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. INTRODUCTION

, The Averch - Johnson (A—J) model of regulatory constralnt has’

provided many theoretlcal 1n51qhts 1nto the behav1or of requlated

firms. . Balley (1915),‘1n extandlng the A*~:J results, has p01nted'

out a number of emplrlcally Verlflable lmpllcatlons of rate of

. return regulatlon.; Spann (1974), Courv1lle (l974), Petersen (l974), ‘

and Cowing. (1978) have subsequently tested these 1mpllcatlons of

the A -‘J model Although ‘the specrfled‘models‘dlffer, the con-‘

- clusions drawn for a cross- sectlon of electrlc utllltles generally”

- support the ex1stence of a blndlnq regulatory constralnt

The model presented by Cow1ng represents a s1gn1f1cant
increase in. generallty over prev1ous studles _ Cow1ng hypotheSLZed

1
-profit malelAlng behav10r subject to rate of return constralnt

' and used an extended verslon of Sheppard s Lemma to derlve addl—

'

tlonal behav1oral restrlctlons. For estlmatlon, the requlated

proflt functlon was approx1mated by a (quadratlc) flexrble func— o

tlonal form. As such Cow1ng S model~ (a) dld not require that

the regulatory multlpller be constant across flrms (as'in'the“v

.. Spann model), (b) allowed all 1mputs to be 51multaneously deter—

mined‘( in a fashlon superlor ‘to the Courv1lle model) and flnallv
(c) did not 1ntroduce restrlctlve varlable deflnltlons ‘hor lqnore

cross-equation’ parameter constralnts as in- the Petersen model

t Many publlc utilities are regulated by output prlce as well as

rate of return. It is not impossible and, in fact, extremely
llkely that the demand for the aggregaté of service: outputs
is inelastic. If this is the case then profit-maximing is.not

in general ‘an approprlate behavioral hypothesis. .For example,
the elasticity of demand for an aggregate of serv1ce outputs
- of Bell Canada is only - 38.‘ . :
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Not withstanding Cowing's results, it is the purpoSe[of this
paper ., to demonstrate that addltlonal restrlctlons are 1mplled by

rate of return regulatlon and when these condltlons are: con31dered

it becomes evident that the A -~ J model cannot be properly tested

using flexible functlonal forms of degree two in prlce.

'In‘the first section, the A - J model‘ls outllned‘and the ad;
ditional conditions.are defived. In the second seetibn, the argu-
ment presented above is 1llustrated for a regulated flrm for‘whlch
the cost function is approx1mated alternatlvely by a transloq
quadratic, Diewert and generallzed Cobb- -Douglas functlon Flnally

a third order approximation of the cost function is con51dered.2

2 The restrictiveness problems demonstrated in this paper hold
in addition to those demonstrated by Blackorby, Primont and
‘Russel (1977) for flexible approximations to u;reqHTatOG models:

of cost and production.
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SECTION I | N S o

An A-J Model with Cost Minimization

Consider a firm that is simultaneously regulated with respect
to price (and hence output from satisfaction of demand) and rate
of return on economic capital. ‘The firm behaves‘so as to minimize'

cost,3

C= wL‘+ K + vM S o ._ (1)
subject to the pfoéuctign funcﬁion4
F(Q,K,L,M) =0 o o - (2)
and alregulatory rate of return constrainﬁ
p.Q - wL - VM - sK =0 ) - ' ‘(4)
where Q= output with p;ice Pi
K=\'cépitél with rental rate r
‘= labour with-wage,raté W’
M= - materials with*price rate v
s= permitted rate of return on economic Capitél‘.
The Lagrangian corresponding to the‘costamiﬁimization problem“is:
£~="’wL+rK+-vM+}\IF(Q,L,VK,M)+}\2(p.Q ~wL-vK-sK) - (5)
where Al is the Lagrangé multiplier fér thg production function
and A, is the Lagrange multiplier fof the reguiatory qbnstraint.

The first order (interior) conditions are:

;3

E_= W(l—)\z) + )\l EY A 0 | (6)
oL _ . _ oF
R x Az s + :\IBK = 0 (7)

Treating just the three inpﬁt case leads to no loss in_geﬁerality.

The production is assumed positive monotonistic in (K,L,M) and quasi-
concave, S |
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= v(1l XZ) + XI 5 —‘0 « ‘ (8)
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F(Q,L,K,M) = 0 S T (9)

&£

X = p.Q - WL'= VM - sK = 0 - (10)
2'. . N ‘

o L Do %k *
In principle, the.optimal level of each input - L , M and K ,
as well as the Lagrange multipliers (A;, A2) can be solved in terms
of (w,r,v,s,p,0). Thug the mipimum cost can be writhen:

* % * *
C =wL + vM + rK -

= C(W,r,V,S;p,Q) ;: j | , ' ‘V. o ..(;l)
However, Sevéral.restrictipns are implied by -optimization.
1 The cost function must be homoqeneous of degree:one in
(w,r,v,s,p)Ainstead.of thelstandara“Case of homogeneous of degree.
one in (w,r,v). This restriction should normally be tested in
empiricél work. | |
2 ' The first order conditions imply restrictions on optimallv.

chosen factors. In particular, -

% * * : ‘
3L _ K _ M _ o - (12)
r ~ 9r or : : :

This follows immediately from the system of equations (6) -
(10). Define:

9= A /(1- (1
_e__}l/(l A (13)

Equations (6), (8), (9) and (10) can then be used to solve for

. * . . , _ ;
(6 , L , M, K) in terms of (s,w,v,p,Q). Hence, at the optimum,

* * * R R . . ' .
6 ,L ,K and M are independent of r. From equations (7) -and (13),

it follows that A and X can be solved directly as:
‘ 1 2 :

XT = (S‘r) A(SIW(VIPIQ)A ‘ ’ o ‘.<l4)




{

3

f

- B e . . .
t .

/5

A, = 1-(s-x) B(s,w,v,p,0) o (15)°

Bailey (1973) has shown that restriction (12) must-hold

for profit maximizatién.“ It is iméortant to recognize that these
.conditiéns hold also in the less reStrictive caée.of_éqét_miniQ

" mization., In fact it is these restrictions which ultimatély ‘
underhine the usefulness of employihg price functions to mbdel
fegﬁlatéd firms. This argument is demonétraﬁe& in the section

which follows.
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SECTION 2

Restrictiveness of Flexible Functional Forms

" In 1ine»with’£he recent econoﬁetric anaiysis'cf réculated"
firms, thé cost function® described byt(ll) can Be”spproximated
to second order by alnumbsr of flexiblé functional forms'hm
(s,w,r,v;Q;p). As well, additional information can be intro-

duced into the estimated model by considering the optimization

- process which defined the’regulated cost function}' An extended

version of Sheppard's Lemma can be used to show that:

32 = (1=’ | 18

e (an |
. 1

L (18)

—g—% - (l-—}\z)M* | ‘(19)_

Ic principle, equaticns (17) and (18):can‘be used'tc eliminaﬁe the
unoBseerable variable Az.from equations_(iG),-(l8), (19) and (20)
and these new equations.can be ﬁsed‘along‘with the cost‘fcnction,
to estimate characteristics of the regulatéd prcducticn technology
as‘wsll ss the effectiveness of rate of return regulation.

From a statistical point of view, the model can be estimated
is a‘straightforWard-fashion. As welif thefindepenaenceArestric—

tions given in (12) can be used to constrain the cost model of

The reader may wish to verify that even when technology is of
the Cobb-Douglas variety, closed form solutions for L, K and M
and consequently C do not exist. Thus, under regulatory cons-
traint even Cobb-Douglas cost and production functions are not

self-dual. '
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the regulated firm. However, condition (l}) implies restrictions.
which, dependent”on,the functional fdrm of the cost function,

will, in general, not be met by the data.

In the general caée; using conditions (12) .and (16)-(19)

o | B ) | i o v |
9C - (1 * 0 9fC L =B, % |
W (1 >\2)1-" e dwor  Oor . L o . _(21)
2 | | |

5C _ Ly g . RC L omBhe gt T 23
oS 2 't Jsor St

_ 5 . |
..8.(.:. = - * v 9 C — "'3>\2 * ;
5T (1-X2) M .° ST = T M (24)

It follows from (14) and (15) that if the production constraint

is binding, 9A,/0r %06; Hence:

2

* " .
L 9 C/9w?d ' g \
b = “?,Jiji;z - - (25)
K 3°C/9sdr
. ) ; . 4
ﬂ}_k. = ..3_2_9./1_3..17.3._13 . ‘ . » ‘,_(.26_)
K 3 C/9sdr ‘
1. Quadratic Cost Function7
C=C_ + 52 C,X, +12% L C,.X, X . (27)
o ; % 7403 317 _ )
' X,eX & X=(w,v,r,s,p;Q)
2 2 ,Az- ] _ 2
9 C _ R ¥ C " Cc
8yl = Cr owor Cwr 3ver = Cvr 555% ~ Crs
AV S 3 | (28
From (25) L /K = C_ /C : D (28)
*  k , _ P
From. (26) M /K = Cvr/CrS . R R (29)

or constant factor ratios must hold for each data point.

IAy

6 Suppose to the contrary that =—=. = 0.  Then, from (15)

B(s,w,v,p,Q) = 0 = A=1, Ho%eVer, this‘implies eithgr
A1=0 or f8=w, The former negates the production constailnt
being bindirg. The latter violates the monotonocity- and
quasi-concavity assumptions. Hence pAz # 0. '

. - ) (.r




Translog .

Cost Function

Log (Xi) Log Kxj)

(31)

(32)

(33)

“(35)

2.
Log (C)= C_+ L C, Log (X;) +‘2.§ 5 Cij
i . J
* * .
32c = r’K 2 -crKkK +cC’c__ =0
oKX : ,
* k .
32C =1 (1-X2) LK + C_C_ =-3A, L
dWo L c. wr o9r -
s : ) * %k . *
9°C_ =1 (1I-22) MK + C_ CVr ==-9A, M
ovVor C - VK ar
Thus from (31)
' * . . -
Kr =4 [1f (1-4c_ )" 7]
rr
C :
and from (32) and (33)
« :
L w = "wr
% ———
| M v cvr
Thus, the cost share of\each_factor is constant, for each data
poiht:
3. Diewert Cost Function

3

T

C=1 1z
i3
.
29 C _ -1
7 =~ 77
or
2
bc_ 1
OWor 2
Prom (22) |,
From-(25)
From (26)

R
SR
*
(K - Crr]
L2
Cowr g C  _
WE ovVor
K =.C__
rr

* JX
CVI'/. Vr,

Moo
= -
N CLo/VEs

in Q enter additively.

1 3 C
2 T 353 T
*
S L Vw _ Cor
= x— = L
K Vs rs
N ,
N MANV O Cor
= Y- o
K Vs  “rs

"Neither the guadratic cost function nor the Diewert cost fuction

can exhibit homogeneity of degree one in all prices, since terms
The exercise is valid however for profit

functions which are not subject to homogeneity constraints. ..

(36)

/8

C(30)



4

/9%

ie. capltal is constant over all data p01nts,'and ‘the rela-

"tionShip shown in Equations (38) and (39) also holds across all

data points.

4, Generallzed Cobb~ Douglas Cost Functlon

C = mm X +X. ‘ \ D : (40)
3t¢ = © er'+ (1sA2) LK = 32z 1° - - (41)
- 9War (w+r) © C or
‘ _ o ' * % * ‘
32¢ = S CSr4 (1-anMK = e mM (42)
dvar - (v+r)“. c _ or ’ : ' '
‘ * 2 _ C E '
Hence L  (w+r) = “wr o ‘ - (43)

M* (V;I-r)2 cvr

Thusg is this case, the relationship~éhown in Equation- (43)

must hold across all data points.

3rd 5rder Cost Functions
The restrictions implied by the four functional forms discussed'
above'aré'sufficientth.iﬁvaiidatc the use of standard second degree.
functional approximations of the cost function for a regulated firm.
As éeen ébove,_the second ofder approximatidn isﬁnot‘sufficiently : |
general.. |
A third order tianslég approkimation éf ﬁhe cost function is:

Log (C)= C_+I C; Log (X;) + 1 IZ clj Log (X;) Log (X.)

i 3 ij J
1 I5% C... Log (X.) Log (X.) Log (X.) (44)
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from which:

%;g = r?K * =~ CrK + C?‘[Frr * i gr:k Log (Xk{l 0 . (45)
Xk=' EWIVrrISrP-er.
. ” kK e ' T ‘ 1 *
9fCc _ (1-X,) LK _C | wr 1 xcC . Log (X)l_.3A, L - (46)
owor C wr Wwr k — or
. _ 2
and a similar term for o C
S : dvar
Thus solving (45) , - ,
_1l 1 (- | >'?] (47)
K r= J 1 | ol [crr f.z_crrk Log (xk),_]
‘and
* L C Log (X,) :
* - "
M v VI * i cvrk Log (Xk)

There is no tﬁéoretical reason why thé svstem of equatioﬁs 
(ll),’(165, (17), (19), (20)8, (47) and (48) should not be used
to estimate thé,parameters of the cost functioh. HoWévér, in.the
case of C % ¢(w,v,r,s,p,0) there will be 84 parameters, aséqming
symmetry."Imposing;homogeneity of degfee one in prices‘imposes
11 restrictions. Hence with 7 equations and (say).auéémpie period

of 40 data point years, there will be 73 pérameters to be estimated

>

and 207 degrees of freedom, Although éCOnometriqally this is not

unkeasonable, computationally the system will be too large.

’

8 Using (18) to eliminate A,
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CONCLUSIONS

In this'paper it has been shown that the first order conditions
for cost mlnlmlzatlon of a flrm subject to rate of return requla—
tion 1mply a set of restrictions on the second derlvatlves of the
cost function. Further, a second order approx1mlzatlon of a cost
function has:been shown to be, in qeneral too restrictive to
satisfy most data when these condltlons are 1mposed _If the cost
functlon-ls made more general (for example, a thlrd order approx1—
mation) the,function is shown to be sufficiently general to satisfy
the second deriyative‘conditions,.but the-estimation probiems>arising
from'a model of this size may well be insurmountable,:given present
computational technoloqy. | | - |

Thus, it w0uld appear that the- productlon functlon approach

provmdes the most promlslng dlrectlon of future emplrlcal research

-dlnto regulation. The_problem that ar;ses using this methodology‘

is that, unlike the cost function approach, there is no way of-
ellmlnatlng A from the estimation process.. 2 HOWever; since l"

will in general take a dlfferent value each perlod the number of X

‘parameters equals the number of data pornts.,‘The authors‘have

designed a tentative approach to solve this problem (Breslaw et al,

1979); unfortunately it also promises to be -computationally expensive.

9 If Equation (7) is excluded from the model, the A problem is
solved, but it is the experience of the authors that in this
case many of the parameters of the model cannot be estlmated

with precision.
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