumptions used previously, and also that %E is
1"
much less than the lateral variation 5%- one gets
el o<’
wol cD‘s;z

o oz
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. Integrating over the depth
htz)
/ "o ﬁ(‘)r) & 4
(24 e. oz
C)Z ‘7 )4 j
g(z}

o s
.- “"Assuming that ¢ and <=
z 3z

— 2 . b o
OF oy o S — ,A
Sy (@ =5°F A = 2 V

do not vary with depth, one gets

b4
a < f(z)a/z = A{z)

L e = oC | Az
- e;ﬁfz) / 4

”

®
)
il
]
N5
I
1
2
S\b\
NS
~
N
S
!
L
N

: S¥ (]
/[ y z £
= - Caodz | =
A ¢ Sha | Tz
e o o

(5.2-3)

Expetriments showed that the initial convective period in which the
one-dimensional equation (5.2-1) does not apply was approximately 0.4

times the Eulerian time scale tE Lz when L is transverse distance which

the tracer has to spread, say the 2 -% width of a river. Using ez=0.23RU*,
2
T=r8 L (5.24)
Al
'/8L2(7
or ’g T —_—— (5.2-5)
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. where & is the downstream distance from injection where the one=dimensional
equation starts to apply. r

The distance criteria mékes it impractical to usé the one-dimensional
equation for large rivers:

It is interesting to note that for natural streams where transverse
gradients dominate the time scale for mixing is proportional to the
square of the width and inversely proportional to the depth whereas in
2-dimensional flows, the time scale for mixing is proportional to the
depth.

5.3 Experimental Determination of D, .

The dispersion coefficient can be calculated from the theoretical
expressions given above if detailed velocity and depth transverses are
made. More often, it is measured from tracer experiments, eithet by a
change of moment method. or by a routing procedure relying 6n the solution
of the diffusion equation.

The change of moment method can be derived;from equation (5.2-1) which,
in a coordinate & moving with the mean velocity U, is

SE S5+
-~
IS, | |
and = 247 ¥ (5.3-1)
e .
where : 5; = LTC"T (5.3-2)
L E¥

Og is the variance of the space distribution of concentration about an

axis moving with the mean flow velocity.

) JIs?‘f/A“ﬁM

. N sfd:f 2=t

< ce d‘*ﬁiéuﬁ»"

/5 ot {1zt

o
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However, the concentration is usually measured at fixed points at
varying time intervals. Fischer showed that the variance of the time

concentration is related to 02 by

A = §*ag®

L R=0" -2t
2 - Z (5:3-=3)

2

where Eé and Ei are the mean times of passage of a cloud at stations 1 and
2 respectively. qg is the variance of the concentration-time curve at the

particular location.

One can also use the following equation if measurement at sufficient
stations are taken.

D=0 & (5.3-4)

—

. }—dz.

This derivation applies regardless of the initial concentration
distribution and can be used to estimate D, as long as the stations are
within the region where the one—dimensiona& equation applies.

The routing procedure introduced by Fischer follows from the solution
of the one-dimensional equation.

o T _ 1) I
or ox D=

\

With boundary conditions of a delta function type point source at x = 0,
t = 0, the solution is

_ . - &)t
Cx2)= e 2T
) 4;,-_/)8‘ (5.3-5)

(3

This solution is sometimes matched with field data to obtain D..
However this is incorrect since this solution does not recognize an
initial period in which the equation does not apply. The correct procedure
would be to use the concentration distribution existing at the beginning
of the diffusive period and solve the equation with that particular distri-
bution as initial condition. From that solution, a concentration distri-
bution for another point downstream can be predicted using an assumed value
of DL . The value of DL which gives the best fit against the data is then
the %est value of DL for that reach. t
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The governing equation in a co-ordinate moving with the mean flow
velocity is

Given at time t = t a certain spacial concentration distribution CO(E t ),
the equation can fiPst be transformed using t. = t-t_ and then by
applying complex Fourier Transform the solutidn is

o>

_(F-¥)°
CGER) e FRTL) 4o (534

CC Z‘) »
> W)

This solution is in terms of space-concentration distribution. To use it

for time concentration data, one has to assume that the time concentration
distribution measured at x_1is the same as the space=-concentration
distribution which would hgve been measured at time t where t is the time of
travel to station X s i.e..

CG5,t)= &=, 2)

Applying this principle, one can write the time concentration distribution
for a point at Xy

oD

=, _ (= _ ~-(G(t—t-t+1)]?
C(Iot)"‘ C(Z%L) _e-",D/ +2D (2-1) j d (5.3-7)

%0 S #7D (t-2)

Therefore using an upstream time concentration curve, the concentration
curve at another point downstream can be calculated from (5.3-7) using
some value of D If this does not fit the experimental data, D, should

be adjusted. Tke value of DL which enables a good fit is then tkeoretlcally
the best estimate.

Values of D, of the order of 230 ft /sec. are common. This contrast
with values of around 1 ft“/sec. for the turbulent diffusivities.




14~

SELECTED BIBLIOGRAPHY

Aries, R. (1956) "On the dispersion of a solute in a fluid flowing
through a tube." Proc. R. Soc. A 235, 67-77.

Elder, J.W., "The Dispersion of Marked Fluid in Turbulent Shear Flow,"
J. of Fluid Mech., 5, Part 4 (May 1959), p. 544-560.

Engelund, Frank, "Dispersion of Floating Particles in Uniform Channel Flow,"
J. Hyd. Div., Proc. ASCE, 95, No. HY4 (July 1969), p. 1149-1162.

Fischer, H.B.,"A Note on the One-DimensionalADispersion Model," Air and Water
Pollution, International Journal, London, Vol. 10, pp. 443-452,
June/July 1966.

Fischer, H.B.,"Transverse Mixing in a Sand-Bed Channel," U.S. Geol. Survey
Prof. Paper 575-D (1967), p. D267-D272.

Fischer, H.B.,"The Effect of Bends on Dispersion in Streams," Water
Resources Research 5, No. 2 (April 1969), p. 496-506.

Glover, R.E., "Dispersion of Dissolved or Suspended Materials in Flowing
Streams," U.S. Geol. Survey, Prof. Paper 433~-B (1964), p.32.

Godfrey R.G. and Frederick, B.J., (1963) "Dispersion in Natural Streams',
U.S. Geological Survey, Open File Report.

Harris, E.K., (1963), "A new statistical approach to the one-dimensional
diffusion model". Air and Water Pollution Int. J. 7, 799-812.

Holley, E.R., 1969, "Unified View of Diffusion and Dispersion'", J. Hy. Div.
ASCE, No. HY2.

Holley, E.R. Jr. and Harleman, D.R.F., (1965) "Dispersion of Pollutants
in Estuary-Type Flows". Hydrodynamics Laboratory Report
No. 74, Massachusetts Institute of Technology, Cambridge, Mass.

Jobson, J.E. and Sayre, W.W., "Vertical Transfer in Open Channel Flow'",
J. Hyd. Div., Proc. ASCE, 96, No. HY3, (March 1970), p. 703-724.

Orlob, G.T., "Eddy Diffusion in Open Channel Flow", Contribution No. 19,
Water Resources Center, Sanitary Eng. Research Lab., Univ. of
Calif., Berkeley, Calif. (Nov. 1958), p. 151. See also
"Eddy Diffusion in Homogeneous Turbulence", J. Hyd. Div.,
Proc. ASCE, 85, HY9, (Sept. 1959), p. 75-101.

Prych, E.A., 1970; "Effects of Density Differences on Lateral Mixing in
Open-Channel Flows", W.M. Keck Lab. of Hydraulics and Water
Resources, Cal. Inst. of Tech., Pasadena, Rep. No. KH-R-21.

Sayre, W.W. and Chang, F.M., "A Laboratory Investigation of Open-Channel
Dispersion Processes for Dissolved, Suspended, and Floating
Dispersants”, U.S. Geol. Survey Prof. Paper 433-E, p. 71.




=15~

Sayre, W.W. and Chamberlain, A.R., "Exploratory Laboratory Study of
Lateral Turbulent Diffusion at the Surface of an Alluvial
Channel", U.S. Geol. Survey Circ. 484 (1964), p. 18.

Sullivan, P.J.,"Dispersion in a Turbulent Shear Flow", Ph.D. Thesis,
Churchill College, Univ. of Cambridge, Cambridge, England
(Oct. 1968), p. 197.

Taylor, Geoffrey, "Dispersion of Soluble Matter in Solvent Flowing
Slowly Through a Tube", Proceedings, Royal Society of London
Series A. Vol. 219, Aug. 25, 1953, pp. 186-203.

Taylor, Geoffrey, "The Dispersion of Matter in Turbulent Flow Through
a Pipe", Proceedings, Royal Society of London, Series A,
Vol. 223, May 20, 1954, pp. 446-468.

Vanoni, V.A., "Transportation of Suspended Sediment by Water", Trans.
ASCE, 111 (1946), p. 67-133.




Yoy




