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The backscattering lidar depolarization parameter D of water droplets contains information on their size that can
be directly modelled as a function of the forward scattering diffraction peak. Using a polarimetric Monte Carlo
simulator, water clouds having different extinctions and droplet size distributions are analyzed to estimate their
depolarization parameter at various backscattering off-axis angles. It is shown that depolarization parameter of
the polarimetric phase function can be found using off-axis lidar measurements at multiple angles, and that it

could be used to estimate the water cloud droplets size.
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1.0 Introduction and concept

The retrieval of physical properties of atmospheric particles is the
common base of all atmospheric lidar work. Using multiple
wavelengths and Raman lidars, remarkable results have been obtained
on tropospheric particles smaller than the probing wavelengths.
Typically, the extinction coefficient, the lidar ratio, and the particles
effective radius are derived from these measurements. See [1] for an
excellent review of the technique used and results obtained. Water
cloud droplets are significantly larger than the probing wavelength and
the technique described in Ref.1 cannot be used because the scattering
efficiency does not have a dependency over the wavelength. However,
water cloud droplets size determination with lidar has been a subject
of studies for many years. The proposed technique measures light
multiple scattering at multiple field-of-views (MFOV). Physically, the
intensity of the forward scattered signal (diffraction peak) as a function
of the scattering angle is a function of the ratio of the incident light
wavelength over the droplets size. See [2] for an excellent review of the
theory and technique used. It remains that the multiple scattering lidar
signals are highly convoluted and the extraction of extinction and size
is demanding, [3]. Fig. 1 shows how the light is scattered (phase
function in red) as a function of the scattering angle for a water cloud
made of water droplets with an effective radius of 3.32 pm. It also
shows (in blue) the depolarization parameter [4, 5]. This quantity
defines how scattering by the droplets affects a polarized laser. The
depolarization parameter is the ratio of the secondary polarization phase
function over the global phase function at a given angle. This quantity
defines how scattering by the droplets affects a polarized laser. Details are
provided in section 2 - Depolarization Parameter Model.A MFOV
measurement is, to some extent, an indirect measurement of the phase
function forward scattering peak because what is being measured is

backscattering from multiple forward scattering events toward the
detector as illustrated in Fig. 2.
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Fig.1. In red, the phase function (left scale) and in blue the
depolarization parameter (right scale) as a function of the scattering
angle for water droplets having a gamma distribution with a=3 and
b = 1.5 (for and effective radius of 3.32 um) and an incident wavelength
of 532 nm. The phase function exhibits a strong forward scattering
peak attributed to diffraction near 0°. The backscattering shows a
quasi-constant value with a small increase at 180°. The depolarization
parameter, D, is practically equal to zero for scattering angles up to 30°,
reaches a very high value near 180° and goes down to 0 at exactly 180°.

Another technique, developed by the University of Pennsylvania [6-8],
is to measure multistatic depolarization ratio of the scattered light at
angles ranging from 120° to 175°. The multistatic measurements are
done with calibrated CCD cameras. The technique works well for low
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concentration clouds and has been demonstrated for particles of 1 pm
and smaller.

Fig. 2. The signal detected by a lidar at angle @is the result of
backscattering at an angle [y.cc after a double (top), or higher order
(bottom), scattering process at various angles . For small values of the
scattering angle £, and large values of fack , the polarimetric phase
function displays a strong dependency over the scattering diffraction angle

Po-

In this paper, we propose a method based on the direct
measurement of polarized backscattered light at different
angles near the 180° backscattering direction. A related
method is presented in [6, 7] but our concept uses observations
at angles that are much closer to 180°. Doing so, large water
droplets can be discriminated as will be demonstrated. Using
Mie theory, we will first demonstrate in section 2.0, that the
depolarization parameter close to 180° is strongly related to
the forward scattering diffraction peak and it can be modelled
as such. In section 3, the D parameter measurement concept is
described, and Monte Carlo (MC) simulations of water clouds
having different extinctions and droplet effective radii are
performed. In section 4 we compare the D parameter obtained
from the MC and the Mie theory and a simple algorithm to
derive the droplets size from the D parameter measurement is
presented. In section 5, we discuss the D parameter model, the
droplets size retrieval technique and experimental feasibility of
a measurement system.

2.0 Depolarization Parameter Model

Flynn et al. [4] and Gimmestad [5] have harmonized lidar
depolarization theory with radiative transfer theory, particle
scattering theory, and standard polarization measurement
techniques. They suggested the use of the depolarization
parameter (D) ranging from 0 to 1 to measure ‘the propensity
of the scattering medium to depolarize the incident
polarization’ [5]. They argue there is no reason not to analyze
lidar depolarization as any other polarization measurements,
i.e., with Stokes vectors and Mueller matrices. Flynn et al. [4]
pointed out that symmetry arguments allow substantial
cancellation of matrix elements for single scattering on
particles having a plane of symmetry or random orientation
along the line of sight. D being the only free parameter of the
scattering matrix it can be derived from lidar depolarization
measurements. The general form of the Mueller matrix that
describes a partially depolarizing backward scattering process
is

1 0 0 0

0 1-D 0 0
Mulm=

0 0 D-1 0

0 0 0 2D-1

This is interesting because the D parameter harmonizes the
linear and circular polarization. For linearly and circularly
polarized lidar the D parameter is defined as

2511»1 5cir
== [
1+ 5/1'}1 1+ gcir

where 6,

i and O, are the depolarization ratio defined as the
ratio of the perpendicular polarization over the parallel
polarization signal. When applied to the polarized phase

function, we have

p=—F1 |2
pPyt+py
where p, and p, are the parallel and perpendicular phase function

for circular polarization. The use of circular polarization versus the use
of linear polarization is discussed in section 3.

Using the Mie theory, we have calculated the phase function and the
depolarization parameter as a function of the scattering angle for 6
water cloud profiles represented by the gamma distributions defined
in Table 1.

Cumulus clouds of type 1 and 2 are represented using gamma
distributions, with parameters (a, b) respectively equal to (7, 1.5) and
(4, 0.5). The other distributions parameters have been set to generate
water clouds over a broad range of effective radius. The range of
droplet size goes from effective radius of 2 um to 14 pm. The effective

radius is defined as < r* >/ <r* > . Although these six distributions

will be used in Appendix A, our discussion will be centered on the 3.32
pm, 5.99 um, and 11.92 pm effective radius distributions for clarity.

Table 1 Gamma distribution parameters a, b and the calculated effective
radius, refor 6 water cloud profiles.

a 5 4 2 7 3 1

b 0.5 0.5 0.5 1.5 1.5 1.5

reum) | 1393 | 1192 | 784 [599 |[332 |23

Figures 3 and 4 show the Mie theory calculation results. In Fig. 3 we
show the forward scattering phase function from 0° to 5° for droplets
with effective radius of 3.32 um, 599 pm and 11.92 pm . In Fig. 4 we
show the D parameters at backscattering angle ranging from 175° to
180° for the same distributions.

Simple comparison of Fig. 3 and Fig. 4 suggest a strong relationship
between the depolarization parameter D and the phase function

forward scattering characteristic diffraction angle £, .

Fig. 5 shows the different variables required to establish a
relationship between D and £,. Annex A provides details

regarding the parameterization of the depolarization
parameter D as a function of the phase function forward

scattering peak angle £,. The parameterization is developed
for scattering angles ranging from 160°to 180°.
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Fig. 3. Droplet size dependence of the phase function forward
scattering peak as a function of scattering angle. Incident wavelength is
532 nm. See Table 1 for details of the droplets size distribution.
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Fig. 4. Depolarization parameter as a function of scattering angle close
to backscattering angle. Incident wavelength is 532 nm. See Table 1
for details of the droplets size distribution. Positions of the maximum
of the depolarization parameters exhibit a clear droplets size
dependency.
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Fig. 5. Parameterization of the D parameter as a function of the
forward scattering phase function diffraction peak.

As in [9] the forward scattering phase function is modelled as a
Gaussians with width equal to

B, =0.585(1/2r,), [3]
where, re is the effective radius, A is the wavelength, and £, is

the width of the diffraction peak.
For scattering angle greater than g > g, , a super-Gaussian

provides an excellent fit of the D parameter:

D(ﬂ:ﬁd):DMm(ﬂd)[l_eXp_((”_ﬁ)/(wlﬂ1)4 1 [4]

For scattering angle smaller than < £, , the D parameter

can be represented by

D(B:B4) = Dysuc[exp= (=(Bras = BY(W, BoD+ Dy 5]

The various parameters used to represent the D parameter in
Eq. 4 and Eq. 5 for scattering angle ranging from 160° to 180°
are

a) the position of the maximum g, (/,), that varies linearly

with 8, By (B,) =-0.9233B, +179.67° ;

b) the offset parameter D

base

(8,), that varies with £, and
can be represented as

Dba.ve(ﬂd) = 0-15681n(ﬂd) +0.4441;

c) the maximum value of depolarization parameter,
D,,.(B,), that does not vary much with S, and is
practically constant with mean value D,,, (8,)=0.754;

d) the super-Gaussian characteristic angle is provided by
B, =0.65924,;

e) the exponential decay characteristic angle is provided by
B, =12787p4,;

f) and two fit parameters

w1l =0.93 and w2 =1.37.
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Fig. 6 Comparison between the D parameters obtained using the Mie
theory (solid curves) and the parameterized D (dashed curves)
obtained using the model. The incident wavelength is 532 nm. The



droplet size distribution follows a gamma distribution defined in Table
1.

In short, D(B,r,) starts from a value of zero at 180° and

increases quickly following a super-Gaussian. The width of the
super-Gaussian is linearly related to the width of the forward
scattering peak f3, .

direction of

Passed the maximum value, in the

D(B. B.)

exponentially at a rate linearly related to 5, . Fig. 6 provides a

comparison between the D parameters obtained using the
Mie theory and the parameterized D obtained with the
model. The incident wavelength is 532 nm. The droplet
size distribution follows a gamma distribution defined in
Table 1. The fits are plainly satisfactory.

decreasing angles, decreases

3.0 D parameter measurement concept and
Monte Carlo simulations

The fact that direct measurement of the depolarization parameter
leads to information on droplets size is the concept backbone. To get
this information, it is necessary to perform off-axis lidar measurements
as displayed in Fig. 7a. The relationship between the nearly
backscattering angle £ and the probingangle S, is f, = 7 — [ The
characteristics of the lidar are

e  asingle circularly polarized laser beam,
e  multiple receivers having polarimetric detection capabilities
to capture backscattering, ;
¢ and probing angles S, = x, / z defined by the ratios of the
off-axis distances x; over the probing rage z..
The receiver polarimetric detection is provided by a quarter
wave-plate set at 45° to convert the circular polarization into
the two linear polarizations separated by a polarizing cube
beam splitter and imaged on two independent detectors
(ideally two Gated ICCD cameras). The measurement of a
specific position of the laser beam is performed at various
angles with a series of telescopes distributed along the
horizontal axis. For circular polarization, D is independent of
the scattering azimuthal angle ¢ while linear polarization

shows a strong azimuthal dependency in cos4¢, [10-14].

Using circular polarization, we make sure that the
measurements are independent of the azimuthal angle.

The use of Monte Carlo (MC) to demonstrate scattering effects
on depolarization by water clouds in presence of multiple
scattering is a powerful tool that has led to Hu relationship [15]
presently used for the analysis of the space lidar Caliop. In here,
we use the Undique [16] imaging MC simulator. It is a
multithread software based on the Bohren and Huffman Mie
scattering computation routine. The simulator is made to
reproduce the characteristics of an actual Flash Lidar system. It
consists of an emitter/receiver system, a target and a
propagation range including aerosols of various properties.
The particularity of the Undique MC is its capability to image
the scattered light on a detector array. In here, the imaging
system is made of 256 x 256 pixels with a 2 mrad x 2 mrad FOV.
The simulated system characteristics are provided below.

Le'xser beam | Telescope & [:I

Circular \ detecti dul

Polarization | clection modde
\‘ G-ICCD
|
|
|

________
Cloud base “

Telescopes & il
detection modules -

Fig. 7a. Lidar off-axis measurement of backscattered light. The laser

beam is pointed vertically, and a series of receivers with polarimetric
detection capability point toward the same laser illuminated volume.

Laser:
e  beam divergence: 0.3 mrad
e wavelength: 532 nm
e  Polarization: Circular

Collecting optic:
e 20 cm in diameter
e  focallength: 0.76 m

e Waveplate: A /4

e Polarizer: horizontal & vertical for principal and
secondary polarization detection

Water clouds characteristics:
e C(Cloud base: 500 m

e  Extinctions: one cloud with extinction growing

linearly by 0.005 m-! times the penetration depth, and
a cloud with constant extinction of 0.03 m-1

e Droplet size distributions: Gamma distributions with
a=4, b=05; a=7, b=15 and a=3, b=1.5 for
effective radius of 11.92 um, 5.99 pm and 3.32 pm
respectively.

The 15 off-axis distances are set to provide backscattering
angle measurements ranging from Omrad to 30 mrad at
probing ranges of 500 m. The probing angles are selected to
sample the transition of the Depolarization parameter that goes
from 0, at 180°, to various phase function related values. We

made sure the sampling angles would enable us to discriminate
3 different water clouds.
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Fig. 7b. Lidar off-axis measurement of backscattered light. Definition
of variables.

As shown on Fig. 7b, probing is done at a range z , with off-axis
angles /. ranging from 0 mrad to 30 mrad by steps of 2 mrad.
In the following, the indices %’ goes from 0 to 15. The distance
X, for a probing distance z,is x, =z,f,,. The images are
centered on the G-ICCD at the distancez, for all probing

angles.Images can be used below and above the distance z, as
long as the laser beam foot print is completely inside the
camera FOV. Atdistance z, the off-axis angle is ﬁiz =X / z ,and

the position of the center of the laser beam (Bcenter) such as seen
by the G-ICCD camera is B, (Pixel);, = 256(B;,r — B;,)/ FOV ,

where FOV=0.002 rad.

Fig. 8 and Fig. 9 are obtained with the Undique MC simulator.
We show backscattered signal for the principal and secondary
polarization as seen by co-axial (0 mrad) and off-axis detection
at 10mrad, 20mrad, and 30 mrad. Each image is
2 mrad x 2 mrad and the laser beam divergence is 0.3 mrad.
The cloud is made of water droplets of effective radius of
5.95 um (see Table 1 for details). In Fig. 8 the cloud base is 500
m from the receiver, the images are obtained at cloud depth of
4 m for an optical depth of 0.04. Following the prevailing
convention, the optical depth (0OD) 1is defined as
OD =-In(transmission). For small optical depth penetration,
multiple scattering did not build up and the backscattered light
comes mainly from direct backscattering from the laser beam.
The laser beam backscattered light is surrounded by some very
sparse multiple scattered light. For backscattering at 180°
(0 mrad measurements) the secondary polarization shows
values close to zero.

In Fig. 9, the cloud base is still 500 m from the receiver and the
extinction is 0.03 m-l. The images are obtained at cloud
penetration depth of 34 m for an optical depth of 1.02. The
laser beam backscattered light is surrounded by multiple

scattering. In the lower right image, (s polarization and 30mrad
off-axis detection), we show the different FOVs used for the

s, 0 mrad I
s, 10 mrad I

analysis: 0.3 mrad, 1 mrad, and 2 mrad.

10°
10-1
10~

10_3 p, Omrad

p, 10 mrad

s, 20 mrad I
s, 30 mrad I

Fig.8. Images obtained with Undique MC simulator. We show the
backscattered light for the principal and secondary polarization as seen
by co-axial (0 mrad) and off-axis detection at 10 mrad, 20 mrad and
30 mrad. Each image is 2 mrad x 2 mrad. The cloud is made of water
droplets of effective radius of 5.95 um (see Table 1 for details). The
cloud base is 500 m from the receiver, the images are obtained at cloud
depth of 4 m for an optical depth of 0.04. The laser beam backscattered
light is surrounded by some very sparse multiple scattering.

p, 20 mrad

1{)-13 p, 30 mrad
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107
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p, 20 mrad
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Fig.9. Images obtained with Undique MC simulator. We show
backscattered light for the principal and secondary polarization as seen
by co-axial (0 mrad) and off-axis detection at 10 mrad, 20 mrad and
30 mrad. Each image is 2 mrad x 2 mrad. The cloud is made of water
droplets of effective radius of 5.95 pm (see Table 1 for details). The
cloud base is 500 m from the receiver, the extinction is 0.03 m-! and the
images are obtained at cloud penetration depth of 34 m for an optical
depth of 1.02. The laser beam backscattered light is surrounded by
multiple scattering. In the lower right image, (s, 30 mrad), we show the
0.3 mrad, 1 mrad, and 2 mrad FOVs used for the analysis.

4.0 Analysis: comparison of MC and Mie theory
D parameter results

MC analysis consists in calculating D for three of the clouds
listed in Table 1. Most of the analyses are performed for a FOV
of 0.3 mrad. Given that the measurements are done at different
off-axis angles, the position of the laser beam such as seen by
the detection system will change with the off-axis angle, and
with the laser beam penetration depth. The 0.3 mrad analyses
are always performed centered on the laser beam centroid.
The 1 mrad and 2 mrad FOVs analysis have been limited to an
0D of 1. Fig. 9 (s, 30 mrad) shows the 0.3 mrad FOV centered on
the laser beam and the fix 1 mrad and 2 mrad FOVs.

Fig. 10a to 10c compare the D parameter, as a function of the
off-axis angle, for three droplet sizes as calculated by the MC,
with by using the model based on polarimetric phase function
described in section 2 and appendix A. For backscattering angle
greater than f,,, the depolarization parameter is set equal to

D(B...r,)=0.75[1-exp~(5.)(0.855,))*].  [6]

For droplets size equal to 3.32 um and 5.99 pm, D can be
represented using only equation [4]. For the larger droplet size
(11.92 pm) equation [5] is also used to represent the

exponential decay of D for off-axis angle beyond D,, location.

In Fig. 10a and Fig. 10b, the D parameter is calculated for the
0.3 mrad FOV; in 10a, the optical depths are very small (0.04
and 0.21), while in 10b, optical depths are equal to 1.02, 1.47
and 1.7. The MC simulation results are identified with symbols,
while the model results are represented with solid curves.

In Fig. 10c, the effect of FOV is studied and the D parameter is
calculated for FOV of 0.3 mrad, 1 mrad, and 2 mrad for an
optical depth equal to 1.02. For the small 0.3 mrad FOV, the D
parameters (represented with solid curves) match reasonably
well the MC off-axis lidar simulation of Fig 10 a, b; for the larger
FOVs, depolarization caused by multiple scattering appears to
be dominant at small off-axis angles.

The MC results agree reasonably well with the D parameter
results considering the model does not take into account the
laser beam divergence and the collection optic FOV.
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Fig. 10 Comparison of MC depolarization parameters with the Mie
calculated D parameters as a function of the off-axis tilt angle. In 10a
and 10b, the D parameters are calculated for the 0.3 mrad FOV; in 10a,
the optical depths are very small (0.0044 and 0.21), while in 10b, OD
equalto 1,1.47 and 1.7. In 10c, the D parameters are calculated for FOV
of 0.3 mrad, 1 mrad and 2 mrad; the optical depth is equal to 1.02.

4.1 Droplet size retrieval

Results obtained for the 0.3 mrad FOV suggest it is possible to
retrieve the droplets size. Rearranging Eq. [6] and using Eq. [3]

toreplace B, we get

r, =029~ In(1-D(B,.r)/0.75)]"* /8. 7]

Using Eq. [7], a comparison of the retrieved droplets size as a
function of the off-axis angles is shown in Fig. 11 for the
0.3 mrad FOV results (solid curves) and for different ODs
(symbols).

For the larger ODs, multiple scattering effects are noticeable for
off-axis angle up to 10 mrad. The use of Eq. [7] for droplets size
retrieval is very basic (it uses a single off-axis measurement to
estimate the size) and is sufficient to demonstrate the concept
of droplets size retrieval. However, it has important limitations;
for example, a measurement performed at angles greater than
20 mrad will not allow distinction between the 5.99 pm and
1192 pm droplet. An algorithm using multiple off-axis
measurement would allow unambiguous droplet size retrieval.

16
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Fig 11. Comparison of the water droplets retrieved size as a function of
the off-axis angle. The 0.3 mrad FOV results have been used. For the
larger ODs, multiple scattering effects are noticeable for off-axis angle
up to 10 mrad.

5.0 Discussion and conclusion

We have demonstrated the proof of concept for the
determination of water cloud droplet size measurement. To
achieve that goal we first modelled the D parameter from 160°
to 180° as a function of the phase function forward scattering
angle #,. Since f, is proportional to the ratioA/2r,, a

measure of D will lead to information on the water droplet
effective radius.

Then we used an imaging MC to simulate D parameter lidar
measurements at off-axis angle ranging from 0 mrad to
30 mrad on water cloud of different extinctions and water
droplet sizes. Third, we compared the D parameter obtained
from these simulations with the D parameter calculated using
the polarimetric phase function. This comparison confirms that
off-axis lidar measurements are indeed a measurement of the D
parameter. Finally, a simple equation has been derived to
demonstrate it is possible to retrieve the water droplet size
using the D parameter measured at a specific angle.

The measurements of the D parameter at different off-axis
angles appear not to be much sensitive to multiple scattering
effects. This is mainly due to the fact that forward scattering
does not depolarize significantly the incident light. The laser
beam, as well the forward scattered light, reach the position of
interest while maintaining polarization state until the
backscattering induces depolarization at off-axis angles. The
level of depolarization is maintained on the way to the receiver
even if the light undergoes multiple forward scattering at
relatively small angles.

There is much to do to validate the concept and push further its
application. Although, MC calculations are known to reflect the
real word (see the work of Hu & al [15]), experimental
validations need to be performed. Adaptation of the
experimental set up of Akamoto and Sato [17] could be
considered for an experimental validation.



The droplets size retrieval algorithm is very basic and can
certainly be improved by curve fitting algorithms and defining
the best set of probing angles.

Water droplet clouds may contain ice crystals or snow that will
depolarize the incident light at 180°. These particulates will
create an offset at 180° but most likely, the propose
methodology can be studied/adapted to retrieve water cloud
droplet size.

Finally, a multiple axis lidar is presently under construction. It
will consist of a polarimetric system and multiple laser beams
illuminating (in circular polarization) the cloud sequentially at
different angles.

Appendix A

Modelization of the Depolarization Parameter
near the backscattering angle

The forward scattering phase function is modelled as a
summation of Gaussians [9]

11 N R
p(r’ﬁ)_ETﬁdeXp(_ﬁ /By )+77fﬂg exp(=8"/B,")

where

B, =0.585(1/2r,), B, =0.481;and 4, =0.89,

where re is the effective radius, A is the wavelength, S, is the
width of the diffraction peak, and ﬂg is the width of the
geometrical optic component (units are in rad).

D has been calculated for 6 gamma distributions described in
Table 1.

The five parameters identified in Fig. 5 to model D as a function
of B, are shown in Fig. Al to AS.
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Fig. A1 Maximum value of the D parameter as a function of the phase
function forward scattering peak.
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Fig. A2 Position of the maximum value of the D parameter as a function of

the phase function forward scattering peak, ﬂd .

D,,..(B,) is practically independent of S, with a mean value

equal to 0.754, see Fig. Al.
However, based on Fig. A2, the position of the maximum varies

linearly with S,
ﬂMax(ﬂd) =- 09233ﬂd + 179670 5
if we force a value of 180° for S, equal to 0, the position of the

maximum value is f,,, (f,)=180" - 5,.

The depolarization parameter for backscattering angles from
160° to 180° is related to the forward scattering peak
characteristic angle. The mathematical representation is

6,82 Byusr  D(B.r) =Dy (BN —exp-((z = ) /(W 5)"],
with, B =0.65924, ,see Fig. A3

I8 < Brra:
D(B, i) = Dt (Ba) - eXp(~ (B = BY W2 (Bi)) + Do (By) »

with, D, . (5,) = 0.1568In(B3,) + 0.4441  (see Fig.A5), and

B, =1.27878, (see Fig. A4).

The fit parameters w, and w, are also practically independent
of ,Bd with a mean values equal to 0.93 and 1.37 respectively
(see Fig. A6).
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Fig. A3 Super-Gaussian characteristic angle as a function of the phase

function forward scattering peak, ﬂd .
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Fig. A4 Exponential decay characteristic angle as a function of the phase

function forward scattering peak, ﬂd .
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Fig. A5 Asymptotic constant value of the D parameter as a function of the

phase function forward scattering peak, ﬂd .
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Fig. A6 Correction factors, w; and w; applied to the super-Gaussian fit and
to the exponential fit width as a function of the phase function forward

scattering peak, ﬂd .

In short, D(B,p,) starts with a value of zero at 180° and

increases quickly following a super-Gaussian. The width of the
super-Gaussian is linearly related to the width of the forward

scattering peak £, . Past the maximum value, in the direction of

decreasing angles, D(f,[,) decreases exponentially and the

decrease rate is linearly related to 3, .
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