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SUMMARY

The use of accelerometers as sensing elements for the control of
large flexible space structures is explored. It is shown that, in addi-
tion to ordinary measurement error, the forces and torques on the vehicle
produce additional direct errors in accelerometer interpretation. The
portion of this additional error due to known forces and torques can be
eliminated by feedforward within the control system. Moreover, because
the interpretation of accelerometer outputs in terms of displacement and
displacement-rate requires the structural math model itself, a still
further source of control system error arises: parameter errors in the
structural dynamics model used by the control system designer. This is
examined in detail in this report for four types of control system de-
sign: simple (static) state feedback, simple (static) measurement feed-
back, state feedback based on a state vector estimated by a full-order
state estimator, and state feedback based oh a state vector estimated by
a reduced-order (in fact, minimal order) state estimator. With these
considerations in mind, and the theory in this report for guidance,
additional numerical and simulation work can show quantitatively what the
benefits and limitations of accelerometers are in specific situations.
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1. INTRODUCTION

The measurement of acceleration is one of the most natural
measurements — and one of the most useful — that can be made in the
field of dynamics and control. There are (at least) two possible
ways to process an acceleration measurement:

) integrate with respect to time, thus produc{ng a measure-
ment of velocity

° use a set of motion equations to interpret the acceleration
measurement as an indirect measurement of position and
velocity. |

It is primarily the second of these interpretations that will concern
us in this report.

It should be noted that all the kinematical quantities re-
ferred to above are absolute quantities; that is, the displacement,
velocity, and acceleration are measured with respect to an inertial
reference frame. The designation "absolute! is to distinguish these
measurements from relative displacement, velocity, and acceleration,
in which the motion one point of the system is measured with respect
to another (not inertially fixed) point of the system.

1.1 Integration of AcceTerbmeter'Signal

In the first of the above two interpretations, when acceler-
ation is integrated to produce velocity, the main point to note is
that initial errors and spurious signals are also integrated. And,
just as high-frequency noise is anathema to a differentiation pro-
cess, S0, too, low-frequency errors (in the 1imit, 'DC' errors) are
the bane of an integration process. Therefore, whenever integration
of accelerometer output is used to infer velocity, periodic up-dating
(correction) of the reference velocity is required.

This argument is made symbollically in Fig. 1.1. Let the
(ideal) accelerometer outputs be a(t). If the coordinates whose
accelerations are being measured are denoted temporarily by g(t), then
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Fig. 1.1: Integration of Accelerometer Signals to Get

Velocity and Position



a(t) = ¥(t) = q(t) (1.1)

where the velocities v(t) = q(t). Thus, by direct integration of the
accelerometer measurements, one can in principle produce the velocities
q(t), and the displacements, q(t), both of which are 'state variables'
in the dynamical modeling of the system. (Note that acceleration it-
self is not a state variable.)

The problem of course, is that an accelerometer does not
measure acceleration exactly. We denote the error (or 'noise') by
n(t). Thus, as shown in Fig. 1.1, the outputs of the accelerometers
are contained in the output vector a(t) + n(t). Let n(t) be subdivided
into two terms

n(t) = n,, +n,(t) (1.2)

where the long-term integrated effect of gﬂ(t) vanishes. Then the out-
put of the first stage of integration in Fig. 1.1, after a Tong period
of time is approximately gjt) + navt‘ Clearly there is no Timit to the
contamination introduced by the second term.

-

Even worse is the problem that arises if one attempts to in-

tegrate once again to produce a measurement of displacement by inte-

grating a second time. The output of the second stage in Fig. 1.1 after
a long time is q(t) + %ﬂavtz’ so that the integrated error builds up
even faster than for q. Thus the use of accelerometers in this fashion
to infer position and velocity requires some periodic correction from
other instruments. We shall not pursue this subject further here.

1.2 Interpretation via Motion Equation

This report is concerned primarily with acceleration measure-
ment as an indirect measurement of displacement and displacement rate.
To illustrate this basic idea, consider Fig. 1.2, which shows the ac-
celerometer output a as measured for one-degree-of-freedom, mass-spring-
dashpot system whose displacement is q(t). The parameters are mass, m;
damper constant, c; and spring constant, k. The external force on the
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mass is f(t). For present purposes we choose to write the well-known
equation of motion

mq + i + kq = f(t) (1.3)
as

a(t) £ a(t) = ag(t) - 2w b - vig (1.4)
where

wﬁ By/m 2co. & c/m (1.5)

as is conventional, and

ac(t) & £(t)/m (1.6)

Note that ¥ has the dimensions of acceleration. Then, if af(t) is

fed' forward as shown in Fig. 1.2b, the net output after the summing junc-
tion is a simple Tinear combination of position q(t), and rate q(t).

This interpretation will become essential in the remainder of this report,
which deals with multivariable control using a 'state-space' formulation.

Before leaving the simple example of Fig. 1.2, two idealizations
should be noted. It is assumed in Fig. 1.2b that the excitation force f(t)
is known. It is further assumed that the system parameters ¢ and w, are
accurately known. In reality, neither of these assumptions is precisely
valid. With regard to the force, let

F(t) = f(t) + F,(t) (1.7)

where f/(t) is the known portion and f,(t) represents the unknown influences.
Similarly,

at) & t)m 5 ay(t) B f,(t)/m (1.8)

Furthermore, we denote by E and @n the assumed values for damping factor and
natural frequency (the actual values are still denoted by ¢ and wn). Then
the real situation is more like that shown in Fig. 1.3.
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Fig. 1.3: Sources of Error in Actual Implementation



Now, the measurement actually made (after the feedforward cor-
rection has been made) is

actual measurement==—2gmnd - mﬁq'+ n(t) + a,(t) (1.

Or, in terms of the measurement assumed, namely,

assumed measurement = —2£mnd - ;§q o (1.

the actual measurement is

actual

AN, A2
= - - +
measurement 2§mnq w,q ep

where ep(t) is the 'error' associated with parameter errors. The Tatter is

given by
ep(t) = -Z(CAmn + mnAC)q - Z(wnAw)q (1
= -2(§Amn + mnAg)d - Z(wnAw)q : (1
with
acfp-g
ro. & a - (1

n n n

The indications of approximateness in (1.12) reflect the assumption that
(az)/z and (Awnywn are small compared to unity: the expressions in (1.12)
are correct to first order in these small quantities. (Parenthetically,
one might question whether the current state of the art of damping modeling
is sufficiently advanced to make realistic the assumption that (Az)/z is
confined to small values.) In any case, the idea behind (1.12) — the idea
that interpreting accelerometer data is clouded by uncertainties in the
dynamical model of the structure — is a principal theme in this report.

(t) + n(t) + a,(t) (1.

10)

11)

.12a)

.12b)

.13)



1.3 Overview of Report

It is already clear that the use of accelerometer measurements
in a state-space context poses special problems of correction and inter-
pretation. When using the structural dynamics equations as a means of
transformation from acceleration to position and velocity, special atten-
tion must be paid to the following factors:

e all known forces on the structure must be fed forward;
unknown forces must be reduced to a minimum;
° the structural model must be known as accurately as possible.

In addition, it is almost trite to state that the acceleration measure-
ment itself should be as accurate as possible.

The implications of these factors for all the control strategies
that have been proposed in the literature for flexible space structures is
a task so Targe that a complete discussion cannot be aspired to in this re-
port. However, a major step in this direction can be taken by examining
the implications of accelerometer feedback for four of the control stra-
tegies that are best known and widely used:

simple state feedback

simple output feedback
full-order state estimation
reduced-order state estimation.

[Note: What is herein called 'simple' feedback is often called 'static'
feedback; and what is herein called a 'state estimator' is often called

an 'observer.'] Each of the next four sections of this report deals with
one of these strategies in turn. In each case, basic ideas are first re-
viewed and then parameter error effects are introduced into the discussion.




2. SIMPLE STATE FEEDBACK

Throughout this and the following sections we shall assume that
the spacecraft can be represented as a linear time-invariant system of the
standard form:

X = Ax + Bu (2.1)
y=0Cx (2.2)
z = Mx (2.3)

Here, x(t) is the state vector, y(t) is the output vector of regulated
variables (or the 'regulated vector,' for short) and z(t) is the output
vector of measured variables (the 'measured vector'). These two types
of output vector may may contain one or more variables in common. They
may even (in rare instances) be identical vectors. However, because one
cannot always be guaranteed a direct measurement of a variable one wishes
to regulate, it is a helpful generalization of the theory to make a dis-
tinction between the regulated vector, y, and the measured vector, z.
Note that only variables appearing in z are actually available for feed-
back control.

2.1 The Basic Strategy

'Simple state feedback' is a concept that represents an ideal-
istic 1imiting case: all the state variables are assumed available for
feedback. An equivalent assumption is that there are as many independent
measurements as there are state variables, so that M is a nxn nonsinguiar
matrix. Then the state vector is immediately available from

x(t) = Mlz(t) (2.4)

One is then in a position to 'feed back' this known state vector, and n
arbitrary linear combinations of the state variables are allowed:

u(t) = r(t) - Kx(t) (2.5)



The coefficients kijare 'gains' and K is called the 'gain matrix.' The
negative sign indicates negative feedback, and r(t) is a reference input,
usually constant.

From (2.1) and (2.5) then,
x = (A - BK)x + Br (2.6)

showing that the closed-loop system matrix is A - BK. We leave aside the
question — the very important question — of how best to choose K to guaran-
tee satisfactory closed-loop control characteristics. We wish to focus on
the aspects of greatest relevance to the issue of acceleration feedback.

“The implementation of simple state feedback is shown in Fig.
2.1. Note that the operations of measurement and state calculation have
been separated. This separation is physically real — the measurements are
made by sensors, while the state vector calculation (via Mfl) is carried
out via other hardware (or software).

2.2 Effect of Parameter Errors

Looking forward to the implementation of acceleration feedback,
one might enquire what the implications might be of parameter errors,
especially in the measurements. To aid in developing an answer to this
question, Fig. 2.1 is modified as shown in Fig. 2.2. Although the actual
measurement matrix is M, the control system designer assumes it to be ﬁ}-
and so the state is calculated to be

x = Wiz (2.7)

instead of x. The feedback Taw is implemented as

u(t) = r(t) - Kx(t) (2.8)

so that the closed-loop system becomes

)x + B (2.9)

% = (A - BKM

which should be compared to the ideal result, expressed in (2.6).

10
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To isolate thé pseudo-disturbance attributable to parameter error,
in analogy with the simple example in Fig. 1.3 and Egs. (1.11) and (1.12), we
write

I=>

M=M+ M (2.10)

The errors AM in the measurement matrix M will be expressed in terms of struc-
tural dynamics parameters in Section 6. Then

~

x= (A - BK)x + Br - BKNM e, (2.11)

where gp is the error vector in the measurements arising from parameter

errors:
e (t) & (aM)x(t) (2.12)
In other words, the measurements are

=A_x+_e.p (2.13)

At present, we are assuming the measurements themselves to be exact. The
only error is in their interpretation, as used in the state calculator
(Fig. 2.2). This explains the absence of a ‘noise' term on the right-hand
side of (2.13).

3. SIMPLE MEASUREMENT FEEDBACK

To measure all the state variables, directly or indirectly, is
not usually possible. Usually a smaller number, m, of measurements is made,
m < n, where n is the dimension of the state. That is,

X = Ax + Bu (3.1)

Mx (3.2)

4

and the measurement matrix M is mxn. Only the measurements z are available
for feedback control.

13




3.1 The Basic Strategy

In "simple measurement feedback," the feedback law consists simply
in assigning, as control variables, linear combinations of the measurements.

Thus

u(t) = r(t) - Kz(t) (3.3)

where Em is an rxm gain matrix (there are r control variables). The sub-
script 'm' is added to distinguish the r><m measurement feedback matrix Em
in (3.3) from the rxn state feedback matrix K in (2.5). As usual, r(t)
in (3.3) is a reference input.

From (3.1) - (3.3), the closed-Toop system is, ideally,

k= (A - BKM)x + Br (3.4) |

showing that the closed-loop system matrix is A - ggmm, As with state

feedback, considered earlier, the only remaining design question — What should

Em be? — is not answered here. The implementation of simple measurement

feedback is shown in block diagram form in Fig. 3.1. |

3.2 Effect of Parameter Errors

In reflecting upon the above equations and upon Fig. 3.1, one can
see that parameter errors (in this case, errors in M) do not have an impact
on simple measurement feedback in the same manner as they do for simple state
feedback. No calculation on z is made in Fig. 3.1 that corresponds to the Mfl
calculation in Fig. 2.1. The only effect of an error AM is a more subtle one,
namely, the gain matrix chosen, Em’ will be based on assumed values for M
(and on A and B also) and so will not be as ideal a gain matrix for the actual
values - of M and A and B. (In fact, this remark applies to state feedback also
— Section 2 — and also to the control Taws to be considered in Sections 4 and
5.) However, beyond remarking that this effect exists, no more will be said
of a slightly off-design gain matrix in this report, because this report does
not assign specific gain matrices.

14
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4. FULL-ORDER STATE ESTIMATION

It has been remarked in the last two sections that a continuous
knowledge of the state is desirable, but rarely possible. It is possible,
however, to estimate the state of the 'plant' (i.e., the spacecraft dynamics)

by making inferences from

° the measurements, and
] a system model.

Then, provided the plant is observable, a good estimate of the state can be
calculated. The good news is that simple state feedback can then be used,
with the 'estimated state' used in place of the (unavailable) 'state'; the
bad news is the increased reliance on a system math model — a model that
will inevitably contain parameter errors.

4.1 The Basic Strategy

The ‘actual' (i.e., physical) system is represented by
X = Ax +Bu (4.1)

as usual, and the measurements are

z = Mx (4.2)

Let the estimate of x be denoted by g, At issue is the question of how to

~

calculate x.

It is only common sense that g_should have the property that if,
at some instant t = tl, we know éﬂtl),then for t > tl one could ideally pro-
duce x(t) by integrating the differential system

§_= Ax + Bu (t > tl) (4.3)

with the initial condition gﬂtl) 5(t1). Then, ideally, g(t) = x(t), for
t > tl.
Two characteristics are already clear from the somewhat overly-

idealistic (4.3):

16




° the same controls that are fed to the actual system must also
be fed to the state estimator
) to implement this state estimator requires that n integrations

be performed in real time.

These characteristics will be shown (below) to persist even when (4.3)
is modified to account for the assumptions behind it.

The difficulty with (4.3) as a state estimator is, of course,
that one does not know x at t = tys that is part of the problem. A
further difficulty is that even if one did know x at t = t; and inte-
grated according to (4.3), the inevitable inaccuracies and disturbances
would make their presence felt, even though the state estimator (4.3),
proceeding open-loop as it does, would not take these inaccuracies and
disturbances into account in any way. What is needed, evidently, is
some sort of feedback within the estimator itself. This feedback would
inform the estimator of the difference between its estimated state and
the actual state (irrespective of whether this difference is due to a
wrong initial condition or to subsequent inaccuracies and disturbances).
Thus we wish to add to (4.3) a feedback term of the form

K (x - x)

Unfortunately, this is not possible because x is not known (if x were
known, the estimator would not be needed!). The closest one can come
is to compare, not the estimated state g_with the actual state x, but
the 'estimated measurement' Mg.with the actual measurement z. On this
basis, we add a feedback term to (4.3), and the state estimator finally

arrived at is as follows:
X=Ax+Bu-K(Mx-2) (4.4)

The implementation of this estimator is shown in Fig. 4.1.

Also shown in Fig. 4.1 is the final use made of the estimated
state, x(t): it is treated as though it were the actual state, and
‘simple' state feedback is applied:

17
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u(t) = r(t) - kx(t) (4.5)

This completes a specification of the estimator. Note that the order
of the system has been doubled — for every state variable xi(t) in the
original model, a new state variable xi(t) is present in the estimator.
For this reason, the estimator discussed in this section is called a

"full-order' estimator.

The error in the state estimate is

~

e(t) & x(t) - x(t) (4.6)
From (4.1,2,4,5),
e=(A-KMe | (4.7)

which shows that the transient characteristics of the error can be de-
signed at will by a suitable choice of the estimator gain matrix Ee.
(This last statement assumes that the pair {M,A} is an 'observable
pair', or that, equivalently, {AT,MT} is a 'controllable pair.') In
terms of e, the closed-loop plant state x(t) evolves according to

% = (A - BK)x + BKe + Br « (4.8)

The transient characteristics of the closed-loop system matrix A - BK
can be varied arbitrarily (provided {A,B} is a controllable pair) by
an appropriate choice of the feedback gain matrix K. As will be seen
in Section 6, the pairs {AT;MT} and {A,B} will virtually always be
controllable in the application to flexible spacecraft.

4.2 Effect of Parameter Errors

The system matrices {A,B,M} are not p?eCise]y known in practice:

A+ A
B+ aB (4.9)
= M+ aM

= | =
1

>

where A,_E, and M are the assumed values. Taking these parameter errors

19




into account, Fig. 4.1 becomes transformed to Took 1ike Fig. 4.2.
The 'real' plant is still represented by A and B, and the 'real’

sensors are still represented by M, but in the state estimator
the 'assumed' values for these matrices are used.

The system equations that correspond to the block diagram of

Fig. 4.2 are as follows:

X = A + Bu

z = Mx

X = Ax + Bu - K. (Mx - z)
u=r-K

Note that g_is now an estimate of the state x not only because it is

the output of a state
used in the estimator

To investigate
define

3

estimator, but also because the parameters
are themselves estimated.

this combination of errors quantitatively, we

dyx-x

as before, and re-write the system equations (4.10) as follows:

é

The plant equation (4.

- BK)x + BKe + Br.
- KM+ (aB)K]

+ [(aA) - (aB)K -

(@

K (aM)]x + (aB)r

11) is unchanged; however, the estimator error

has several new causes, as shown in (4.12). The system matrix is

changed sTightly, from A.- Eeﬁ_(as assumed) to A_- Ee@_+ (aB)K

While not welcome, this small change in the 'error system matrix'

-should not cause any problems, perhaps a slight change in error decay
rate at most, unless the design is extraordinarily sensitive (which
it shouldn't be), or unless the errors AB are very large, or unless

a very-high-gain control system design has been selected. More

worrisomes perhaps, are the other terms in (4.12),which show that the

20
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error e is prevented from asymptotically vanishing by the persistent
disturbance from the terms

[(aA) - (aB)K - K (aM)1x

and
(8B)r

The former depends on parameter errors in A, B and M, while the latter

depends only on errors in B. The estimator error e will still vanish,

of course, if the reference command r = 0 and x -~ 0 asymptotically. In
fact, (4.11) and (4.12) can be written in assembled form as

xT° [A-BK BK X
e (WA) - (B)K - K (aM) A - KM+ (sB)K || e
B
+ r (4.13)
2B

The eigenvalues of the square 2n x 2n composite system matrix in (4.13)
will in general be only marginally different from the ideal composite
system matrix

A

A - BK

[wwbd
-~

>

j3=>
1
¥z

o

and so it could be argued that if the (ideal) state estimator is well de-
signed, the effects of parameter errors will be small. That may well be,
but the fact remains that, in (4.12), the estimator error is driven by a
new-type of term that is, according to (4.7), ideally absent. The esti-
mator does not, as ideally assumed, become asymptotically exact regardless
of what adventures the state is forced to undergo. The estimator is in

22




fact compelled to participate in those adventures through the (weak)
influence of parameter errors. In this connection it should be noted
that the plant disturbances (without which a control system would be
unnecessary) have not been symbolically included in the above discussion.

5. REDUCED-ORDER STATE ESTIMATION

It is possible to identify a control strategy that is, in a
sense, mid-way between the rather spartan feedback scheme of Fig. 2.1 or
3.1 and the somewhat Tuxurious one of Fig. 4.1. In the former, measure-
ments are just combined algebraically to form the control input variables;
and, in the latter, the controller has as many integrators (or state vari-
ables) associated with it as has the original plant. It is not necessary,
however, that a state estimator be of .'full' order, i.e., of order equal
to the plant math model. As a special limiting case of this assertion,
consider the situation discussed in Section 2, wherein n measurements
were made. It was pointed out in that discussion that the state did not
have to be estimated at all: it could be directly calculated, continuously
and immediately, by the straightforward algebraic operation equivalent to
the inversion of an nxn matrix.

In general, the number of measurements, m, will be fewer than the
number of state variables, n. Nevertheless, it is not necessary (as will
be shown below) to introduce n new state variables to be associated with
the estimator, as done for the full-order state estimator. It is in fact
necessary to introduce only (n-m) new state variables in the estimator
design, thus producing a 'minimal-order' estimator. Since we do not intend
to discuss estimators whose orders Tie between the extremes n and n-m,
we can refer to an estimator of order n-m unambiguously as a ‘reduced-
order state estimator.'

It is apparent that a considerable simplification in controller de-
sign can be derived by using a reduced-order estimator instead of a full-
order estimator. The actual saving depends, of course, on the actual
values of n and m. If a controller design is based on 6 rigid modes and
30 elastic modes (n = 72) and only 8 sensors (measurements) are used
(m = 8), then the full-order estimator can be reduced in order from 72
order to 64 —only an 11% saving. On the other hand, if a controller de-



sign is bésed on 6 rigid modes and 10 elastic modes (n = 32) and 20 sensors
are used, the full-order estimator can be reduced in order from 32 to 12 —
a reduction in complexity by a factor of two-thirds. It is at all events
quite clear that the idea of a reduced-order estimator is one worthy of
further investigation. This is true in spite of the fact that although the

system order is reduced, the algebra required to discuss the idea is increased.

5.1 The Basic Strategy

The idea of a reduced-order estimator harks back to an earlier one
— state feedback (Section 2 and Fig. 2.1). It will be recalled that state
feedback requires that as many measurements be made as there are state vari-
ables. The reason that an estimator is required is that the measurements
are generally fewer than the number of state variables. We shall, however,
approach the derivation of the reduced-order state estimator by postulating
n - m pseudo-measurements to replace the missing measurements.

The spacecraft dynamics is still represented by

and the (real) measurements

z = Mx | (5.2)

are augmented (in the control analyst's imagination) by the pseudo-measure-

ments
z =MXx (5.3)

When the m measurements z are combined with the n-m pseudo-measurements

Z)s we have

N
1=

= X (5.4)

and the overall measurement matrix is now n x n. This allows solution for
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the state x:

1=
I~

X = (5.5)
Za Zp

=
N

We Teave open the question of how best to choose MA, except to say that
it must be chosen such that the inverse in (5.5) exists. (And engineering
judgment would further suggest that M, should be such that the overall
measurement matrix in (5.5) is not even close to being singular.)

It will be convenient in the ensuing devélopments“%o have a
notation for the inverse of the overall measurement matrix. Thus, let

NE
N —NA] = (5.6)
L
It follows that
MN =1 mxm
MN, =1 (n - m) x (n-m) (5.7)
My, =0 mx (n-m
MN =0 (n -m) xm
and that
NM o+ N Moo= 1 nxn (5.8)

With these new symbols, (5.5) can be written directly as

x(t) = Nz(t) + Nz, (t) (5.9)

LI

The idea, to repeat, is that z is available, and, if z, were available
simple state feedback could be used. To face reality, z, can only be
estimated. In this way, the estimation problem is reduced from x-

estimation (order n) to z,-estimation (order n-m). -State estimation

A
then proceeds according to
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A

X(t) = Nz(t) + N,z

z,(t) (5.10)

and one is led to consider appropriate means for estimating the missing
measurements, Z,-
To begin, we derive a differential equation for Z,:

2y T DX

M, (Ax + Bu)

1]
=

MA(NZ + + M Bu

Nz,)

That is,

z, = (MAN, )z

z, + (MAN)z + (M,B)u (5.11)

Therefore, the basic construction of the differential equation for the

estimate éA must follow the pattern

-
A

z, = (MAN,)z) + (MAN)Z + (MB)u + - (5.12)
This construction is, of course, incomplete. It is in the same primitive
stage as was (4.3) for the full-order estimator. We have, thus far, only
an open-loop estimator. Once perfect, it remains perfect; but it Tacks
information fed back on its unavoidable errors, just as, for the full-
state estimator, (4.4) made amends for the inadequate (4.3).

The analogy between (5.12) and (4.3) might suggest that estimator
feedback could be carried out in the form

-
A

z, = (MAN Dz, + (MAN)Z + (MB)u
- K (Mx - 2) (tentative) (5.13)
with x given by (5.10). But this approach does not work. Simple calcu-

Tation from (5.10) and (5.7) shows that

M.’S'£=m£+W_A_Z_A‘£=O (5'14)




In other words, the critical feedback term in (5.13) is always zero.
When the state is estimated algebraically from current measurements, as
n (5.10), rather than dynamically, from a history of measurements, the
estimate of what the measurement shou]dbe,ﬂ&, will be merely the actual
measurement, z.

In place of the feedback term n»(Mg_— z) in (5.13), which, as we
have seen, has only jllusory benefits, we use instead a term that is re-
Tated to the time derivative of the failed term, i.e., a term ~ (Mx - z).
Now, from the fact that

MX - z = M(Ax + Bu) - 2

=MA.(,N~Z_.+_NA_Z_A) +M§.!.-é. (5'15)

an estimate of the missing measurements (the pseudo-measurements) can be
constructed from (5.12) and (5.15):

-
A

z, = (MAANA) z, + (MAN)Z + (M B)u
- K L(MAN,)zZ, + (MAN)Z + (MB)y - 2] (5.16)
The symbol Ee does not imply the time derivative of some matrix Ee'
Instead, Ee is a constant gain matrix, and the notation is merely a re-

minder that the variables for which the gains (elements of Ee) serve as
coefficients are the time derivatives of the elements of (Mx - z), or
estimates of these elements. In this connection, note that the (unavail-
able) pseudo-measurements z, in (5.15) have been replaced by their
(available) estimates in (5 16).

To reduce the estimator equation (5.16) to its bare essentials,

we define

|I>g

A i
A = rAN K rAN
(5.17)
A Ay - ¥
B, =T1B I =M - KM

after which (5.16) condenses to
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2)= A2y +Bu* Kz K i (5.18)
A1l the quantities needed on the right-hand side of this estimator are
physically available. It does look as though the measurements have to
be differentiated — an undesirable operation. This differentiation can

be avoided, however, by introducing Xoo defined by

4 (5.19)

N>

X =2y - Kz
Thus the new state variables associated with estimator (n - m of them)

are not z,, but Xq In terms of Xoo the estimator equation (5.18) be-
comes

"B+ K2 (5.20)

kg = A

where

>

K B K+ AK (5.21)
is the final 'estimator gain matrix' needed. The implementation of this
state estimator is shown in Fig. 5.1. The output of the estimator is,
as planned, x, where, from (5.10) and (5.19),

x=Cx +Dz (5.22)
and the definitions
A
c &
‘eA—A ., (5.23)
Do = N+ NKy

have been introduced. Now that g_is available, 'simple' state feedback
(Section 2) can be emulated:

u(t) = r(t) - kx(t) (5.24)

To conclude this discussion of the basic strategy of a reduced-
order estimator, we derive a differential equation which governs how the
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estimator error evolves with time. The aim is to find an equation which
does for the reduced-order estimator what (4.7) does for the full-order
estimator. For the full-order estimator, we defined the error to be

g_é X - g, However, in the present case (the reduced-order estimator)

we have seen that it is really z, that is being estimated; see, for
example, (5.9) and (5.10). Therefore we define the relevant error to be

e (t) &z, (t) - z,(t) (5.25)

(M AN, Je, + K T(MAN,)Z, + (MAN)Z + (MB)u - ZJ

But the quantity in square brackets is, from (5.10),

[+] = MAX + MBu - %
MAXx - MAe + MBu - z

M(Ax + Bu) - % - MAe

(MX - z) - MAe = -MAe ;
Furthermore,

= (M2 + N,z,) - (N2 + N,z))

=Ne_ (5.26)
So, combining the above calculations,

e, = Aegz (5.27)

This equation corresponds to (4.7) for full-order estimators. In fact,
another form of (5.27) can be written using (5.26):
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e = N,lrhe (5.28)

However, it makes more sense to integrate the n-m equations (5.27)
and then apply (5.26), than to integrate the n equations (5.28).

The state equation for the plant can be written

X = Ax + Bu
= Ax + B(r - Kx)
= Ax + Br - BK(x - e)
= (A - BK)x + Br + BKN e, (5.29)

so that the overall system equations are

<
=

'
=)
=~
w
=
=
=
[co

= o o ol r (5.30)

1O
=
®

[

This system is equivalent to 2n - m scalar differential equations.

5.2 Effect of Parameter Errors

As in Section 4, the parameter errors in A, B and M are now in-
troduced,

|>=
Il
-+
&
=

I

(5.31)

joo
I
|1=> oo |3
-+
&

=
i
-+
>

=

and the consequences for the closed-Toop control system derived. The
first result to be presented is the error in N and N, due to the error
in M. (The definition (5.6) should be recalled.) In general, if a
matrix ﬁ_has an inverse, E; and @_is changed sTightly to §_+ AQ, then
the inverse is changed slightly to E_+ AR, where

AR = -R(aQ)R (5.32)
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[The proof is straightforward: set

(Q + aQ)(R + 4R) = 1

which shows that, to first order,

QR + Q(aR) + (AQR = 1

AN

and (5.32) follows from imposing QR = 1.] Now, in the case at hand, we
make the correspondence

M
Q- ; R=[N N, (5.33)

L

and we note that AMA = O because MA occurs only in the control algorithm.

It is set by the control designer and does not have a physical dual.
With this in mind, the general formula (5.32) produces

AN = -

(AM)
(aM)

(5.34)

=> |=»>
lLZ) |=>

o,
for the error in N and N, caused by the parameter errors AM.

Now, to proceed to the next step — finding the extra terms in the
system equations caused by parameter errors. It is perhaps best to
summarize the system equations in their elemental form (equation numbers
on the left margin are for reference): ‘

(5.1) X = AXx + Bu (5.35a)
(5.2) z = Mx (5.35b)
(5.20) Xy = Aege + Bou + Eeg_ (5.35¢)
(5.22) X = Qeze + D,z (5.35d)
(5.24) u=r - Kx (5.35¢)

where (see Fig. 5.2)

32




OTHER SENSOR
DISTURBANCES DISTURBANCES
'PLANT' SENSORS
Y I A —— |
REFERENCE | | { Lo
INPUT U Lo B + . f LoX o M ] MEASUREMENTS,
r | = T T L2 F 2
- - I 1 | 1
[ 1 1 I
i ! | :
I A | | i
| 1 | |
L e e e e e J | J
REGULATED
K f—am——m—m——————————fly) G | OUTRUTS,
A [ y
l A Xe A * A ‘ h
| o + ~ _ f — ‘ } 4
i Be 07 Ce O De —$ |
x l
| Ae |
I . |
| —€ l
b e
STATE ESTIMATOR
K = ESTIMATED - STATE Ke = ESTIMATOR FEEDBACK
FEEDBACK MATRIX MATRIX

Fig. 5.2: Feedback of State Estimated by a Reduced-Order
Estimator — Actual and Assumed System Parameters

33




(5.17) A, & TAN, (5.36a)

(5.17) B 8B (5.36b)
A

(5.23) ¢, 2§, (5.36¢)
AV

(5.23) D, & N+ R,k (5.36d)

(5.17) ki & AN (5.36e)
~ é l\‘ . - AANAAN

(5.21) K, 8 KL+ AK, = TAD (5.36f)
A ; ¢

(5.17) L SH, - KM (5.369)

Our aim is to derive two differential equations, one for the 'plant
state’ x(t), and the other for the ‘'estimator error' e (t) These
differential equations should also have their right s1des expressed in

x and g, to form a system analogous to (4.13) for the full-order estimator.

We begin with the plant equation:

X = Ax + Bu
" = Ax + Br - BKx
= Ax - BK(x - e) + Br
= (A - BK)x + + Br

It remains to express e in terms of e,. Before parameter errors were
introduced, we had (5.26): e = N,e . Now, with parameter errors, we
must proceed carefully. It is true that

~

z = Mx = (M+ aM)x
A (5.37)
_Z.A=._.A.)_<.
(M7A = MA) Then
x= (N+aN)z + (N, + o)z, (5.38)

where AN and AN were derived above to be as given in (5.34). On the
other hand, x ex1sts only 1in the controller, so
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x =Nz + Nz (5.39)
Then
e=x-x
= (aN)z + Nye, + (aN,)z,

>

= Noe, + (AN)Mx + (AN, )M, x
to first order in parameter errors. Using (5.34) and the orthonormality
condition (5.8) gives

A

e=N

Ne - N(aM)x (5.40)

Finally, then, the plant equation is

= [A - BK - BKN(AM)]x + BKN e + Br (5.41)

[><e

This is the first of the two system equations sought.

The second system equation desired is for e,- Starting with

and using ﬂﬂ& for éﬂ and (5.16) for éﬂ, it can be shown after some effort
that
g, = [L(aA) + (ar)A - (4B )K - Ki(aM)]x
+ [Ag + (8B, )KN Je, + (aB,)r (5.42)
where

(5.43)

as is consistent with (5.17).
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The overall closed-loop system is, therefore,

X A - BK - BKN(aM) BKN, X :
[ _L(AA) + (ar)A - (aB)K - Ki(aM) Ag t (BBLKN, | &, |
B
+ r (5.44)
5
when parameter errors are included.
6. ACCELERATION FEEDBACK IN THE CONTROL OF FLEXIBLE SPACECRAFT

Four control strategies have been described in the preceding four
sections. These have ranged from 'simple' measurement feedback to rela-
tively sophisticated state estimators. Considerable attention was given
to the untoward effects of errors in the assumed values of the system
parameters; this attention was motivated by the realization that the in-
terpretation of accelerometer feedback relies heavily on the structural
math model being used. In this section, the parameter errors discussed
thus far in the context of a general, linear, state-square formulation
are expressed in terms of the errors in a spacecraft structural dynamics
model. A second theme of this section is the entry into the system equa-
tions of the unknown forces and torques on the structure. With accelero- |
meter feedback, these forces and torques not only disturb the structure,
they disturb the control system itself that is attempting to control the
sturcture.

6.1 Structural Model as State-Space Model

We begin by assuming that a structural model of the spacecraft of

the following form is available:

Mg + g + K = £(t) (6.1)

After a standard vibration mode analysis, in which natural frequencies
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W, and mode shapes e, are calculated, the structural model can be re-cast
in modal form

2

n+ O+ ofn = y(t) (6.2)

where n contains the moddl coordinates and

A .
2 = diaglug,uy, ...} (6.3)
ﬁé _E_TRE (6.4)
v2EY (6.5)
[ e & ...] (6.6)

The physical coordinates g(t) in the original model (6.1) are available
from n:

a=FE (6.7)

It is also true that ETM§_= 1 and ETKE = .

Equations (6.2 - 6.7) are quite standard, but inadequate in detail
for our purposes because of the following two facts: -

) For flexible vehicles, there are several 'rigid' modes. These
have a natural frequency of zero, and piecewise-linear mode
shapes. Moreover, there is no doubt (error) in these natual
frequencies or mode shapes.

° Usually the number of physical coordinates (the dimension of q)
greatly exceeds the number of degrees of freedom wanted in the
structural model. This leads to 'modal truncation' or, more
generally, to 'mode selection.' After this process the dimension
of n is much less than the dimension of g.

To take these considerations into account, the modal matrix E is
partitioned into three parts thus:

E=1[E. E, EI (6.8)

The subscripts ( )r’ ( )e, and ( )t mean 'rigid,' 'elastic' (retained),
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and elastic ('truncated'). The associated modal coordinates are Do Do
Nis respectively, so that (6.7) becomes

q-= Er-ﬂr + _e_E Ny [+ E_tllt] (6.9)

The term in square brackets is, by definition, dropped.

The ‘natural frequencies' associated with the 'rigid' modes are

Zero.
T _
ETKE. = 0
T -
EKE, =0

The remaining natural frequencies are collected in Q4

T 2

EKE =2¢

ee e (6.10)
Q = d1ag{w1,w2, eel}

Note that the frequencies have been re-ordered so that wy is the first
nonzero (i.e., elastic) natural frequency.

The relevant damping matrices are

EDE =0
.—r\———r‘ —
T .
EIDE =0 (6.11)
A T
o 4 ETpE

Then the modal dynamic equations are, from (6.2),

n, = v.(t) (6.12)
he * Do, + @ong = vg(t) - Dy (6.13)
. _ T .
with Qet =E DEt' The term corresponding to truncated modes has been

shifted to the right side of (6.13) to show that it now plays the role
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of an (unknown) disturbance.

The inputs to the modal equations, Y and Ya» consist of three
types of inputs:

° known disturbances,
° control inputs (to compensate for the known disturbances),
° unknown disturbances.

To reflect this, let

(6.14)

For many spacecraft applications, the disturbances Y4r and Yge VAry SO
sTowly that they can be regarded as quasi-steady (e.g., they might be
taken as constant for control system design). The control input vari-
ables are in u(t). Some contributions to Y4y and Yqe MaY be known and
calculable, others not. Also, for simplicity, we shall Tump the term
-vetﬁt in (6.13) in with v, (t) and call it y}, to remind us that there
is a dynamic 'spillover' term in lée‘ This brings us to the final form
for structural model:

oy = Bl + xgy
(6.14)
.. - 2 _
e * Delg * Zong = BoU * o

This can be placed in first-order (state-space) form, and thus adapted to
the results of the previous four sections, by defining the state vector
to be

n} (6.15)

X = Ax + Bu + v (6.16)

with
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[0 o o o]
sle o o 1
A= (6.17)
o o o ) '
2
o L o %
o - -
(@) 0 .
B4 va| ~ (6.18)
B, Ydr
EX | Yhe |

To complete the state-space model, and to place us in a position
to use the results of Sections 2-5, we need a formulation for the
measurements, z. In this report, we consider acceleration measurements
exclusively, although there will in general be other types of sensors
as well. The outputs from such additional sensors can simply be con-
catenated with the accelerometer outputs considered below. With accel-
erations measured, we have

z(t) = Sq + n(t) (6.19)

where n(t) is measurement error, and S is a selection matrix. If the
coordinates whose accelerations are measured are all contained in the
physical model (6.11), then S consists of 1's and 0's. If the output
axis of an accelerometer is skewed to the physical coordinates in the
model, then the corresponding row of the selection matrix S consists of
direction cosines (some of which may, however, be 1 or 0).

Now to find the measurement matrix M used throughout this report,
we must use the structural dynamics model in (6.19). Employing (6.9)
and (6.14), one arrived at

z(t) = Mx(t) + E/(t) + g?(t) + n(t) (6.20)

where
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2

M=[0 -SEg o -SED.] (6.21)
z/t) = S(EB, + EB U + S(Epvypy * Egvge)) (6.22)
25(t) = S(Eprgre * Eo¥ger) * §Et£t (6.23)

However, (6.20) does not include the possibility of feedforward

(recall the simple example in Section 1.2). The known measurement dis-
turbance.g/ can be eliminated by feeding it forward to cause cancellation.
The feedforward would enter at the point labeled "sensor disturbances" in
Figs. 2.1, 2.2, 3.1, 4.1, 4.2, 5.1 and 5.2. With feedforward applied,

the measurement equation becomes

(with z=Mx+2z, +n (6.24)
feedforward) )

This completes the state-space model of the flexible space structure.

Note in particular that external disturbances to the structure
also directly disturb the measurement as well. One of the favorite
assumptions conventionally made — that plant disturbances and measure-
ment disturbances are unrelated — is clearly invalid when accelerometers
are used as sensors.

6.2 Model Errors

Having found what the system matrices A, B, and M are for a flexible
space vehicle, it is not difficult to find expressions for the errors
caused in A, B and M due to structural modeling errors. From (6.17),

o o o 0
) 0 0 )
MA = (6.25)
o o ° o
0 -2rhe 0 0D |

and, from (6.18),
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=] 2 (6.26)

Finally, from (6.21),

0  -S(aE_D_+ E D )] (6.27)

= o2
M= [0 -S(AEES + 2 ,

AE 9, + 2E0.00,)

This raises naturally the question of how to estimate modal
errors such as Age, AQe, etc. There are no hard and fast rules for
doing this and one must be satisfied with error estimates that are "not
unreasonable."

7. CONCLUDING REMARKS

A number of conclusions emerge from the preceding formulations:

) By using a mathematical model of the structural dynamics, accelero-
meter measurements can be interpreted as a measurement of (a
Tinear combination of) displacement and displacement rate.

° This interpretation is prone to error if there are errors in the
structural model. In other words, there can be "measurement dis-
turbances" owing to errors in mode shapes, modal frequencies,
damping féctors, etc.

) Any forces or torques that disturb the flexible vehicle also
directly disturb the interpretation of accelerometer measurements.
This disturbance is over and above simple measurement error and
the parameter error mentioned above.

. Any known force or torque, of which control forces and torques are
an important example, can be fed forward in the control system de-
sign to cancel part of the disturbance error mentioned above.

) For control systems that include either a full-order state esti-
mator or a reduced-order state estimator,. the estimation error does
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not approach zero asymptotically when parameter errors are taken
into account. The estimator's error will be continually excited
by a non-zero state and by external disturbances (e.g., un-
modeled torques).

Accelerometers can form part of a successful control system design,
but only if the factors mentioned above are handled properly.
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