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ABSTRACT

Burgess and Appelbaum have tested neocla551cal E\ellty
theoryland concluded that cost and productlon models yleld
dlfferent estimates of the propertles of the underlying tech-
nology: Both-of these studies used aggregate US time‘seriesf
and assumed that the‘underlYing production technology:wes'homo—‘_
geneous of aegree one in inputs. In this paper, it is noted ..
that the production‘model‘used_by Burgess and_Appelbaum is

separable between inputs and outputs whereas the cost model

includes no such separability. It is further shown'that it is

1mposs1ble to employ productlon models to unigquely estlmate
propertles of a non-separable technology which 1s not llnearly
homogeneous. The 1mportance of this separability issue is

underlined by a test of duallty theory for Bell_Canada - a

Canadian communications carrier which is unlikely to be character-

ized by constant returns to scale. In the testing;it is found
that the‘separabie production model is much less robust than
the non—separable cost model. It is concludedtthat-a‘reworking
of the Burgess—Appeibeum.papers with non—separability‘in pro-
duction may yield important insights‘into the empirical duality

controversy.
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INTRODUCTION

The empirical results récently repérﬁed in. this Journal-
by Burgesé (1975) and Appelbaum (1978) suggest that the estimated .
characteristics of‘neoclaSSical production teéhnologies‘gfé not
independent of the-hypdthesized.model (primai or duai). Fof‘
agéreéate Us data (Burgessf and aggregate Uus manufacpﬁrihg'
(Appelbaum) , thére was an important difference bétweeﬁ'thé pro-
duction model and cost model estimates of'(partiél)velasticities,
of factor substitution. As well, there weréiminor differénéeé
reported between the substitution estimates for‘fu11 (¢Qstvoﬁ
productionlfunction and implied_sharé.équations) andvpaftiai’

(share equations only) models. Both authors concluded that care

‘must be taken in model selection and the interpretation of results.

As well, Burgess noted'that his production modél estimates were
more robust. |

In their respective studies, both authors conétructed aggregate
output quantity and price measures as Divisia_indices'of inpdté‘énd
input'priées; As well, both authors hypothesized hbﬁogeﬁeity of |
degree one in inputs and Hicﬁs neutral techﬁiéal chanéelas,charaCter-
istics of the underlyiﬁg technology. Finally, both Bﬁrgess and-
Appelbaum used more restribtive models‘oﬁ the production‘side than
on the cost side. 1In particuiar, both assumed that the ?:oduction‘
.function could_befﬁritten with output separable from inputs whereas

it is possible to implicitly define a non-separable production

surface satisfying constant returns to scale and Hicks neutrality.

Two important questions arise. First, do the Burgess/Appelbaum
results carry over to the level of the firm where indepeﬁdent input

and output series are available and where the assumptions‘of'constant
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returns to scale and Hicks neutrality can be tested? Secondly,
what is the iméortance of the output separability assumption '
introduced by Burgess and Appe lbaum?

Beth of these,questione are examined in this paper. Since the
sepafability issue turns out to have rather strong implications‘for'
the estimation of both single and multi-output technologies, it is
'addressed first. 'A comparison of the dual approaches to modelling
production technologies is then undertaken for a large Canadian .
communications carrier - Bell Canada, for which time series data .

on a'variety of inputs and outputs are in the public domain.

THE SEPARABILITY ISSUE

Both Burgess and Appelbaum define production technology as:
(1)  Q=£(X)
where X'is the apprbpriate'vector of inpuﬁs. As such, output is
separablelfroﬁ'inputs. Consider the following non-separable de-

finition of the production technology.

(2)  F(X,X,.q) =0
whereIXn+l = Q. The translog form of F is given by:
n+l ' ' ptlintl
(3) C +2Z a, 4nX, +32Z Z vy..4%In X, 4nXxX. =20
© i=1 1 - 1 j=l i=]1 1] 1 J

where Yij==in

Clearly, (1) is a special use of (3). As well, it is straight-
ferward to show that production can be constrained to exhibit con-
stant returns to scale. However, since (3) is homogeneous of‘degree
zero in parameters,'the estimation fequirement.that one ef (C
be normalized in general leads to the uncomfortable result that

either (a) the parameter estimates are arbitrarily dependent upon

Oy Y
o l'Ylj

)
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the chosen scaling of the variabies and. thus estimates of charact-
eristics of production (including.elasticities'of substitution)‘will
change‘with different scalings of the variables or (b) onelis

forced to choose a dependent variable of iimited economic interest.

Suppose o n+l is set to -1 as the arbitrary normalization.-Then,

;1f separablllty holds, equatlon (3) is 1dent1cal to equation (1).

Any change in scaling of the 1nput or output w1ll have no.effect
on the flt, since all~the parameters can adjust. If separahility
does not hold, the normalization oy = -1 still appears to. be
the,most natural specification since the process of normalization
of an implicitvfunction is not distinguishable from the choice of
a dependent variable. | | |
However, in the non;separabletcase, aAchange of scaling will
result in a changehof fit, since the parameter adjustmentzcannot
freely take rplace because of-the normalization. Clearly, if all
the cross terms between output and 1nputs were zero (as in equatlon

(l)) there would be no- pressure on o ., to change,~and the fit of

the model would:be independent of the scaling ofjthenuariables;

On the other hand, normalization of‘one of the invariant Yij

parameters (perhaps Yn+1, ney) instead of o ., renoves,the scalingh
problem, but implies an (effective) dependentwvariable which is
inappropriate and of little economiciinterest

The 1mpllcatlons<1fthe above for the testlng of duallty theory
are twofold. In the first place, if the guldlng assumptlon is one
of constant returns to scale, then the parameter restrlctlons 1mplled

by constant returns to scale (or any other predetermlned scale) can

all be wrltten in terms of'[un*l( Yi, n+i} and a’full or partlal
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production model éan be eéfimatéd with no scaling dependénce.
That is, a more general version of the Burgess-Appelbaum. papers
is possible in principle. Secondly, if the assumption of constant
returﬂs to scale is not maintained then neither a full nor a partial‘
production model can be uﬁiquely estimated wiﬁhbhon—éeparéble
production technology.' The best that can be done in this case is
to assume that production is separable between inputs and outpﬁfs.
As well, partial production models are df little interest in this
situation since the ratio nature of the ﬁarginal rate of technical
substitution side conditions implies thét thése side conditions
.will be homogeneous of degree zero in parameters and yet another
parameter normalization will be required. 'Thus the more general
model is the cost model and it would seem reasonable to regard
the resulting estimates of téchnology characteristics with more
sympathy.

Finally, it should be noted'tﬁat the scaling problems virtually
eliminate the usefulness of multi-output production models for
investigatihg issues of (ray) scéle economies and economies of

scope.

DUALITY TEST FOR BELL CANADA

Background

Bell Canada is the largest communications carrier in Canada.
It has a virtual monopoly for many classes of service provision in
the provinces of Quebec and Ontario. As well, Bell is regulated with

respect to price and rate of return. 1In a previous paper it was
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shown that rate of return regulation was not binding.2~ Moreover,

price regulatlon appears to be quite important. at the aggregate

tlevel.' The price elasti01ty of demand for the output index

employed in the models whlch follow was estlmated as -. 38 . Thus,w'“
the hypothesis of profit max1mlzatlon cannot be supported at the
one output level. The weaker assumption of cost mlnlmlzatlon
subject to exogeneously determlned (regulated) output was 1ntro—

duced and appears to. be qulte compatible Wlth the data.

THE PRODUCTION MODEL

The produCtion model_is_specified in'the folloWing way:
(4) minimize C= wL t‘vM F R | -
subject to the separable translog productlon functlon
(5) Lnd= Ln(Co)+CL Ln © + ck In R + M In o o
+ .5 [CLL (Inf) 2 CKK(LnK) + CMM(LnM)zjf-
+ CIK In f Ln‘ﬁ.+ CIM Ln T ILn  + CKM In R In 8
+CT Ln © + .5(zn T2 + CLT-Ln L Ln T
+ CKT ILn R ILn T + CMT In ﬁ“Ln.T |
where 2 %= X/X and X is the mean of X e(L K,M,T, Q)
C = Total cost in current dollars | '
Q = Aggregate‘output computed as a Divisila quantity :index
- of local services, telephone message toll and other toll
services.

L = Weighted man hours, with welghts equal to the wage
- structure of 1967. L

K = Net capltal stock, in 1967 dollars.

2 See Breslaw, Corbo and Smlth (l979)

3 The data sources were CRTC (1978) and Bell Canada Annual Reports
for the years l952 to l976 ‘
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M = Quantity index of raw materials, 1967 value équal to
raw material cost in that year. :

w = Wage Rate (Wage bill divided by L).

v ‘= Unit cost of raw materials (current value of raw
materials divided by M).

r = Unit price of capital services in the Hall and Jorgenson
(1971) tradition with allowance for capital gains.

T = Technology indicator, measured as a weighted average’
of new switching technologies and the spread of the
new equipment throughout the Bell Canada system.

The formal minimization of (4) subject to (5) yields a

system of four first order conditions which includes the pro-

duction function. The unobservable Lagrange multiplier corres-

ponding to the output'constraint is eliminated by expressing the

remaining three first order conditions with respect to K, L, M
in ratio form as:
(6) VM _ "CM + CLM Ln L + CKM Ln K + CMM'Ln M + CMT Ln T
WL CL +CHL Ln L + CLK Ln K + CLM Ln M + CLT Ln T
and
(7) XX . CK 4 CiK Inm § + CRK In R + CRM Ln M + CKT Ln 7
wh ' CL + CLL Ln L+ CLK Ln R + CLM Ln M + CLT Ln &
Thus the system to be estimated consists of equations (5), (6)

and (7) with added error terms reflecting random optimization errors.
The possibility of covariance of errors across equations was enter-

tained. The parameter estimates for the simultaneous system were

obtained by a non-linear full information maximum likelihood algorithm.

In the estimation'(K,L,M) were assumed endogenous and all price
variables, output and technology were treated as exogenous. The

possibility of a partial production model was not entertained

e
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because, treatéd as a separate system,wequations‘(é) and (7)

are homogeneous of degree zero in parameters and require an
arbitrary parameter normalization. 'Unfortunatélf, this normal-
ization implies‘that the parameter estimates and hence the éstimatéd
production characteristics will be dependént upon‘scéling of the
variables. Finally, i£ will be noted that technologiéal change

is assumed to be fully general.

THE COST MODELS

The cost function was specified in symmetric_translog form

as: . .
(S)A_é=.co +C oW + C Lnv  + cr‘an + cQ zpé + Cop oni
+ .5 [cwW <zn@>? + CQV (znﬁ)z + grr (%nf)zﬁ+ CQQ,(QnQ)2 +
Copp (ent) 2] | | o .
* Coy gp@fzn$v+'cw£ zpﬁvzn£.+ Cyo 40W 200 + C . 0¥ 2nt
B CrV ghf 259 + Cv¢.2ﬁ§ £n§ % ¢§T_2p§_2nf + ch enr lna

+ Comp lnrvznT + CQT &nQ 2n?
where a ~indicates scaling by the mean and all variables are

defined as in the production model.
Sheppard's lemma yields the following implied share equations:
T w

rK - 5 = E f 4 ) B
(10) = Cr + er Lnw + Crv_znv +»Crr.£nr + CrT &nT CrQ 2nQ

wh = : - ' - @ - anT + 0
(9) e +.CWw gnw‘+ CWV Lnv + er Lnr +‘CWTA'nT CWQ 2nQ

It

vM - ' W 7 £+ o -~ 4nd
(11) = =Gt C, 40W + Co o 4nv + C __ &nf + Con gnT_+ Cio \pQ
Homogeneity of degree one in factor prices implies that the

parameters of the cost function must satisfy the following set of

independent additional restrictions:
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(12) c, +C.*¢C, = 1
Cow + Cyp * Coy = O
CWI? + Cri‘ + Crv =0
Cor * Cpp ¥ Cyp = 0
CWQ + CrQ + C = 0

For estimation, the restrictions were imﬁosed upon the mater-
ials coefficients. As such, the materials share eguation could
be dropped from_tﬁevestimating model and the parémetersvwere later
recouped for anélysis. Ah error term, again reflecting optimi-
zation errors and again allowed to covary across equations was
added to each equation. The full cost model thus consisted of
equations (8), (9) and (1l0) whereas the partial cost model was
made up of equations (9) and (10).

Once again, {K, L, M}.were treated as the endogenous‘variables
of the model while the financial variables, output and technology
were assumed exogenous. The parametefs Were estimated using
Zellner s technique. The endogeneity of {X, L, M} was not an issue
for the cost models because the left hand side variables in equations
-(8), (9) and (10) are mOnotoge functions of {k, L, M} and Zellner's
tephnique is asymptotib;llyvequivalent to full information max-

imum likelihood estimation.

PARAMETER ESTIMATES AND WELL-BEHAVEDNESS CONDITIONS

fhe parameter estimates for the cost and production-models
are presented in Tables I and II-respectively; The asymptotic
standard errors aré'much lower for the cost models. As well, thel
parameter estimates for the full and partial cost models are quite

similar. Finally, hypotheses of constant returns to scale and Hicks
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.differ~by up to a factor of 3. As well, the full cost model suggests

elasticities of substitution between labour and materials and bapital

~and materials differ somewhat. These latter differences should be

/9

neutral technical change were rejected using:the’likélihéod ratio

‘test for both the full cost and production models.:

All of the cost and productibns funqtions weré well<~behaved
in every way ét each data point thereby guaranteeing'satisfaction'
oﬁ.the second order conditions. In particular;‘ﬁhe.estimated
production function was quasi~concave with pbsitive;marginai pro-
ducts at each data poigt. _Similarly, the_cost.fuhction was conca&e
with downward sloping cpnstant'dutéut féctor demandé ét each data

point.

ESTIMATED CHARACTERISTICS OF THE UNDERLYING‘TECHNOLOGY

The cost and prbduction models suggest markedly different
properties for the underlying productibn:technology. Comparing
Tables IIIa and IIIc the Allen partial elasticities of Subétitution

between labour and capital (GLK)'and éapital and matefials (GKM)

some complementarity between capital and materialS‘in’the early
part of the sample. Fihally, therejis»agreement between'the‘models
with respect to the partiél‘elasticityjéf.substiﬁution bétween
labour ahd materiais (GLM). ' | :
Alternatively, the full and partiai cost models yield quite
similar conclusions with respect to the properties'of the under- -
lying technology. In particular, a compariéon of TablestIIé and\'

IIIb suggests that the partial elasticity of substitution estimates

between labour and capital are virtually the same’Whe:eas the

interpreted in light\of the fact that the paftial'cost"model was |
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used to estimate 9 different parameters with only 25 data'points;
As well, there was only one parameter which entered both the
labour share and capital share equations. Thus little information
was introduced by cross-equation parameter constraints in the |
- partial cost model. .

' A final comparison of the full cost and production models
is made with respect té the scale estimates presented iﬁ Table IV.
The scale estimates frbm_the‘productién model display a very strong
trend. In contfast, the scale estimateé from the cost model are
quitevstable with no evidence of trend. Although both models
suggest the existence of ecdnomies of scalé, the trend in the
production moael scale estimates_is suspicious and suggests that
the model may>not be able to disentangle the separate contri-

butions of scale and technology.




FULL PRODUCTION

TABLE T .

MODEIL PARAMETER ESTIMATES

PARAMETER . . ... ESTIMATE . . . . STANDARD ERROR
o .8623 .0061
o .5917 - Lo725
Cyx . 8816 | .1087
Cy .3543 .0438
Crp, -.1086 L1089
Cyx -.3762 .'.1157'
chM\ “ -.0885 ~ .0596
Crx -.0569 L1134
Coy ~.0968 . .,0505
ey .0708 | .0685
cTA ~.0810 .2626
Coprp -3.8515 . 1.3983
Cpm 5215 . 2617
Crp 1.7797 : © ..3901
C, .3337 .1383

. MT

Log of Likelihood function = 204.88 .

/11
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TABLE II

" PARAMETER ESTIMATES FROM COST MODELS

FULL MODEL . - PARTIAL MODEL
Parameter Estimate Standardyexror. Estimate "_Standard Error
Co .0450 .0082
Cur .3418 .0022 .3416 ©.0021
C, .4663 L0025 . .4667 . 0025
Cy L1920 .0015 L1916 .0016
<o .9477 , .0623
Cor -.0788 .0295 -.0811 .0292
Corr .0215 . 0250 , -.0021 | .0273"
C .0614 .0206 L0616 L0232
o0 .9357 . 4899 “
CwR .0593 .0212 | .0724 .0221
C v .0195 .0206 .0087 .0221
C,y ~.0809 .0147 -.0703 .0162
Cuo L0790 .0158  .0768 . 0155
C-rq -.0933 .0181 -.0913 : .0178
Cvo .0142 .Q115 . 0146 .0120
C,, | -.9916 .1366
Copep 3.0817 2.3480
C -~ =.3293 .0356 -.3237 . 0346
Cogorp .3704 . .0415 . 3584 o .0412
Cyp -.0411 .0245 -.0347 0252
Cor - ~2.1761 1.0667
Log of likelihood function 272.64 188.462
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g

k- M KM
19572 1.35196 1.25154 T =,183612
1954 1436095 1.24174 -.124605
1955 1.36707 1.2322¢ -2119456
1956 1436991 122920 -.108372
1957 1436746 " 1423473 .937358E -01
1958 1.36639 1.24797 -~+306668E-01
1959 1.36501 1,25811 «e617991E-02
1964 1.36793 1.27763 .539007E-01
195) 1,37134 1.28975 L857372F-01
1962 1.37287 1.28740 «912317g-01
. 1963 1.37506 . 1.29770 . ,108974

1964 1.38079 l.31132 .138401

_ 1965 1-3824§g%AMWMWLJ,SAEJIHMN'ww.h.144930ﬂgwﬂ

‘ 1966 1.38430 1.31435 . 152277
1967 ~ 1.38412 1.31394 153743
1968 1.38904 133382 169779
1969 2139034 1436405 . ,172957
1979 1.38991 1.35545 «169418
1971 . 139697 . '1.36215 . ,189403
1972 - 1439935 1.37553 - - «192088 .
1973 1.39645 1.37338 184425
1974 1.39686 137442 .185283
1975 o1.39881  1.37957 . ° ,189128
1976 l. 40237 1 38578 .196780

ALLEN PARTIAL ELASTICITY OF SUBSTITUTION 'ESTIMATES‘ FROM FULL 'COST MODEL
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ALLEN PARTIAL ELASTICITY OF.SUBSTITUTIQN‘ESTIMATES‘FROM'PARTIAL'COST MODEL

g

0}

(0]

LK M KM
1952 - 1.43229 1.11040 -.289756FE=01
1953 - 1.643684 1.10916 0 275330€£-02
1954 1.44099 1.10759 2211067E=-01
1955 1.44737. 1.104603 . 258852F-01
1956 1,45075 1.10278 «369546F-01
1957 1,464819 - 1.105064 c496624E<01
1958 1.44685. 1.11106 ,104251
1959 1.44548 1.11537 125486
1964 1.44895 . 1,12418 _e177301
1961 1.45293 1.12977 204438
1962 1445466 1.12896 209208
1963 1.45753 1.13341 224836
1964 - 1.46483 1,13944  #251026
1965 . 1.646706 1.13978 257271
1966 1466934 1,14087  «263676
1967 1.46975 1.14081 264706
1968 1.47504 1.14934 278390
1969 1.47663 1.15355 «281197
19790 1.47587 . 1.15813 «277805
1971 1.48410 1.16187 0294033
1972 1.48650 116767 - 2295483
1973 1.4834] 1.16613 290067
1974 l.48455 1.16604 2292511
1975 1.48691 1.16823 « 295939
1976 1.17090 2302965

1.49138
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TABLE IIIc
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FROM_FULL PRODUCTION MODEL,

ALLEN PARTIAL ELASTICITY OF SUBSTITUTION ESTIMATES

...

g

91k "IM KM
1952 «BOT644 1.36204 .153518
1953 «803158 1.36093 «153120
1954 «799370 1.36466 147689
1955 «785365 1.36633 .107999
1956 2789213 1.38065 122350
1957 . 792516 1.37322 175052
1958 809839 © 1.37550 »268759
1969 ° «816248 1436759 © «324311
1960 + 828565 1.35797 «401400
1961 «833298 1.34877 v 440366
1962 2832507 1.364707 W448911
1963 +835901 l1.34524 473972
1964 . +B841806 - 1.33784 . .507996
1965 «842283 1.34135 518277
1966 «R42877 1.34043 «528560
- 1967 «842754 " 1433004 «537249
1968 « 847410 1.32519 25620640
1969 » 848649 1.33497 «572242
1970 4849508 - 1.33042 581642
1971 «849259 1.34028 585657
1972 «851009 .1.33580 «596762
1973 » 850800 1.34122 " «600936
1974 +852308 1.33900 «610357
1975 «854030 1.33256" .619873
«854179

1976

. 1.33778

624782



SCALE ECONOMY ESTIMATES”FROM FULL COST AND PRODUCTION MODELS

-TABLE IV

0.1933

A{gsﬁ

1954

1955

1956
1957

1958

... 1965

1959

1960
1961
1962

1963

1964

1966
1967
1968

. 1969

1970

. 1971

*

&)k

1972
1973

1974
1975
1976

1.32619
1,22522

1.14838

0963265
«363301
1.05622

1.32100

1.22549

1.27899
1,38138
1433239

1,27682

1.19811

1.27113

_1.25448

-1,23914
1.22417

1,19293
1,13180

1.11221
1,07492
1,07216

inverse of scale elasticity

sum of output elasticities of X,L,M,

)
Cost Model Scale

* %
Production Model Scale

1.23089

1.20883
1.17850
1.09320

1,08584
1.,13684
1.,27604
1.37223
1.55865

_1.66603

~.1.98440

1.67633
1.75532
1.88786

1.92388

1,95989

2,11283
2.17070
2.21548
2.24011
2.30691

_2,.33253

2.39662
2.45988

2.49996

/16
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' CONCLUSION . .

This paper began with a demonstration of. the fact that preVious

tests of duality theory had disavantaqed the production models by

‘assuming ‘that output was strongly separable from inputs. It was

also shown that with constant returns to scale in production the .

nodels could be estimated without assuminq strong separability.

Unfortunately, strong separability is required if a production mo-

del is to be uniquely estimated with other than constant returns to

.scale. and Hicks neutral technical change.

The paper continued With a test of duallty theorv based upon
published data of a large Canadian communications carrier. It was
concluded that the prvmal and dual models yielded quite difFerent
estimates of the properties of the underlying‘technology. It was

noted that the (necessarily)separable'production model provides a

less robust fit of the data and that the scale estimates were strongly .

trended. It was concluded that the cost model estimatesvwere more

_likely to be correct. Notwithstanding the senarability issue, it

would appear.that when technical change is fully general and returns

to scale are not constrained; a pattern,of results similar to that

reported by Burgess and Appelbaum emerges;’ |
Anrimportant direction for future/research is to examine

the empirical significance of the separability issue raised here.

It would appear that if the Appelbauﬁ-and Burgess production

models were reestimated without separability, more inSights could

be obtained into empirical duality problems
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