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Summary

It is assumed that DEMSAT consists of seven substructures
(Figs._l.l and 1.2): a main bus, two solar-cell arrays, two dish
antenna reflectors, and two towers to support these dishes. All
substructures but the main bus are allowed to be flexible, and
their dynamical models are presumed to be specified either in terms
of mass and stiffness matrices or in terms of modal data. This
report shows how to combine the seven substructural models into an
overall structural model for the spacecraft.



1. INTRODUCTION

The purpose of this report is to explain how to combine the sub-
structural models for the various configurational elements of the Demon-
stration MSAT (DEMSAT for short) into a single structural dynamics model.
It is important to note that the substructural models themselves are not
derived in detail in this report, but are defined in generic terms. Thus
if, for example, one were to have a Harris dish as one reflector, a wrap-
rib dish as the other reflector, two correspondingly different tower struc-
tures, and two non-identical solar array panels, this report shows how to
synthesize the models of each of these elements into a single model.

A typical DEMSAT configuration is shown in Fig. 1.1. The dynami-

" cist looks at the morpholoqy of DEMSAT and sees it as shown in Fig. 2.1.

We shall use linear structural models exc]gsive]y.

Section 2 of this report introduces appropriate reference frames,
discusses the forces and torques on each substructure, and introduces the
symbols needed to specify completely the mass properties of the spacecraft.
Sections 3,4,5 are concerned, respectively, with the kinetic energy, poten-

-tial enerqy, and virtual work expressions required to derive the motion

equations from Hamilton's principle.

The actual equations of motion (and the associated coefficient
matrices) are presented in Section 6, and Section 7 explains what one should
do if the substructural models are ¢iven in terms of modal coordinates in-
stead of discrete coordinates.

The reader who wishes to broaden his range of dynamic expertise
may wish to compare the Lagrangian approach developed here with the vectorial
formulation applied to a somewhat similar configuration in Ref. 1. This
comparison is guided by the suggestions made in Appendix A.

- 2. BASIC CONSIDERATIONS

The basic configuration for DEMSAT is discussed now in its most
ageneral terms. It will be made clear which substructures are assumed rigid,
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Fig. 1.1: A Typical Demonstration MSAT (DEMSAT) Design
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and which flexible. Appropriate reference frames, one for each sub-
structure, are introduced. Details of the force (and hence torque)

distribution over the spacecraft are clarified, and. the inertia dis-
tribution for the chosen spacecraft model is defined. '

2.1 DEMSAT Substructures

The morphology assumed for DEMSAT is shown in Fig. 2.1. It is
assumed the DEMSAT comprises seven bodies as follows:

Bus: Rb Rigid

Two Solar Arrays: E. , E Elastic
a1’ @ .

Two Towers: Et , Et Elastic

Two Reflector Dishes: E 1, E 2 Elastic
Fo” To

The connection points between these bodies {0, »0, »0; 504 50 0, }
also shown in Fig. 2.1. Note that Ob is an ar%1trary %efe%enc% po1nt in
the bus. (The rotational equations for DEMSAT will be written with respect

to Ob')

The fixed displacements between these reference points are shown
in Fig. 2.2. Note in particular that

r =r +r
—>br‘n —>btn —>tY‘n

2.2 Reference Frames

Eight reference frames are used in this report. Seven of these are
explicit (Fig. 2.2) and one--the inertial frame Fi--is implied. Each sub-
structure is assigned its own frame so that each substructural model is com-
pletely independent. The absolute displacements (i.e., the displacements.
with respect to Fi) of the connection points shown in Fig. 2.2, expressed in
the réference frames shown in Fig. 2.3, are as follows:

absolute displacement of Ob’ expressed in Fb’ s Wy

absolute displacement of O, , expressed in F_ , is w (n=1,2)
o a4 “n

(n =1,2) (2.1)
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Fig. 2.3: Reference Frames Used




absolute displacement of O > expressed in Ft , 1S Wy (n=1,2)
n n n

absolute displacement of Or , expressed in Fr , 1§ W, (n=1,2)

n n n

These absolute displacements are not assumed to be necessarily small; however,
their first and second time derivatives (i.e., the absolute velocities and
accelerations) are assumed to be first-order 1nfinitesima1s;

Similarly, the absolute rotations of the reference frames shown in
Fig. 2.3 are not assumed to be small, and a general rotation-matrix notation
will be employed to indicate the relationships between vector components
written in these various frames. (For example, Qa b converts components in
Fb to components in Fa .) The rates of rotation &f these reference frames
are, however, taken tolbe small. Thus, for.example, we have the following

small (absolute) angular accelerations:

angular acceleration of Fb, expressed in Fb’ is éb

angular acceleration of Fa , expressed in Fa , is éa (n=1,2)
n n n

anaular acceleration of Ft , expressed in Ft » 18 ét (n=1,2)
n n n

angular acceleration of F_ , expressed in F_ , 1is 5 (n=1,2)
" " T

[It must be understood that the question of whether the reference frames F
are for the undeformed or deformed spacecraft does not arise in Tinear analysis.
See the comments on p.4 of Ref. 1.]

2.3 Force and Torque Distribution

~ We shall assume that all the forces and torques on the spacecraft due
to external or environmental influences arise from a distribution of force per
unit volume, and we denote this distribution by f(g,t). If there is a distri-
buted torque distribution (rare) or a surface force distribution, or point
forces or torques, or some other variant that seems superficially to be different



from the formulation used here, a reasonably straightforward modification

to the analysis below can be made. (The details of these modifications

are omitted for brevity.)

A subscript will denote the reference frame in which f
pressed. Thus, over Rb, f is written fb' The net forces on the
tuent bodies are as follows:

force on Rb, expressed in Fb, is f

._a
force on Ea , expressed 1in Fa , 18 fa (n=1,2)
n n n
force on E,. , expressed in F,_ , is f (n=1,2)
t t —t
n n n
force on Er , expressed in Fr , 15 fr (n=1,2)
n n n
Thus, in terms of i,
£(t) & 1 (v ,t)dV
T T lps B0
£, (0 & [E (r, L) (n=1,2)
3 ~h T8 n
£, (t) —f% (r, ,t)dV (n=1,2)
tn ~tn tn tn
A [~
£ (t) =ff (r. ,t)dV (n=1,2)
T ' "n

is ex-
consti-

Here, we have used the following definitions of displacement vectors:

position in Rb, relative to Ob’ expressed in Fb’ is ﬁb

position in Ea , relative to Oy » expressed in Fa , 18
n n .n

position in Et , relative to Ot , expressed in Ft , isr
n n n

position in Er , relative to Or , expressed in Fr , is
n n n

In a similar manner, the torques on the constituent bodies from

external




sources are as follows:

torque on Rb’ about Ob’ expressed in Fb’ is gy

torque on Ea , about Oa , expressed in Fa , 18 9y (n=1,2)
n n n n _
torque on E,_ , about O, , expressed in F_ , is g (n=1,2)
t t t =+t
. °n n n n
torque on E,. , about O expressed in F_ , is g, (n=1,2)
n n n n
where, in terms of ﬁ,
5(8) & [rSF, (ry t)a,
A (X 5 -
9, (t)-—fra f_ (r ,t)dVa (n=1,2)
n n n n n (2.3)
Al x & -
g (t)-fﬁ fo (ry ,t)dv (n=1,2)
t tth tn t,
q (t)é‘frx% (r. ,t)dv (n=1,2)
=p - —r ‘=’ r ’

This completes a specification of the forces and torques due to the dis-
turbed force field f.

2.4 Attachment Point Vectors

Eight attachment point vectors are shown in Fig. 2.2. The con-
vention will be adopted that qu is expressed in Fp (for arbitrary p, q).
For example, Tt contains the components of Lot expressed in Fb. In
particular, the vector relations (2.1) become, in component form:

Ebrn B rbtn te (n=1,2) (2.4)

r
—btn—trn

This contraction will be needed several times in the sequel.

2.5 Inertia Distribution

The following symbols represent the masses of the constituent bodies:



mass of Rb is My

mass of Ea is My (n=1,2)
n n

mass of E, is m (n=1,2)
t tn

mass of Er is m, (n=1,2)

n n

The first moments of inertia (IKcM1) for these constituent bodies are as

follows:

first moment of inertia of Rb, aboupzob,'expr§ssed in Fb is Sy

first moment of inertia of Ea s abou'toa ,» expressed in Fa , 18

n n n

first moment of inertia of Et , about ot ,exbressed in Ft , 1S
n n n

first moment of inertia of Er , about Or , expressed in Fr , 1S

n n n

Similarly the second moment-of-inertia matrices are

moment-of-inertia-matrix for Rb, about Op > expressed in Fb, is

moment-of-inertia-matrix for E, > about 0, » expressed in Fa R

n n

moment-of-inertia-matrix for Et , about Oy » expressed in Ft y
n n n

moment-of-inertia-matrix for Er , about Op » expressed in Fr » 1

n n
Using these definitions, and the additional defintions

total spacecraft mass is m
total first moment of inertia, about O > in F, is ¢

total moment-of-inertia matrix, about ob, in Fb, is J

we have (using the most general parallel-axis theorems)

2
m=m_+) (m, +m +m
b ne1 @ t

10

(n=1,2)
(n=1,2)
(n=1,2)
(n=1,2)
(1=1,2)
(1=1,2)
(2.5)



2
c=c +) [m.r, +C.c,)
=h ne1 an--ban —ban—an
+ (m, r + Co C, ) (2.6)
’c.n—b’cn ——btnt ,
+ (m_r +C...c. )]
ﬁbr —brnrn
% X X X X X X
Jd =4, + [(C.. J. C - C..c. C, .r -r.. C_c C -m, ore_ el )
. =b ne1 -baﬁaﬂﬁnb -%afana b—ba -%aﬁba—aﬂanb %{baﬁban
|
#(Cop do €y = Gy € Corly = rX G G mm e PR ) (2.7) ‘
—btn—tn—tnb —btn—tn—tnb—btn —btn—btn—tnetnb tn—btn—btn !
+ (C..d. . C A TR AT AT om0
—brn—rn—rnb —brn—fn—rnb—brn "brn"brn_rn~¥nb. rn—brnfbrn

With these 'basic considerations' now'comp1ete, a foundation has been laid
for deriving the important dynamical properties of the system.

3. KINETIC ENERGY
Preparatory to the use of Hamilton's principle in the derivation of
motion equations, an expression is now derived for the total system kinetic

energy.

3.1 Displacements and Velocity Distribution in Rb

Let us denote by gb(zb,t) the total displacement of an element of
mass dmb in Rb. Thus, in terms of earlier definitions,

dy (ry,t) = Wy (t) - rie, (t) (3.1)

Furthermore, let yb(ﬁb,t) denote the velocity distribution. Within the con-
fines of linear theory and our present assumptions, we have
_ . e X
volry.t) = dy(ry,t) = w (t) - rio, (t) (3.2)

2

This enables us to calculate the kinetic energy of Rb:

11



T, =% [yb(fb,t)Tyb(fb,t)dmb (3.3)
. T ' X .
MM S| %
=% | < . (3.4)
% | | % 9 | [ %

In the following paragraphs, a similar calculation is made for the other
substructures in the spacecraft.

3.2 Displacements and Velocity Distribution in Ean

For simplicity, the subscript n (n=1,2) is omitted from the sym-
bol 'a' in this subsection. It is understood that the equations derived
apply to n=1,2. We denote the displacement distribution by

(t) - rfo_(t) + u (r.,t) (3.5)

dylrgst) = w (£) - e () +u(r,
The first two terms in (3.5) are obviously the 'rigid' contributions to
displacement. They would occur even if Ea were riaid (cf. Eq. (3.1). The
extra term, ga(ra,t), signifies the small elastic displacement distribution.

This is the term that arises on account of structural flexibility.

We shall assume that the elastic displacement distribution gﬂ(ra,t)
has been expressed as a superpostion of 'shape functions,'
{Qla(fa), yza([a),....}. With each of these shape functions (in the spirit
of Rayleigh and Ritz) is associated a coordinate, so that
Uy (rgst) = §wja<ra)qja(t) (3.6)

The possibility that the shape functions Qja are vibration mode shapes, in
which case qja become 'modal coordinates,' is not excluded; see Section 7.
In any case, a notational simplification to (3.6)) can be made if we condense
all the shape functions wja into a single (rectangular) matrix Yo and the

associated coordinates qja into a single column matrix, as follows:

12



vo(r) 2y, by, ]
o (t) 4o, G -1
Theﬁ .
Uy (rgst) = ¥, (ry)g, ()

and the displacement distribution (3.5) becomes

d (r,t) = w (t) - rie (t) + ¥ (r.)g,(t)

whence the velocity distribution is

(t) - r26_(t) + ¥ (r)a (t)

—a'-a L LA —a'—a’-a

It is now possible to calculate the kinetic energy of each of

the solar arrays:

f T
. = L
T, =% Jxa(za,t) v, (r st)dm,

. T . X -
¥a Ml & Pa a
= 1 » X .
e L b |k
T T :
ENRE He Mol | %

where the momenta and angular momenta associated with the coordinates qja
are defined to be

A
P, & [ty (e )em,
A [ X
Hy = [raga(ra)dma
and where
T
Maa = [—‘{agadma

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)



3.3 Displacements and Velocity Distribution in Eg

In exactly the same manner as followed in the Tast section, the
displacement distribution, velocity distribution, and kinetic energy for
either of the towers E, (n=1,2) can be written:

n

- X
\ - X . ’
Ve (rest) = wo(t) - rio.(t) + ¥, (r,)q.(t) (3.18)
'_' —T~ < T . T
we Mgl G Py Wy
=1 » X I3
Te=% ) 8 | | & dy By 8 (3.19)
T T
ENRE He o My || % |
where
P. & v dm (3.20)
—t -7t :
A X '
Hy = f ri¥.dm, . (3.21)
A T
Mtt = f Etwtdmt (3.22)
Note that Mtt is in script notation, indicating that it will form part of

the final mass matrix of the whole system (this will be proven as the deri-
vation evolves).

A key difference between Et and Ea is that another structure is
attached to Et while none is attached to Ea‘ Specifically, with reference
to Fig. 2.2, we require a special notation for the displacement and velocity
of Orn (n=1,2). To this end, we note from (3.17) that

= C . (w

X
Wy = Cpp(Wy = P8y + 9) (3.23)

=C

8y = Lpl8g + o) (3.24)

14



where
—‘Y‘(t) = Q—Ptg-t(-ttr’t) (3
0..(t) = %C_.v'd. (r, ,t _ 3
8l Ere dy(reatlly = p (
8(t) = ¥, (re)g (t) (3
aft) = ‘/alxit(r‘t)lr_t - r, 3(8) (3

and the symbol v denotes differentiation with respect to L

However, it is also true (cf. Ea. (3.1)) that

- X
Wy = Cop(Wy - r8p) (3
6, = C, 8 (3
Therefore, making use of (2.4) and the properties of rotation matrices,
we can show that
- X
W = Crply = Crplhrdy + Lol (3
=C +C (3

9p % Zpplh T Lt

At this point it is helpful to stipulate that the six coordinates
represented by §(t) and o(t) are six of the coordinates in g{(t). This
leads to appropriate partitioning of earlier relations:

&
|

o
>

P
LV

CL‘U

P2l

A
Hy = [Hg H, By

Il Bl BN S Bl D BE D B B BN EE = Il-l I-ll Il E BN B
7

& co1(8,0,9;} (3.

P.] | (3.

H.] (3.

.25)
.26)
.27)

.28)

.29)

.30)

.31)

.32)

33)

34)

35)




_ i}
MﬂSS M&x M(Si
T
Meg = | Yoo Moo Moy
T T
M Mg My

Note that four of the matrix partitions in (3.36) are not in script
notation. This is because (as we shall see) additional terms have to
be added to each of them to form the corresponding matrix partition
in the overall mass matrix for the spacecraft.

3.4 Displacements and Velocity Distribution in Er
n

The reflector Er bears the same relation to the toWer'Et as
the array Ea does to the bus Rb: it is a_terminal flexible body. The
displacement distribution, velocity distribution, and kinetic energy for
either of the reflectors Er (n=1,2) are analogous to those written in
Section 3.2 for the arrays.n Thus '

- X
d.(r.ot) = w (t) - re.(t) + ¥.(r.)g.(t)
= X .
Vo(rest) = w.(t) - e (t) +¢.(r)q.(t)
. =T X .
Y Lo G By L
'y o X "
Te =% | O S dp o Hy L
§ Pl T :
s —r “r  —rr Ay
where
A
- J Ly dmy.
o[ ox
Ay = J Lty dmy.

A T
M = J By dm

16
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(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)




(with the extra subscript n added), M

3.5 Total Kinetic Energy

The coordinates used so far in the analysis are collected into
a (total) coordinate vector ar

4

Qr = col{w, ,6, .W. ,6. ,q. »W. .0, , ,
T —5*-b 2,727, gLa2 i
Wi 584 987509505 Wi 584 385,09,0;
£ 220e1 3 M St 022022284
_Vl »8 ’ a_V! 56 59_ } (3.43)
T R PR Pl PR
Associated with g is a (total) mass matrix M-, as inferred from the
“total kinetic energy T:
LTy
T = 347Mede (3.44)
where
;
T=T + (T +T, +T ) (3.45)
b n=1 °n tn "n

Based on (3.4) for Tb’ (3.13) for L (3.19) and (3.36) for Ttn, and
n

(3.39) for Tyns we conclude that MT is of the following block-diagonal form:

A .
M 2 diagibe Mo Mo Mo Mo Mo M (3.46)
T Tb Ta1 Ta2 Tt1 Tt2 Trl Tr2

where My is the mass matrix in (3.4), My  ~1is the mass matrix in (3.13)
i% the mass matrix in (3.39) (with

the extra subscript n added), and Mit is given by
n

mloo&% B BBy
X

S e Hs o Hy By

| pT T |
Mry Ps U Mg Moo Mgy (3.47)
n T T T

Ly B Mo Moo Moy

T T T T
= Hy o Mgy My My

17




:

with the extra subscript n added to all the partitions.

However, the coordinates in 47> as expressed in (3.43), are not
independent. In fact, some of the constraints among them have already
been recognized in (3.29) - (3.32). To these we add

_ X
Wy = Caplty - rpady) (3.48)
85 = Lab% (3.49)
These 'constraints', or 'compatibility conditions' are the symbolic way
of uniting the otherwize disparate bodies to form the spacecraft shown in
Figs. 2.1 - 2.3. These conditions may be unified into a single matrix
equation:
9r = 9 ’ (3.50)
where g contains the <ndependent coordinates,
A ‘
9 7 coliMy»8y,0y Gg, 2818128y 829285, Gp 20, ) (3.51)

and T is tabulated in Table 3.1.

The final expressioh for spacecraft kinetic energy (and the mass
matrix implied by that expression) is found by inserting (3.50) into (3.44):

T = 5%(18) W (1Q)
- %;jh@i (3.52)
where
M2 T (3.53)

The partitioned form of M is shown in Table 3.2, and expressions for these
partitioned elements are given in Table 3.3. (The reader who sets out to
verify Tables 3.1 - 3.3 would be well advised to acquire some large pieces
of paper!) It is the final expression (3.52) that will figure most directly

in the motion equations.

18
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Table 3.1

Partitioning of the Contraction Transformation Matrix, T

— T
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e ==
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o o 1l olo o oo o oj]ojo
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Qab-gazbtba2|9|9_l9_ ©o o] o o o] o]oO
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- - S T .. T _ . _Z_Z_zZL°z
Cryh -Erzbﬁbr2|9' ol o o ol 9o o] o]0
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Partitioning of the Mass Matrix, M

Table 3.2
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M M M
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4. POTENTIAL ENERGY

The second type of energy needed to form the Lagrangian utilized
by Hamilton's principle is the potential energy (associated with conser-
vative force fields). The only type of potential energy considered here
is the potential energy corresponding to elastic stored strain energy.
Any other (external) force fields will be included in the virtual work
terms expounded upon in Section 5.

4.1 Strain Energy Stored in Ry

Because the bus is assumed to be rigid, the elastic strain energy
stored in it is zero:

V. =0 (4.1)

4.2 Strain Energy Stored in Ea
n

By looking at the coordinates associated with the solar arrays

Ea , it is evident that only gan involves elastic deformations. Therefore
n

v =1sz; [ (n=1,2) - (4.2)
n n n n

(The question of how to calculate K , or what the coordinates ga may in
fact be, is not, of course, the subJect of this report.)

4.3 Strain Energy Stored in Et
n

The coordinates involving elastic deformations in Et are contained
in gén. However, gtn is, in turn, subdivided into {8,,0,595 }, as shown
in (3.33). Accordingly, we can form a partitioned st1ffness matr1x_§tt
n

that plays the same role for Etn as does Eaan for £y, In (4.2):



g Kss Kse Ks
= 2z T
Vt i Eéoc l—<oux l—<0!.'i
T T
8 Ksi o K Ky
(subscript n implied).
4.4 Strain Energy Stored in Er
n

Finally, for E_ , we have
"n

as the expression for stored elastic strain energy.

4.5 Total Potential Enerqy

(4.3)

With the definition (3.43) for the aagregate 9 of all coordinates

for the individual constituent bodies, and the definition (3.51) for the
final set of coordinates q associated with the system consisting of these
bodies linked to form a spacecraft, it is possible to show that the total

potential energy V, defined by

2
V=V + §(V, +V  +V )
b n=1 %n by "n
is given by
V = 5a'kg

where K is shown in partitioned form in Table 4.1.

5. VIRTUAL WORK

The most basic expression for virtual work (needed for Hamilton's
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Table 4.1

Pértitioning of the Stiffness Matrix, K
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K K @] @] 0 @] @]
—0.0 —0o1 - — - - -
1 1
K.. @] @] @] @] @]
1
symmetric K K K. s o o]
Ko K. @ 0
‘—OLOLZ —0L2
K, 2 @
K 0
_Y‘y‘l =
-’SY‘Y‘
2

24




principle) is

oW & f F(r.t)Tsd(x,t)av (5.1)

RS

It is the inner product between the applied force i and the virtual dis-
placement 8d, integrated over the spacecraft.

5.1 Virtual Work for Rb

Combining (2.2a), (2.3a), and (3.1), it can be seen that

- T
o, = ffb@b,t) [ow (£) - rss, (£)1dV, (5.2)
= jgayb + ggsgb (5.3)

This expression is what we should have expected.

5;2 Virtual Work for Ea
n

For an elastic body such as Ea, on the other hand, we have

oy = [ £y 00 towg (8) = rse, (6) + ¥, (r,)og, (6)10V, (5.4)
= flow + g;aga + §lsa_ (5.5)

where
b & [ e )E, (g t)av, (5.6)

and (2.2b) and (2.3b) have been used. The above expressions have an extra
subscript n understood.

5.3 Virtual Work for Etn

Next, consider one of the elastic towers, E¢. Again using the

25



definition (5.1) we have

Wy ‘_f ft(ﬁt,t)T[swt(t) - ryoo, (t) + ¥, (r,)sq, (t)1dV,

T T T
frow, + 9,68, + £¢69

where

A U TR NCREALTA

However, on account of the partitioning we have used for gy --see (3.33)--

we must partition £t Tikewise:

e @ co1dafyty)

whereupon (5.8) becomes

T T Teow T o T
OWp = fpowy *+ 9480y + £508 * £,0¢ * £;99;

As usual, this latter expression holds true for both towers.

5.4 Virtual Work for Ern

In an identical manner, the virtual work for Er is

where

and these relations hold for both reflectors (n=1,2).

5.5 Total Virtual Work

The total virtual work is found from
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2
+ Z(awa + oW, +<swr)

n=1 n n n

W = wa

which can be succinctly expressed as

= ¢l
W = degT

where 9t is the ‘total' coordinate vector introduced earlier in (3.43),
and fo is the associated column of generalized forces:
£ = c0T{fy8y. T, 4, ofy

9f Sq 3 b
1 %2 % ﬁaz

f_ a_g_ ) 5 9_6_‘ af_ 2T ’ aﬁ_‘ 5
t17 ﬁ‘ﬁi{l 1071, 6‘524’2 Ty
_f 2 9. » 9f s 3{ }
SR e e Pl Pl

However, in the set of coordinates 9> the substructures have
not been united to form the spacecraft. The compatibility conditions
needed to bring about this unison are summarized in the single contract-
ing transformation

9.T=T_C|_

as noted in (3.50). The (partitioned) elements of T are tabulated in
Table 3.1. Note that the coordinates in g, as listed in (3.51), are
the coordinates for the spacecraft with the substructures all mutually
'attached.' An alternate expression for sW, and a more desirable one,
is found by combining (5.15) and (5.17) to form

sW = ﬁTSg

where

;
IE,

>

4

The elements of § are given (in partitioned form) in Table 5.1. Note

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

that the first two (partitioned) elements are the total force f, defined by
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Partitioning of the Generalized Force Matrix, {

Table 5.1

Vehicle V = Rb +

|—h
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£=fy

n

(C.. f. +¢C.,. f,  +¢C f )
Amﬂan -%tntn -ﬁrﬁ+n

He-1ro

f
- 1

and the total torque g, about Ob’ defined by

2
a=g.+ L 0(C, g, +ry Cp f.)
=b n=1 —ban—an —ban—ban—an
+ (Cpy g, +ri. Co o)
ot T Tht bt It
X
+(£b}"g +.r‘bY‘§'bY‘£Y‘)]

Now that the kinetic energy (Section 3), potential energy (Section 4),
and virtual work (this section) have been fully formulated, it is a

‘stfaightforward task to write out the equations that govern the motion

of the DEMSAT spacecraft structure.
6. MOTION EQUATIONS

The developments of the preceeding sections have been aimed to-
ward the objective of obtaining motion equations and, more specifically,
toward the use of Hamilton's principle in deriving those equations. The
point has now arrived where all the required preliminaries have been
completed.

Hamilton's principle (in its 'extended' form) is

to to
5 f Ldt = f sW dt
t t

where the Lagrangian L is defined to be
LeT-v

In the present case, L = L(g;é). Now, the left side of (6.1) can be
shown using the calculus of variations to be

29
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t T

2 d [ 3 3 L
NEIE Rt
and the right side is
t

N

1

ﬁT&gdt

as witness (5.18). It follows from the fundamental lemma of variational
calculus that '

%(%]_i=ﬁ (6.3)

These are Lagrange's equations of motion for DEMSAT.

We now call upon (3.52) and (4.6) to indicate that

T=ua'Mg ;v =uqK | (6.4)
whence, from (6.2) and (6.3),

Mg + Kq = § (6.5)

This represents, finally, the equations of motion for the present system.
The mass matrix M is tabulated in Tables 3.2 and 3.3; the stiffness matrix
K is recorded in Table 4.1; and the generalized forces (the elements of §)
are Tlisted in Table 5.1.

7. SUBSTRUCTURAL MODELS IN MODAL COORDINATES

It frequently happens that the substructural model for a particu-
lar elastic body E is given, not in terms of ‘'physical coordinates,' but
in terms of 'modal coordinates.' These modal coordinates are associated
with the natural vibration mode shapes for the structure in question. We
shall assume that these vibration modes appertain to the structure when it
18 constrained not to translate at some point O, nor to rotate about O. AS
an example of this assumption, and with reference to Fig. 2.1, we shall as-
sume that the vibration modes for Erg are those modes that correspond to Ep,

30




being constrained at Or2’ both translationally and rotationally.

A1l the foregoing analysis in this report remains valid if some
of the coordinates in the formulation are modal coordinates. '

To be more specific about this modal interpretation, let us
consider what is probably a very 1ikely situation for DEMSAT:

(i) the reflectors are specified using modal information;
(i) the solar arrays are specified using modal information;
(i11) the towers are modeled using direct physical coordinates.

Then, as also described in Section 5 of Ref. 1, we can represent these
assumptions by the following notational adaptations.

For the solar arrays, the following replacements are made (n=1,2)

g,(t) > ny(t) 5 n, 2 EMa

£(6) > 3 (8) 5y, BB

Maa >~ 1 ; unit matrix of appropriate dimension
Kaa »-gg ; ga.é diag{mal,waz,...}

Py v Ray 5 By PR

Hy vy, 3 By P HE

The columns of Ea are the modal eigenvectors for the solar array £y (constrained
at and about Oa) and {wal’waZ""} are its (constrained) natural frequencies.

The identical procedure holds also for the reflectors, Er'
8. CONCLUDING REMARKS

In this report it is assumed that one is in possession of an adequate
set of structural data for each of the DEMSAT substructures. This data may
either be in 'physical' coordinates (i.e., mass and stiffness matrices known),
or in 'modal' coordinates (frequencies and modal momenta known). In either
case, the formulation presented can be used to construct an overall model for
a DEMSAT-1ike spacecraft.
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APPENDIX A

A Comparison of Formulations

This report uses Hamilton's principle and Lagrange's equations

to derive the motion equations for the 'DEMSAT-like' flexible spacecraft
shown in Fig. 2.1. This generic spacecraft is similar in layout to the
one analysed on Ref. 1 and reproduced here as Fig. 4.1. We shall call

the spacecraft of Ref. 1 "OMSAT" because it was motivated by certain
configurations suitable for an operational mobile communications satellite.

In comparing OMSAT (Fig. A.1) to DEMSAT (Fig. 2.1), the following

points are noted:

(i)
(11)

(iii)

OMSAT has one solar arrays; DEMSAT has two.
OMSAT has one tower-reflector assembly; DEMSAT has two.
OMSAT has gimbal angles at the reflector hub; DEMSAT has none.

Based on these observations, a congruence between OMSAT and DEMSAT can be

established by taking the following steps:

(iv)

strip DEMSAT of E_ (then E, > E )5

2 1

strip DEMSAT of E_ (then E, =+ E.);
t2 tl t

(then Erl > Er);

d

strip DEMSAT of E
"o

strip OMSAT of gimbals.

The mathematical consequences of these strippings are as follows:

Eliminate the elements associated with E_ , E. and E  from M, K, £
3" T 2 e

and g, the Tatter being tabulated respectively in Table 3.2, Table 4.1,
Table 5.1, and Eq.(3.41).

Eliminate the elements associated with the gimbal angles g from M, K,
4 and gq in Ref. 1, the latter being tabulated respectively in Eq.
(4.12), Eq. (4.13), Eq. (4.16) and Eq. (4.11) (all these equation

references are to Ref. 1).

It will be seen that the two system of motion equations are now identical.
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Since one of the two was derived using vectorial mechanics, and the other
using Lagrange's equations, this comparison provides a major check on
the correctness of both procedures. It should be noted in particular
that in the present report no 'interbody' forces and torques were intro-
duced. Therefore, these interbody interactions did not subsequently have
to be eliminated. (This is a well-known advantage of the Lagrangian-
Hamiltonian procedure.)
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