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REVIEW OF LITERATURE AND CONCEPTS 

Introduction  

In the early 1970's a notable contribution was made in empirical 

production function analysis with the introduction of the "flexible form" 

specification for production technology. The new functional forms, such as the 

translog
1 

or the generalized Leontief
2 

 , prove to be particularly useful when 

considering more than two factor inputs to the production process. 

The standard neo-classical theory of production posits certain well 

known properties for mathematical functions which are designed to describe 

the process of prôduction. The flow of services from factors such as labour, 

materials, energy and capital, can be combined in various proportions to produce 

the flows of prôduced outputs, however only a restricted set of possible 

combinations are economically viable in the sense of not being wasteful of 

resources. This fact plus assumptions concerning divisibility of inputs and 

outputs gave rise to the characteristic properties of convex isoquants. Further 

assumptions yielded the homothetic property and the neoclàssical:production - 

function can therefore be characterized as a "strictly quasi-concave homothetic 

function". While that description gave considerable scope, the major examples 

of production functions used in empirical analysis, the well known Cobb-Douglas
3 

and the CES
4 
 forms, are nevertheless unduly restrictive for purposes of 

hypothesis testing when more than two factors of production are involved. 

1 L.R. Christensen, D.W. Jorgenson, and L.J. Lau, (1971), "Conjugate _— 
Dual,ity_and the Transcendental Logarithmic Production Function", Econo-

- Metrica,  Vol. 39, No. 4, July 1971, pp. 255-256. 

W. Erwin Dùewert (1971), "An Application of the Shephard Duality Theorem: 
'A Generalized Leontief Production Function", Journal of Political Economy, 
Vol. 79, May/June 1971, pp. 481-507. 

3 C. Cobb and P.H. Douglas (1928), "A Theory of Production," American  
Economic Review,  Supplement to Vol. 18, 1928, pp. 139-165. 

Arrow, H.B. Chenery, B. Minhas, and R.M. Solow (1951), "Capital-Labor 
Substitution and Ecommilic Efficiency, "Review 	of  Economics  and  Statistics,' 
'VOL 43„ August 1961, pp. 225-250. 
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Both of_these types of functional forms have built in the 

assumption that the elasticity_of substitution between two factors is 

constant, and in the Cobb-DOuglas case,* that the constant is eqnai to unity. 

When only two factors are present,the CES form, unlike the Cobb-Douglas, 

does allow one to estimate the single elasticity of substitution but with 

three or more factors there are several partial elasticities to consider 

and to assume them all to be equal is to miss some important economic 

phenomena. For example, there is evidence to show that non-production workers 

are complementary to capital while production workers are substitutable 

with both capital and other workers
5

. The CES form lacks the flexibility to 

allow the investigator to perceive the sign or size differences between the 

three partial elasticities examined in the above study, and other more 

suitable functionals are needed for such a task. 

The issue can best be expressed by reviewing the relationship 

between substitution properties, the production function and its separa-

bility. As will become evident subsequently our focus of attention will 

rest chiefly on the separability properties of the estimated production 

function and this concern will determine our choice of available functional 

forms. 

5 E.R. Bernt and L.R. Christensen (1974), "Testing for the Existence  of 'a 

 Consistent Aggregate Index of Labour Inputs";*American  Economic Review 
(June 1974), 391-404. 



2. Separability  

Consider a production function with n inputs y=F(x„...,xà). 

Partition the set of integers N= into p mutually exclusive and 

exhaustive subsets [N1,..,P] to be called the partition P. The production 

function F(x) is said to be weakly separable
6 with respect to the partition 

P if the marginal rate of substitution (MRS) between any two inputs i and j 

from any subset N
s' 

s =1, ...,P, is independent of the quantities of inputs 

outside of Ns , i.e. 

D 	F. — 	1  = 0 for all i,jeNs  and k E Ns  
k 

where F. denotes the first order partial derivative DF(x)Mxi.Weak separability 

with respect to the partition P is equivalent to the production function F(x) 

being of the form F(v 	v) where vs is a function of the 
elements of Ns p 

only. For example, suppose xl.„ stands for input of labour services, x2  for 

machinery and equipment, and x
3 
 for structures. Then the weak separability 

between labour and machinery and equipment on the one hand and structures on 

the other can be expressed functionally as F(v(x1,x2),x3). Note that the 

sub-function v is independent of the amount of services issuing from structures. 

Clearly a stronger form of functional separability is available 

to us and this. also has economic meaning. Define strong separability with 

respect to r-the partition P if the MRS between any two inputs from different 

subsets N and N
t 

does not depend on the quantities of inputs outside of Ns 

and Nt'  i.e. 

6. 
This section closely follows thp analysis of Berndt, E.R. and L. R. Christensen, 

The  Internal Structure of Functional Relationshipsi Separability, Substitution, 

and Aggregation," Review of Economic Studies (July 1973a), 403-410. 
• 



DgkFj 
for all iE Ns , jENt , s 	t, and k e NsUNt. 

The corresponding functional form is  

Both types of separability conditions can be written as 

FikFi  - FikFi = 0 where Fij is the,  second partial derivative of F. This 

expression can be rewritten in terms of constraints on the estimated values of 

the parameters of the production function. 

The Allen partial,elastitity of subbtitution (AES) 	between inputs. 

x. and x. can be expressed in terms of the price elasticities of derived demand 

as followS? 

aij = Eii/wj 

where 	. DXi Pi  
Eij = Dpj xi 

and wj is the share of the j th input in total cost, equal to pjxj/Epix i . ,The 

AES correspond to conventional comparative statistics analysis; they measure the 

response of derived demand to an input price change, holding output and all other 

input prices fixed. 

be expressed as: 7 

The separation of input 3 from inputs 1 and 2 can equivalently 

(i) functional separability: F(x 1x2x3) = H[J(x1x2),x3 ] 

(ii) equality of the AES an= an  

:7 
The second criterion is especially suitable whennestimating cost function. 
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3. Production and Cost Functions  

For profit maximizing establishments who take market prices as 

given there is a duality theorem which shows a one-to-one correspondence 

between production and costs. To any production function which- àeyedertaln 

regularity conditions (conditions that give the properties mentioàed in 

Section 1) there corresponds a cost flinction which has the right properties, 

'and conversely. Notice that a production function is defined on the space 

of input quantities while the (linear homogeneous)unit cost function is defined 

on the space of input prices. The Cobb-Douglas production function, for 

example, corresponds to a unit cost function of the same form in the si5ace 

of input prices, this being an example of a function which is self-dual. 

Using the first order efficiency conditions for profit maximization 

from the production function we are able to derive a system of factor demand 

equations, one equation for each factor, expressed in terms of input quantities. 

Analogously, using Roy's lemma8', from the cost function we can obtain,a . ,system 

of factor demand equations, this time expressed in terms of input prices. 

The duality between cost and production functions widens our choice 

of production structures to be tested. A cost function which is not self-dual 

corresponds to a production structure which in part is unknown. However, 

ddality preserves separability properties 9  so that the separability structure in 

the cost function is the same as that in the production function. Thus the same 

functibnal\form, for example translog, can beLempioyed-either as a production , 

function or as a cost function, giving us two distinct technology specifications 

through which' the hypothesis of separability may be tested, using the available 

data in different modes. 

8 Diewert W.E., "Applications of Duality Theory," in Frod-Éier'S''éd,Qhantitative  
Economics Vol II  edited by M.D. Intritigator and D.A.'.Kendrick. Amsterdam: 
North ,  Holland Pub. Co. 1974. 

"Duality and the Structure of Utility Functions" Journa  
Eecin6mic Theory, 1, 1970. 
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4. The Translog Function10  

This is a quadratic function which relates the log of output 

to the log of inputs and a technology index A: 

	

;lnx. 	yAA(lnA) 2  
1=1 1 	1 

n n 
E  E yij lnxilnxi  +iEl  yi  

i=1 j=1 

where Yij= yii• 

Constant . returns tà scale (CRTS) imply the following restrictions. on 

the parameters of the translog production function: 

lnx.1nA • 

E.op = 1, E.y. = 
1 	1,ij 

, E.y.  =0, E 	y. = 0 E.Y. = j ij 	i 1A 

If production possibilities are characterized by both CRTS and Hicks-

neutral technical change
11 , the further restrictions on the translog 

parameters are implied as follows: 

a = 1 y = 0 y. = 0 
A 	' AA 	' lA 

Under these conditions the translog production function can be 

written as: 

lny = lnA lnao  + Ealn x. + e y— 
i

lnx.lnxj • 	- 	. 	13  

10 
This section is taken from Berndt E.R., and L. R. Christensen, The 

Translog Function and the Substitution of Equipment, Structures, and Labour 

in U.S. Manufacturing 1929-68. 

If CRTS holds, factor augmenting technical change with equal rates of 

augmentation is equialent to Hicks-neutral technical change. This shpws 

why the Hicks-neutral type of change is readily handled and also shows 

why it is not a particularly plausible case for a study of information 

and non-information activities. Technical change seems to have been 

labour-saving over the period in question but this issue requires a 

more careful attention and will be looked at in a further study. 

11 
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Define F to be the output net of technical change, i.e. y =AF. Note 

that the logarithmic marginal productivity ,  conditions on y and F are 

identical and independent of A: 

Dlny  = DlnF  _ ai  + Eyijlnx. 
Dlnxi 	Dlnx 

Since this is the relation to be used under the above conditions, there is 

no loss in generality in limiting our attention to the aggregate input 

function F. 

The first order efficiency conditions for profit maximizing 

behaviour is Dy  _ Pi 
Dx1  

where Pi is the price of input i and p is the outpüt price. In log form 

these conditions become 	Dlny._  pix . 
Dln xi Px  

which gives the value share in total output value of the ith input. Thus 

we have the factor demand equations 

c. = a + E y..lnxj 
. 1 

i = 1,..,n 

where, under CRTS, c
i 
are the cost share of the ith input in total cost. 

Note that the condition E.c. = 1 is satisfied by the set of conditions 
11  

= 1 and E y. =0 which are implied by CRTS. i 	ij 

The translog production function, owingto its quadratic nature, 

is an ill-behaved production function globally. When at least one yij  0 

there exists configurations of inputs such that neither monotonicity nor 

convexity is satisfied. We have to check that the estimated production 

function is well-behaved for each data point. This involves checking that 
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the estimated expression for c. are all positive and that the bordered 

Hessian matrix of first and second partial derivatives of F is negative 

definite.
12 

Without going into the same detail, it can be shown that a -r_linear - 	- 

homogeneous cost structure can be estimated from the system of demand 

equations. 

ci  = ai  + E yijlnpjL i=1,..,n 

subject to E . afai .= 1, yij  =, yji,  E yii = 0, where ci  is the . cost share as 

before and p. is the price of the jth  factor 14  We can Way the separability 

tests to either the cost or production functions. 

For the production function F we noted that the separability 

conditions can be expressed in terms of the partial derivatives 

F F - F F. = 0 
ik j 	jk 

where the ith and jth factors are separated from factors k. i,j. From 

this we see that the necessary and sufficient condition for the translog 

function to be separable is c.y. 3k Pik = 

Monotonicity requires ci> 0, all i, so that if separability holds  and if  

y
jk 

= 0, then yik  = O. Suppose however, that  Yjk  0, yik  /0, then the above 

condition can be rewritten as 

i1ik  'j  Yik VYimYjk Yjm Yik) 111-xm = 

12 
Thorem 4.5 in Réckafellar R.T., Convex Analysis,  Princeton University 

Press, 1970. 

13 
Berndt E.R. 'and  R. Wood, "Technology, Prices and the Derived Demand for 

Energy", Rev. Econ. Statist.  Aug. 1975, 57, 259-68 
14 

For an expression of a non-homothetic cost structure see Fuss, M.A. "Demand 
for Energy in Canadian_Manufacturing" Journal of Economics  1977, 5, 89-116. 



a 	. V.  
cj 	

J 	Yim 
m = 1,...,n 

a.. =IG..I/IGI 1,j 	aLj 

where  Ici  is the determinant of 

1 
C
2 3 

Cl Yll 	Cî 	Cl Y12 	C1C2 Y13 "4- C1C 3 

C
2 

y
12 

+ C
1
C
2 	

y 
22 
 + C2 -C  123+  2 	2 23 2 3 

123  +CC y +C  - C 
2 3 33 	3 	3 

and 1G..  I is the cofactor G 	in G. ijh 

C
3 

y
13 

+ C
1
C
3 

G 

-9-- 

and the global conditions (holding for all values of the xi) for inputs 

i and j to be separated from k becomes 

a.y. - j  ay. = 0 

1.?. -1.  Yjm Yik =0  M = 1,...,n 

Alternatively, we can write (for yik , yjm  nonzero) 

i =yak  = 

 

Substitution possibilities among inputs can be measured by 

calculating the Allen partial elasticity of substitution. Allen (1938 

has defined the partial elastiaty of substitution (AES) between inpUtâ'i 
, 

and j as 

(1) a. = 	F X, 

	

lj h=j h n 	1  J 

where PI is the determinant of the bordered Hessian 	and IV.. I is the 

cofactor of F 	V.  Substituting the three-factor translog bordered 

Hessian in (1) yields 



5. Estimation Technique  

S . 

At this stage of the research we are estimating a four-factor 

translog prôduction function using time series data, 1948-1973 on 

total Canadian manufacturing. The four factors are information labour 

I)",  non-information labour N machinery and equipment'D, and structures 

The estimated coefficients can yield tests of various possible 

combinations of separability, but our main interest at this juncture 

is to test for separability between structures and the other inputs. 

To do this the derived demand relations are estimated by the Three 

Stage Least Square (3SLS) technique and the estimated parameters can be 

subjected to the separability test. 

With four input factors we obtain a system of four demand 

relations. By symmetry and homogeneity conditions the parameters for 

any one equation can be derived from the parameter estimates for the 

remaining three. Hence we estimate only the three equation system 

corresponding to the two types of labour andtheMY  factor, from which 

can be constructed the demand , for structures. Moreover, not all 

parameters in the remaining equations need be estimated. To see this,denote 

information labour, non-information labour, machinery and equipment, 

and structures by I, N, . E and S respectively. Then we have the three 

equations (i==I,N,E): 

ci  =c4i  + yilln x1  + yiN lnxN  + ïï 

where y..= y... 
1,3 	ja. 

yislnxs 
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However by the conditions yie 	+ 	YÏÉ,=--- 0 9 

write the system of equations as:' 

= 	we can 

cI = 	Yllin(xIixs) + y
iNln(xN/xs )+ yiE ln(xE /xs ) 

= aN  + yiNln(xi /xs) + yNN1n(x.e/xd± y
e.
m4n(x

n
:„,./x) 

P 	.  

cm = am  A- yimln(xi/xs) yNEln(xN/xs) YÈàai(xdx ) 
_ 	s 

'lb each equation we.add additive error terms 

Applying themehod-,:2pf leastsquares to th s ystem wp, can  obtain estimates 

for the  parameters  ci ., i = I,N,E, and y, 	j=I,N,E. The variables on 

the right hand side cannot, however, be treated as exogenoue', since the 

decisions of the firm involve a simultaneous choice of all inputs. In 

order to avoid simultaneous equation bias produced by nonrge'L'ocovariances 

among the disturbances, we identify a set of variablestexogenous to the 

system and use these in the three stage least squares estimation. In 

practice we use the LSQ section of the TSP programme package. This gives 

us a 3SLS facility by a non-linear regression method which nonetheess is 

suitable for our linear system of equations. 	 • 

15
The most appropriate method of making the equation system stochastic 
requires some thought. Also our estimation techniquesshould properly 
take into account the error term in the last, deleted equation. 



II:.CONSTRUCTION OF DATA ON INFORMATION/NON-INFORMATION LABOUR SERVICES 

As described in the first interim report, as a first approximation, 

series of information/non-information labour services were derived for 

1947-1974 from an aggregated man-hours series. It was intended that these 

data would be discarded when more accurate data became available. 

More detailed data, described hereafter, ,have now been compiled and 

-keypunched. The data consisted of man-hours worked by employees in each 

major manufacturing industry for the years 1961 to 1974, disaggregated into two 

groups: "non-information" workers consisting of production workers in 

manufacturing operations, employees in new construction, outside piece 

workers, and other production and related workers; and "information" workers 

consisting of administrative and office employees, sales and distribution 

workers, and employees at other locations. 

For the purposes of time series estimation, these data presented two 

major problems: i) the disaggregated series began only in 1961 whereas we 

required data from 1947 onwards; ii) the methodology whereby the series were 

compiled changed in 1969 causing discontinuities in the data at that point. • 

We first repaired the data by mending the discontinuity, then used the revised' 

series to extrapolate for the period 1947-1960. 

The Productivity Division of Statistics Canada describes the derivation 

of the man-hours worked series as follows: 

"In manufacturing, the Annual Census of Manufactures is the basic 

source of man-hours data, but it is supplemented by two other surveys; Earnings 

and Hours of Work in Manufacturing and Survey of Labour Costs. Man-hours 
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worked for production workers are taken from the Census. For the rest of the 

employees, man-hours paid are obtained by payroll deflatiOn of Census salaries. 

These man-hours paid are then converted to man-hours worked by extrapolating the 

1968 labour cost survey relationship between man hours paid and worked for the 

non-production workers. (The extrapolation was based on the movements of the 

same ratio for production workers). The average hours worked by other than paid 

workers, however, was applied to the number of working owners and partners to 

obtain an estimated man-hours worked. 

The reason for the discontinuity in the series in 1969 was due to the 

cancellation of the labour cost survey in 1968, which was one of the primary 

data sources. After 1969, man-hours had to be estimated on the basis of 

extrapolation of the 1968 relationships. The effect of this extrapolation was 

to increase the number of man-hours worked of information workers as shown in 

Table 1. It did not however significantly affect the man-hours of non-information 

- workers. 

Our adjmstment procedure consisted of multiplying the 1970 to 1974 

figures by the ratio 1969 (old)/1969(new). The original and revised man-hours 

data are shown below in Table 1. 
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•TABLE 1  

Estimates of Information Man-Hours Worked  

Total Canadian Manufacturing, 1961-1974  

Original 	Revised  

1961 ' 	774,401,306 	774,701,306 

1962 	 783,174,658 	783,174,658 

1963 	 796,825,394 	796,825,394 

1964 	 826,670,659 	826,670,659 

1965 	 872,590,484 	872,590,484 

1966 	 890,650,379 	890,650,379 

1967 	 905,104,692 	905,104,692 

1968 	 916;574,130 	916,976,098 -  

1969(1) 	918,574,130 	918,574,130 

1969(2) 	1,042,761,000 

1970 	1,016,028,000 	895,024,877 

1971 	 990,656,000 	872,674,537 

1972 	 985,838,000 	868,430,334 

, 1973 	1,025,581,000 	903,440,170 	1 
1  

1974 	1,065,725,000 	938,803,249 

Year  



R
2 
 =  .9846 

LIT = the natural logarithm of the number of man-hours worked of 

information workers, using the revised series 

LIWKRS = published number of information workers in Canadian 

manufacturing 

-  15- 

To extend the series of information and non-information man-hours 

back to 1947 a number of regressions were run relating man-hours worked 

(both original and revised) in each group to time and to the number of workers 

in the group. 

The two following equations provided the best fit: 

LIT =  7.01251 + 1.04101 LIWKRS 

(12.0136) (23.2451) 

t  -  values in brackets 

LNT = 9.37796  +  .872480 LNWKRS 

(20.8796) 	(27.0775) 

t  -  values in brackets 

R
2 
= .9868 

LNT = the natural logarithm of the number of man-hours worked of 

non-information workers (no adjustments required). 

LNWKRS = published number of non-information workers in Canadian 

manufacturing. 

These equations were then used as a basis for estimating 

information/non-information hours worked for the period 1947  -  1960. 



The dependent variables in the set of equations arO thcCrisshares 

:Cie:the, input factors. These are tabulated in Table 3. 
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• III. ESTIMATION OF FACTOR DEMAND EQUATIONS 

Once the data were assembled, we applied the translog function 

to the problem of estimating substitution possibilities among machinery and 

equipment (E), structures (S), information labour (I) and non-information 

labour (N) in Canadian manufacturing 1948-1973. 

Summary of Data  

The data required for this study are the prices and quantities.,'6: 

inputs. Capital stocks and service prices were derived as discussed in 

the first interim report. Labour input data came from two sources? The 

quantity of 1 and N were derived as described in the preceding section. 

Corresponding prices were derived by dividing wages anesalaries data by the 

man-hours series. The quantities of all inputs were scaled to unity (zero 

logarithms) in 1948, the starting point of our 1948-1973 sample. Table 2 lists 

lists the series of quantity indexes for each of the four factor inputs. 

The input prices and quantities are viewed as endogenous variables. 

The following variables are considered exogenous to the Canadian manufacturing 

sector and are used in our two and three stage least squares regressions to 

purge the quantities of E, S, 1, and N of correlation with the additive 

disturbances: (1) Canadian population, (2) Can4lianipor3u1atiori 45f,working age, 

(3) Total immigration to Canada, (4) immigrants destined for the labour force, 

(5) government expenditure on goods and services, (6) total exports, (7) long- 

term bond yield, (8) U.S. G.N.P.,aarid (9) total imports. 
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TABLE 2  

Quantity Indexes of 'InptitÉ  in  'Canadian 'Meitifadttiting  

1948-1973  
- 

IMANHRS 	 NMANHS 	 QST 	 .QME 
. 	._ 	............................................................_ . _ 

48 	• 	1 0 00000 	 1.00000 	 1.00000 	 1.00000 

	

 
• 	1.12275 	.992855 -_ 	1.02637 	- 1.09312 50• 	: 	, 	1.17292 	- • 995221 	 1.03967 	. -1.16825 

	

.. 	1.26148 . _ 	1 0 04821_ - _ 1.06723  
52 	' 	o 	1.34235 	 1.06157 	 1.12438 	, - . 1.40397 53 . : ' 	e 	1040188 	 1008670 	 1.18645 	: 	1.55635 54-: • 	.,: . 4; 	1.42698 	 1.02868 	. 1.23687 	' 	14,67446 

	

_1047244 	- 	1.04858, 	1.28876 	:.- 	1.76889 .  
56 	.: . 	1.54626 	 1.08534 	 1..36794 	 1..91537 

	

1.56931 	 1.07057 	' 	1.46626 	 2.10312 	,. 

	

•  58 	• - 4. 	1.54049 	 1.01364 	 1.54239 2.22891 , 

	

.1053301 	1.02865 	 1.59472 ' • 	2.30423 _ _ 60 	. 	1.55998 	 1.01285 	 1.64180 	 2.39053 	,•
61 	. 	-.- ..2.14814 	 .983506 	 1.67600 . 	' 	2.46640• 

- 62 	. 	. ': 	2.015869 	 1.01538 	 1.71193 	 2.53736 

	

_ 63 	'.. . - 2.19513 	_1.04185 	 1.75750_ _ 2462183 
64. • 	o : '.< 2.25953 	 1.09055 	 1.81374 	. 	2..75007 65 	• ' 2.37162 	 1.14291 	 1.90131 	. 2.94527 ' 66 	0 	2.47318 	 1.19372 	 2.02615 	 3.20179 .  • 

..____2053360_____ 	1.18991   2.14789_. _ 3.45290  68 	. 	2.52242 	 1.18241 	 2.24451 	 3.61498 69 	o 	2.54049 	 1.20875 	 2.34537 - : _ 	3.75001•70 	. 	2.45607 - 	1.18849 	'2.47387 	 3.94075 
71 	__...- 	2.40581 	 • 	a.18916 	 2.59626 	 4.13529_____ 72 	e 	2.41847 	 1.22931 	 2.68524 	 4.28773 
73 	• • . 	2.48407 	 1.28471• 	2.77272 " 	4.46585 

1 	 2 	 3 	 4 
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Looking over ,  the columns of Table 2, we note that over the 

1948-1973 time period, the quantities of 1, S, and M rose more rapidly than 

the quantity of N, and the quantity of M especially rapidly. This would 

appear to indicate that technological change has not,been equally factor-

augmenting, as we hypothesize, but rather has had the effect of 

substituting machinery and equipment for non-information workers. 

Whether this hypothesis holds will be further investigated when we 

examine the estimated parameters of the four-factor production function. 

• 



TABLE 3  

Cost Shares cif Labour and - Capital . Inputs  

Canadian Manufacturing  

1948-1973  

ILABSHAR 	NLABSHAR 	LABSHARE 	MESHARE 	STSHARE 	CAPSHARE 
____.. 00-00_

0_00000000000-00000000000000000000000000000-0000000000000000000_00-okb0000Gt0e0G0o_0rn000000 48 	0 	.107839 	 . 380007 	 0487846 	 0240514 	 0271640 	 .512154 O117891 	 .368340 	 0486232 	 0249597 	 0264171 	 0513768 0116564 	 0349817 	 0466382 	 0271383 	 0262236 	 .533618 0117666 _ 	__-0354356_ . 	. 	0472022_ 	'  	_0263861 	 02641_17 	_±,,;,.::::::-  , 527978_  -, O124122 	 0364573 	 G 488e)95 • 	o 253570 	 .257734 .:-.-': 1:'' - 0 511305 	.1  O127195 	 0367861 	 0495056 	 .255646 	 0249297 - '..'" : . 	. 05.04944 54 ,.... ,,,..:ei .* 	. 	0136052 	 .357067 	 0493119 • 	0265825 	 .241056 	''' 	' .506881 0131050 	0342181   047323? 	0282772 	 0243996 	- ,:::'1' 526768_ .132428 	 0343417 	 0475845 	 0284832 	 0239323 	 :.: 524155  

_ 	. 	. 	. 
.141135 	0345324 	.486459 	0286233 	0227308 	". 513541 - 	58',..''., .-..:'...-.,. 	•153638 	 0349655 	 .503293 	 .281155 	 .215552 	 4496707 

	

».-.., 	0/ 48955 	0346415 	 0_495370 	• 	02_82_937
C 
221693 	 • 504630___ 015286? 	 ,..1417an 	_h_Qe..A.1 'D 	 _*D04....,1 -2 	 .II -71 -7,f. 	 7.-  r. , • - • t e L r. 

, 	.. . 	. _ _ 	. 
****************;e******:. . . 	, 	. 	,,_,....  . 	.,,:e. . : : ....' 

• ENO OF OUTPUT FOR 	LABOUR 
' 	EXECUTION TIME= 2200. 	SECONDS 	WORKING SPACE= 1127eÏORDS 



-20- 

.50 

FIGURE 1  

Cost Shares of Factor Inputs  

Canadian Manufacturing  

1948-1973  

.40 

1948 1952 1956 1960 	1964 1968 1972 

SYMBOLS  

o ILABSHARE 
* NLABSHARE 
x MESHARE 
+ STSHARE 



The cost shares tabulated in Table 3 are also depicted graphically 

in Figure 1. In the period 1948 to 1961, the value shares of non-information' 

labour and structures were decreasing, whereas the value shares of 

information labour and machinery and equipment were on the increase. 

However, in the period 1962 to 1973 the trends reversed themselves to 

some extent. The cost share of Information labour fell off steadily in 

the 1970-1973 period, and structures increased steadi4"?. . 

The appearance of the factor shares tend to indicate a possible 

break in the pattern of technological change. To examine thequestion 

further, we should.test whether the assumption of - equal factor-augmenting 

technological change is supported by the data, and we should also test the 

hypothesis of parameter equality in the21948-1961and.-1962-1973 period, using 

the Chow
16 
 test.. utoMaitu.problem 

- 	- 	_ 
n.conductingsuch tests ,  lies in-the 

paucity of degrees of freedom. 
- 

16 
G.C. Chow (1960), "Tests of Equality Between Sets of Coefficients in 
Two Linear Regressions," Econometrica, Vol. 28, No. 3, July 1960, 
pp. 591-605. 



Empirical Results - Three-Factor Production Function  

ist we estimated a three-factor system with the-quân'titYand 

price'.of capital services, K, derived as a Divisia index of equipmehtsand 

In Table 4 we present estimates of the unconstrained trahslog 	' 
- 

parameters based on the OLS regressions, using instrumental variable 

(2SLS), and 'on ordinary least square regressions adjusted for first-order 

auto-correlation (CORC). The third procedure was tried because of .t1 

Durbin-Watson statistics in the OLS regressions. (1.04 for the I equation, 

1.38 for N and 1.31 for K.) 

-- 

TABLE 4  

Parameter Estimates of Unconstrained Translog Parameters  

Three-Factor Case  

Parameter  

ŒN 

ŒK  

YII 

YIN 

IK 

NI 

YNN 

YNK 

YKI 

YKN 

KK 

OLS 	2SLS 	CORC 

	

.0993 	.1002 	.0932 

.3743 	.3760 	.3706 

	

.5264 	.5238 	.5349 

.1025 - 	.0936 	.1149 

	

7.1718 	-.1703 	-.1979 

	

.0190 	.0253* 	.0185 

	

-.0913 	-.1191 	-.0802 

	

.0806 	.0571* 	.0595 *  

.0187* 	.0436* . 	,0162/-e 

	

-.0112* 	.0255* 	-.0334* 

	

.0911 	.1132 	.1337 

	

-.0377 	-.0688 	-,0339* 

* denotes not significantly different from 0 at a = .05. 



OLS 	2SLS 	CORC 

.98 	.98 	.99 

.88 	.86 	.87 

.64 	.59 	.71 

Equation 
• 

It is also of interest to compare the results obtained to those 

estimated for U.S. manufacturing 1929-68 by Berndt.
17 

While the parameter 

estimates differ, of course, the signs (using 2SLS) of YIN, YIK, YNI are the 

same. However, the signs of KK (to which further attention is devoted 

below), and YKN which we obtain are opposite to those of Berndt. 

Our estimated 
Y 
 KK is less than zero, implying that if the quantity 

of capital is increased, then the value share of capital will decrease, labour 

factors being held constant, which is a clear contradiction. A tentative 

conclusion to be drawn from this result is that there is no consistent 

aggregate index of equipment and structures. Further study is required to 

ascertain whether this is so. Such a study would be a sub-component of a study 

of a four-factor production function, with equipment and structures treated 

separately. It is to this four-factor production function which we now turn. 

Empirical Results - Four-Factor Production Function  

In Table 5 we present estimates of the unconstrained translog para-

meters for the four-factor production function. As in the three-factor case, 

the parameters were estimated using three techniques: ordinary least-squares 

(OLS), ordinary least squares corrected for first-order auto-correlation (CORC), 

and two-stage least squares (2SLS). 

17 
E. Berndt, The Economic Theory of Separability, Substitution and Aggregation 
with an Application to U.S. Manufacturing 1929-1968, Phd. Thesis, University 
of Wisconsin, 1972. 



Parame  ter  

a l 
 

a
N 

ŒE  

a 

Y II 

Y 

 

TE 

Y IS 

Y NI 

Y NN 

YNE 

YNS 

YEI 

YEN 

YEE 

Y ES 

YSI 

YSN 

YSE 

SS 

.872 

.748 

.978 

2SLS 

.987 

.862 

.465 

.911 
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TABLE 5  

Parameter Estimates of Unconstrained Translog Parameters 

Four Factor Case  

OLS 

.1054 

.3768 

.2375 

.2802 

.1124 

-.1874 

-.0412 

.0746 

-.0871 

.0744 

-.0116* 

.0364* 

.0564 

-.0437* 

.1094 

-.1606 

-.0817 

.1567 

-.0567 

.0497* 

R
2 
Values  

OLS 

.987 

.8852 

.6890 

.9532 

CORC 

.1011 

.3705 

.4609 

.3376 

.1151 

-.1934 

-.0245* 

.0518* 

-.0801 

.0598* 

.0085* 

.0077* 

-.0085* 

.1001* 

-.2433* 

.1727* 

-.0461 

.1442 

-.2918 

.3118 

CORC 

.987 

2SLS 

.1051 

.3767 

.2351 

.2830 

.1080 

-.1890 

-.0351* 

.0703 

-.1160 

.0554* 

.0134* 

.0317* 

.1458 

.0125* 

.0494* 

-.1699* 

-.1378 

.1210 

* Denotes not significantly different from 0 at a = .05 
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Next we imposed the assumed constraints of constant returns to 

scale, and symmetry (Y ij = Yji). 

To estimate the parameters subject to these constraints requires 

dropping one equation. We first dropped the S equation and used the TSP 

iterative three-stage least squares program to estimate the remaining free 

parameters (9). However the program did not converge successfully. 

Next we estimated the system of the I, N and S equations simulta, 

neously. 

The equation system estimated was: 

C 	OE4 +  'II (ln I/E) + IN (ln N/E) + Y IS (ln S/E) 

YIN (ln I/E) + YNN (ln  NIE) f YNS (1n S/E) 

+ YIS (ln I/E) + YNS (ln N/E) +  18S (n S/E) 

In this case convergence was achieved after IdUr iterations.,-The-: 

I3SLS estimated of the parametersfrom this system.are - preSented in Table 6 

below. The conventional R
2 
figures for the three estimated equations are 

193 for the I equation, .88 (N) and .93 (S). The Durbin r- Watson statistics 

are .60 (I), 1.27 (N) and .67 (S). :  

The starting values for the estimation were the 2SLS estimates 6f the 

parameters, as shown in Table 5. 
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TABLE 6  

I3SLS Parameter Estimates of Translog Production Function 

Parameter 	Estimate 	Parameter 	,Estimate  

aI 	.0901 	TIS 	-.0937 

a
N YNN 

	

.3788 	 .0496 

ŒE 	.2477 	YNE 	-.0299 

a
S 	.2834 	YNS 	.0651 

Y  
, II 	.1154 	TEE 	.0303 

,1N 	-.0848 	.ES 	-.0635 

IE 	.0631 	YSS 	.1021 

All estimated parameters were significantly different from zero, 

at the a= .05 level of significance. 

Examination of the results shows that the fitted cost shares are 

positive for all observations. In addition Yjj (j = I, N, M, S) are all 

positive, as required. 

We note that since the Y ij 	0 , i j, this implies that ourçtranslog 

specification does not reduce to the simpler Cobb-Douglas case, and hence, 

that the conditions for complete global separability are not satisfied. It 

may be, however, that some type of weak separability cannot be rejected. 



4. Conclusion  

In this interim report we have documented the recent econometric 

literature relevant to our research, and have explained in some detail the 

methodology we are adopting. 

We next described the data construction for the estimation of a 

production function for Canadian manufacturing, 1948-1973, and presented the 

empirical results of our estimation. 

Completion of our work on the time series data involves a few 

more steps. 

First, we should test whether the production function is convex 

at each point by determining whether the bordered Hessian matrix of partial 

derivatives is negative definite. 

Next we wish to measure factor substitution possibilities by 

computing the estimated Allen partial elasticities of substitution, and price 

elasticities. 

We also wish to test whether structures are weakly separable from 

the other three inputs, as a basis for our upcoming work with pooled cross-

sectional and time series data, for the twenty major manufacturing industries. 

Finally, the exercise is to be repeated using the cost function 

rather than the production function. 


