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ABSTRACT  

The apparent variation of the effective dielectric constant of 

microstrip transmission lines with frequency is studied experimentally, 

empirically and analytically. The experimental techniques for the 

measurement of dispersion are described. Empirical relations are derived 

from the experimental results which describe (with in an accuracy of 

+ 5%) the dispersive behaviour in microstrip transmission lines for a 

wide range Of dielectric constants (2 < Er  < 10), substrate thickness 

(0.020 inch < h< 0.125 inch) and —
h 

ratios (0.9 < —
w 

< 13). 
— h — 

A coupled mode analysis of dispersion in microstrip transmission 

lines is developed by considering the coupling between the TEM mode 

and the TM
o 

surface  wave mode. An expression for the coupling coef-

ficient is derived from a series of qualitative arguments and experimental 

results on dispersion. The analysis account3for dispersion (within an 

accuracy of + 2%) in microstrip transmission lines for a wide range of 

microstrip line parameters (2 < Er  < 104; .020 inch < h < 0.125 inch; 

w 
0.9 << 6). 
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CHAPTER 1 

INTRODUCTION 

1.1 	Introduction 

The advent of microwave semiconductor devices has stimulated 

interest in microwave integrated circuits and hence in microstrip 

transmission lines and circuit elements. Various workers
(1-8) 

have 

reported on the frequency dependence of the phase velocity (or the 

effective dielectric constant) of the propagating mode in microstrip 

transmission lines. Experimental results, reported to date, show that 

the dispersive effects are quite significant above about 2 GHz, 

particularly for thick (h > 50 mils) and high dielectric constant 

(E
r 
> 10) substrates. However, the existing literature does not 

give adequate qualitative and quantitative analysis of dispersion 

in microstrip transmission lines. Consequently, the study of 

dispersion in microstrip transmission lines is the subject of this 

 thesis. 

1.2 Characteristics and Limitations of Microstrip Transmission Lines  

A planar transmission line consisting of a strip conductor 

spaced from a ground plane by a dielectric layer is known as a micro-

strip transmission line (9 ) . The schematic diagram of a microstrip 

transmission line, shown in figure 1, defines the dimensional para- 

meters of the structure. A conducting ground plane (of nominally 



infinite extent) supports a uniform layer of dielectric material of 

thickness h, upon which is located a thin conducting strip of width 

w and thickness t. 

Microstrip circuit elements offer the following advantages 

over strip line, coaxial and waveguide elements:
(10) 

i) The complete conductor pattern may be deposited and 

processed on a single dielectric substrate which is 

supported by a single metal ground plane. Such a 

circuit may be fabricated at a substantially lower 

cost than strip line, waveguide or coaxial circuit 

configurations. 

ii) Both packaged and unpackaged semiconductor chips may 

be conveniently attached to the microstrip element 

because of the planar nature of the structure. 

iii) Devices and components incorporated into hybrid 

microwave integrated circuits are accessible for probing 

and measurement purposes. 

However, microstrip transmission lines suffer from the following 

limitations: 

i) Microstrip transmission lines have higher radiation 

losses than strip line, coaxial or waveguide structures. 

The radiation losses have been theoretically calculated 

by Lewin (11)  and experimentally verified by Denlinger
(12)

. 

2 



Denlinger's results are reproduced in figures 3 and 4. 

One observes from these results that the radiation 

losses from microstrip transmission lines are strongly 

dependent on the thickness and the dielectric constant 

of the substrate material. These results also show 

that the radiation losses may be reduced by choosing 

thin substrates with high dielectric constants. 

ii) Proximity of the air-dielectric air interface with the 

strip conductor causes a discontinuity in the electric 

(13) 
and the magnetic fields (see figure 2) at the interface. 

In fact, there are components of both electric and 

magnetic fields in the direction of propagation. The 

propagation mode, therefore, is not a pure TEM Mode 

(a mode in which both the electric and magnetic fields 

are normal to the direction of the wave propagation, a 

condition for which approximate solutions may be obtained 

using electrostatic approximations)
(14,15

' 16) . However, 

at low frequencies, (h <
d
/30) the actual propagating 

mode (commonly referred to as quasi-TEM mode) closely 

resembles a TEM mode and therefore the various electro-

static approximations such as 'conformal mapping
," ) 

relaxation method (15)  and variational principle (16)  

(14) may be used. Wheeler r s 	quasi-static solution, based 

on conformal mapping is suitable for calculating the 

3 



characteristic impedance, the phase velocity and the wave- 

length of a single microstrip transmission line at low 

(17) 
frequencies. 

In 1957, Wu
(18) 

reported a theoretical analysis of the electric 

and magnetic fields in microstrip transmission lines. He established 

coupled integral equations for the current densities Ix  and Iz  on the 

strip conductor (see figure 1 for coordinates), which he suggested 

could be solved by numrical methods. Later Delogne
(19) 

pointed out 

that the path of integration chosen by Wu leads to growing waves 

perpendicular to the strip and so is in error. However, even if it 

is possible to find a suitable path of integration the approach seems 

to be complex and may require extensive, rigorous and lengthy numerical 

computations to get any results, and so this approach has not been 

considered in this thesis. 

However, at high frequencies (h > Âd/30), the dispersion of 

the non-TEM modes causes a considerable deviation in the effective 

dielectric constant and the velocity of propagation predicted by the 

electrostatic approximation. A literature survey on the dispersive 

behaviour of microstrip transmission lines is given in the following 

section. 

1.3 Literature Survey of Dispersion in Microstrip Transmission Lines  

In 1968, Hartwig et al
(1) 

reported measurements of the effective 

dielectric constant of the propagating mode in microstrip transmission 

4 



lines on rutile and alumina substrates (see figures 5 and 6). To 

explain this behaviour, they proposed a theory based on synchronous 

coupling of the TEM mode and a TM°  surface wave mode (the surface 

waves exist due to the air dielectric interface, the TM
o 
being the 

dominant mode of propagation) (.2qowever, a theoretical derivation 

of the coupling coefficient of the two modes was not given, since 

they lacked an explicit description of the electric and magnetic 

fields. Instead empirically derived  expressions for the coupling 

coefficients were described to fit the experimental data (see figures 

5 and 6). However, such empirical relations are of limited practical 

use since they cannot be used to calculate the dispersion for any 

other mateiral or even for the same material with different and 

h parameters. 

In January 1969, Troughton(2 3) ' reported a new technique for 

measuring dispersion in microstrip transmission lines. He measured 

the wavelength of the propagating mode on micros trip transmission 

lines by using a microstrip transmission line ring structure (figure 

7) and noting the frequencies at which the ring resonated. Resonance 

occurs whenever the mean circumference of the ring equals an integer 

multiple of a wavelength at that frequency. As is described in 

Chapter 2, this technique gives more accurate results compared to 

earlier methods using open or short circuit terminations. In the 

same paper, Troughton presented dispersion measurement results for 

microstrip transmission lines on an alumina substrate (see figure 8). 

No theory was given or suggested to explain the dispersive behaviour 

of microstrip transmission lines. 

5 



In May 1969, Zysman and Varon
(4) 

reported that the modes that 

exist on the microstrip transmission lines are a linear combination 

of TE and TM modes. In this analysis, TE and TM modes each satisfy 

the wave equations and boundary conditions with the exception of the 

boundary at the strip conductor; their linear combination satisfying 

the boundary conditions at the strip conductor. The final result of 

the analysis of a microstrip transmission line enclosed in a large 

metallic box is a pair of coupled integral equations which were 

solved numerically. Their theoretical results were in close agreement 

with their measured results on a 50 ohm microstrip transmission line 

(C r  = 9.7, h = 50 mils ' 
 17-= 1) in the frequency range of 1 to lOGHz. 
 h 

However, the analysis requires lengthy computer computations and is 

not convenient for microstrip component design. 

In June 1969, Napoli and Hughes (5) reported experimental 

results on the dispersive behaviour of microstrip transmission lines. 

They derived an empirical relation to account for the variation of 

the phase velocity in a 50 ohm microstrip transmission line on .025 

inch thick alumina substrates (e
r 
= 9.6) over the frequency range of 

1GHz to 18GHz. Their empirical relation can predict dispersion only 

in the above mentioned microstrip transmission line and so is of 

little practical use. 

In December 1969, Arno1d
(6) 

reported dispersion measurement 

results for micros trip transmission lines at frequencies in the range 

* In analytical and numerical solutions a large conducting box enclos-

ing the microstrip transmission line is required in order to satisfy 

the boundary conditions. 

6 



of 1GHz to 15GHz. He derived an empirical relation which may be used 

to calculate the variation of the effective dielectric constant of 

microstrip transmission lines with frequency. This equation is valid 

for lines on .025 inch thick alumina substrates with i7 ratios of less 

than or equal to two. However, it does not predict dispersion for 

any other substrate and/or any other thickness or for YL7 . ratios greater 
h 

than two. 

In October 1970, Grunberger et al ( 7) reported a numerical 

analysis of dispersion, in which all the components of the electric 

and magnetic fields and the propagation coefficienti3 were described 

in terms of power series of frequency (13. The higher order terms represent 

the correction to be added to the low frequency solutions in order 

to obtain the field patterns of microstrip transmission lines at 

high frequencies. Electric and magnetic field strengths were measured 

with a probe on the surface of the outer conductor of a microstrip 

transmission line enclosed in a box. The computed results show good 

agreement with experimental results on a micros trip transmission line 

with e
r 

= 2.89, h = 4.5 cms -17= 2.2 and box dimensions as 21 cms x 30 ems. 

However, this approach requires a measurement of the electric and 

magnetic fields and the application of computer based curve fitting 

techniques and so is of little practical use. 

Recently, in December 1970, Davis et al ( 8) reported a computer 

analysis (based on finite difference methods) of dispersion in microstrip 

transmission lines enclosed in a large conducting box. The computed 

results are in good agreement with the measured dispersion data on a 

microstrip transmission line with er  = 9.7, -17-1- = 1 and h = 50 mils. 

7 



The analysis confirmed the existence of higher order modes. These 

higher modes were found to be very similar to surface wave modes. 

However, the analysis requires extensive computation and a large 

computer memory and as such is not convenient to calculate dispersion 

in microstrip transmission lines. 

1.4 Thesis Objectives and Approach  

As was shown in the previous section, dispersion in microstrip 

transmission lines fias been studied using the following approaches: 

i) Numerical (4 ' 7 e 8  ) 

ii) Empirical (5,6)  

iii) Analytical (1)  

(47 
The numerical analysis described by various authors

,  ' 8 ) 
 

require difficult and lengthy computer calculations and moreover, 

fail to provide insight into the dominant physical phenomenon. For 

these reasons, this approach is not convenient for the purpose of 

microstrip component design and is not considered in this thesis. 

The empirical and analytical results reported to date describe 

dispersion only for specific cases of microstrip transmission lines
(1,5,6) 

(i.e. specific cr , h and ill ratios) and therefore, are not useful 

for design purpose. 

8 

The objective of this thesis is to find empirical and analytical 

relations which describe dispersive properties of microstrip transmission 



9 

lines for a wide range of microstrip transmission line parameters of 

interest. These relations are required in a form convenient for the 

purpose of microstrip component design. 

Empirical relations which are described in Chapter 2 of this 

thesis were developed from experimental results on dispersion by 

noting the trend of the variation of the effective dielectric constant 

with frequency as the parameters Er , h and are varied independently. 

The derived relations describe the variation of the effective dielectric 

constant with frequency (within + 5%) for a wide range of micros trip 

transmission lines (2 < E < 10, 0.9 < 	< 13, .02 inch < h < .125 inch) 
— r — 	— h — 	— — 

and can be used to predict the frequency above which dispersion effects 

are significant. A description of the dispersion measurement techniques 

are given in the sane chapter. 

A coupled mode analysis considering the coupling of the TEM 

mode and the dominant surface wave mode (TM
o
) is developed in Chapter 3 

of this thesis. An expression for the coupling coefficient has been 

derived using a series of qualitative arguments and the experimental 

data from Chapter 2. It is shown that analytical and experimental 

results are in close agreement (+ 2%) for a wide range of microstrip 

transmission lines ( 2 < E < 104, .020 inch < h < 0.125 inch and 
— r — 	— — 

0.9 < 17- < 6). A design example which demonstrates the application 
--h — 

of the dispersion analysis developed in this thesis is also given in 

Chapter 3. 

• 
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CHAPTER 2 

QUANTITATIVE STUDY OF DISPERSION IN MICROSTRIP TRANSMISSION LINES 

2.1 	Introduction  

The experimental technique used to measure dispersive effects 

in microstrip transmission lines is described in this chapter. Also, 

empirical relations which describe the dependence of ceff  on frequency, 

E
r

, h and 	are developed using the author's own experimental results 

as well as those reported by Troughton (3) . The results given by the 

empirical relations are compared with experimental data and with the 

results predicted by Arnold's
(6) 

empirically derived formula. 

2.2 Dispersion Measurements in Microstrip Transmission Lines  

The apparent variation of E
eff 

with frequency (i.e. dispersion) 

can  be determined experimentally be measuring the microstrip transmission 

line wavelength Âm  and applying the following relations: 

a 
m - (Eeff)4 

c 	[Xal 
eff 	7n111  

The wavelength Xm 
may be determined using one of the two 

following methods: 

2.1 



2.2.1 Standing Wave Detection Method  

The standing wave detection method consists of using a slotted 

line to determine the distance between two consecutive minima of the 

(21,22) 
standing wave pattern in a transmission line. The distance between 

two consecutive minima is equal to half a wavelength. The measurement 

may be made on a microstrip transmission line by connecting a short 

circuited microstrip transmission line as a load to a coaxial slotted 

line. In such an arrangement, Figure 9, a movement of the short circuit 

on the microstrip transmission line will cause an equivalent (electrical 

length) movement or shift of minimas in the coaxial slotted line. 

Thus by measuring the movement of the short on the micros trip transmission 

line and the corresponding shift in minima on the slotted line,  •one 

can determine the wavelength on the microstrip transmission line as 

shown below: 

With  2 , 	9, and 	defined as in Figure 9: m m 

2, 	2, 	9, , 	9, ,  
c 	m 	c 	m 

T-  + 7--  = 7,--  + 7-  c 	m 	c 	m 

or - 	- 
cm 

 

cm 

- 

M M  
À - 

m 	-c 
C 	c 

11 

i.e. 2.2 

The above procedure, however, suffers from the following disadvantages: 



12 

(a) It is difficult to establish a movable short circuit. 

(b) The connectors available for transition of a microstrip transmission 

line to a coaxial line are mismatched and the reflection coefficient 

varies with frequency (5) . This mismatch results in a shift of 

minimas of the standing wave patterns on the slotted line in 

addition to the shift caused by the movement of the short on the 

micros trip transmission line and hence introduces a measurement 

error. 

2.2.2 Resonance Method  

The resonance method, first suggested by Troughton (3) and 

recently used by various other authors
(6,23) , consists of measuring 

the resonant frequency of a transmission line resonator of the type 

shown in Figure 7. This ring structure gives maximum power transmission 

at a frequency (defined as the resonant frequency) at which the mean 

circumference of the ring equals an integral multiple of the wavelength 

of the propagating microstrip transmission line mode. Thus at resonance, 

n D
mean 

= n2t. 
mr 

or 
u D

mean 
X 
mr 

u(2R + w)  2.3 

where n is an integer and X is the wavelength of the propagating 
mr 

microstrip transmission line mode at the nth resonant frequency. 
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2 

E
eff 

••n•n 

• • • • 

Combining equations 2.1 and 2.3 

cl  
u(2R+w) fmr  

2.4 

This method offers the following advantages over the standing wave 

detection method: 

(i) No short circuit is required. 

(ii) By using a suitable ring resonator (as discussed 

in the next section), the effect of the coaxial-

microstrip adaptors is minimized. 

This method has been used in this thesis for the measurement 

of the effective dielectric constant of microstrip transmission lines. 

The measurement technique, results and experimental errors are discussed 

in the following section. 

2.2.2.a Measurement Technique and Results  

A microwave bridge of the form shown in Figure 10 (HP Network 

Analyser, Model 8410A) was used to conduct the transmission measurements. 

The input microwave signal is swept over a range of frequencies and 

the resulting output resonance curve observed on the C.R.0 screen. 

The effective dielectric constant of the microstrip transmission line 

is calculated by substituting the value of the resonant frequency in 



14 

Equation 2.4, the other quantities in Equation 2.4 being known from the 

dimensions of the ring structure. 

The resonant frequency of the ring cavity is dependent on the 

degree of coupling between the ring and the coupling probes
(24)

. The 

effect of the coupling probes is minimized by taking a large ring 

resonator (about five wavelengths long at the frequency of interest) 

and a coupling gap width which gives maximum Q of the cavity coupling 

structure (3) . The loaded quality factor of the coupled transmission 

line resonator is determined by measuring the half power band width 

(Af ) and the resonant frequency  
mr 	 Mr 

Mr 

Af 
Mr 

2.5 

The variation of QL 
versus coupling gap widths is plotted in 

Figure 11. The decrease in QL 
for larger gaps (more than 10 mils) is 

due to the power lost by radiation from the cavity (see Appendix A). 

Using microstrip transmission line ring resonators with 

optimum coupling gap widths, the effective dielectric constants for 

various microstrip transmission lines with difference 1/-1-ratios on 

three different substrates (E
r 

= 2.32, h = 30 mils; E = 7.0, h 	20 mils; 

r = 9.25, 
h = 125 mils) were measured and the results are plotted in 

Figures 12 to 15. 	These results indicate that dispersion is 

particularly significant for thick substrates with high relative 

dielectric constants and is more pronounced for wider lines. 



2.2.2.b Measurement Error  

The errors in the measurement of the effective dielectric 

constant and the quality factor of the transmission microstrip cavity 

are due to errors in the measurement of resonant frequency, f , and mr 

the half power bandwidth. The error in fmr  is estimated to be of the 

order of + 20 MHz while the bandwidth error is estimated to be of the 

order of + 1 MHz for small gaps (less than 10 mils). For larger gaps 

the error is more since the transmitted signal is weak and may be below 

the dynamic range oÈ the detecting instruments. These factors may 

introduce an error of + 0.4% in the calculated value of the effective 

dielectric constant and an error of + 5% (for small gaps) to + 10% 

(for large gaps) in the value of QL  as shown in Figure 11. 

2.3 Empirical Relations for Dispersion in Microstrip Transmission Lines  

The experimental results presented in the previous section 

(and by other authors
(1-6)

) indicate that the effective dielectric 

constant is frequency dependent above S band (2-4 GHz) frequencies. 

Empirical relations are developed in this section following a brief 

description of the empirical equations derived by other authors
(5,6)

. 

A coupled mode analysis of dispersion is developed in the subsequent 

chapter. 

Napoli and Hughes (5) derived the following empirical equation 

from their experimental observations: 

15 
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2.6 

0.211 2.04 
= A [ 	

h 
1.15 [!-) E

dc 
f x 10

-51 2.7 

212 z- 

E
eff 

= E 
eff 

0 	
r

1 
[1 + [4 

where f = 59 GHz. 

This relation was derived from the dispersion measurements on 

a 50 ohm micros trip transmission line with a .025 inch thick alumina 

(E r = 9.6) substrate 
and is not valid for any other substrate material, 

substrate thickness or 17-ratio. 
h 

Arnold
(6) 

derived the following empirical relation: 

where 

= phase velocity of the wave on the microstrip 

transmission line 

c = velocity of light in free space 

V 	 2 = (E
eff)1 

dc 
= relative permitivity of the substrate material at 

zero frequency 

f = frequency in GHz 

and 

A = value of computed from 0.986 

This relation may be used to calculate E
eff 

= E
eff

(0 for 

microstrip transmission lines having ii- ratios  up to two on an alumina 

substrate of thickness .025 inch and dielectric constant of the order 

of 9.9 (see Figures 12 to 15). 



DE 
eff 

âf 
w r 

for —h > 4 
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These empirical relations (2.6 and 2.7) are of limited practical 

use since they fail to predict the dispersive behaviour in microstrip 

transmission lines for a wide variety of E
r

, h and ïwl- ratios. In the 

remainder of this section, empirical relations are developed which 

describe the dispersive properties of microstrip transmission lines for 

a wide range of parameters (2 < 	< 10, 20 mils < h < 50 mils, 
— r — 	— — 

0.9 < 17. < 13). The relations were developed by noting the trends 
— h — 

of the variation of the effective dielectric constant with frequency 

as the parameters Er , h and 1.77  ratio are varied independently: 

DE
eff  

 (i) 	is strongly dependent on the dielectric constant 
Df 

of the substrate material and increase approximately as 

the square of the relative dielectric constant and is 

zero for an air dielectric. This gives 

DE
eff 	2 a (E

r 
- 1) 

Df 

DEeff  
(ii) 	is dependent on the characteristic impedance of 

Df 
wT *  

the microstrip transmission line and 	ratio. For 

various combinations of Z and 	it was observed that 
o h ' 

1/2  DEeff  
a 	z 	3.›.1 

o h 	
for

h 
 <4  

Df 	— 

and 

* The finite thickness of the metallization of the strip conductor serves 

to increase the effective width of the line to a value slightly greater 

than the actual physical width
0.4) 
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DE 
(iii) 	

eff 
 is linearly dependent on the substrate thickness: 

Df 

a h . 
Df 

DE
eff  

 (iv) 	is significant only above a certain frequency, 
âf 

f
o

. Above this frequency the variation of E
eff 

with 

frequency is approximately linear. The frequency fo 

 is found from experimental results to be dependent on 

E2, and h in the following manner: 
r o 

a) f
o 

a (Z
o

) 1/2  

f
o 

a (c
r 	

1) 

c) f
o 

a (h) 2  

2 

1  
erefore f

o 
= 	 2.9 

(e - 1)4  kr Th 
 

where f
o 

is in GHz and K
1 

is a constant to be determined 

experimentally. 

From the above observations,for f
o

: 

eff 

W
t 

E
eff 

= K (E
2

2 	r 
 - 1) h (Z

o -17.1- 
 ) 2 (f-f

o
) 	E

effo 
for 	<_ 4 

and 

2.11 
K (E2 1) h 	fey 	(f_fo) 	for 
	

> 4  E
eff 	2 	r- 

2:10 

2 
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where f is the frequency in GHz and h is mils. The constants K1  and 

K
2 
were determined experimentally to be 6.0 and 3 x 10

-6 
respectively. 

Therefore we have 

{Z  O) 2  6.0  
f
o 

- 
(E
r 

- 1)
1/4. 	h 

w  
e eff = 3 x 10

-6 
(E

2 
- 1) h (Z

o 
-17 )

- 
(f-fo) 	E

eff 
for —

wt 
< 4 f > f 

h — 	— o 
o  

2.13 

and 

2.12 

= 3 x 10
-6 

(E
2 

- 1) h 
ceff 	 3 h 

(f-fo) +
eff 

for 3'2  > 4 f > f 
h 	' —o 

o 

2.14 

where f and f
o 

are in GHz and h is in mils. E
effo 

= static effective 

dielectric constant (determined from Wheeler's curve 16a and 16b). 

The results calculated from these empirical relations are 

superimposed on Figures 12 to 15 along with the results from Arnold's 

empirical equation. It is observed that the empirical relations derived 

in this thesis describe accurately (within + 5%) the apparent variation 

of the effective dielectric constant with frequency for a wide range 

of dielectric constants (2 < 	< 10), 	ratios (0.9 < -171-< 13) and 
— r — 

substrate thicknesses (.020 inch <h < .125 inch). 

The f
o 

term in equations 2.13 and 2.14 is particularly useful 

in practice since it enables one to predict the frequency at which 

dispersion becomes significant as the microstrip transmission line 

parameters h -12:and
r 

are varied independently. 
h 



CHAPTER 3 

A COUPLED MODE ANALYSIS OF DISPERSION IN MICROSTRIP TRANSMISSION LINES 

3.1 Introduction  

In the previous chapter, empirical relations were developed 

which describe the variation of effective dielectric constant for 

microstrip transmission lines with frequency. The results predicted 

by these relations are in close agreement with the experimental values. 

However, to acquire an understanding of the physics of the dispersion 

phenomenon, an analytical approach is required. In this chapter an 

approach is developed which combines an approximate closed form solution 

with a series of qualitative arguments (all of which provide physical 

insight to the problem). The approach is based on an analysis of the 

coupling between the TEM mode and the transverse surface wave modes 

due to the air dielectric interface (1 10 20 27 e 	e . Hartwig et al
(1) ) 

and Vende1in (20)reported that the field components for a TM surface 

wave mode coincide with the TEM mode and may be easily excited, as 

opposed to a TE surface wave mode whose field components are in 

quadrature with the TEM mode. For a microstrip geometry only even 

TM and odd TE surface wave modes are possible, since for even TE 

and odd  TN surface wave modes the electric field does not vanish along 

11, 	the ground plane
(28) 

(see Appendix B). It is easily seen (Appendix B) 



that the TM
o 
mode is dominant since it has a zero cut off frequency while 

higher order modes have cut off frequencies beyond the range of interest 

and therefore have negligible effects. This reasoning is employed in 

this Chapter in the development of expressions for the upper frequency 

limit of microstrip transmission lines and expressions which describe 

the apparent variation of the effective dielectric constant with frequency 

and microstrip geometry at frequencies below the upper frequency limit. 

3.2 Upper Frequency Limit on the Operation of Microstrip Transmission Lines  

The TM
o 
mode may couple with the TEM mode and hence change 

the transmission behaviour
(29) 

(i.e. the propagation constant) of the 

microstrip transmission line. As the frequency increases, the phase 

velocity of the TM0  mode decreases (see Figure B.1). Thus the effect 

of coupling of the TM
o 
mode with the TEM mode is more pronounced at 

higher frequencies, since the coupling is inversely dependent on the 

) phase velocity (20  . The frequency at which the phase velocity of the TM 

mode is equal to the phase velocity of the TEM mode has been defined (1)  

as the upper frequency limit. Vendelin derived the following expression 

for the upper frequency limit for very narrow lines: 

/2  
f

£1.1 
- — 	arctan E

r 2uh 1//E -1 
r 

 

Based on a similar approach, the following general expression is developed 

in this thesis (see Appendix B - D) which may be used to calculate the 

upper frequency limit for any IT ratio
(32)

° 
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o 

3.1 



eff
Imo 

2 

eff
o 

1//
7e 

 eff0  
12 c21 	2 {r  
— + 

2 
eff 

1,2 

eff 
TM

o  

-12 

- _ 
f = 

21-111 
[1 - 11 + 10 q arctan 

r 

2  
h -4 

1 + [1 + 10 

1 - il + 10 1-
1r 

_ 
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2 

3.2 

This expression reduces to 3.1 for = 0. 

Values of f
2, 
given by equation 3.2 are plotted in Figure 18. 

For -IT« 1 and E
r 

> 10, equation 3.1 and 3.2 reduces to (8) 

10.6  
f£  = hvE- GHz 1.-  

and is convenient for preliminary calculations. 

3.3 Coupled Mode Analysis of Dispersion  

Hartwig et al (1)  developed an analysis of the dispersive 

behaviour of microstrip transmission lines below the upper frequency 

limit, f
JP 

by considering .the coupling of the TEM and TMo 
modes. 

Coupled mode theory (1,29) gives (see appendix B and C): 

3.3 

3.4 

where 

e
eff = effective dielectric constant of the dispersive microstrip 

1 	(.qode 1, + sign) 

Eeff = effective dielectric constant of the dispersive microstrip 
2 	(Mode 2, - sign) 

E
eff 

= static effective dielectric constant of the microstrip line 
o 	(determined from Wheeler's curve, Figs. 16a and 16b) 
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eff 	
= effective dielectric constant of the TM

o 
mode (determined 

TM
o 	

graphically, Figures 19-23) 

For passive coupling, reciprocity holds and the coupling coefficients 

1221 
— and — are equal, i.e. 

1221 
= 	- coupling coefficient between assumed TEM mode and 

TM
o 
mode 

2 • 	 2 E 
= [Ceff

o 	
effTmo 
	

is the normalizing factor. 

2 
12 

.6
21 

=
12 is the only unknown quantity on the right hand 

side of equation 3.4. A theoretical derivation of e
2 

is not possible 
12 

without an explicit description of the electric and magnetic fields of 

the TEM mode. Hartwig et al
(1) 

derived WO different empirical equations 

2 
for 6

12 
to fit experimentally determined dispersion data for an alumina 

substrate (Cr  = 9.7, h = 50 mils ' 	
0.96) and for a rutile substrate 

(Cr  = 104, h = 50 mils, . = 0.6) respectively. The expressions derived 

by Hartwig et al
(1) 

are of limited practical interest since they can 

not be used to predict the dispersion properties of microstrip transmission 

lines having different -T.1-7- ratios, substrate thickness, or dielectric 
h 

constant. 

2 
An expression for 6 2 is developed in this thesis from the 

following series of arguments
(32)

• 

1) Coupling may be assumed to be inversely dependent on 

the phase velocities of the TEM and TM°  modes, the phase velocities 

for both these modes being inversely dependent on the substrate 



dielectric constant. Thus we may initially assume 

2 	1  
E
12 

a ri 	a (n) 
1 

iv % -i 
ph )  

where n = 	is the refractive index of the substrate material and n1 

is a constant. Since the phase velocities of both the TM°  and TEM 

modes depend on n, we assume that n1  = 2. In practice one observes that 

dispersion decreases rapidly as the dielectric constant of the substrate 

decreases and is in fact zero for n =  1. To take this into account we 

finally assume that 

2 
varies as (n - 1)

2 
instead of n 2 , i.e. 

£12 
 2 a (n - 1) 2 

2) Coupling between TM()  and TEM modes above the upper frequency 

limit f is large and increases rapidly with frequency, so we may assume 

2 	[f £ a  
12 	f 

where n2 
> i and is determined from experimental results on dispersion.  

3) The phase velocity of the TEM microstrip line mode 

w 
is inversely dependent on fl-

'
ratio (14) , so we may assume 
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3.5 

3.6 

n
2 

3.7 

3.8 



v/Ceff 	v/ceff 
o 	TM()  

2 17.Ee«—ff 

[ /Ceff
o 

- v//eeff
Tmo V 

2 

9 2 

2 
= E

12 

[

L.H.S. = X(fm) = k(n - 1)2 w 
 1-7. 

n3  {fmjn2  or 

3.11' 

where n
3 

is to be determined from experimental results. 

Combining 3.6, 3.7 and 3.8 we have 

2[11
n
3 [

n2 
E
2 
2
(f) = k(n - 1) 	h  

1 	f£  

where k is a constant to be determined. 

Combining equations 3.4 and 3.9 we have (Appendix C): 

25 

3.9 

3.10 

(In this equation only E 	(mode 1) has been considered, the reason for 
effl 

 

this will become evident from the discussion given later.) 

where for a given microstrip, X(f) can be calculated from experimental 

results on dispersion. Since n
2' 

n
3 

and k are independent of frequency, 

the average value of n2' 
n
3 

and k, for a range of frequencies of interest, 

can be found respectively from the following expressions (See Appendix E): 

m=N log{X(f )/X(f 	)1 1 7 	m 	m-1  
n2 = N-1 L 2 	log(fm/fra-1 ) m   

-3.12 
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=x  1 log  X(f) . Up 
• 	m=N 

1 	? 
n3  = 

m=1 
log -[;. 1 

3.13 

and 
m=N 

	

1 î 		 
k = 	

m= 	

x(f) 

(n 	

n 	n2ml 
- 1)

2 [ ' 3 r f  

h 

where N is any integer > 1. 

The calculated values of n
2' 

n
3 

and k were found to be -1-1-
' 	

and  0.22 
3 	4 

respectively, subsequently 

3 	4 
-3-  27' 	f 

E12 
2  = 0.22 (11 - 1)2 [

w' 
 ] [ -7-  I 

The values of E
eff ' 

which have been calculated substituting 
; 	1 

equation (3.15) into equation (3.4) for various microstrip lines with 

different E
r

, h and are plotted in Figures 24 to 28 along with the 

experimental results. The theoretical and experimental results agree 

within + 2.0%. 

Equation (3.4) gives two roots (or modes) for Eeff . However, 

for frequencies f < 0.5f the value of E
eff 

computed from equation (3.4) 
- 2 

is less than unity, and as such, may be disregarded. At frequencies 

f 0.5f
2, 
both modes E 	and E 	exist and have different phase 

effl 
 

eff
2 

velocities. It is believed that this phenomena has been observed while 

conducting measurements with a resonant ring (3) on a thick (h = 125 mils) 

3.14 

3.15 



substrate (E
r 
= 9.25, f = 13.05 GHz). It was observed that above 7 GHz, 

more than twice the expected number of resonance peaks appeared in the 

resonance response of the ring resonator. These extra peaks in the 

resonance response may be due to the existence of the Eeff 
mode and 

2 

which may also appear at such high frequencies. 

In summary, a coupled mode analysis of dispersion in microstrip 

transmission lines has been reported in this Chapter. The analysis 

describes the coupling of the TEM mode and the TM°  mode and may be used 

to describe the dispersive properties of a wide range of microstrip 

configurations ( 2 < c < 104, .025 inch < h < .125 inch; and 0.9 < 
r — 

< 6) up to frequencies as high as 0.5f. The analysis and experimental 

results both indicate that additional coupled modes may exist at 

frequencies above 0.5q. In the following section a design example is 

given which demonstrates the application of the coupled mode analysis 

as well as the empirical model developed in Chapter 2 of this thesis. 

3.4 A Design Example  

The problem chosen consists of the design of a quarter wave 

transformertomataa5001111110ad(Wtoa8oluilload(Z In) at lOGHz 

using a ceramic powder-filled polstyrene material (Er  = 7.0) of • 

thickness h = 20 mils (see Figure 29). 

The characteristic impedance of a quarter wave transformer 

is given by
(22) 

27 

other modes (TE
1 

surface wave modes and transverse resonance modes
(20)) 



Z 	= [Z Z. 
02 	L in 

ForZ=5("1-1111sandZial=8 ohms 

Z02 = 20 ohms 

Fora  given Er  and h, the characteristic impedance of a 

microstrip transmission line is determined by the width of the strip 

conductor. Thus, for the design of a transformer, the quantities to 

be determined are the width and the length of the strip conductor. 

These quantities are determined from various approaches as described 

below: 

(14) 
A. Wheeler's Solutions  (i.e. Low Frequency Approximation) 

From Wheeler's curve (Figures 16a and 16b) for the given 
Xa 

e
r 

= 7 and Z
002 

 = 20 ohms, one finds ii- and  — to be 5.6 and 2.30 
mo 

respectively. 

28 

Therefore 

x  . a 
mo 	2.39 

. 3  
2.39 

Hence 

= 1.2552 cms at lOGHz 

X 
length of the transformer = 1+1°  - 0.3138 cm 

width of the transformer = 5.6h = 0.284 cm 
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. 	Empirical Model  (Chapter 2) 

From equation 2.1 

x a  

(eeff 2  

For 2- = 5.6, E = 7.0, h = 20 mils and t = 1.3 mils, Eeff 
is found to be 

5.9748 from equations 2.12 and 2.14. 

Therefore 

3  
m - 	

= 1.2273 ems. at lOGHz 
(5.9748) 

Hence 

length of the transformer = 	= 0.3068 cm. 
4 

width of the transformer = 5.6 h = 0.284 cm. 

C. 	Coupled Mode Model  (Chapter 3) 

The effective dielectric constant of a microstrip transmission 

2 
line is found by substituting f2, , E12  and Eeff 	in equation 3.4 for 

TM 
2 

= 5.6, Er  = 7.0, h = 20 mils and t = 1.3 mils,
o
ft  and E12  are found 

to be 129GHz and .07265 respectively using equations 3.2 and 3.15. 

K
rmo 

is found by substituting the value of pd 
in equation B.7, 

where p is determined graphically by plotting equations B.13 and B.14 
d 

in a p
d
h, p

a
h plane as shown in Figure 20 and noting the point of 

intersection of the two curves at the given frequency. For this example, 



2 

= E - 
!.31 

= 1.03619 at lOGHz 
r 	2 

f3a 

TM 

13a°  

2 

E
eff 

TM
o 

There  fore  
x  . 	a  

(e  
eff' 

30 

f = lOGHz, the point of intersection of the two curves in Figure 20 gives: 

p
d
h = .26 radians 

Therefore 

.26 
Pd = h 

- 5.1181 radians/cm 

From equations B.7 and B.20, 

where 

2 	411.2 
 
= 4.39234 at lOGHz 

a 	2 
X
a 

2 
Substituting f c

12 
and c 	in equation 3.4, 

eff
Tmo 

e
eff 

= 5.9587 

3  
- 1.229  cuis.  at lOGHz 

(5.9587) 4  

Hence 
X 

length of the transformer = -11/ -11  = .3072 cm 

width of the tranformer = 5.6h = 0.284 cm 



-

o 

o 

and 

3.16 

3.17 

D. Empirical Model with Dispersion of Z
o 

Included 

The calculations performed in B and C take into account the 

variation of the effective dielectric constant with frequency, but 

neglect the variation of the characteristic impedance with frequency. 

Napoli et al (5) reported experimentally derived curves for the variation 

o  and Yo - Y of  - 	oo  with frequency for e
r 

= 9.6. It is observed 
8o 	

Y 
oo 

that the slope of the Yo  -Y 	is approximately three times the 

Y 
oo 

slope of the P. -
o 

curve. Thus we may write 

= mi ( f 	fo )  

Y -Y 
o 	oo  

3m (f
- fo) Y 

00 

w °  
where m

1 
is a constant depending on cr

, h and 	. 

In order to find an expression of ml , we rewrite equation 3.16 

in the form of equation 2.13 or 2.14: 

= P o  (1 + mif') 

where 

f °  = (f - fo ) GHz 

31 



3 x 10
-6 

(c
2 

- 1) h 
m
1 

= 	 
2 c

eff 

w t 
for —

h —
< 4 

o 3.18 

therefore 

2 	2 

	

j = {-1 	(1 + m
1f 7 ) 2  

r3a 

or 

E
eff 

= C
eff

o 	
1 + 2m

1
f° + (m

1
fT) 2} 

E 	(1 	2m
1
f ° ) 

eff
o 

where it is assumed that m
1
f °  << 1 (it is shown later that m1

f is of 

the order of .01). 

Comparing the above equation with 2.13 and 2.14 and solving 

for m
l' 

we have 

32 

o  

and 
-6 	2 	\ 	

Zu  ( w t12)4 

3/110 	(Er  - 1,  " 	3 	for
h 
 > 4 m1 = 	  

2c  

For E
r 

= 7, h = 20 mils, Z 	= 50 ohms, 
ri
-= 1.3, t = 1.3 mils and ceff 

= 5.0176, 
00 	

0 

m
1 
= .00218 (equation 3.18) 

and 

for the saine  substrate material with Z
oo2 

= 20 ohms and 3'1 = 5.6 
h 

3.19 
eff

o 



Or 

or 

m
1 
 = .003709 (equation 3.19) 

Equation 3.17 may be rewritten as 

Y = Y 	(1 + 3m
1
f') 	 3.20 o oo 

Z = Z 	(1 + 3m f') 
o oo 	1 

Z = Z 	(1 -3m f') for m f' 	1 	3.22 
o oo 	1 	1 

To obtain a first approximation of the width of the transformer, 

we assume that Z
oo2 

= Z
o2 

= 20 ohms. The corresponding value of !e- 
h 

from Wheeler (14) is 5.6. 

Applying this value of -17-1  in equations 3.19 and 3.21 

Z
oo2 

= 20 [1 + 3(.003709)(6.2)] = 21.37 ohms. 

From Wheeler's curve for Z
oo2 

= 21.37 ohms
' 	

5.4. 

Using this value of in equations 3.19 and 3.21 

Z
oo2 

= 20[1 + 3(.003634)(6.2)] = 21.35 ohms 

which agrees closely with the previous value and therefore we conclude 

that one iteration is sufficient. 
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3.21 



Therefore 

width of the transformer = 5.4h = 0.2743 cm. 

length of the transformer = 
A
m = 0.3068 cm. 
4 

The length of the transformer is the same as calculated in B. 

It should be mentioned that the above analysis of the frequency 

dependence of the characteristic impedance is only approximate and as is 

shown in the subsequent section, there remains a definite requirement for 

an analysis of the frequency dependence of the characteristic impedance. 

3.4.1 Experimental Verification  

To compare the validity and accuracy of the various approaches 

outlined in the previous section and to obtain an indication of the frequency 

dependence of the characteristic impedance, the structure* shown in Figure 30 

was fabricated and the input impedance, Zinl , determined experimentally 

(Z
in 

= 7.0 - j 2.0 ohms). The line widths and lengths were measured and 

theinputimpedanceZ in calculated from the various approaches of the previous 

section as described below: 

A. 	Wheeler's
(14) 

 Solution  (i.e. Low Frequency Approximation) 

A
m2 

= 1.2552 ams Aml = 1 '
34 cms 

Z
o2 

= 20 ohms Zol = 50 ohms 

£
2 1 

- = .04965 
171 

. .2247 

'ml 	
7  

£
3 

 - = .7485 	
Z = 50 ohms 

''1113 

Note this structure was not designed using the computations of the previous 
section. Instead a structure of arbitrary dimensions (but resembling a 
quarter wave transformer) was fabricated and the measured line widths and 
lengths used to calculate the input impedance with the aid of the various 
models described in the previous section. 
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Z
ol 

= 50 ohms Z
o2 

= 20 ohms 

£1  
~ = 0.5038 
nml 

£
2 

= 0.2294 
nm2 

Therefore 

Z
inl 

= 50(0.162 	j 0.072) ohms 

= 8.1 - j 3.6 ohms 

B. Empirical Model (Chapter 2) 

X
ml 

= 1.321 cms. 	X
m2 
 = 12273 cms. 

Z = 20 ohms Z
ol 

= 50 ohms 
o2 

1 
= 0.5035 	= 0.23 

nml 	 nm2 

£
3 	

Z = 50 ohms 
= 0.759 

nm3 

Therefore 

Z
inl 

= 50(0.161 - j 0.022) ohms 

= 8.05 - j 1.1 ohms 

C. Coupled Mode Model (Chapter 3) 

X
m2 

= 1.2290 ems X
ml 

= 1.320 cms. 

35 

Z = 50 ohms 
~ =0.7591  
nm3 
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• Therefore 

• 

Z
inl 

= 50(0.161 - j 0.02) ohms 

= 8.05 - j 1.0 ohms 

D. Empirical Model with Dispersion of Zo  Included 

A
m2 

= 1.2273 cms. A
ml 

= 1.321 cms 

Z
o2 

= 18.6 ohms Z
ol = 48.7 ohms 

9,
2 1 

= 0.5035 	= 0.23 
nml 	 nm2 

Z = 50 ohms (assumed constant) 
372  = 0.759 
nm3 

There  fore  

Z
inl 

= 48.7(0.151 - j 0.025) ohms 

= 7.35 	j 1.217 ohms 

In Summary: 

Z
inl 

= 7.0 - j 2.0 ohms (Measured) 

Z
inl 

= 8.1 - j 3.6 ohms (Approach A) 

Z
inl 

= 8.05 - j 1.1 ohms (Approach B) 

Zinl 
= 8.05 - j 1.0 ohms (Approach C) 

Z
inl 

= 7.35 - j 1.2 ohms (Approach D) 



One observes that: 

(i) The measured input impedance does not agree very well with 

the input impedances calculated from the various approaches. 

(ii) The real part of the input impedance calculated using 

Approach D is closest to the measured result. This indicates that the 

characteristic impedances of the transmission lines of the structure 

shown in figure 30 are frequency dependent. 

(iii) The imaginary portion of the input impedance is defined 

largely by 
ceff' therefore, these results demonstrate the frequency 

dependence of 
Eeff. 

The imaginary portion of the input impedance given 

by approaches B, C and D are in close agreement with each other and differ 

by the measured value by an amount (10  of arc on the Smith chart) which 

is of the order of the instrument errors*. It is seen that the value 

given by Wheeler's so1utions
(14) 

is approximately 2.6 ohms larger than 

that given by the dispersion models developed in this thesis. This is 

the expected behaviour since Wheeler's solutions give smaller value of 

eff than the actual value at the measuring frequency. 

•  The quarter wave transformer was selected as the design example since 
it is a commonly used circuit element. The validity of the models 
developed in this thesis could have been more readily demonstrated 
using a 3À

m 
transformer as this would have given Z. values in a more 

in 
8 

expanded region of the Smith chart. However, further investigation 
of this matter was prevented by the time limitation. 
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The agreement between the measured and calculated characteristics 

of a transmission line depends on the accuracy with which the variation 

of Z
o 

and E
eff 

with frequency is taken into account. It has been shown 

earlier that the variation of E
eff 

with frequency is described adequately 

by the empirical and coupled mode models developed in this thesis and 

so the difference in the measured and the calculated characteristics 

is due to the variation of the characteristic impedance of the microstrip 

line with frequency. An accurate analysis of the variation of Zo  with 

frequency is currently not available in the literature and therefore, 

this should be the subject of further investigation. 
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CHAPTER 4 
• 

CONCLUSIONS AND RECOMMENDATIONS 

4.1 Summation and Conclusions  

The apparent variation of the effective dielectric constant 

of microstrip transmission lines with frequency (i.e. dispersion) has 

been considered in this thesis. Empirical and analytical models 

have been developed to study this variation: 

(a) Empirical relations were developed from the experimental 

results on dispersion by studying the trend of the 

variation of the effective dielectric constant with 

frequency as the transmission line parameters e r  

(relative dielectric constant of the substrate), 

h (substrate thickness) and ‘17- (width/thickness) 
h 

ratio are varied independently. The derived relations 

account for the dispersion (within + 5%) in microstrip 

transmission lines for a wide range of dielectric 

constants (2 < c< 10) 	ratios (0.9 < 	13) and 
— r— 	h 	--h — 

substrate thickness (.020 inch < h < .125 inch) and 

can be used to predict the frequency below which 

dispersion effects are negligible. Previously reported 

empirical re1ations
(5,6) were valid only for specific 

cases of microstrip transmission lines (i.e. specific 

E
r

, h and ratio) while the empirical relations 
h 



derived in this thesis are of much more general 

nature. The relations are valid for frequencies 

at least as high as 13GHz. 

(h) An analysis of the dispersive behaviour of microstrip 

transmission lines was developed by considering the 

coupling of the TEM and TM°  surface wave modes. Since 

a theoretical derivation of the coupling coefficient 

was not possible, due to the lack of an explicit 

description of electric and magnetic fields of the 

TEM mode, an expression for the coupling coefficient 

was derived from a series of qualitative arguments. 

The arguments were based on the assumption that 

coupling between TEM and TM
o 
modes is inversely dependent 

on the phase velocities of both the TEM and the TMo 

modes. The phase velocities of these modes are a 

function of e
r

, h and and  so the coupling of the 
h 

modes can be related to the parameters Er , h and 1-17  

by analysing the experimentally determined dispersion 

data. The coupled mode analysis developed in this 

manner accurately describes (within  ± 2%) the variation 

of effective dielectric constant of microstrip lines 

with frequency for a very wide range of micros trip  

configurations (2 < E r  < 104; .02 inch < h < .125 inch; 

and 0.9 < — < 6). The analysis and experimental 
— h — 

results both indicate that additional coupled modes 
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may exist at frequencies above 0.5 f t, where f z  is the 

frequency at which the phase velocities of both the TEM 

and TM
o 

surface wave modes are equal. This is considered 

to be the upper frequency limit for microstrip transmission 

lines. A general expression for f £ , which is valid for 

microstrip transmission lines of any 171-ratio is developed 

in this thesis. 

The coupled mode model describe the dispersive behaviour in microstrip 

transmission lines over a wider range of dielectric constants and frequencies 

than the empirical model. However, for dielectric constants in the range, 

2 < E < 10 , and frequencies up to 13GHz, the empirical relations are more 
— r — 

convenient for design purposes than are the coupled mode equations, as is 

evident from the design example in section 3.4. 

The dispersion measurements were made using a resonant ring 

technique. Experimental, empirical and analytical results indicate that 

dispersion is more pronounced for higher dielectric constant substrates and/or 

thicker substrates and for wider lines. It is also shown that the characteristic 

impedance of microstrip transmission lines decreases with increasing frequency. 

4.2 Recommendations for Future Work  

The variation of the effective dielectric constant of microstrip 

transmission lines has been studied in this thesis while no detail attempt 

was made to thoroughly investigate the variation of the characteristic , 

impedance and the attenuation constant of microstrip transmission lines with 

frequency. It is suggested that attention be given to these aspects of the 

high frequency characteristics of microstrip transmission lines. Also, 
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attempts should be made to describe the dispersive behaviour of coupled 

microstrip transmission lines and lines having discontinuties such as bends, 

open and short circuits. Finally, by incorporating the material presented , 

in this thesis with the results of future work, an attempt could be made 

to design'precision microstrip components and solid state microwave oscillator 

circuits, which at the present time are often designed using a trial and 

error method. 



= w  A.2 

APPENDIX A 

MEASUREMENT OF Q 

The quality factor, Q is defined as (24,25) 

Total energy stored  Q = 2u 
Energy Dissipated per cycle . 

A.1 

where w is the angear frequency, U is the total energy stored and P 

is the total power lost. The loaded quality factor, QL , of the cavity 

is given by
(7,24) 

1 	1 1  , 1 
Q = 	' Qext 	Qrad 

where 

Qo  = unloaded quality factor of the cavity and is determined 

by the dissipation in the cavity. 

ext 
= external quality factor and is determined by the 

coupling system. 

Qrad = radiation quality factor and is determined by the 

radiation losses of the cavity and the coupling system. 

A.3 

The equivalent circuit of a transmission cavity (resonant ring 

structure (3) ) with coupling elements is shown in Figure A.1. The 



QL 

coupling between the cavity and the transmission lines (coupling probes) 

is represented by both resistive and reactive components. The inductance 

L1 and L2 in the equivalent circuit represent the self inductances of 

the coupling elements which are due to the fringing field caused by the 

discontinuity at the junction of the transmission line and the cavity. 

The losses (dissipative and radiative) of the coupling structure are 

represented by Rs1  and Rs2 . The dissipative losses of the cavity are 

represented by R
c 
while the radiative losses are represented by the 

resistance R
r

. The equivalent circuit is simplified for analysis by 

referring to source and load impedances to the cavity circuit as shown 

in Figure A.1C. The loaded quality factor of the system is given by
(24) 

woL 

(wM1) 2 	(WM2j 2  R  +R  + 	+ 
G c 	r  Z0 	o  

where 

Z R z , = 	o S 
o 	Z+R 

oS 

= characteristic impedance of the input and output 

coupling probes. 

The input and output coupling coefficients are defined as
(24) 

(wM
1 )

2 

P.1 - Z' R 	= ratio of the coupled resistance at the 
0 C 

input part of the cavity to the cavity 

resistance R
e 
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QL 

woL 
Q0  - -- by definition A.6 

A.7 

A.8 

(wM
2 )

2 

2 
= R Z' - ratio of the coupled resistance at the 

C 0 

output part of the cavity to the cavity 

resistance R
c . 
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Therefore 

Q0  

R
r 1 + + 

Rc 	(31 	(32 

A.5 

where 

from A.3 and A.6 

Q0  

Qext  

Qo  
Qrad = (Rr/Rc) 

As the coupling gap width between the probes and the cavity 

is increased: 

(i) Losses represented by Rc  remain constant and so Q0  

remains constant as well (see Figure A.2). 

(ii) The coupling coefficients decrease and approach zero 

for large gaps and so Q
ext 

increases asymptotically to infinity 

(see Figure A.2) 



(iii) The radiation losses increase and so Q
rad 

decreases.(/t 

has been observed experimentally that approximately 20% of the incident 

power is radiated from an open circuited microstrip transmission line 

while Lewin
(11) 

has shown that a much smaller fraction  of  power is 

radiated (of the order of 4%) from a short circuited transmission tine. 

Increasing the gap width from a small value to a large value may be 

considered (to a first approximation) to correspond to changing the 

transmission line termination from a 'short circuit' to an 'open circuit' 

condition. Therefore the variation of 

expected). 

While no attempt was made to mathematically describe Q
L 

as a 

function of gap width, it was experimentally verified (see Figure 11) 

that Q
L 
varies in the fashion shown in Figure A.2. 
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shown in Figure 11.2 is 



APPENDIX B 

SURFACE WAVE SOLUTIONS FOR A DIELECTRIC SLAB 

ON A CONDUCTING PLANE 

Transverse surface waves of both the even TM and odd TE type 

may be guided along a dielectric sheet or slab on a conducting plane
(28)* 

The TM modes have a single component of magnetic field Hx 
and electric 

field components E and E
z 

(see Figure 17) while TE modes have components 
Y 

E, H and H. The waves propagate in the z direction with a propagation 
x y 

constant 8, which is to be determined. Solutions for TM and TE modes 

are found by solving the wave equation in the dielectric and in the air 

with proper boundary conditions at the interface (fields decay with 

distance from the air dielectric interface for both type of modes
(28)). 

B.1 TM Surface Wave Solutions  

A solution for TM surface wave modes having H = 0 and
D = 0 Dx 

(i.e. no variation with respect to the x axis) is developed below. 

The cut off wave number, K
c

, is denoted by p
d 

in the 

dielectric region and by jp
a 

in the air region (y > h, where it is 

assumed that the fields decay exponentially with distance for the air 

dielectric interface) writing the wave equation for E
z

: 

Odd TM and even TE modes are not possible since the tangential electric 

field component does not vanish on the conducting plane. 



2 
2 	pa 

= 0, y > h 	B.4 
D
2
Ez 

= A sin pd  y 0 < y < h 	B.5 

-Pa3' 
E =  Be  y > h 	B.6 

48 

V
2 

E + 1(2 E = 0 	 B.1 
xy z 	c z 

where 
2 

V
2 

= 2— + 
 

xy 	
2 	—2  - — 2 (since 7c. = 0) 

	

â x 	Dy 	D y 
B.2 

we have 

D
2Ez 

2 

Dy
2 	d 
	+ p Ez = 0 0 < y < h B.3 

Since the cut off wave number 
 1(2

c 
= w

2gc -
2 

' K 
must be 

TM 	c 

different in the two regions (air and dielectric, w
2
1Ls  being dependent 

on the medium). Solutions for equations B.3 and B.4 in the dielectric 

and air regions, such that Ez = 0 on the conductor (y = 0) and at y  

are given respectively by: 

where A and B are constants. At the air dielectric interface (y = h), 

the tangential components of both the electric and magnetic fields 

must be continuous for all values of z. Therefore the propagation 



B.7 

B.8 

B.10 

y=h+ y=h- 

DEz 

2 Dy 
Pd 

DEz 
1 
2 

Pa 

constant (3 of the TM surface wave modes must be equal in both the 

regiOns, i.e.: 

22 	2 	2 
132 
	

= r i3a - Pd = 	P  TM 	 a 

or 

2 	2 	2 
Pd 	Pa = (Er - 

l)2 

Also from equations B.5 and B.6 (E
z 
is continuous at y = h), we have 

-p h 
A sin p dh =Be a 	B.9 

A 
The three unknown u p

d 
and p

a 
in the above equations (B.8 and B.9) 

can be determined from the requirement that H
x 
be continuous at y = h. 

This gives the following equation in terms of Ez : 

49 

From equations B.5, B.6 and B.10, we have 

r
A 	-p

a
h 

--- cos p
d
h = 	e 

Pd 	Pa 

Dividing equation B.9 by equation B.11 and multiplying_both sides by 

B.11 

h, we have 



E
r
p
a
h = p

d
h tan p

d
h 

If a solution for pa  real exists, the solution is for a 

surface wave, since the fields decay exponentially in the y direction and 

propagate in the z direction. 

Equations B.8 and B.12 may now be solved for p
a 

and p
d

. Since 

p
a 

and p
d 

can not be solved directly, they are determined graphically. 

For this purpose it is convenient to rewrite equations B.8 and B.12 as 

follows: 

(Pah) 2 	(Pdh) 2  = (Er  - l) ( ah) 2 	B.13 

and 

E
r
p
a
h = p

d
h tan p

d
h 

At a given frequency, equation B.13 is a circle of radius (E
r - 1) (3a

h 

in the pdh, pah plane. Equation B.14 is plotted in the same plane. 

The point of intersection between the two curves determine the eigen 

values pa  and pd  at that frequency (see Figures 19 to 23). 

Since pa  must be real and positive (for exponentially decaying 

waves in the y direction) for a surface wave mode, only those points of 

intersections that lie in the interval n n < pdh < n u + 9 
 (where n is 

2  

an even integer for even modes) correspond to a surface wave solution
(28) 

The first even TM mode corresponds to n = 0 and is called the TM()  surface 

wave mode. It will be shown later that the TM
o 
mode have zero low 

frequency cut off, while higher order even TM modes have finite lower 

cut off frequencies depending on the order of the mode. 
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B.14 



• p
a

= 0 
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B.2 TE Surface Wave Solutions  

The solutions for the TE modes are found in a manner similar 

to that for the TM modes. The eigen value equations for the odd TE 

modes are
(30) 

(Pah) 2 	(Pdh) 2  = (cr  - 1) ( a 
 h) 2 B.15 

and 

E
r
p
a
h = -p

d
h cot pdh 	B.16 

where only those points of intersection that occur in the interval 

nh --
E 

< p
d 
 h < nu (where n is any odd integer) correspond to an 

2 — 	— 

odd TE surface wave solution. The lowest order TE mode is the TE 1  mode 

	

which exists in the interval 1- <pd 
 h < 	. 

2 — 	— 

B.3 Lower Cut Off Frequency of TM and TE Surface Wave Modes  

The cut off condition for even TM and TE modes is given by 

p h = nu  
- d 	2 

where n = 0, 2, 4 .... (even TM modes) and n = 1,3, 5 .... (odd TE modes).. 

For p‘dh = 97, the equations B.14 and B.16 give 

B.17 

Therefore equations B.13 and B.15 give 



B.18 

B.19 

pdh = 
(E

r 
- 1) 2  13 

co 

2111 
(c  _ 1) 	co  

where the subscript co represents cut off. 

Equating B.17 and B.18 we have 

nc 
f - 	 
co 4h(Er - 1)' 

Equation B.19 gives the low frequency cut off for even TM modes (n even) 

and odd TE 'Modes (n odd). This equation shows that in the frequency 

interval, 0 < f < 	 , only the TM
o 
mode exists. 

4h(Er - I)" 

B.4 The Effective Dielectric Constant and Phase Velocity of the TM0  Mode 

The effective dielectric constant of the TMo 
mode is given by 

E 	= 
eff 

 
TM

o 

and is determined by substituting the value of pa  or p d  in equation B.7. 

The phase velocity of the TM°  mode is given by 

Mo 	(EeffTM 

.1/2 

o 
B.21 

P'ac  _ - 
(3TMo 
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(3TMo 

Pa a 

r3Tm 
0  12 

B.20 

vph
) 



Using equation B.7, we get 

f3 ac 	
P.
a
c 

Vphj 2 	2 2 	2 % 
Ce'a + Pa) 	( rea. - Pd) 2  IM

o 

At zero frequency p
a 

= 0 and (V
ph)Tmo 

is equal to the velocity of 

light in air. As the frequency is increased, p a  increases and so the 

phase velocity decreases. For this reason a surface wave is called a 

slow wave. At very high frequencies  Cr  (3
2 >> p

2 
' 
and therefore the 

a 	d  

phase velocity is given by 

- 
(3
a
c 

Vph) - 
2 

aErr TM
o 

which is the velocity of light in the dielectric region. A typical 

variation of the phase velocity of the TM0  waves with frequency is 

shown in Figure B.1. 
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B.23 
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APPENDIX C 

COUPLED MODE THEORY 

C.1 General Formalism  

A total of S equations are required to describe the coupling 

of modes waveguiding into a system in which S modes are present. The 

transmission line equations for a set of coupled transmission modes may 

be written in the form
(29)

• 

Dar 
Dz 	

P. 	a = 0 
rS S 

where 

a
r 

= amplitude of the rth mode 

a
s 

= amplitude of the Sth mode 

= coupling coefficient between the rth mode and the 

.Sth mode 

rr = 
uncoupled propagation constant of the rth mode 

This set of S equations may also be written in matrix form: 

= • O 	C.2 

C.1 

13 rS 

where 



- 
P'11 	1312 	 ln  

(321 	22 	 2n  

13r1  	r2  

n1 	Ç3n2 	 [3nn 

Solutions to equation C.2 are desired in the form: 

a (z) =  A e 	 C.4 

where À is a constant column matrix with components Ar
. The values 

which may be determined describe the waves propagating in the coupled 

system. Combining equation C.4 with equation C.2, the problem reduces 

to an eigen value problem, 

- 	â = o 

whe eigen 

values . are the propagation constants of the coupled System. The 

general solution of C.1 consists of a summation over all the allowed 
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a = 

a
1 

a
2 

a
n 

rn C.3 

C.5 



eigen functions: 

. -i 8z 
r 

a(z) =LAe 

C.2 Coupling of Two Waves  

For two modes (i.e. S=2), equation C.2 gives 
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C.6 

4 
Da

1  
Dz 	

8
11 

a
1  - 812 a2 = 

0 	C.7 

. 
Da

2 
3  Dz 3 21 al - 	22 a2 = 	

C.8 

The eigen values, , are found from equation C.5, so we have 

C.9 8a = 8 a+ 8 a 
1 	11 1 	12 2 

f3 a2 = 821 
a
1 
+ 8

22 
a
2 

Combining equations C.9 and C.10, we have 

ra2 	nto 	»La\ ..!og 
a 	'" 	"`"l1 ' '22' 	'11 '22 ' '1221' = 

since a1 0, we may write 

C•10 

C.11 

C.12 



1122 
13 1,2 2 

C.13 

E
eff 

1,2 

• 
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which gives two solutions of for the two coupled modes: 

where
11'22 

(3
12 
 and 

2l
have the units of radians/cm. 

Equation C.13 may be applied to describe the coupling between 

the TEM and TM
o 
modes in a microstrip transmission line. This equation 

is rewritten in the following form: 

o/  	--o  +/{E] E21 2

/ E + { 	
o 	TM

I 
2 

	2 
eff 	/eeffpm 	 ceff 	//eeff' 

2 

C.14 

where E
eff 

is the effective dielectric constant and is defined as 

eff 

{(8  ]2 

(3a  

Reciprocity is satisfied for the system considered in this 

thesis and therefore 

C.15 

P. 12 	1321 
12 	%. 	21 • 



2 12 	- 
	 . vreffo 	

-eff
Tmo  

eff1  2 

nn• 

nnnn • 

2 e
12

=  

/ceffo - eff
Tmo 

2 

The coupling coefficient between the two modes is given by 

E12 
	

e
21 

= 

where 
2 2 = [E

eff 
E
eff 

TM
o 

The effective dielectric constant of the dispersive microstrip is given 

by E
eff 

(Mode 1, 	sign) and e 	(Mode 2, - sign), while the effective 
1 	

e2 
  

dielectric constant for the TMo 
mode is given by E

eff 	
• Equation C.13 

2 
TM

o 
may be solved for E

12 
: 

C.16 

where only eeff 
is considered, since only Mode I exists in the range 

1 
of frequencies of interest. 
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Pa 

Pd 

and 	' 2 
Pa  

E
eff 	

= 1 + 
TM f3 o a 

D.3 

APPENDIX D 

UPPER FREQUENCY LIMIT f z  

It has been shown (Appendix B) that for a dielectric of 

thickness h on a conducting plane, the solution for the TM°  surface 

wave mode may be determined graphically from the following equations: 

E p = pdtanpdh 	 D.1 
r a 

2 	2 	2 
Pa Pd = (cr  -1)  

where 

= transverse wave number of the TM mode in the air o . 

region 

= transverse wave number of the TM  mode in the o . 

dielectric region 

2uf 
= free space wave number = -- 

D.2 

The static effective dielectric constant of a microstrip transmission 

line can be calculated (with an accuracy of + 2%) from the equation
(10) : 



D.4 

D.5  

r-1 • ( 2 • h 
E
eff 

= -
2 

+ 	 1 + 10 
2 

o 

which, for 
E 

<< 1 reduces to 
h 

ceff 	2 
o 

The phase velocity of the TM
o 

surface wave decreases with increasing 

frequency (see Figure 8 .1). The coupling between the TM°  surface wave 

mode and the TEM mode may be assumed to be strong when both modes have 

phase velocities of the same order. Thus equating D.3 and D.4, we have 

2 
P 	E -1  
a

=  r 1 [ 1  + {1 + 10 
h) 

2, 

2uf 
where (3 is the free space wave number - 	 at a frequency f£ , at 

which 

E
eff 

= E 
eff

Tmo 
0 

Substituting equation D.6 in D.2, we have 

2 	Er-1 	
2uf 2 

Pd 	[1 - [1 + 10 1 1/2 	[ 	 
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D.6 

D.7 



1 + 11 + 10- h 

h  -- 
1-  1 + 10- 2  

-1/27 

w 
[

c r7 
1/2 

 
2 [1 - (1 + 10 11 -1 1/2  [21 h = arctan E

r w 	c 

• Or 

4 2 

which, for .11-<< 1, reduces to (20) 
h 

D.8 

f£ - 211-h 
2  arctan E

r 
r
-1 D.9 

Equation D.1 gives 

pd  h = arctan er 

Substituting the value of pa  and pd  from equations D.6 and D.7 in 

Equation D.8, we have 
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D 
Pd 

D.8 

2 	
h) -4  2  f 	= 	C 	2 j 1 - 1 + 10- 	arctan r 27rh  IC 

r
-1  

h 
1+ 1+10  w 

1-  1 + 10- w 

• 



n
2 

- 
log (f

m
/f
m-1

) 

i.e. 
log {X (fm)/X(fm-i)} 

APPENDIX E 

DETERMINATIONS OF THE CONSTANTS n
2' 

n
3 
and K 

(A) Determination of n
2 

For a microstrip transmission line one can find the effective 

dielectric constant experiMentally. For a fixed c
r

, h and 
E:

, we choose 
h 

theexperimentalvaluesofc_at frequencies, f l , f 2 ,  f3 ,. .,f 
err ].  

' 
f
N

. Then from equation 3.11 we have: 

12 
X(fm) 	f

m 
X(fm-1) 	If 

where m = 2,3,..., N 

a value of n
2 
may be found for each of the N-1 equations. The average 

value of n
2 

then is given by 

1 
m=N log {X(f

m
)/X(f

m-1
)). 

n2  = 
N-1 m=2 

log (fm/fm-1 ) 
E.1 



n
3 

• 
63 

(B) Determination of n
3 

Having found n2 we now choose the experimental value of eeffl 

for microstrip transmission lines having different values of i-71  ratios, 

E
r 
and h being same for all the lines. Then at a given frequency and 

w° for 	= x and — = y, we have from equation 3.11: h 	h 

n 
log { 	n 	2 X(fm).(fpl,w , - log {X(fm).(f2,) }w , 

x 
17-1-  = Y  

log (;) 

Thus the average value of n
3 
 is given by 

n,  
log {X(fm).(f ) 	

° 	
- log  {X(f)O(f)n2}, 

 • 

	

w 	w 
n
3 

= 	Î. 	 

log  

Having determined n
2 

and n
3' 

K can be directly calculated from equation 

3.11, where  X(f) is known from experimental results. Thus the average 

value of K is given by 

m=1 E.2 

k = 	7  
N 
m=1 

X (fm) 

2 [w1 n3 
, 

E.3 

where the frequencies f
1 

to f
N 
may not necessarily be the same. 

The average values of n
2' 

n
3 
and k, calculated using equations 



E.1 to E.3 and the experimental dispersion data, were found to be LI- 
3 ' 

3 -4- and 0.22 respectively. 
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