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PREFACE 

This document consitutes the second of two parts of the 
final report on the work performed by Spar Aerospace Limited 
under DSS Contract No. 15ST.36100-1-0102, Serial No. OST81- 
00137 
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1.0 	INTRODUCTION 

This report describes the computer programs 
developed to design and test the M-SAT 
compensator. The spacecraft model and the theory 
behind the compensator (controller plus observer) 
is given in the report SPAR-R.1134. The 
performance of the compensator is also evaluated, 
via computer simulation and stability analysis. 
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2.0 	THE SPACECRAFT MODAL COORDINATES 

The spacecraft modal coordinates are described in 
the report SPAR-R.1134, but they are given here as 
they will often be referred to. 

The spacecraft dynamic equations are: 

itr  
;i6 	ie, + 	2.  

where the I r  vector refers to the rigid modal 
coordinates and the l e  vector refers to the 
flexible modal coordinates. 

Since the third row of the Br  matrix is zero, the 
third rigid mode is uncontrollable and is simplv 
deleted from the compensator design calculations. 
No attempt is made to control or observe this 
mode. 

The diagonal matrix 1/2  specifies the natural 
frequencies of the flexible modes (squared). 
These frequencies are listed in Table 2-1, 
together with the corresponding mode number. 
Modes 1, 3, 4, 6 are to be controlled and 
observed. The selection of these 'critical' modes 
is discussed in SPAR-R.1134. The remaining modes 
are 'residual' modes and are not controlled or 
observed. 
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TABLE 2-1  

FLEXIBLE MODE FREQUENCIES  

Mode 	Frequency 	Period 
Number 	rad/sec. 	seconds  

* 	1 	 0.12435 	50.53 

	

2 	 0.15118 	41.56 
* 	3 	 0.23952 	26.23 
* 	4 	 0.55630 	11.29 

	

5 	 0.69020 	9.10 
* 	6 	 0.77964 	8.06 

	

7 	 1.55328 	4.05 

	

8 	 3.13688 	, 	2.00 

	

9 	 3.95721 	1.59 

	

10 	 9.94893 	0.63 

	

11 	 14.00832 	0.45 

Those marked * are controlled and observed, remainder are 
residual modes. 

2-2 
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3.0 	DESCRIPTION OF COMPUTER PROGRAMS  

3.1 	The Flexible Dynamics and Control Program FDCSIM  

3.1.1 	Introduction  

The program FDCSIM provides a digital simulation 
of M-SAT, by computing the behaviour of the 
spacecraft versus time. The program models the 
effects of the spacecraft dynamics, a control 
system and an observer. 

The overall system is shown in Figure 3-1. The 
spacecraft model is excited by the disturbance 
input up  (time dependent) and the control 
input u. The modal coordinates Q, computed by the 
spacecraft model, are converted to physical 
coordinates q (actual spacecraft motions) by the 
matrix E. The measured outputs Y (sensor outputs) 
are computed from the physical coordinates by 
matrix P. The observer requires the control 
inputs u and measured outputs Y to compute an 
estimate of the spacecraft modal coordinates 1. 
The controller is driven by either the true 	̂ 
spacecraft modal coordinates Q or the estimate q. 
In real-life, it would be driven by the observer, 
of course, but for test purposes the true modal 
coordinates may be used. 

The program numerically integrates the equations 
in the spacecraft model and the observer, and 
periodically outputs the system status. 

3.1.2 	Program Design  

The program design follows some previous work done 
at Spar, on a general purpose simulation. The 
main program provides a sequence of calls to the 
configuration routine CONFIG, to read in data, 
perform initialization, simulation output and 
system calculations. A new configuration routine 
can easily be 'plugged in' without needing to 
change the main program. 

3 - 1 
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The equations to be integrated are written as a 
first-order differential equation, with the state 
vector V (array V in the program) containing the 
current values of all the variables. The 
configuration routine has to compute the first 
derivative of the state vector, DV, when called by 
the integration routine INTEG. 

The main data is read in from one file, which 
contains the spacecraft dynamic data, controller 
and observer matrices. A separate file is used to 
specify a small number of changes which may be 
made to the data read in from the main file, so 
that different runs may be done without needing to 
alter the main data file. The array VC contains 
the initial values of various program variables, 
and is set by a DATA statement in the 
configuration routine. These default values may 
also be altered via the small changes data file. 

The program can run either the Design Model (just 
the controlled modes) or the Evaluation Model 
(controlled modes plus residual modes). However, 
the data arrays are large and hard to manipulate 
and it would be difficult to set up models 
containing just certain selected modes. To 
overcome this problem, the program contains a 
facility to artificially hold any mode to its 
initial value, normally zero. The program can 
therefore be run with the full Evaluation Model 
data each time, with selected modes turned off, 
e.g. turn off all residual modes to produce the 
Design Model. 

3.1.3 	Spacecraft Equations  

The spacecraft dynamics are represented by the 
equation: 

M 	I, 	k 	e" 6c 1- 54(4A 

where M is the mass matrix, C is the damping 
matrix, K is the stiffness matrix, B is the 
control input matrix and Bd is the disturbance 
input matrix. 

3-2 
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q is the vector of physical coordinates, which may 
be divided into rigid coordinates q r  and flexible 

• coordinates 	T (l 	7 
b e 	e  

u is the control input vector, e =( 14; Mir ) 
where u is the gimbal torque and ut is the 
thruster torque or force. 

ud is the disturbance torque or force vector, and 
is assumed to depend only on orbit position, thus 
ud is a function of time. 

The three reaction wheels have not been included 
in the model, since the program is only a 
stationkeeping simulation, and the reaction wheels 
will not be used in this mode. 

The spacecraft dynamics equation is transformed 
by: 

E t 
to give the modal dynamics equation: 

A A 
• 

*Cil +XV g4 *BA 	eu 	(3.1-1) 

where 2 is a diagonal matrix containing the 
squares of the modal frequencies. 

The modal coordinate vector  v  contains a set of 
rigid coordinates t 

/ 	
r and flexible coordinates te , 

( 	 ) 

The modal dynamics equation can be rewritten as 
the first-order differential equation: 

O f 0 	) (2 ) t 	+ (A )rti (3.1-2) 
8 	84 
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The spacecraft sensors are represented by pure 
gains, sensor dynamics are not modelled.  The 

 sensor measurements are specified by the vector Y, 
where: 

and P is a constant matrix. For simplicity, Y is 
assumed to be simply a subset of the physical 
coordinates q. 

The control actuators are also assumed to be 
perfect, for example the thrusters may be switched 
on or off instantaneously. The minimum thruster 
on-time is limited by the simulation step size. 
However, the impulse averaging technique may be 
used to represent pulses with smaller on-times. 

The characteristics of the on-board computer, such 
as numerical accuracy and cycle time, are also not 
being simulated by this program. 

3.1.4 	Observer  Equation  

The observer equation is: 

/10 51c 	k.1  j. 3q 
 

where X is the observer output, Y is the sensor 
measurements and u is the control input. The 
matrices Ao , Ko and Bo are read in as data. 

Since the equation Eq (3.1-3) is already a first 
order differential equation, 2 may be simply 
appended to the spacecraft dynamics state vector 
in Eq (3.1-2). 

3.1.5 	Integration of Equations  

The subroutine INTEG computes the state-vector V 
at time t+it, given the state-vector at time t, 
where  t  is the step size. There are two methods 
of updating the time variable t, 

3-4 
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I. 

I .  

I. 

(a) simply add St to t, or, 
(b) multiply St by an integer specifying the loop 

count. 

Method (a) allows a variable step size, but 
suffers from a loss of accuracy as t becomes large 
relative to St. Method (h) does not have the 
accuracy problem, but does not allow a variable 
step size. The second method was used in the 
simulation. 

Subroutine INTEG contains two integration methods, 
the Euler integration and the 4th order 
Runge-Kutta integration. Only one of these 
methods is used during a run, which is determined 
by the flag INT. 

During initial testing, the Euler method was used 
as this was thought to be cheaper to run, but it 
appeared to be unstable as shown below: 

The modal dynamics equation for the spacecraft, 
with zero input, is: 

t e 	. 
Take e' to be diagonal, àhd let x be an element of 
vector qe , and c and w 2  be the correspondina 
elements of CI  and '', so that MI. cec+ 	0 . 

Let px . x  and / k =Jrc at time 1c5t. 

The Euler integration method computes r u. 	and m +1 
aceoralin, to: 

1)1<m =• Ph se 1 K  

Rewrite this in matrix form: 

(f 	( 	(;« 	r 

cPcei 	 —Li" St 	I"" C 	eld4) 

3-5 
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or 	V 	:: 	 V 

This system is stable only if the eigenvalues of A 
lie within the unit circle. 

The eigenvalues are given by  7 j 	±AFF7) 
where 	aPX4e) 

Since <,1, 	complex and the magnitude of k  is 
given by: 

L 2 I t  
If St is chosen to be greater than c/w 2 , the 
system will be unstable. The worst case is the 
8th flexible mode in the evaluation model, which 
would require St to be less than 0.0057 secs. 

The 4th order Runge-Kutta method does not appear 
to suffer from this type of instability problem, 
but it is more expensive to run if a similar step 
size is used. It was found that the step size 
could be increased by a factor of 5 (from 
0.01 sec. to 0.05 sec.) without causing 
significant errors, and the cost of a run was 
similar to what it was originally (about $1 per 
second of simulation time). 

3.1.6 	The Controller  

The control actuators consist of 8 thrusters and 2 
gimbal torquing devices. The control routine is 
only activated at discrete times 0, 	21, etc. 
and causes the thrusters to fire an impulse at 
these times only. The gimbal control torque 
remains constant during each period Y, and is 
reset to a new level when the control routine is 
activated. 

The input to the controller is the state vector 
xc , consisting of the rigid and flexible modes 
that are to be controlled, plus their derivatives, 
7 	 'T 
/C - t - (fl 

T
it) ilfG1 et) lej ). These may be taken 

directly from  the spcecraft model, for test. 
purposes, but in real-life, the observer estimates 
must be used. 

I 	c $ t 

3-6 
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I. 3-7 

I. • 
A bias value may be subtracted from each of the 
rigid modes in xc , in order to be able to command 
a change in spacecraft attitude or antenna 
direction. The array EREF contains these bias 
values, which are applied when the simulation time 
exceeds the value of REFTIM. 

The resulting rigid modes are then individually 
checked to see if they exceed a deadband level, 
contained in àrray DEAD. If all rigid modes are 
within their deadbands, then no control needs to 
be applied at this instant, i.e. the thrusters are 
not fired and the gimbal control torque is set to 
zero. 

If one or more deadbands are exceeded, the 
thruster impulses ut and gimbal torques u g  are 
calculated from: 

(

4 

M ! F  ) .9c4  

where F is the control matrix which was read in as 
data. Since the thrusters cannot fire in the 
negative direction, a procedure is used to modify 
the ut to ensure all values are positive. The 
modified ut will produce the same effect on the 
spacecraft structure, but more fuel may be used. 

To apply the impulse specified by ut, the program 
fires the thruster over one step size St, at .a 
level given by ut/St. In real-life, the thruster 
level would be fixed, and the on-time would be 
varied to give the required impulse. Some 
modification may be needed if the required on-time 
is less than the minimum on-time. The gimbal 
torque is simply set equal to the value of ug . 

A diagram of the controller is shown in Figure 3-2 
and program flowchart in the Appendix C. 
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3.1.7 	Disturbance Torques and Forces  

Solar pressure is the only disturbance effect 
simulated, in order to demonstrate the control 
system. The disturbance input ud is specified as 

4̀.7 = 	,r) 9
sr 

 , JrT er7 ) 	
where f 

is the total force acting on the vehicle CM, g is 
the total torque about the bus frame origin, f r  is 
the disturbance force acting at the reflector CM, 
g r  is the torque about the reflector frame origin, 
and (3.. is the first two components of gr . The 
disturbance input matrix 8A el, the identity, 
therefore 	ET • 

The values of the vectors f, g, f r , g r  are given 
below: 

5:tin 	— A  5.,74 	) 

f = 

er cveY  + tt (GDzy -I- 0 

f. n ca y/9 7  ((nay 
g = 	n  

h s,44)f 	»a°  s,ey, y 

E r  -, r ea.) 
-Lr 

0 

Al  c a Y 

( 

AD are  
gr «e" 	1112,5,;),Y 

— n li Dri4 Y 
where yis the orbital position relative to the 
sun and the coefficients are given by: 

Al = Aa (Q/C)(1 	,Va) 

A 2  . 	-eb)/2 

A3  = Ar (Q/C)(1 + Vr )/20 

A4 = Ab(Q/C)(1 +  

3-8 
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A5 = Al + A3 

Ab = Al(ea 	ipay) 	A3 (ebry - 

A7 = A40017  

Ag = -A10Daz - A3(erz 	ebrz) 

A9 ' -A2(bz 

A10= A2Opy 

All= Alry  

Al2= Aqrz 

where: 

Aa , Ar , Ab are the surface areas of the array, 
reflector and bus respectively 

9r , yb are the reflectivities of the array, 
reflector and bus respectively 

Q/C is the solar energy constant 

eby. ebz  are the coordinates of the bus CP in the 
bus frame 

fu
, erz  are the coordinates of reflector CP in 
reflector frame 

ea is the coordinate of the array CP in the array 
frame 

are the coordinates of the array CP in ebay ,  gbaz 
trie bu frame 

bry, ebrz are the coordinates of the reflector CP 
in the bus frame 

) 
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3.1.8 	The Cost Function  

The cost function is given by 

	

T 	4 X at r 

	

(Xch+1  Qc DC.c.441  4 till 	Gifs)  

where xch  is the value of the control state vector 
x c  at time t = h'Y, uh is the value of the control 
vector(m;) at time t = 13 7 

me 

and Qc , P7 and Q ck are constant matrices. 

The terminal condition specified by Qck is  
expected to be small compared with the rest of the 
cost function and has not been included in the 
simulation (mainly because of the large amount of 
space occupied by array 

Since the value of K is large, the summation is 
not terminated but continues for the whole 
duration of the simulation. The current value of 
the cost function is output periodically from the 
program. 

The matrices Q c  and b.-  are read in as data and are 
given on the same data file as the control matrix 
F. 

The cost function can be used as a check, to see 
if matrix F does indeed produce a minimum value of 
Jk (the control vector u can be artificially 
modified by the UMULT array). Also the total 
cost, predicted by the program which computes F 
can be checked. 

Qck) • 
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3.2 	The Controller Design Program RICQ  

3.2.1 	Introduction  

The program RICQ calculates the control feedback 
matrix F which relates the control input vector u4  
to the control state vector xch , u h  = Fxch . The 

• control law is applied only at discrete times 11Y, 
where Y is the control period, andhis an integer. 

The program stores the F matrix in a separate file 
on the computer, in a form which can be easily 
read by another program. The F matrix may be used 
by the numerical simulation program FDCSIM, or one 
of the stability programs STABF or STABFO. 

The control matrix is designed to minimize a 
particular cost function, which is composed of a 
weighted sum of the controlled modes, the control 
input and the control spillover. 

The controller produced by this program is an 
earlier version of that given in the report 
SPAR-R.1134. 

3.2.2 	The Continuous Spacecraft Equations  

The controlled state vector is assumed to be in 
the form xic-  = (er, 	fiéc ,  ec) where 	is the 
rigid mode vector and / ec  is the controlled 
elastic mode vector. The state vector for the 
residual modes is in the form x; = (14g.  7 / eft ) 

where /eg  represents the residual elastic modes. 

Since all of the rigid modes qr. are assumed to be 
controlled, the third rigid mode must be deleted 
from the equations since it is uncontrollable. To 
accomplish this, the third row (containing only 
zeros) is deleted from the control input matrix 
Br. 

The spacecraft equations are: 

V. 	B
r 

•• 	 n1. 

(IL 	Gqe 	q.c 	J3,7_ 14  
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The elastic modes in the second equation must be 
rewritten in terms of rielT = (gc, lée where fiec 
are the controlled elaetic modes and leR  are the 
residual elastic modes: 

A I • / 	,411. 	 D i  

1£ 	G 1/6 4-  .11. qe e  »e « 

elere re, de and Bel are simply rearranged form of 
-d,j1 and B e  respectively. 

If we make the assumption that 112 = C1'21 = 0 , 
the controlled and residual equations can be 
decoupled: 

A • 
q*.it.. 4' Ce sitee. 	Jl . /ec e 15 	« 

then 

The spacecraft equations can now bw written as: 

e 	41,x, 	g414 	 (3.2-1) 
Pe it 	A R,  x it 1. be  14  
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3.2.3 	The Discrete Spacecraft Equations  

The control input u = (tefr  , where ug  refers to the 
gimbal input and ut is  the  thruster input. The 
control input matrices can be partitioned to match 
U and U t : 

B c  = (B cg  Bct ) and B R  = (BRg BRt) 

Referrring to Eq (3.2-1), the spacecraft equations 
become: 

x c. -1- 8 	+ 
ce “e 	6ct-  e 

e/L 	4K  .2c g, 	8 1” 4 2 	8nbtAt 

where x c  contains the controlled modes and their 
first-derivatives, and xR the residual modes 
(and their first-derivatives). 

The control law is applied at discrete times le, 
where his an integer and I' is the control 
period. The thrusters fire an impulse specified 
by u t  at these discrete times and the gimbal 
torque is held constant at ug  over the control 
period. 

The discretized spacecraft equations are: 

	

x. (.441 	X..xch  1 	t4 13  

	

ib+ 	 l4 Cg. h  4 	«ggL.l h 
where 

>cc. (h 1.) 	2(.1;  = DC-g. (is r), 	 (49h 

= 'et'? (4c 1-) 	171-A 	( c),(ecy &t;) ) 73e (Bee 
‘T 	tA NI n 

45 C 

	

à'cg = e"Cp (NI') C 	e•SX? V.114.S) CIS 	y ) 	e 	P (4C 1) 8 c, b  
ô 

BRg  = 	p (11g T)) .e.xf (--â n s) 	Bg 	8fze z.- -eiep (19 n 1r) 13g t  
o 
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3.2.4 	The Calculation of Matrix Exponentials  

This section covers the calculation of the matrix 
exponentials for the discretized spacecraft 
matrices X'c , B c , AR, BR. 

If the damping matrix e is assumed to be diagonal, 
the matrix exponentials can be calculated 
directly, otherwise the eigenvector method is 
used. If the program flag IDIAG is  zero,  ,e is 
taken to be diagonal, otherwise the full e is 
used. •  

(a) Diagonal damping matrix et  

Let Ac  =(/3, O )where Ai =(0,.  land A2 '-'(° ' I  
0 Al 	0 ô 	-le  

and z -fic - ec. ,  

Then exp  (Act)  = (4:eqqAt 	0 	
) 

IO 
0  

The series method can be used for exp  (Ali') : 

ri)
exp  (A1 	= 0  

The resolvent matrix method gives the 
solution for exp (A2 7 ): 

exp (Ae) = ( (1 LT) $ (1)) 

A 	c -r) 
wh.e.r.e. 	(b) = oitae  e t te)1 , 	Lb-) Jayiptte)3 7  

A (0 e 64 i«, O6 	)  

ci A ei 	04e, (6-) e 	 ttine: 	+- "?‘.1 

Pitt), 	pi CO et: 	- yt t tee,: 

(4/14i, 	uec. 	5"fi:° 7 
• 
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Y 	, 
The m 	 r(-Aeatrix integral exp(AcT)S .exS) 01.5 
is given by: 	0 	' 

T 
exp(Ac7) exp (-AG04> :: CI o  
where Li = (1'1 	Yt.1.1.1) 

0 	'Y I 

and L2 =

() 
 le, -2-2 CI - 

2 	( 

ALT)) * t 
—

rï 

( 

	) 

— y, ic »I "0 4  é ter) .1. 	-4 .12;2«  ;Ai  7 	) 

The values of oci, 	cki and k i  are 
calculated by the 'SETUP subroutine. 
Subroutine EXPACT assembles the matrix 
exp(A c7) and subroutine EXPINT assembles 
exp(AcT) exp(-Acs)ds. 

0 

The matrix AR has the same form as A2 and 
so the same subroutines can be used. 

(b) Damping matrix not diagonal. 

For this case, the eigenvector mthod is used 
to calculate the matrix exponential. This 
method is described under a separate chapter 
(3.7.3), since it is used by a number of 
other programs. The exponential of the full 
Ac matrix cannot be computed directly because 
Ac  contains a block row and block column of 
zeros. 

A, 0 
A c  can again be partitioned as Ac  = 	' 

D 

fr•7.1) 
then exp(A L 	 I -/ = \, 0 	and exp(A27) can be 
computed by the eigenvector method. 

For the matrix integral 
exp (Ae)Sl'exp(-Acs)ds = LI o ) 

0 	4.1, 



.2c
T 

4 11. w h) 
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1J1 is given as above, and L2 is given by: 

(exp (11G7) 	14: 1  

The discretized spacecraft matrices can now 
be calculated. 

3.2.5 	Controller Design Equations  

The cost function to be minimized by the control 
matrix F is: 

k-) 

jiç ° 	Q x 	u 	Wi 	R g c-h4s 	h 	• is 4- 	h it 	a ot 
ise_o 

The solution is given by: 

- Ft, 

where 	F - -g47  Q h+IT3Si1 6? )3 1. 1 

h CL., 4 Ph  

Ph 	
4 T

Q1.3 4, 

K 	F„ 

) Pk - 

and 	h= 	K-I 

The solution can be computed backwards, starting 
from PK and finishing with Fo  and Po . The value 
of K should be large enough so that Fh and P h  
converge to almost constant matrices as 

The total cost over the time period 0 to K "Pis 
given by 20-  p 

b 

3.2.6 	Stability  

The stability of the spacecraft plus controller 
system can be calculated, assuming the spacecraft 
state-vector is fed back directly to the 
controller (no observer in the loop). 
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The discretized and decoupled spacecraft equations 
are: 

neDC 4 13  4 

X  n ;3+1 2 1;tt eCRAI 
and control feedback: 

f'th 	Fx c h 

( ire I Tic, F) x h, 

The controlled modes are stable if and only if the 
eigenvalues of (Ac  + B cF) all have magnitude less 
than unity. The residual modes are stable if and 
only if the eigenvalues of AR all have magnitude 
less than unity. 

The residual modes should always be stable since 
they only depend on the spacecraft structure, but 
the controlled modes are affected by the control 
matrix F. 

3.2.7 	Convergence of Control Matrix  

The value of K  should be large enough for the 
matrices F h  and Ph to converge to some constant 
values as h ->20. The program calculates the sum of 
the absolute difference between the elements of 
Fhiq and F h , and Ph4.1 and Ph, and prints the 
result for each value of h. This allows the user 
to see if the matrices are in fact converging. 

The convergence appears to be affected by an 
imbalance between the weighting matrices. For 
example, Q c  and QcK were set to the 'modal 
output weighting matrix' Q specified in the 
DYNACON memorandum (August 25, 1982) with a 
typical element of the order of 10 -6 , and R and 
RR were set to the identity matrix. A value of 

= 50 produced no discernable convergence. When 
R and RR were reset to 10 -6 1, convergence was 
obtained. Normally K = 25 is used, producing 
typically a final difference in F h  of 0.1 and Ph  
of 10-5. 

x c-1511 bib 

173 „ 

Therefore 
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3.3 	The Controller Design Program C0N52  

Introduction  

The program C0N52 was originally intended to 
calculate the feedback control matrix F, as 
defined in the document SPAR-R.1134. However, the 
program has not been finished and it only 
calculates the U matrix given by equation (5-4) in 
SPAR-R.1134. This U matrix can be used as the 
modal weighting matrix in the controller design 
program RICQ. 

3.3.2 	Equations  

The solution to all the equations in (5-4) of 
document,SPAR-R.1134 is given here, although only 
5 is implemented at present. 

The equations are (writing I.  instead of 	for 
convenience): 

= 4 
(Y 

Ue 	
12c(7) at e  

Bu (t) =  J 	
06. ,AG  

ds I3 (? ] 
 

= 	(.e. 14e- YrQ G  (£ 1") Bm ( 6) °11' 

7 	E gb 	-F 5o  ( .e fi&e  13 4. (6))T 	(-e 19` e  13t.(1-)Pt 

a. er 
L 	) 	 e t4 (1) 

where Ac  = (6- O ) 0 H 

G = (

0  0

0, 	) 	/ 0 z 	:f 

 -Cc) 
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with dimensions G: 2n rc  x 2nrc1  H: 2nec  x 2nec 
where nrc  is the number of rlgid controlled modes 
(7) and nec  is the number of:flexible controlled 
modes (normally 4). 

The modal weighting matrix Q c  must be partitioned 
as follows: 

	

Qcsi : 2ne,x 	, 	len )"2"4c Qc 	(Qcil 	Ilea% ) 

	

aczi 	Q‘ae. 	L il4»c 	czte 2,4‘x104c 

and Qc11 = QcuA Ocua cZGim acne, 61clic) 62c18) 	n rt x nee. 
0.Gio 

Qc12 =(Qcie.,1 	CIC.114, 	43 	litc. X Inec 
Olcitj 

QC2.1. = (Qce IA 62 c3. 10 ) 	aczia: 	vi e , 	n o. 4  

The control distribution matrices are partitioned 
as: 

B cg  e elL ) 
• ( 

0 j 	

0 

BCt = (13r6, ) 

0 

get.« 
f 	 8e.or 

B rg : nrc  x ng , Becg : nec  x ng, Brt: nrc x nt ,  
Bect: nec x nt where ng  is the number of gimbal 
control inputs (2) and nt is the number of 
thrusters (8). 

The exponential of Act is given by: 

exp(Act) = exp(le&) 	0 

0 	exp(ift-)) 

Exp(Gt) can be simply calculated by the series 
method: 

exp(Gt) = 1 4  6-fr 	ee" 

° 	4 	° 	t 	(e) 	
o \ ' 

 4  -- 
0 IJ 	 ° 	 °) 
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,%exp(Gt) = (2 	eJ) 
/ 

Exp(Ht) must be calculated by the eigenvalue 
method: 

exp(Ht) = Vexp(At) V-1 	 (2) 

where •Ais the diagonal matrix of (complex) 
eigenvalues of H 1:.,t.1--2.4.4‘land V is the 
corresponding matrix of (complex) eigenvectors. 

Note that the exponential of Act cannot be given 
directly by the eigenvalue method, since A c  has 
repeated eigenvalues of zero. Jordan blocks could 
be introduced to allow for this, but there does 
not seem to be any advantage over the method used 
here. 

The element in the ith row and jth column of some 
matrix A may be written as (A)i,j where required. 

3 03.3 	Solution for Q  
ri m 	1,1„, 	è5, 1 Znx 2,14, 

Q 	V2- 2a 	42a) 	(Tizi 201,c)(2.Ar, , C41.1 9..ttoe 9-fec 
(3) 

( 
where Ull = - 

1/214*Qcn4  t'rQc„, , Y3.136404 41 iliiicifere 49GP0 11-8744 .1), 
.51 2  . ! IQ:LIZA lil. 	_ 	 (7) 

41(4 zez t Qz., zEr 14i 

U21 = (H 1.1 gc. 0.0  11 e Q. _ . _ + MY ta _\ 	( 8 ) 

U22 : V—I T  Oil'  V -1  

and (Q 411) 1: 	&c.12.2)e,3 [4xp(i'à,iiirt`') —13 ( 10 ) 

(71 e ?1,3) 
Pot' 	r. 	b o  leket. 	to 2 fie  c  

(1) 

OCIIA 	 egcs 	YQ£ 

(9) 
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.to 	 (qc1/0 4 %/6) +104  Qctt)jel 29 ) 1- 11A = 6r1  [ 1.  TeC4  + e  

à..11B = 8 bi 	qciaR 	+ Qc110 1.4j(R°  ca) 	(30 ) 

, 	; 	r 	r 	il  7 
rinc  = (0 13 -ec9 J L 2 n7 Leclin 147. Qc,a181 8r, (31 ) 

iiD = ( ° 	/319) V-4 	V-'(o 	
(32 ) L 	1349 

	

= f4ere 	T s* Qc.114 f 	Qcts8 +kw» iee41t0 8re (33) 
T r , 

 1112B = 	L Qcfeill4s-  4" Qc 118 1-1 2 	

f
Lbec.3 	

(34 ) 

*-12C = (O 84.; ) f 14 :-  Quit  t I43 6442,0 8r& (35) 

 = 
T 	\f-.Cr in  / 	(0 

	

Lge 	13ec.t) 	
(36) 

21A = 8r-rt fir S' Qcim t le3(Qctib Qc4 41:ekii.1)1 139 (37) 

r  r
Qc„, 1 	

i(o 
(38 ) 11 21B = Br" 	-1„. + Qc328 Vi3i8ete) 

ik-21C =  ( 0  f 14 2 ) { HeT  QcalA  31'47  Qczio] [31 39 ) 

1121D = 	o 8ec•e) 
 V-'7 

 q,1
/

(L)
g / V -1 ( (B)  ) 	( 40 ) 

ecp 

iT22A = 8rt7 	r1Qcuie Le(Qcsial 	 1 1;3 8re (41  ) 
0 

ik-22B = B ,  L u(cia.11 14z 4  Qclad3 141j
--1(

Be.c..6) 	
(42) 

1722C 	( 	I3ec-re )E Ha.-r 
	

f  H Qc, r3 ] 81-  t" 	(43 ) 

= 	Bet:rt ) Qa 	 (44 ) 
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(51 ) 
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where H7 = V gap (zrY) Ly1:4,1-:‘ -2  7,4-3  t  2,4-1 

-(14" —(31r) 3v--1(  45  ) 

CG1 = (9c/e4e 	4exe 	
-r) ij 

1.1 

[ 4xf ( âd  
Xs 

r-exr( 7tti) -.1 ]  
•  ?n c7 

(46) 

3.3.7 

for i = 1 to 2nec , j = 1 to 2nec 

(Qcaa)i„j  î r 	 

for i = 1 to 2nec  j = 1 to 2nec  

fteee(DC4M -r.) -1 ] 
Pti Àtj) 

zxr(?ti 	-J 
2%,1 

for i = 1 to 2nec , j = 1 to 2nec 

(note QN = 4 only if Q c 22 = QcT 22) 

and H1, H2 are given for b-  and H, 	H5 are 
given for P. 

Solution for A-c  and Fç..  

Ac  
- 	11 ) 

= 	y.) 

= v exp 
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uc  . A; 
 

(

13„ i2  

Bun (T ) = (-4TI. Orp) 

BU21( 1)  = 4(7 ) 
ac 

H8 = 	El - -exp 

and Bun, Bu22 are as given for Bu (t). 

3.3.8 	Comments  

The modal weighting matrix Qc  may be fed in 
directly (flag NPHYS = 0) or it may be set via 
subroutine QPHYS to control the q-coordinates 
directly (NPHYS1(0). In the latter case, a 
diagonal matrix Qw  is read in, specifying the 
individual weightings for each of the 
q-coordinates (physical coordinates). This is 
converted to the modal weightings by forming 
ETQwE, where E is the modal transformation 
matrix. 

When 	has been computed, it is output to a 
separate file on unit 4, so that it can be used by 
another program. 

3.4 	The Observer Design Program DECOBR 

3.4.1 	Introduction  

The program DECOBR is designed to compute the 
observer matrices A0 , Ko and Bo for either a 
coupled or decoupled observer. The program 
outputs the matrices to a separate file where they 
can be picked up by the digital simulation program 
FDCSIM or stability program STABFO. 

(52) 

(53) 

(54) 

(55) 

(56) 
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3.4.2 	The Observer Equation  

The observer equation is: 

5\c, 	floe -I- 	Y 	8. 

where Ao  = Ac 	KoCc , 	is the state estimate, Y 
represents the sensor outputs and u the control 
input. The DECOBR program allows the user to 
specify the required eigenvalues of Ao . If the 
decoupled observer is required, the eigenvalues 
are divided into two groups, the rigid eigenvalues 
and flexible eigenvalues. 

The theory for the observer is given in the report 
SPAR-R.1134. 

	

3.4.3 	Assignment of pecoupled Observer Eigenvalues  

Since the order of each decoupled observer is 
small (two), the eigenvalues can be assigned 
directly. 

Mn i =C / 	C rii .  = (C, rii 0) K ri  . (e) 
0 o) 	 P 

. 	Let  ("ri - Kri Crii) have eigenvalues k and Â2 

(Mn  - Kricrii) ° ( - °4  Cr'' 	
1 — (3 Ceet 	0  ) 

Thereforé 1, i r 
eli%; c>4  %- rid +?ts) 1- 68Crli -.L-'0 

, 	and .  
21 1  Cm, Cra 4 .;\ 1„) , e  c,, .,.. 0 

Solving these two equations for c<and f giVes: 

	

, 	. 	oz. :  

P 	71,Til l,/crli 

otand p will both be real if )11 and k are both 
real or area,complex conjugate pair. 
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3.4.4 	The Eigenvalue Assignment Routine  

The theory behind the eigemialue i assignment 
routine ASINEV is given in many Standard contrà1 
textbooks, e.g. Linear Multivariable Control: A 
Geometric Approach by W. Murray Wonham. 

Given that the pair (C,A) is observable (where A 
is an nxn matrix, and C is pxn), the routine will 
find a matrix K (k is nxp) such that (A-kC)  has 
the desired eigenvalues  

^ 
The eigenvalues 	may be a mixture of 
real values or adjacent complex conjugate pairs. 

A pseudo-random number generator is used in the 
computations. Since K is not unique if the 
dimension p is greater than one, different forms 
of K can be produced by changing the start value 
or limits on the pseudo-random number generator. 

Once K has been calculated, the routine checks the 
result by forming (A-kC) and computing the 
eigenvalues 	These eigenvalues 
cannot be directly compared with the desired 
eigenvalues 	since the order will 
probably be different. A sorting routine would 
not really help since the eigenvalues are not 
expected to match precisely, and values close 
together will obviously cause problems. However, 
the polynomial coefficients oci can be computed 
where If; (s- 	/c<is' s" , 	and 
similarl the coeffircientsei Per ie"%, —.LI • 
These polynomial coefficients are independent of 
the order of the eigenvalues and unique for a 
given set of eigenvalues, so an error value can be 
obtained by summing the absolute difference 
between the corresponding polynomial coefficients. 

3.4.5 	The Polynomial Coefficients Routine  

The polynomial coefficients routine COEFF 
calculates the coefficients. 	corresponding to 
the inputs pi3, where: 

A 	 n-1 Tr (5--Ai,) • bC1, 4 oe 	ï 004 	* 5 
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where at u 04 C O, 	A-I 

Therefore, tV.4 
• -t +241.i S 	•9 

°e-• r11 

0- (-44 r 
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This routine is used by the eigenvalue assignment 
routine ASINEV and also by the decoupled observer 
routine DECUPL. 

Define the set of coeffients Ipr,dby 
r-t 	r  

(
S 2;) 	tor;o5 4  - 	4  er,11 5 	S' 

r41 
Then 	Tr t s 	 ( 1. 	 (S 

Ze-1 

e 
° 	v-Mr4,1, S 	•  5

r 
t 5 

(.41 
er41,r 

ri\r4 ler,0 4  (Pre, .4 ?Ir.. g ê ).5 4 

	

+(r3 rif-a 4 r.44 13 r)r-V 3 	Orir-I âr4 

or41,0 	)4•41 Pr,b 

(er,i-i 	;1r4 ferli) 

p ri o,r 	r,r-I 	;\r4.) 

Therefore: 

POP' C= 

' mg 
3 

r-i 

and 	°4 1r11)Ce 	 r48 ae.,rI 0 

For ( r, -a 

6t. 	r-, 

- 

1>it+s) 

c 	1, - • • , r - 

So the set {.4+1,t3 can be calculated from the set 
larA until the set taco,i} is reached. The 
sequence is easily started from the set iaa,z3 
since ehoz 

Provided the set 13are all real or complex 
conjugate pairs, the coefficients la.eare all real 
values. To avoid the use of complex arithmetic 
(the routine COEFF uses double precision), the 
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complex conjugate pairs are processed together. 
The routine assumes that when a complex  2  is 
detected, the next value Xiii is the complex 
conjugate of 

Suppose we have the complex conjugate pair 
e• et I b 	ik 4— 	[Jedre. G b ttate- re ed. e, 

Then: (5- 	- 	= SLt s 4' (i4  
Y s 

where: y 	2.« At e".- 41' 4.  

Then: 
i
Tr, 

r.I 
°r4 2) O 4.  a4r42,1 5  + 

e  (s.  +Ys +/) ir (S- -à (;) 
erz t 

•n•n •• • r42 
et.rez 	S 	S 

Therefore: 

I ‘ 

044 J. b 	04 r, ey 

04 	I "rz 	°L a-, 	rt o 

re4  r4 	e'<  • r e- g 4-  -if r  

ot ri  r )4 4 Y 04 r_ a 	oe. 

r+a, 	r • 	r, r-, 

Using this procedure, the two complex conjugate 
pairs can be fed in simultaneously and complex 
arithmetic is avoided. 

The start-up of the routine becomes a little more 
involved to avoid complex arithmetic. The first 
three values of 	are examined, k, à2 and 
%3 . If all three are real, or if one is real and 
two are complex conjugate, then the initial set of 
three coefficients can be calculated directly. 
Otherwise, the first four values of ài are used, 
which may be two complex conjugate pairs or two 
reals followed by one complex conjugate pair. 
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Once the coefficients Ï 4.0 have been calculated, 
the routine COEFF checks the result. If s is set 

to any %i in the polynomial expression, the result 
should be zero. The polynomial expression is 
evaluated in the form: 

`40 + 	Gz, 4  5 (e l, 	 — 4 $  ( 04n-2. 5 (re4,.1  4$  )) 

for each 21/4i in turn, and the magnitude of the 
result accumulated to form the overall error 
value, which may be printed out. Complex 
arithmetic is avoided by simulating it with two 
separate variables. 

3.4.6 	The Kernel Routine  

This subroutine actually calculates the transposed 
kernel of the transposed matrix, i.e. it 
calculates matrix B such that: 

ATBT = 0 or BA = 0 

where A is a given matrix and neither A or B are 
zero. 

The assumption is made that A has full rank. If A 
has dimension mxn, then m>n for B to exist, and B 
has dimension (m-n)xm. 

Subroutine KERNEL calls up subroutine REDUCE to 
perform a series of elementary row operations on 
AT, in order to reduce the left-hand side of the 
matrix to identity. These elementary row 
operations can be represented by premultiplying 
AT by E: 

E AT = (I Al) 

Subroutine REDUCE performs two sorts of row 
operations to accomplish i this: swapping two rows 
or multiplying row i by a constant, adding row j 
and storing the result in row i. Some computation 
can be saved by taking advantage of the fact that 
most rows will start with a series of zeros, 
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especially as the computation progresses and these 
zeros need not be swapped or. multiplied. By this 
method, subroutine REDUCE initially converts the 
left-hand side to upper triangular form, then to 
diagonal form, and finally to identity. 

Then the matrix B is set to: 

7 
- I) 

( 

since 	A El> 	1 
AT) 

and 	8 A 1  t. (m il : -x) ( ..,. ) = 0 

Since  E T  ?10 I 	mio, 
) 

The subroutine automatically checks the result by 
multiplying B and A and summing the absolute 
values of the result. This gives an error value, 
which is printed out. 

3.4.7 	Calculation of the Rank of a Matrix  

The RANK subroutine computes the row-rank of a 
matrix (equals the column rank). 

The given array is first copied into a work array, 
since the calculations will destroy the original 
data. 

A series of elementary row-operations is performed 
on the work array to set the elements on the 
diagonal non-zero, and elements below  the diagonal 
to zero. If the matrix does not have full rank, 
the process will terminate prematurely, since it 
will not be possible to place a non-zero value on 
the diagonal by this means. The remaining rows 
may be set to zero. The rank is then the number 
of non-zero rows in the work array. 

B=  
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Subroutines ROWOP and SWOP perform the elementary 
row - operations, these subroutines are also used 
by the KERNEL subroutine. Subroutine ROWOP 
multiplies row i by a constant, adds row j and 
stores the result in row  F.  Subroutine SWOP 
interchanges two rows. Again, advantage is taken 
of the leading zeros in any row. 

3.5 	The Controller Stability Program STABF  

3.5.1 	Introduction  

The program STABF calculates the stability of the 
spacecraft plus controller system. The spacecraft 
modes are assumed to be fed directly to the 
controller, the observer is not in the loop. This 
program differs slightly from the stability 
analysis performed by the RICQ program, in that 
elements of /* are not zeroed to decouple the 
controlled modes and residual modes equations. 
The controller deadband is assumd to be zero, and 
no bias is applied. 

3.5.2 	Equations  

The spacecraft dynamics may be written in the 
form: 

fir '--- 31.08. 	8rt 

ilie» 	itu, 	 Co% I det  + 	ec  e- bec,t4; 	6ect 

;beet 	cac Ji 
'2&i 	(40  1- 8eo. tie 

where 	the r subscript refers to the rigid 
modes (all controlled), 
the ec subscript refers to the elastic 
controlled modes, 
the eR subscript refers to the elastic 
residual modes, 
the g subscript refers to the gimbals, 

and the t subscript refers to the thrusters. 

(3.te s4ction 
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7 
Let: 	X cr e  ( ln In 11( J. 

(A T 7 
."› 	 / 

7 

eC g. I 

	

ier 	4ot 
 ) 

7 X6 	X&  ()CGI 	) 
tA

7 	
(40 	7.1 	) 

rt -  

Then the dynamic equations may be written: 

xer 	AcrX,e_r 	Bcr 

SCe 	A.e Xe (.1 

(13.r

gi 
 0 \ 

13rag 

2) I: 

0 o 
ACr 	- 

;0 o' 

0 

where Bcr = acrg 

Bcrg 

Bcrt ),  Be = 

\ Or &I I 

1 13 crt = à 	7  Beg 
\ 8re-si 

0 	0 	0  

° - Csec 	-Ce. 

can now be discretized: 

Bcr 

Be (41,1  

where Acr  = exp(Acr7) = /I l'' 
s' - 	-- n 

1 1"  

= exp(A e-r) = V exp(AY)V -- 

where A is the diagonal eigenvalue matrix and V 
the eigenvector matrix of Ae . 

-- 
Bcr = (crgBcrt) ,  Be = (Beg Bet )  
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I'Çcrg = ex? ( 	A AcrIJ,-e-Pcf (414r5)5 84ty 
'‘ -1  

-
0 — 	0 \13cr? 	f 1' 1Y- ' 

o  : 0 	-r J 
....: 

' Acr Bcrt 	1 

exf (44Y) ri 0  47cr(- e s)ds 8v  
V.eÇ e  (.exp (lrY) - .7)V -1  

Bet = A B e et 

The control u = Fx 	may be rewritten: 
h 

(.11h 	Fr  xGrh 	( 	0)1ce-h 	- 
If there are nrc  rigid modes and nec  controlled 
flexible modes, then Fr  consists of columns 1, 

nrc +19 2, n rc  +2, 	nrc, 21 rc  of F, and F e 
 consists of columns 2nrc  +1 to 2(n rc+nec ) of F. 

Then the closed loop system becomes: 

( X£ r 441)  

7C.c  h t . 
51 1 

ti 7- Acr tJ3 c r 

52,1 	Sa F r  

The system is stable if and only if all the 
eigenvalues of: 	..t.  ..4 1  

( 

F 

 have magnitude less than one. 

where: 

;51.à 
( )

S 1n• 
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3.5.3 	Comments  

The control matrix F is read in from a separate 
data file, as produced by the control design 
program RICQ. The controlled modes and control 
period 7 are also picked up from the same file. 

The damping matrix may be changed by the flag 
IDIAG, for test purposes. If IDIAG=1, "C' is 
diagonalized by setting all off-diagonal elements 
to zero. If IDIAG2 the (off-diagonal) elements 
corresponding to C cr  and CRc  are set to zero, to 
decouple the controlled modes and residual modes 
equations. The eigenvalues should then be the 
same as computed by the RICQ program. 

The exact methods used to calculate the matrix 
exponentials, by eigenvector method, are given in 
a separate chapter since it is common to a number 
of programs. 

The program uses Double Precision arithmetic. 
Where complex matrices are required, the program 
uses separate Double Precision variables to 
represent the real and imaginary parts. 

3.6 	The Controller Plus Observer Stability Program 
STABFO  

3.6.1 	Introduction  

This program calculates the eigenvalues of the 
stability matrix for the complete system of 
spacecraft, controller and observer. The state 
estimates produced by the observer are used to 
drive the spacecraft controller, with zero ' 
deadband and no bias present. 1 
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3.6.2 	Equations  

The spacecraft dynamic equations may be written in 
the form: 

	

Xer 	Acre‘c Ber 

54ctien 3. 5". 	• as given in the chapter on the STABF program 

The sensor output Y is given by: 

= (yr) 	Yr 

Y4 	

C r  X‘f  ÷- É r4  PC44 	C reg  

Xee 4 Cp. Xr, xc4 4  (Leg C 

'where the matrices are given by equations (4-12a), 
(3-16a) and (3-16b) in the document SPAR-R.1134. 

The observer equation is: 

s 13. ,4 	k 0 Y 

where: ;it f4 i* 
7 

ee 

A. , 	Al ) • 	8. - (1. 3 1 	k. 	1 	) 
0 /1 9 ) 	oz) 	0 kt) 

The observer error is given by: 
eer  acce  

where the above equation is taken from the 
document SPAR-R 0 1134 and modified slightly to 
include the off-diagonal elements of the damping 
matrix e. 
AceR = (o 

0 7C )cg 

where C cR is given in the chapter on the STABF 
program 5  sec bien 3.e.â 
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(8°‘) :t) 

Ojai)0 

)

Kr «fe lt 0 

where À- cr ,  Bc r  

The above equation for the observer error is only 
vaid for the decoupled observer. 

é 	At 

) 	
A i  r( 	

I 

Pli  0) 

Al,  

Combining the observer'error equation with the 
spacecraft flexible dynamics: 

i4 E 	.9c£ 	ffi e  

/A t  

A tA, 

The equations can now be discretized as: 

r4 r h41 	Act* Xcr h 4 Bcr tdth 

x e h41 e  44g, Xs 	q- 114 14 h 

Then: 

where 

1)e. .e 2Ce 

where:  

•••1 
o) 	 h  

F L'ec t h 
0  

as given in the STABF section, 

% 7  113' z ,epq,(44,14 -exp (-AO) as 7), it„. E 	 o 
0 

A i  = .c,x r  (A i  T) , 	fit  e  (ri î 	re, e) 

The feedback control is given by: 

u=  F J2 c h  

. Fr  e cr F; 	 ( 

F e r .-erh 
where Ft  = (pe  
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and F r , F e  as specified in the STABF chapter. 

Then: C cri341 ) 	(5" 51,)(xcrh) 

D4 f. hst 	51.1 	"efh 

where  Su  = À--cr 	FcrFre S12 ' 1-3-cr Fe 

S 21 = retFrP S22 ' 	g 

The closed loop system is stable if and only if , 
all the eigenvalues of(„ 517.\have magnitude less 
than one. 	52.7.1 

3.6.3 	Comments  

The control matrix F, controlled modes and control 
period 1-  are read in from a separate data file, 
produced by the RICQ program. The residual modes 
are specified by the main data file, so that the 
stability can be compared when different residual 
modes are present. 

The observer matrices AOr BOr 0  are  read in from 
another data file, produced by the DECOBS 
program. Only the decoupled observer can be used 
with this program. 

If the flag ITEST is set to one, the observer 
error is artificially set to zero and the 
eigenvalues of the stability matrix should be the 
same as the eigenvalues of the STABF program, plus 
zero eigenvalues. 

3.7 	Common Routines  

Some routines are common to a number of programs 
and are stored as a separate module to be picked 
up at compile-time. These are described below. 
Also, the method for calculating general matrix 
exponentials is given since it is used in a number 
of different programs, although it is not a 
separate module. 
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I .  

3.7.1 	Eigenvalue Module  

The EIGENP subroutine finds the eigenvalues and 
eigenvectors of a given real matrix. The 
eigenvalues are found by the QR double-step 
method and the eigenvectors are computed by 
inverse iteration. In general, the eigenvalues 
and eigenvectors are complex, and the real and 
imaginary parts are computed in separate real 
arrays. Single Precision arithmetic is used, as 
it appears to be adequate for most cases. The 
subroutine destroys the original matrix. 

The programs which use EIGENP call it via another 
subroutine, for example EV1. This subroutine 
copies the original Double Precision array 
containing the matrix into a Single Precision 
array required by EIGENP. When EIGENP returns 
with the eigenvalues and eigenvectors, EV1 may 
check the results, if required by the option flag 
IC. If .4 is an eigenvalue and xi an eigenvector 
of the given matrix A, then the program computes 
the Euclidian norm of (Axi-2Iixi). This value 
should ideally be zero, and so represents an error 
value for the ith eigenvalue and eigenvector. The 
program may optionally print the eigenvalues (real 
and imaginary parts and magnitude and phase) and 
the corresponding error value. 

3.7.2 	Matrix Inversion Modules  

There are two matrix inversion modules; one for 
inverting a real matrix (MTINV2) and one for 
inverting a complex matrix (MINVDC). Both modules 
use the standard Gauss-Jordan method and produce 
the determinant as'a byproduct. 

Both subroutines use Double Precision arithmetic, 
as Single Precision was found to be inadequate for 
most cases. The complex variables required by 
MINVDC are simulated by two Double Precision 
variables, one each for the real and imaginary 
parts. Normal computer complex variables consist 
of Single Precision real and imaginary parts and 
so are not accurate enough. 
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While experimenting with the complex inversion 
module, the identity (P + iQ) = (P + QP-1 Q) --L  
- i(Q 	PQ-1P) -1  was considered. If the matrix to 
be inverted has real and imaginary parts P and Q, 
then the inverse could be calculated using the 
real inversion module. However, if it is being 
used for the inversion of an eigenvector matrix, 
then the inverses of P and Q will  hot exist, since 
the complex eigenvectors occur in complex 
conjugate pairs for real matrices. 

The programs which use the inversion modules call 
them via another subroutine, for example INVERT 
for real matrices and COMINV for complex 
matrices. The INVERT (or COMINV) subroutine first 
copies the given matrix into a work array, since 
the inversion module will overwrite it with the 
inverse. The data may also need to be shuffled 
around, since the inversion module assumes the 
array elements are stored continuously in a 
one-dimensional array, or exactly contained in a 
two-dimensional array. 

When the inverse has been calculated, the program 
has the option of checking the result (option flag 
IC). If A is the given matrix and B is the 
calculated inverse, the program calculates (AB-I) 
and forms the sum of the absolute values of the 
elements. This number gives an indication of the 
accuracy of the inversion. The subroutine prints 
the error value and the determinant, and also 
halts if the determinant is zero. 

3.7.3 	Matrix Exponentials 

The eigenvalue method is used to calculate the 
exponential of a general matrix: 

exp(At) = V exp(4t)V-1  

where V is the (complex) matrix of eigenvectors 
and A. is the diagonal (complex) matrix of 
eigenvalues. The eigenvalues are assumed to be 
distinct. 

3-40 



8/4/mc1702/49 
SPAR-R.1135 
ISSUE A 

The same method is used for similar problems, e.g. 

= C.exp(Al -)4t 	VA 	—.1)\/ — ' 

used by the C0N52 program. 

In each case, the form is the same: VDV-1  where D 
is a diagonal matrix which can easily be 
calculated. 

In general, V and D are complex matrices, but the 
product VDV-1  is expected to be real since A and t 
are both real. Let R + iC = VDV -1  where R and C 
are real matrices. IdeallyCl=0, but since some 
accuracy wil •  be lost in the calculations,. C will 
be non-zero. 

If r and c are the sums of the absolute values of 
the elements of R and C respectively, then c 
should be very small compared to r. These two 
values therefore give some indication of the 
accuracy of the calculations. 
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TABLE 3-1 

PROGRAM PARAMETERS SET VIA ARRAY VC  

VC 	Default 
Index Parameter Value 	Comments 

1 	TSTART 	0.0 	, Simulation start time, sec. 
i 

2 	TEND 	0.0 	Simulation end time, sec. 

3 	DT 	0 ..01 	Simulation step size, sec. 

4 1 IPRT 	1 	Controls initial output from 
simulation, 0 = reduced 
output, non-zero = full output 

10 	Controls simulation run 
output. Output occurs once 
every NPSTEP step, or 
NPSTEP*DT sec. 

Not used 

Used portion of array VC. 

Determines integration method, 
0 = Euler, hon-zero = 4th 
order Runge-Kutta 

Debugging flag. 0 = no 
debugging output, non-zero 
values cause debugging output. 

10 	IVC1 	90 	Start position in array VC of 
initial values of state vector 
V. 

11 	NDI 	12 	Size of disturbance vector UD. 

12 	TP 	10.0 	Control interval, sec. 

_ 	 ..... 
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TABLE 3-1 - (Continued)  

PROGRAM PARAMETERS SET VIA ARRAY VC  

Default 
Value Comments Parameter 

VC 
Index 

13 

14 

15 

QBC 

GAMMAO 

WO 

4.51E-6 

0.0 

7.2722E-5 

Solar energy constant Q/C, 
N/m2 . 

Initial orbital position 
radians. 

Orbital rate, rad/sec. 

ot 

16 IDIST 

17 UMULT(1) 

26 	UMULT(10) 

33 

34 

35 

27 DEAD(1) 

DEAD (7) 

REFTIM 

EREF(1) 

41 	EREF(7) 

42 NEG 

Switch on or off disturbance 
input 0 = on, non-zero = off. 

Multiplies the ith component 
of the control input vector u 
by UMULT(i). 

Deadband level for each of the 
7 controlled rigid modes (a' 
negative level is always 
exceeded, of course). 

Time at which bias level EREF 
is switched on, sec. 

0.0 	Bias values for controlled 
rigid modes. 

0.0 

0 	A non-zero value of NEG 
1 switches off the conversion of 
1 negative thruster pulses, for 
; test purposes. 

0. 

1.0 

1.0 

-1.0 

-1.0 

0.0 



Comments 

If IDIAG = 0, the full c 
matrix is used, as read in. 
If IDIAG = 1, the off-diagonal 
elements of c are zeroed. 
If IDIAG is not 0 or 1, the 
cross-elements of c, relating 
controlled modes to residual 
modes, are zeroed. 	! 

VC 
Index IParameter ! Value 

Default 

43 	IDIAG 0 

0 KILL 

56 'TSTIME 

1. 

57 NCLOSE 

58 
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TABLE 3-1 - (Continued)  

PROGRAM PARAMETERS SET VIA ARRAY VC  

44 

45 	KKILL(1) 	0 

55 	KKILL(11) 	0 

Number of flexible modes to be 
'killed' i.e. artificially 
held to their initial values. 

The first KILL elements of 
KKILL specify the mode numbers 
of those  flexible  elements to 
be 'killed'. 

0 

1.0E6 	If simulation times exceeds 
TSTIME, the debugging flag 
IDBUG is set to 1, for test 
purposes. 

If NCLOSE = 0, the spacecraft 
state vector is fed back to 
the controller. If NCLOSE 
nonzero, the observer 
estimates are fed back to the 
controller. 

•••• Not used. 

IVC1 	V(1) 

IVC1 fV(NV) 
+NV-1 : 

0 0 0 	Initial values of state 
vector. • 

0.0 
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4.0 	RESULTS  

4.1 	Comparison of Numerical Simulation and Analytic  
Stability Programs  

A set of computer runs were performed with the 
numerical simulation program (FDCSIM) and the 
analytic stability program (STABFO) to check 
whether the two programs agreed on the stability 
of the system. Different control matrices (F) and 
different observer matrices were used and the 
residual modes present in the system were varied. 

Since the modal outputs from the numerical 
simulation are oscillatory, it is not always easy 
to see whether the outputs are converging or 
diverging or to compare the relative stability of 
two runs. To try to overcome this, the Euclidian 
norm of the state vector has been calculated 
(square root of the sum of the squares of the 
modal coordinates and their derivatives). The 
variable SX(1) is the norm of just the rigid modes 
(and their first derivatives), SX(2) is the norm 
of just the controlled flexible modes and 
derivatives, SX(3) is the norm of just the 
residual flexible modes and derivatives, and SX(4) 
is the norm of all the modes and derivatives. 

The numerical simulation was initialized with each 
rigid mode set to 0.1 to excite the system, and 
the flexible modes set to zero. All rates were 
also set to zero initially. The SX variables were 
therefore initially at SX(1) = 0.26, SX(2) = 0.0, 
SX(3) = 0.0, SX(4) = 0.26. Table 4-1 gives the 
values of SX at the end of each run (100 seconds 
each). If the value of SX(4) at the end of the 
run is significantly greater than the initial 
value (0.26), then the system must be unstable. 
If it is less than the initial value, the system 
is stable. Also, by comparing SX(1), SX(2), SX(3) 
with their initial values, the stability of just 
the rigid modes, the controlled flexible modes or 
the residual flexible modes can be inferred. 
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The STABFO program computes the eigenvalues .  of the 
complete system stability matrix. If the 
magnitudes of the eigenvalues are all less than 
unity, then the system is stable, otherwise it is 
unstable. Table 4-1 lists the magnitude of the 
maximum eigenvalue (EV1) and the second maximum 
(EV2). If EV1 = EV2, then the two eigenvalues are 
complex conjugates. 

Two different controllers were used: RICMATF and 
RICQF. These are described in the Appendix A-2 on 
controller design. The two observers used were 
the DECMATS and DECMAT observers, described in the 
Appendix A-3. Only run 5 used the DECMAT 
observer, and run 1 used no observer (direct 
feedback of S/C state vector, which is not 
possible in real-life). The controller/observer 
system is designed to control/observe seven rigid 
modes (1, 2, 4, 5, 6, 7, 8) and four flexible 
modes (1, 3, 4, 6). The remaining flexible modes 
(residual modes) may or may not be included in'the 
overall system, as desired. 

Table 4-1 shows that the two programs (FDCSIM and 
STABFO) agree on whether the system is stable or 
unstable. Also, the table shows that the relative 
degree of stability of each run is consistent. 

The table also shows that the RICMATF controller 
is stable, with all residual modes present but no 
observer (direct feedback). The system is also 
stable with an observer provided no residual modes 
are present. When even one residual mode is 
included (mode 11, highest frequency) , the system 
becomes unstable. Run 4 shows the system is also 
unstable when just the suppressed residual modes 
are present (these are not suppressed in the rigid 
mode observers). 

4.2 	Effect of Changing the Control Period  

The STABFO program was used to compute the 
stability of the spacecraft-controller-observer 
system for various values of the control period. 
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The full spacecraft model of 7 (controlled) rigid 
modes and 11 flexible modes was used. The 
controller/observer system was designed to 
control/observe all seven rigid modes and four (1, 
3,  4,6) flexible modes. 

The control period was set so that the sampling 
frequency was greater than twice the greatest 
natural controlled/observed frequency i.e. 

(4 5 > 

The control period was therefore less than 1/w. 
The frequency of mode 6 is 0.7796 rad/sec, 
therefore the control period was set less than 
4.03 seconds. The values 4.0, 3.0, 2.0, 
1.0 seconds were used. 

The design procedure for the controller followed 
the method for the RICQF controller, the only 
difference being the value of the control period. 
The DYNACON modal weighting matrix was used by the 
C0N52 program to set un the U matrix. The U 
matrix was used as the modal weighting matrix for 
the RICQ program to generate the control matrix 
F. The two other weighting matrices R and RR 
were each set to diagonal 110 -6  ....1.A separate 
F matrix was designed for each control period. 

Two observers were used; DECMATS and DECMAT. The 
observers do not depend on the control Period, of 
course. These two observers are described in the 
Appendix A-3. 

Table 4-2 shows that the system is still unstable 
for these values of control period and that the 
DECMATS observer gives better results than the 
DECMAT observer. 

4.3 	Compensator with Fewer Controlled Modes  

Due to the large cost of computing the stability 
of the spacecraft-controller-observer syster with 
the STABFO program (about $40 per run), a series 
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of runs were performed with just one controlled 
rigid mode and one controlled flexible mode. The 
remaining rigid modes were deleted from the 
system, but the residual flexible modes present 
were varied. 

The object of these runs was to see if any trends 
were apparent when certain parameters were varied, 
for example, whether the stability improved when 
the observer damping factor (ç) was changed. 

The controller used was based on the design 
procedure for the RICQF controller. The C0N52 
program was used to generate the U matrix, which 
was used as the modal weighting matrix for the 
RICQ program. The R weighting matrix was set to 
diag {10 -6 5 ..1 and RR was set to zero. 

Table 4-3 shows the results for the system with 
rigid mode I controlled, flexible mode 1 	• 
controlled, and one residual mode present (2 or 
7). The control period was set to 10 or 
20 seconds, and the observer was designed with a 
frequency to and damping factor 5, as specified. 
No residual modes were suppressed. The magnitude 
of the maximum eigenvalue of the stability matrix 
is given, computed by the STABFO program. 

Table 4-4 shows the results for the system with 
rigid mode I controlled, flexible mode I 
controlled and all residual modes present (2 to 
11). The control period was set to 10 or 
20 seconds, and the observer frequency t," damping 
factor 	were varied. The observer was designed 
to suppress residual modes 3 and 4, or no modes. 

Unfortunately, neither Table 4-3 or Table 4-4 
shows a constant trend (in improving stability) 
when the observer parameters are varied. 
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4.4 	Stability Analysis of Controller Plus Observer  

Tables 4-5, 4-6, 4-7, 4-8 list the eigenvalues of 
the system for the DECMATS observer (decoupled . 
observer, suppresses residual modes 2, 5, 7) and 
the RICMATF or RICOF controller, with either no 
residual modes or all residual modes present. The 
magnitude and phase of the eigenvalue is listed 
and an index specifying the order according to 
magnitude. The run number corresponds to the run 
number in Table 4-1. 
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STABFO FDCSIM 

TABLE 4-1 

COMPARION OF RESULTS OF FDCSIM AND STABFO PROGRAMS  

Type of Run 

Controller 

RICMATF 

RICMATF 
› 
RICMATF 

RICMATF 

,RICMATF 

IRICMATF 

iRICMATF 

RICOF 

RICOF  

Residual 
Modes 

Present 	SX(1) 	SX(2) 	SX(3) ; SX(4) 	EV1 	EV2  

All 	0.019 	6.2E-3 	0.027 	0.034 	0.9915 0.9478 

All 	24. 	31. 	18. 	43. 	2.077 	1.314 

None 	9.0E-3 	7 0 4E-3 	0.0 	0.012 	0.9326 0.9326 

2,5,7 	0.65 	0.39 	1.00 	1.25 	1.359 	1.359 

2,5,7 	2.4E10 	1.9E10 	2 0 1E10 3.8E10 27.11 	1.226 

11 	1.219 	3.512 	1.1E-3 • 3.718 	1.508 	1.113 

10,11 	 --- 	1.907 	1.253 

None 	1.1E-2 •  4.7E-3 	0.0 	0.012 	0.8972 0.7481 , 

All 	 - - 	-- 	1.789 	1.485 n  

Run 
Stability 'Number: 

Stable 

Unstable 

Stable 

Unstable 

Unstable 

Unstable 

Unstable 

Stable 

Unstable 

i 

2 

3 

4 

5:  

7 

8 

9 	! 

Observer 

None 

DECMATS 

DECMATS 

DECMATS 

DECMAT 

DECMATS 

DECMATS 

DECMATS 

DECMATS 

UM all NMI MI 	• MI Ma LIM 	MI NMI 	BM UM MI BIM MI MI 



4.0 
3.0 
2.0 
1.0 

0.9967 
0.9976 
0.9984 
0.9992 

No observer (direct feedback) 
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TABLE 4-2 

EFFECT OF CHANGING THE CONTROL PERIOD 

'Control ' Maximum 
Period 	Eigenvaltie 
(sec.) 	(magnitude)  

11.75 
6.182 
3.547 
2.465 

Observer  

DECMAT no suppression 4.0 
3.0 
2.0 
1.0 

DECMATS (suppression modes 2,5,7) 4.0 
3.0 
2.0 
1.0 

1.517 
1.387 
1.999 
2.082 



et/ 
rad /sec  

iResidual 	Control 
' Mode 	Period 
Present 	(sec.) 

Maximum 

Eigenvalue 
(magnitude)  

10 

7 	20 

7 

8/4/mcla702/6 
SPAR-R.1135 
ISSUE A 

TABLE 4-3  

RESULTS WITH ONE RIGID MODE, ONE CONTROLLED FLEXIBLE MODE  
AND ONE RESIDUAL MODE 

2 	10 	0.1 	0.1 	1.123 
0.3 	0.1 	0.9470 
0 0 5 	0.1 	0.9801 
0 0 1 	0.9 	1.020 
0.3 	0.9 	0.9537 
0.5 	0.9 	0.9615 

2 	20 	0.1 	0.1 	1.263 
0.3 	0.1 	0.9371 
0.5 	0.1 	0.9490 
0 0 1 	0.9 	1.030 
0.3 	0.9 	0.9830 
0.5 	0.9 	0.9658 

0.1 	0.1 	1.003 
0.3 	0.1 	1.126 
0.5 	0.1 	1 0 110 
0 0 1 	0.9 	0.9286 
0.3 	0.9 	0.8604 
0.5 	0.9 	0.8973•  

0.1 	0.1 	1.112 
0.3 	0.1 	0.8260 
0.5 	0.1 	0.8829 
0 0 1 	0.9 	0.5853 
0.3 	0.9 	0.4660 
0.5 	I 	0.9 	0.4797 ; 
	 __ 



• -• 

1.659 
65.17 
35.92 
4.659 

15.08 
13.61 
0.9915 

0.1 
0.1 
0.1 
0.9 
0.9 
0.9 
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TABLE 4-4  

RESULTS WITH ONE RIGID MODE, ONE CONTROLLED FLEXIBLE MODE  
AND ALL RESIDUAL MODES 

, 	

. 

, 

Control 1 	. 	 . 	1  Maximum i 
Eigenvalue 

5  
Period 	I Suppressed 	. 	w ' 
(sec.) 	1 	Modes 	' rad/sec. 	

; 	F(magnitude)  
1 	 . 

10 	
; 
. . . 3,4 0.1 

3,4 	0.3 
i 	3,4 	0.5 
. 	3,4 	0.1 
i 	3,4 	. 	0.3 
:_______34.4_,.. 	, 	0.5 
. 	(no observer) , 

•  
20 	

i  
3,4 	1 
3,4 	I i 

None 

	

0.5 	I 	0.1 	132.7 

	

0.1 	0.9 	5.982 

	

0.5 	0.1 	4.522 
None 	0.1 	0.9 	6.004 
(no observer) 	 0.9831 
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5.0 	CONCLUSION',  

The stability analysis program and the numerical 
simulation program both agree on whether the 
spacecraft-controller-observer system is stable or 
not, which should give some confidence in the 
results of these programs. 

The controller was designed to be driven by the 
true spacecraft modes directly and this system is 
stable even when residual modes are present. Of 
course, the spacecraft modes are not directly 
available in practice. 

The full spacecraft-controller-observer system is 
stable when the spacecraft residual modes are 
artificially eliminated i.e. when the 'design 
model' is used. In practice, residual modes will 
be present, and these cause the system to become 
unstable i.e. when the 'evaluation model' is used. 

The controller used was a previous version to the 
one given in the report SPAR-R.1134. Implementing 
this controller might help to overcome the 
instability. 

The selection of the controÂled/observed modes and 
the modal weighting matrix 0 were based on the 
results of the DYNACON study, which was intended 
for attitude control only. The control scheme 
presented here is used for stationkeeping, and 
attempts to control both the attitude and the N-S 
and E-W position errors. Therefore the stability 
of the system should be improved  i the 
controlled/observed modes and the D matrix are 
recomputed to account for stationkeeping control. 

The control period 1.  was only varied over a small 
range, from 1 sec to 10 secs. This parameter 
could obviously be varied over a much larger range 
(perhaps going as low as 1 millisec) to see how 
the stability changes. 
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The observer eigenvalues could also be changed 
(perhaps they should not all have been set equal 
to the same value). Alternatively, an optimal 
observer could be used. 

Further simulations would obviously help to eliminate 
some of these areas of concern and additional work 
is therefore warranted. However, financial limita-
tions preclude any further activity at this time. 
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DESIGN DATA AND RESULTS  
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APPENDIX A 

DESIGN DATA AND RESÙLTS  

1.0 	THE MODAL WEIGHTING MATRIX  

The modal weighting matrix Qc  is based on the  
modal output weighting matrix Q given in the 
DYNACON memorandum of August 25, 1982. Two values 
have been added on the diagonal in columns/rows 1 

and 2, to give some weighting to the translational 
motion in the X and Y directions. A value of 10 -6  
was chosen, since many other elements in the 
matrix are of this magnitude. The third diagonal 
element was left at zero, as this corresponds to 
the Z (radial) motion, which is uncontrollable. 

The matrix has also been partitioned and expanded 
with zero blocks, since the required Qc  matrix 
also weights the state vector rates. These rate 
weightings are set to zero. See Table A-1. 

2.0 	THE CONTROLLERS RICMATF AND RICQF  

RICMATF and RICQF are actually the names of the 
data files containing different versions of the 
feedback control matrix F. These data files were 
created by the RICQ program and may be used 
directly by other programs to pick up the F 
matrix. 

In both cases, seven rigid modes were to be 
controlled (1, 2, 4, 5, 6, 7, 8) and four flexible 
modes (1, 3, 4, 6). The control period was 
10 seconds. 

(a) RICMATF- 

The RICMATF controller was generated directly 
by the RICQ program. The modal weighting 
matrices (Q c  and QcK) were set to the 
values given by DYNACON, modified to include 

A- 1 
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the 3 translational modes - see Appendix A 
section 1.0. The weighting matrices R and 
RR were set to 10 -6 1, where I is the 
identity matrix. 

The sequence of iterations was found to 
converge adequately with the index K set to 
25. The initial difference in the F matrix 
(sum of the absolute difference in elements 
of F25 and F24) was 143.12, and the P matrix 
difference was 7.83E-3. The final F 
difference Was 0.1005 and the final P 
difference was 8.82E-6. 

The F matrix and corresponding stability 
analysis is given in Table A-2 	and 
Table A-3 respectively. 

(b) RICOF  

The DYNACON modal weighting matrix (as used 
for the RICMATF controller) was used as the 
Q c  matrix for the C0N52 prouram, which 
computed the corresponding 0_ matrix. This -0 
,was then used as the Qc and QcK matrices by 
the RICQ program to produce the F matrix. 
The weighting matrix R was set to 10 -6 1, and 
the control spillover matrix RR was set to 
zero. 

The iteration control index was again set to 
25. The initial F matrix difference was 
376.83, and the P difference was 0.207. The 
final F difference was 0.0994, and final P 
difference was 2.91E-5. 

The D' matrix, F matrix and stability analysis 
is given in Table A-4 , Table A-5* and 
Table A-6 respectively. 



8/4/mc1702/60. 
SPAR-R.1135 
ISSUE A 
APPENDIX A 

3.0 	THE DECOUPLED OBSERVERS DECMATS AND DECMAT  

DECMATS and DECMAT are actually the names of the 
data files containing different versions of the 
observer. These data files are created by the 
DECOBR program, and may be used directly by other 
programs to pick up the observer matrices Ao , Ko , 
o 

Hi 
1 

In both cases, the decoupled observer was designed 
with seven rigid modes to be observed (1, 2, 4, 5, 
6, 7, 8) and four flexible modes (1, 3, 4, 6). 
The control period does not affect the observer 
design, of course. 

The decoupled rigid modes form a simple second 
order system.. If the damping factor is specified 
as 3, and frequency is w, then the corresponding 
eigenvalues are: 

The frequency was selected to be a decade lower 
than the lowest frequency flexible mode not being 
observed or suppressed. Modes 2, 5 and 7 were 
intended to be suppressed, so mode 8 was the 
critical mode. Therefore w was set to 
3.0/10 = 0.3 rad/sec. The damping factor 5 was 
chosen to be 0.9. Therefore the rigid mode 
eigenvalues were set at -0.2700 	i0.1308. The 
flexible mode eigenvalues were also set to this 
value. 

The DECMATS observer was designed to suppress 
flexible modes 2, 5 and 7. The DECMAT observer 
was designed without any suppression of residual 
modes. 

The DECMATS observer is given in Table A-7. 

.A-3 



8/4/mc1702/61 
SPAR-R,1135 
ISSUE A 
APPENDIX A 

4.0 	THE COUPLED OBSERVER  

The program DECOBR has the option of producing a 
coupled or a decoupled observer. The eigenalue 
assignment subroutine ASINEV .appears to work well 
in the decoupled case, where it assigns  the 

 eigenvalues to an-8x8 matrix for the flexible 
modes. Unfortunately, it breaks down in the 
coupled case, whére it has to assign the 
eigenvalues to a 22x22 matrix. Part of the 
problem may be the inversion  of the T matrix, 
which  ma y have a very small determinant (e.g. 
-7 x 10 -: / 8 ). This suggests the problem is not 
well defined for this case. 

Some possible improvements to the ASINEV 
subroutine are: 

(a) Compute eigenvalues in Double Precision 
(EIGENP subroutine uses single precision, the 
rest of the program is in Double Precision). 

(h) The computation of P requires powers of AoT 
to be computed. Instead of repeatedly 
multiplying AoT by itself, the eigenvalue 
method could be used: 

(A or ) l` 	 v Ak 

where Zlis the diagonal eigenvalue matrix of 
AOT, and V is the eigenvector matrix. 

(c) kT * T-1  could be computed directly instead 
of first computing the inverse of T and then 
multiplying by 1(.11. 
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APPENDIX B 

GRAPHS OF MODAL COORDINATES VERSUS TIME  

The following set of computer graphs were obtained from the 
FDCSIM numerical simulation program. The 'run number' 
corresponds to the run number used in Table 4-1. The rigid 
modes were initialized at 0.1, flexible modes at zero. Each 
run was 100 seconds long, and the disturbance torque was 
turned off. 

Graphs 1, 2, 3, and 4 correspond to run number 1: the 
RICMATF controller is used with feedback taken directly from 
the spacecraft model, the observer is not in the loop. The 
DECMATS observer is present, however, and is just tracking 
the spacecraft model outputs. All residual modes are 
present. Graph 1 shows the spacecraft rigid mode 1 and the 
observer estimate of rigid mode 1. Similarly, Graph 2 shows 
the spacecraft and observer estimate of rigid mode 8. As 
can be seen, the controller brings the rigid modes back to 
zero in about 30 or 40 seconds. Graphs 3 and 4 show the 
spacecraft flexible modes 1 and 6, and corresponding 
observer output. The flexible modes are initially excited 
by the control action on the rigid modes, but the controller 
also damps out the flexible mode oscillations. The observer 
seems to track the spacecraft modes reasonably well, except 
possibly for rigid mode 8. 

Graphs 5, 6, 7 and 8 correspond to run number 3: the DECMATS 
observer is used to drive the RICMATF controller and no 
residual modes are present. Graphs 5 and 6 show the space -
craft rigid modes 1 and 8 and corresponding observer output 
and Graphs 7 and 8 show flexible modes 1 and 6 and observer 
output. The first opportunity for a control input occurs at 
time t = 0 seconds, but at this instant the observer is at 
its initial value, zero. Since the controller takes its 
input from the observer, there is therefore no control 
action at time t = O. The rigid modes remain at 0.1 until 
the next opportunity for a control action, at 
t = 10 seconds. By this time, the observer has had a chance 
to respond and in fact, the rigid mode estimates are very 
close to the correct values. The controller can now bring 

; 

B - 1 
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the rigid modes back to zero, at the same time exciting the 
flexible modes, which eventually die down. As shown by the 
graph, the observer estimates remain very close to the 
correct values. 

Graphs 9, 10, 11 and 12 correspond to run number 6: this is 
the same as run number 3 except residual mode 11 is 
present. Graphs 9 and 10 show rigid modes 1 and 8, and 
Graphs 11 and 12 show flexible modes 1 and 6. As can be 
seen, the modes are now unstable and the observer is no 
longer able to track the spacecraft modes.. 

Graphs 13, 14, 15 and 16 correspond to run number 8: this is 
the same as run number 3 except the RICQ controller is used 
instead of RICMATF. Graphs 13 and 14 show rigid modes 1 and 
8, and Graphs 15 and 16 show flexible modes 1 and 6. As can 
be seen, there is some difference between runs 3 and 8, 
although it is not clear which run is 'best'. 
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FDCSIM 

/ 	/ PRINT DATE, 
TIME, HEADING 

(READ IN DATA) CONFIG (1, 0, TIME, V, DV) 

INITIALISE 
CONTROL VARIABLES 

/ PRINT /  
CONTROL 

VARIABLES 

CONFIG (2, 0 TIME, V. DV) II (PRINT DATA) 

CONFIG (5, 1, TIME, V, DV) II (INITIALISATION 
	  CALCULATIONS) 

<0 

CONFIG (5, 2, TIME, V, DV) II (OUTPUT FROM 
1 1  INITIALISATION) 

PROGRAM FDCSIM 
MAIN PROGRAM 



CONFIG (6, 0, TIME, V, DV) 

STOP 

NO 

YES 

CONFIG (4, 0, TIME, V, DV) 
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(INITIALISE 11 CONFIG (5, 3, TIME, V, DV) 1 
ARRAY DV) 

CONFIG (3, 0, TIME, V, DV) II (PRINT HEADING) 

CONFIG (4, 0, TIME, V, DV) II (PRINT INITIAL STATUS) 

INTEG 
(TIME, DT, NV, V, DV, I NT)  

INCREMENT TIME 

<TEND 

(PRINT SIMULATION 
STATUS) 

(TERMINATION) 

PROGRAM FDCSIM CONTINUED 
MAIN PROGRAM CONTINUED 
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READ S/C DATA 

/ READ  AND 
 PRINT 

CONTROL 
MATRIX F 

/ READ AND 
PRINT 

OBSERVER 
MATRICES 

/
READ ANY 

DATA 
CHANGES 

FROM SMALL 
DATA FILE 

I  

/ 

/ 
y 

SET 
MISCELLANEOUS 

VARIABLES 

y 

OM 

PROGRAM FDCSIM 
SUBROUTINE CONFIG CONTINUED 



INITIALISATION 
CALCULATIONS 

RETURN 

THRUST 1 

COMPUTE VALUE 
OF COST FUNCTION 
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UPDATE CURRENT MAX. 
AND MIN. VALUES OF 
STATE-VECTOR V AND 
OUTPUTS VECTOR Y 

CALCULATE DISTURBANCE 
TORQUES AND FORCES 

I CALCULATE MEASURED 
OUTPUTS VECTOR Y 

I CALCULATE DERIVATIVE 
OF STATE-VECTOR, DV. 

PROGRAM FDCSIM 
SUBROUTINE CONFIG CONTINUED 



TURN THRUSTERS 
OFF 

I XC = OBSERVER 
ESTIMATE -2* 

xc = TRUE S/C 
COORDS 

LREFTIM 

SUBTRACT RIGID-MODE 
BIAS FROM XC 

RETURN ) 

ON 
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THRUST 

PROGRAM FDCSIM 
SUBROUTINE THRUST 
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DEADBAND 

) DEADBAND 

SET GIMBAL TORQUES 
TO ZERO (Ug = 0) 

11111111 
COMPUTE CONTROL INPUT 

Ug) = F * XC 
Ut 

ELIMINATE NEGATIVE 
THRUSTS FROM Ut 

CONVERT Ut TO THRUST 
VALUES OVER SIMULATION 

STEPSIZE 8E, 
Ut 	uilat 

I OPTIONAL MODIFICATION 
OF Ut AND Ug 

RETURN 

PROGRAM FDCSIM 
SUBROUTINE THRUST CONTINUED 
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/PR 	N 
READ AND 
INT OPTIO 

FLAGS AND ) 
MODE DATA 

/ READ AND /  
PRINT 

WEIGHTING 
MATRICES 

OTHER 

SET OFF-DIAGONAL 
ELEMENTS OF Qc  

AND Qc k TO ZERO 

RESET ac = I 
AND Qc k = I 

(IDENTITY MATRIX) 

PR NT 
CONTROL DATA 

ON UNIT 4 i 

/ READ AND /  
DYNAMICS 
PRINT S/C 

DATA 

PROGRAM RICO 
MAIN PROGRAM 

RICQ 



COMPUTE TOTAL 
COST (x -cro  Po  xco) 
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SET OFF-DIAGONAL 
ELEMENTS OF e 

TO ZERO 

ELIMINATE UNCONTROLLABLE 
RIGID MODE FROM É3' 

Ii SET UP 

CALC F P 	II 

/ / PRINT F, Oc, I-R-
ON UNIT 4 

0 

STAB 	II 

STOP 

PROGRAM RICQ 
MAIN PROGRAM CONTINUED 



CALCULATE MATRICES 
(r),B(r),jk (r),11à(r) 

CALCULATE MATRICES 
—,e; 	C . ç, l',  P713 ,  4, R
(USE C MATRIX IF 
IDIAG 	0, OR 5 APPROX. 
IF IDIAG = 0) 

1!  

INITIALISE Pk = Qck 

FOR i = 1 TO K COMPUTE: 
j=k-i 

CALCULATE Fj FROM Pj+1 
CALCUL_ATE Pj FROM PHAND Fj 

RETURN ) 

RICCI PROGRAM 
SUBROUTING CALCFP 

SUBROUTINE SETUP 
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STAB 

COMPUTE 
W = -Arc  - Fc .F 

CALCULATE EIGENVALUES 
OF W (CONTROLLED MODES) 

/PRINT EIGENVALUES OF V1 

CALCULATE EIGENVALUES 
OF 'KR (RESIDUAL MODES) 

PRINT EIGENVALUES OF ÀR 

	 d 

( RETURN ) 

PROGRAM RICO. 
SUBROUTINE STAB 



QPHYS 
SET UP QC MATRIX 

FOR DIRECT CONTROL 
OF PHYSICAL COORDS 

OUTPUT QC 
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READ IN OPTION FLAGS 
AND CONTROLLED/RESIDUAL 

MODE SPECIFICATIONS 

/ READ IN 
QC MATRIX 

0 0 

NEQUAL 

CHECK IF EIGENVALUES 
A ARE DISTINCT 

STOP ) 

DISTINCT 

PROGRAM C0N52 
MAIN PROGRAM 

NOT 
DISTINCT 
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1 

INDYN 

READ IN S/C DYNAMICS DATA 

SETH 
SET UP MATRIX H 

H=( o  ( 	I 

- nc2 	- 

EV2 
CALCULATE (COMPLEX) 

EIGENVALUES A 	AND 
EIGENVECTORS V 

OF MATRIX H 



COMINV 

INVERT (COMPLEX) 
EIGENVECTOR MATRIX V 

VTFUNV 

CALCULATE (COMPLEX) 

Qe22 = VT  Qc22 V 

CALQHP 

CALCULATE (COMPLEX) 
MATRIX CIFii 

CALCH1 

CALCULATE (REAL) 
MATRIX Hi 

CALCH2 

CALCULATE (REAL) 
MATRIX H2 

CLQBAR 

CALCULATE (REAL) 
d MATRIX 

/ PRINT 3 MATRIX 
ON UNIT 4. 
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STOP 

PROGRAM C0N52 
MAIN PROGRAM CONTINUED 



SUBROUTINE CALCH1 CALCHI 

J 

SUBROUTINE CALQHP CALQHP 

FOR i 1 TO n AND 	j=1  TO n 

(C1 )  Li  = (laé22) Li ( e( 	i 	r  -1) 

(À i + 	j) 
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CALCULATE (COMPLEX) 
W = A-1  (EXP( A r) - I) 

COMMUL 

CALCULATE (REAL) 
H1 = V W V-1  

RETURN 

CALCH2 
SUBROUTINE CALCH2 

CALCULATE (COMPLEX) MATRIX 
W = A -2 (EXP(Ar)(A r-I)+ I) 

COMMUL 

CALCULATE (REAL) 
H2 = V W V-1  

RETURN 

RETURN 

PROGRAM C0N52 
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PROGRAM C0N52 
CLQBAR 

SUBROUTINE CLQBAR 

QBAR11 

SET UP PARTITION (1-11 

QBAR12 

SET UP PARTITION d12 

QBAR21 

SET UP PARTITION (121 

VTMATV 

SET UP PARTITION a22 
Q22 = v-1T Q V 1  

PRINT Q MATRIX 

C RETURN ) 

QCPHYS 

READ IN Qw AND E 

I ADJUST PARTITIONS FOR 
ZERO RATE WEIGHTINGS 

SUBROUTINE QCPHYS 

RETURN ) 



/ PRINT OBSREVER 
MATRICES A o, K c  

ON UNIT 4. 

CALCULATE 
B o  MATRIX 
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DECOBR 

READ IN DATA 

DECOUPLED OBSERVER COUPLED OBSERVER 

DECUPL 
CALCULATE MATRICES A o, K o  

COUPLD 
CALCULATE MATRICES A o, K o  

PRINT B o  
ON UNIT 4 

STOP 

PROGRAM DECOBR 
MAIN PROGRAM 



STORE KE IN BOTTOM 
RIGHT-HAND CORNER OF K o  

ASINEV 

COMPUTE KE SUCH THAT 
W2 = (AE - KE*CE) HAS THE 

REQUIRED (FLEXIBLE) EIGENVALUES 

DECUPL 

SET Ao  = 0 AND K o  = 

RIGID 

SET UP RIGID-MODE 
PARTITIONS OF A o , Ko 

_n2 c 	-2Ç ci -11 c 

CE = 	(C ec 	0) 

SET UP ARRAYS AE, CE 
(0 

AE =  

NO SUPPRESSION1 

>0 (SOME RESIDUAL MODES 

TO BE SUPPRESSED) 

STORE W2 IN BOTTOM 
RIGHT-HAND CORNER OF Ao  

PROGRAM DECOBR 

SUBROUTINE DECUPL 
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I 

SET UP Eer  MATRIX CONTAINING 
COLUMNS OF C er  CORRESPONDING 

TO SUPPRESSED MODES 

KERNEL 

COMPUTE W3 (NONZERO) 
SUCH THAT W3 * Eer  = 0 

ASINEV 

COMPUTE KE SUCH THAT 
W2 = (AE - KE * (W3 * CE) HAS 

THE REQUIRED (FLEX) EIGENVALUES 

STORE W2 IN BOTTOM 
RIGHT-HAND CORNER OF A o  

STORE KE * W3 IN BOTTOM 
RIGHT-HAND CORNER OF K o  

COMPUTE W3 * CE 

r 	STOP --' 
(ERROR  EXIT)  j 

YES 
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PROGRAM DECOBR 
SUBROUTINE DECUPL CONTINUED 
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EVI 

COMPUTE AND PRINT 
EIGENVALUES OF Ao  

COEFF 

CALCULATE 	POLYNOMIAL 
COEFFICIENTS OF 

REQUIRED EIGENVALUES 

COEFF 

CALCULATE POLYNOMIAL 
COEFFICIENTS OF 

EIGENVALUES OF A o  

ERROR = SUM OF ABSOLUTE 
DIFFERENCES BETWEEN THE 
TWO SETS OF COEFFICIENTS 

/ PRINT ERROR AND 
MATRICES A o  AND K o  

1 
PROGRAM DECOBR 

SUBROUTINE DECUPL CONTINUED 



n2 =2 *j  

n1 	n2-1 

- Pt n1 ± À n2)/Crii 

=X n1 * )n n2/Crii 

STORE THE MATRIX (-.‹C rii  1) 

( -eCni 0) 

IN THE APPROPRIATE POSITION ON 
THE DIAGONAL OF A o  

0) 
0) 
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RIGID 

1 

STORE THE MATRIX ( - '»< Crij 
( - fiCrij 

IN THE APPROPRIATE POSITION IN A o  

< nrc 

nrc 

PROGRAM DECOBR 
SUBROUTINE RIGID 



STORE THE MATRIX 

— Ç .73
1  * (Creci 0) 

ON THE RIGHT-HAND 
SIDE OF MATRIX An 

< n r, 
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STORE ( .4  ) ON THE 
/3  

DIAGONAL OF K o  

1:111» 

PROGRAM DECOBR 

SUBROUTINE RIGID CONTINUED 

C-22 



1 COPY GIVEN ARRAY S (DO(JBLE PRECISION) 
INTO LOCAL ARRAY Si (SINGLE PRECISION) 

EIGENP 

COMPUTE EIGENVALUES (EVR, EVI) 
AND EIGENVECTORS (VECR, VECI) 
OF Si (ORIGINAL CONTENTS OF 

Si ARE DESTROYED) 

COMPUTE ERROR IN 
EIGENVALUES AND 

EIGENVECTORS 

NO CHECK 0 

I CALCULATE MAGNITUDE 
AND PHASE OF EIGENVALUES 

PRINT EIGENVALUES (REAL 
AND IMAGINARY PARTS, MAGNITUDE 

AND PHASE) AND ERROR  VALUES,   

	   

EVI 

RETURN 
J 

PROGRAM DECOBR 
SUBROUTINE EVI 
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REDUCE 

REDUCE MATRIX W 
BY ELEMENTARY ROW 

OPERATIONS TO (I i W1) 

I 

B = (Wi T ; -I) 

/PRINT MATRIX B/ 

ER = SUM OF ABSOLUTE 
VALUES OF ELEMENTS 

OF B * A 

PRINT ER 

r RETURN 

J 
( 
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-- 
KERNEL 

__J 

t 
w = AT 

PARAMETERS: A, B 

PROGRAM DECOBR 
SUBROUTINE KERNEL 
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ASINEV 

CALCULATE F SUCH THAT 
(A c-F * C 1 ) HAS THE 

REQUIRED EIGENVALUES 

CALCULATE MATRICES 
Ac  AND C c  

CALCULATE CR CORRESPONDING 
TO SUPPRESSED MODES 

KERNEL 

CALCULATE W3 (NONZERO) 
SUCH THAT W3 * CR = 0 

(NO SUPPRESSION) 

C STOP 
ERROR EXIT 

ZERO 
COLUMNS 

PRESENT 

CHECK IF W3 (Ccrec* 

HAS ANY ZERO COLUMNS 

ASINEV 

CALCULATE K SUCH THAT 
(A c  - K * C c ) HAS THE 

REQUIRED EIGENVALUES 

F W3 

00 	(SUPPRESSION) 
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COUPLD 

( RETURN ) 

PROGRAM DECOBR 
SUBROUTINE COUPLD 
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ASINEV 

KOWNT = 

RANK 

CALCULATE RANK OF P 

EVI 

CALCULATE EIGENVALUES 
1À,; 	(COMPLEX) OF Acyr 

CALCULATE P = (P1 	en)  
pj= CTV. Pi+ 1 = AoT Pi,  I  = 27-,n 

KOWNT = KOWNT + 1 

SET UP MATRIX Km-  (mxn) 
WITH RANDOM ELEMENTS 

CALCULATE Acyr 

AOT = AT  CT  * KOT 

NOT DISTINCT 

_LOOP 1 	 II DISTINCT 

RETURN 
KOWNT = KOWNT + 1 

SET UP VECTOR V (mxl) 
WITH RANDOM ELEMENTS 
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INPUT: MATRIX C (mxn) 
MATRIX A (nxn)  
EIGENVALUES 	••• X 

OUTPUT: MATRIX K (nxm) 

PR-OGRAM DEdOBR  
SUBROUTINE ASINEV 
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CALCULATE T WHERE T = PM 

AND M = °4 1 ‘ e.- 2 - 	n -1 1  \ 
•',4 2 

, , 

\ 441 n-1  I  

INVERT 

CALCULATE T-1  

COEFF 

CALCULATE {' i} (REAL) WHERE 
n 	 n-1 
H  (s- Xi) = 	../2; si + sn 

i = 1 	 i = o 

COEFF 
CALCULATE {-4i1 (REAL) WHERE 

n-1 
II  (S-  Xi)  = 	si + Sn 

i = 1 	i =0  

SPAR-R.1135 
ISSUE A 
APPENDIX C 

CALCULATE K = (KoT + V * kT * T -1 ) 

WHERE kT (ko «"eo, '" ee n-1-n-1)  

PROGRAM DECOBR 
SUBROUTINE ASINEV CONTINUED 

1 
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n-1 
ERROR = 

i = 0 

PRINT MATRIX K 

CALCULATE MATRIX P 
P = (A - K * C) 

EVI 

CALCULATE EIGENVALUES 
t?, /1 1 OF P 

COEFF 
CALCULATE k (REAL) WHERE 

, 	n-1 	, 
(s - xi) = 	 + sn 

i =1 	i=O 

SPAR-R.1135 
ISSUE A 
APPENDIX C 

/ PRINT ERROR 

RETURN 

PROGRAM DECOBR 
SUBROUTINE ASINEV CONTINUED 



= Re( X1) Re(X2) +Im 2  (X1) 
A2 = Re( X1) - Re( X 2) 

X2, X2, X3 
ALL REAL 

( X 1, X 2 COMPLEX CONJ.) 
( X3, X 4 COMPLEX CONJ.) 

( X1,  X2 REAL) 
( X3, X4 COMPLEX CONJ.) 

X1, X2, X3 
1 REAL, 

2 COMPLEX CONJ. 

• 1  =-2 Re ( e) 

1-4 1 = Re2 ( X3) +  'm2  ( 3) 

Y2 = Re( X1) + R e  ( X2) 

I2  = R e( À1) R e  ( X 2) 

A1 = 	P-2 

A2 = Y1 i12 - Y2 

A3 = P-1 - Y1 Y2 + 112 

A4 = yl - y2 

/3=  5 

À R = THE REAL À 

A.0 = ONE OF THE COMPLEX À 

= R e2  (4) + 1m 2 ( A c)  

y = -2 R e  (  Ac)  

A1 = 	Re (X R) 

A2 = P  - 'y R e  ( À R) 

A3 = y - R e  ( ÀR) 

A = 4 

• 1 = -2 R e( À 1) 

P-1 = Re2  (À1) +Im 2 ( À1) 

Y2  = -2 R e  ( x3) 

= Re2 ( X 3 ) + 1m 2  ( X3) 

=ili2 

A2 = Y1 /12 ± Y2 Ill 

A3  =L1 + 112 + Y1 Y2 

A4 = •1 + Y2 

h = 5 

A1 = - Re( À 1)R e( X2)Re( X3) 

A2 = R e( À1)R e ( À 2) + 

R e( À 1 )R e ( 

R e( X 2)R e( À 3) 

A3 = -(Re( À1) +R e( X.2) +R e( X 3 )) 

= 4 

SPAR-R.1135 
ISSUE A 
APPENDIX C 

COEFF 

PROGRAM DECOBR 	SUBROUTINE COEFF 
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REAL COMPLEX 

Afi  = 	-Re (À0) 

FOR i = 3 TO f3 DO: 

j =0-i + 2 

Aj = Aj..i - Re  (X) Ai 

FOR i = 4 TO DO: 

j = p-i +3 

Aj = Aj.2 +yAj_i +tiAj 

Al -Re (1\0 A1 

f3 = +1 

SPAR-R 1135 
ISSUE A 
APPENDIX C 

>N A 

<N 

I it = Re2  (à0) + Im 2  (À/3) 
y = -2 Re (À/3) 

A2 = 	YA1 

A1 = 

p = f3 +2 

PROGRAM DECOBR 
SUBROUTINE COEFF CONTINUED 
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SPAR-R.1135 
ISSUE A 
APPENDIX C 

PRINT A1, A2, ..., 

R=O  
FOR p= 1 TO N DO: 

R =  

>0. 1 

PRINT R 
/ AND ERROR MESSAGE 

STOP 

PRINT R 

RETURN 

PROGRAM DECOBR 
SUBROUTINE COEFF CONTINUED 
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AE 
SET UP Ae  MATRIX 

READ AND PRIN1 
CONTROL MATRIX 

CONTROLLED MOD 
AND 

CONTROL PERIOD r 

OTHER 

SET CROSS-ELEMENTS OF C TO 
ZERO (CONTROL-RESIDUAL) 

I SET OFF-DIAGONAL ELEMENTS 
OF C TO ZERO 

INITIALISATION 
CALCULATIONS 

EVI 

CALCULATE (COMPLEX) EIGENVALUES 
A AND EIGENVECTORS V OF 

MATRIX Ae  

FUNCTION NEQUAL 
STOP 

NOT 
ISTINCT 

TEST IF EIGENVALUES A 
ARE DISTINCT  

DISTINCT 

SPAR- R 1135 
ISSUE A 
APPENDIX C 

C STABF 

READ AND PRINT 
OPTION FLAGS AND 

SPACECRAFT DYNAMICS 
DATA 

	 / 

 

PROGRAM STABF 

MAIN PROGRAM 
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SPAR-R.1135 
ISSUE A 
APPENDIX C 

COMINV 

CALCULATE (COMPLEX) INVERSE 
OF EIGENVECTOR MATRIX V 

COMPUTE (COMPLEX) Ei =A 1  (EXP(Ar)-I ) 

COMMUL 

CALCULATE (REAL) A1 ---- VE1V-1  

CALCULATE GIMBAL PARTION OF -173 e 

 Beg= A1 Beg 

COMPUTE COMPLEX E2 = EXP(A 

COMMUL 

CALCULATE (REAL) Ae  = VE2V-1  

CALCULATE THRUSTER PARTION OF b e  
Fie =Ae  Bet 

CALCULATE PARTITIONS 

S21 = -B-eFr 

S22 =Ae + B e  (Fe 0) 

o  
STABF PROGRAM 

MAIN PROGRAM CONTINUED 



EVI 
CALCULATE AND PRINT 

EIGENVALUES OF MATRIX 

(

Sn  S12 ) 
S21 S22 

BCR 
SET UP MATRIX ETcr  

CALCULATE PARTITIONS 

Si 1 =Fcr Fcr Fr 
S12 = ecr(Fe 0) 

ACR 

SET UP MATRIX Ku  

STOP 

STABF PROGRAM 

MAIN PROGRAM CONTINUED 

SPAR-R.1135 
ISSUE A 
APPENDIX C 
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EV2 
CALCULATE (COMPLEX) EIGENVALUES 

AND EIGENVECTORS V 
OF MATRIX AE 

AFEPS 

CALCULATE MATRIX AE 

INITIALISATION 

SET OFF-DIAGONAL 
ELEMENTS OF e 

TO ZERO 

1 OTHER 

SET CROSS-ELEMENTS 
OF e TO ZERO 

(CONTROL-RESIDUAL) 

SPAR-R.1135 
ISSUE A 
APPENDIX C 

STABFO 

READ AND PRINT 
OPTION FLAGS AND 

DYNAMICS DATA 

	 4 

/
READ AND PRINT 

CONTROL MATRIX F 
CONTROLLED MODES 

AND CONTROL / 
PERIOD r 

READ AND PRINT 
OBSERVER MATRICES 

A o, B o, K o  

j 

STABFO PROGRAM 

MAIN PROGRAM 
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COMMUL 

CALCULATE (REAL) et- E = VE2 V-1  

CALCULATE THRUSTER PARTITION 

OF ,(

ieBet) 
0 

COMMUL 

CALCULATE (REAL) Ai  = VE 1  V-1  

CALCULATE GIMBAL PARTITION 

OF  t , (Ai B e )  
0 

CALCULATE (COMPLEX) E2 = EXP(Ar) 

FUNCTION NEQUAL 

TEST IF EIGENVALUES 
A ARE DISTINCT 

STOP 
NOT DISTINCT 
	 • 

COMINV 

CALCULATE (COMPLEX) INVERSE 
OF EIGENVECTOR MATRIX V 

CALCULATE (COMPLEX) E1 =A-1 (EXP( A r)-I) 

STABFO PROGRAM 
MAIN PROGRAM CONTINUED 

SPAR-R 1135 
ISSUE A 
APPENDIX C 



EV2 

CALCULATE AND PRINT 
EIGENVALUES OF MATRIX 

( S11 512) 
S21 S22 

CALCULATE PARTITIONS 

Si 1 = ïehn cr 	gcr Fr 

S12 = Tier Fe 

CALCULATE PARTITIONS 

S21 = rfieFr 

S22 = .5e  +B FE 

ACR 

SET UP MATRIX ATcr  

BCR 

SET UP MATRIX Flu  

SPAR-R.1135 
ISSUE A 
APPENDIX C 

STOP 

STABFO PROGRAM 

MAIN PROGRAM CONTINUED 
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AE 

SET UP Ae  MATRIX 

AEPS 
SET UP AE MATRIX 

AE = 

Ate  = 0 

AE/ 

SPAR-R.1135 
ISSUE A 
APPENDIX C 

AFEPS 

1 

AEPSE 

SET UP Ate  MATRIX 

AE = 

AFe 

RETURN ) 

STABFO PROGRAM 

SUBROUTINE AFEPS 
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