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SUMMARY

Two models for the aerodynamic disturbances experienced by a
flexible body moving in a fluid (initially at rest) are presented.
The first applies to flows with moderate to high Reynolds numbers
and considers the inertial résfstance of the fluid. The second
deals with viscous effects and Tow Reynolds number flows. It is
demonstrated that the 'inertias' and ‘momenta' associated with
these models obey parallel-axis theorems analogous to the corre-
sponding structural inertias and momenta for the flexible body.
The suitability of both models for use in prediction of the aero-
dynamic disturbances caused by the laboratory air surrounding.
DAISY also is assessed.
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1. INTRODUCTION

It is well known that environmental disturbances play a key role
in the dynamics of spacecraft and that often, in order to achieve some speci-
fied level of performance, control strategies must be devised to counteract
their effects. To accomplish this end, some reasonable estimate for the
various environmental disturbances must be made, based either on analytical
models or on flight experience. While for many types of spacecraft this
task has been essentially completed, with only the details varying from one
design to another, similar progress has yet to be made for structures tested
in terrestrial laboratories. In particular, the impact of aerodynamic dis-
turbances on the dynamics of a slowly vibrating body (fundamental frequency
< 0.5 Hz.), where the relative ve1oc{ty between the body and the air is
caused solely by the vibratory motion, has not previously been modeled.

While unsteady-flow models do exist for rigid bodies, similar
models for flexible bodies are absent in the literature. Unfortunately, it
is precisely such models that are required to model the effects of aerodynamic
disturbances on DAISY, a highly flexible structure emulating third generation
spacecraft (see [Sincarsin (1), 1983]). More than one model is necessary be-
- cause, for different flow regimes, the importance of inertﬁai and viscous

fluid effects will vary.

As with all other fluid dynamics problems, for an immersed flexible
body moving unsteadily through a fluid (here, air), the relative importance of
viscous drag versus the inertial resistance of the fluid displaced can be as-
sessed by considering the characteristic Reynolds numbers, R, for the motion

(translational, R,, and rotational, R.),

t r
. pUul
A -t
R, # — (1.1)
2
pwh
A r
R, ® — (1.2)

where p is the fluid density, u is the fluid Viscosity, u is the translational




velocity (relative to the fluid), w is the angular velocity (again, relative
to the fluid) and ﬂt and zr are characteristic lengths associated with the
transiational and rotational motions. [It is noteworthy that 1ift can also
be generated via viscous effects or by circulation in a potential flow (where
inertial effects dominate). These forces are included in what fo]]dws.]

Typical Reynolds numbers R for the anticipated rib motions of
DAISY are given in Appendix A. They reveal that for certain motions (twist
about the rib centerline) viscous effects will dominate, while for other
motions -(out-of-plane and in-plane displacements) inertial effects may become
significant. This does not, however, imply that for twisting motions inertial
effects must be ignorgd, nor that viscous effects are negligible for out-of-
plane and in-plane motions. The appropriate aerodynamic disturbance models
must be chosen within the context of the original structural model. That is,
the situation could be as shown in Fig. 1.1, where the inertial fluid forces
dominate those caused by viscosity —relative to the corresponding structural
forces though, the viscous fluid forces are more important. How well Fig. 1.1
represents reality for DAISY is still to be established. This is part of the
ongoing detailed-design procedure documented in [Sincarsin (2), 1983].

To permit a valid assessment of the jmportance of both inertial and
viscous fluid forces, two aerodynamic disturbance models are developed in what
follows. The first treats the problem of the inertial resistance generated -

by a fluid against the unsteady motion of a flexible body immersed in an incom-

pressible frictionless fluid (a model valid for moderate to high R). The
second deals with the same motion but does not neglect viscosity and is valid
for Tow R.

1.1 Velocity of a Flexible Body Moving Through a Fluid

Consider a f]ekib]e body B immersed in fluid as shown in Fig. 1.2.
The body undergoes unsteady motion through a fluid that is initially at rest.
The resultant fluid velocity is denoted by X(K’t)’ where r 1ies in the negion
between SB’ the surface of B, and S_, some surface at infinity. The velocity
at each point within B is most easily obtained by first considering the dis-

placement at each point and then differentiating with respect to time. Letting
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Figure 1.1: Comparison of Inertial and Viscous Forces
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Figure 1.2: A Flexible Body Immersed in Fluid



w and 6 represent the absolute translational and rotational displacements
(first-order infinitesimals) of the reference point OB (i.e. relative to some
inertial frame) and A represent the small elastic displacement in body B, the
total displacement (to first order) is

dlr,t) = w(t) - ralt) + a(rt) (1.3)

where r remains within SB and d is expressed in FB (see Fig. 1.2). A more
useful form of (1.3) is obtained by assuming that A(r,t) can be expressed as
a superposition of 'shape functions' gﬁ(g), each associated with a single
'modal coordinate’ qi(t): ‘

v; (r)a;(t) . (1.4)

Then, defining a single rectangular matrix ¥(r) and a single column matrix g,

as follows,

>

¥(r) S [y vy -] | (1.5)

a(t) & [y a Lt (1.6)
(1.3) becomes

d(r,t) = u(t) - rio(t) + ¥(r)a(t) | (1.7).

Whence the velocity at any point in B is

w(t) - r*a(t) + ¥(r)a(t) (1.8)

=
~
a1
-
o+
—
i

expressed in FB. It is also assumed that the components of X(K’t) are ex-
pressed in FB in what follows. Furthermore, although B experiences small
deformations, it is assumed that its surface area and volume remain constant.
The appropriate unit normal vector on S (=SB +5.)s nlr) | r eS, is also
shown in Fig. 1.2.



2. INERTIAL RESISTANCE

2.1 Neumann's Problem

Here it is assumed that the fluid, in which the flexible body B
shown in Fig. 1.2 is immersed, is incompressible and frictionless (zero
viscosity). Furthermore, any fluid motion is induced solely by thé motion
of B. Now, from the continuity equation for an incompréssib]e fluid (i.e.
mass conservation)

i&=0 (2.1)

This means we can represent
Vo= -7 (2.2)
provided

v =0 _ | (2.3)

that is, provided the flow is irrotational. Furthermore, the fluid velocity
potential ¢ is one-valued (only one value of ¢ exists for each r in V (= v, -

VB),‘the volume enclosed by S). From (2.1) and (2.2),

v2¢ =0 (V= 58}1) ' (2.4)

which is Laplace's equation. Also, the following boundary conditions apply:

v=_0 res (2.5)

[«<]

JL

-v) =0 r e Sp . A (2.6)

Equation (2.6) implies that the flow is ideal. There is tangential 'slip'
on the boundary SB; however, the velocity components of the body and the |
fluid normal to Sy must be equal. Now, given (2.2), and (1.8) from the pre-
vious section, the boundary conditions (2.5) and (2.6) may be rewritten as

V=0 res (2.7)

[«]



n' (i - %8 + resyg  (2.8)

The problem of solving v2¢ = 0 within a region, given 3¢/3n on
the boundary, is known as Neumann's Problem. Some properties of this problem

are as follows:

1. It has a unique solution, hence a unique flow field exists.
2. The maximum or minimum of ¢ must occur on a boundary
(SB or S_).
3. Adding a constant to ¢ is irrelevant.
4, The mean value of ¢ over any spherical surface of radius e,
is equal to the value of ¢ at the center of the sphere, as
e + 0.
5 The magnitude of y (= v) cannot have a maximum at an interior

point of the flow field.

2.2 Form of the Fluid Velocity Potential

We note that Laplace's equation (2.4) is a Zinear differential
equation, and thus the solution ¢(r,t) can be written as a superposition of
other solutions. Accordingly, we choose

3 T(r)u(r)d(t) (2.9)

(r)é(t) + g

(r)w(t) + 8 £

1y

o(r,t) =

with §w’ g, and gq expressed in FB' Thus, for example, §w is the portion of

¢ associated with translational motion. Since, from (2.8),

S8 Ty - nTr¥s + nTvg (2.10)
and, from (2.9),
T T T T :
13 13 9(g %)
L s A - RO S * -
an n % n £ a (2.11)

we conclude that (on SB)



o
_—w _
an =-in (2.12)

=__rl H

:‘gﬁ

’ P
im

—

—

E, =0 s vzg_e 2eTe ) =0 (2.13)
It is noteworthy that Ly ge'and gq depend solely on the body shape and not

on its motion. Therefore, given the shape of an undeformed flexible body

and a knowledge of the possible deformed modes (via the shape functions), one
can solve for o & and gq once and for all. Then specific motions can be
determined by using the superposition cited in (2.9). Surface irregularities

are not ignored in the above derivation; they would be reflected in the solu-

tions for Ey Eg and gq."
2.3 Kinetic Energy of the Fluid

X Preparatory to finding the energy of the fluid, we recall Gauss'
divergence theorem

fn_Tg_ ds = -fy_Tg dv | (2.14)
S V
(The minus sign arises because of the direction of the normal.) We take, in
particular,

a = ¢Vo (2.15)
and recall the identity

v (48) = (ve) s + 9% O (2.16)
Thus, éiven (2.2) and (2.4),

| 7' (49¢) = v2 | S (2a7n)

Now, using (2.14) with a defined by (2.15)

I-cp? ds = -f vZav (2.18)
s °n v ~ _




But the kinetic energy of the fluid is given by

2

>

where o is the fluid density, so that we obtain

Tf=—1/2pfs¢§% ds (2.20)

Furthermore, for an infinite fluid bounded internally by the surface of an
immersed body (as is the case here), it can be shown [Milne and Thomson, 1955]
that the integral in (2.20) vanishes on S_ and therefore

= oLk Ei
Te= -%o0 fs b 5 dSg (2.21)
B

Given the assumed form for the velocity potential from (2.9), the kinetic
energy becomes

+%§Q@+%§&ﬁ+%qgm' | , (2.22)
where
T T
9 13
A W A _ W
Mp = -‘DJ Eon g 3 G p[ &y 3n 9B
S S
B B
T
& 0&
A il 4 _ =0
O = _‘DI Eyon % 3y P I s 3m 958
S S
B B
T \T T_\T
a(y'e ) a(y'g.)
. & oo & =29 ds.y By oo £, =3 dS (2.23)
=R S on B S an B
B B

T, l/zpfv v (2.19)
v



A T
@ = -pJS (28 )55 dSp
B
T
2
A T =9
Rp = -pfs (£'eg )57 dSp
: B
a(e'g,)

Now, certain properties of these matrices can be made clear if
“we again take the divergence theorem (2.14), but instead choose

as ¢1..v_¢2

where 99 and ¢ aré any two solutions to Laplace's equation:

v, =0 3 v2¢2=0

Then
T 2

so that
202 - T
qu’l o dS = - Jv(l¢1) 14)2 dv
However, interchanging ¢1 and ¢, gives

99y T
fsdsz—é—n-f ds = - fv(zcb?_) Yy dV

from which the reciprocity theorem follows:

10

via= (99)) ¥y = 699 ¢ = (1¢1)T1¢2

(2.23)
(cont'd)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)



One immediate conclusion from (2.29) is that MR’ iR and MRR are symmetric
matrices. Also, application of (2.29) on a component-by-component basis to
the matrix pairs (0psCR)s (psBp) and (Bp.Hp) reveals that

_ T
9p = Cq
Q =PT (2.30)
_.R _.R .
-
ER-‘ER

Finally, the matrices given in (2.33) can be written in a more
compact form by applying (2.12):

T .
Mo = OJS ng, dSp 3 Py = pJS nggg dsp
B B
= X T X .T
Q‘R‘—pjs ng dsy s Hp =sz ring ¥ dsg (2.31)
B B
- X T ] - T .T
To=o | fug asy s ety o,

B B

It is shown in Appendix B that, in fact, parallel-axis theorems exist for the
fluid inertia and momentum matrices (2.31) that are analogous to their counter-
parts for the flexible body. The particular forms for the integrals in (2.31)
were chosen to permit direct comparison - of Appendix B with [Hughes, 1980].

2.4 Inertial-Resistance Forces and Torques

To determine the inertial-resistance forces and torques on body B,
all that remains is to apply Lagrange's equation to the system energies:

d(aL/ay)/dt - al/ay = £, (2.32)

where

L=T-YV ’ (2.33)



T

Tg + Te¢ (2.34)

B

V=1V (2.35)

B

Here, the total kinetic energy T consists of the kinetic energy of the
flexible body, TB’ and the kinetic energy of the fluid, Tf. There is no
potential energy associated with the fluid; hence the total potential
energy V is simply VB’ the potential energy for body B. The generalized
forces associated with each degree of freedom contained in y are denoted
by fy. Typically fY consists of those external forces and torques acting
on B that are not implied by VB; however, should body B, in fact, be
conhected to other structural elements (see, for example [Sincarsin (2),
19831), then fY will contain interbody forces and torques as well. The
exact forms fqr TB and VB are not of interest here — it is only necessary
to acknowledge their existence. '

Upon substitution of (2.33) through (2.35) into (2.32) and
partitioning y according to

y = col{w,8,q} ‘ - (2.36)

it follows that

d(aTg/ow)/dt - aVp/ow = £+ f (2.37)
d(aTg/88)/dt - 8Vg/a8 = f, + gp (2.38)
d(8Tp/5q)/dt - 8Vg/eq = fq + 1R (2.39)

where the inertial-resistance force fr> torque.gR_and generalized 'elastic'
force ﬁR are

£y = ~d(3T¢/ow)/dt

gq = -d(sT/08)/dt (2.40)

£q -d(aT¢/09)/dt

Then, application of (2.40) to (2.22) of the previous section yields the
desired result:

12



& My op By | | W

g | =- %% Zr H 0 (2.41)
T T -

By | BROBR Mpp| | 9]

The similarity between (2.41) and the corresponding inertial terms associated
with the structural mass of body B (see [Sincarsin (2), 1983]) is immediately
obvious.

3. VISCOUS RESISTANCE

Generally, the viscous drag on a body is represented via the
relation

f

£y = ko VEC AV (3.1)

where p is the fluid density, Vv is the velocity of the fluid flow past the
body immersed in the fluid (it has magnitude v and direction §_= v/v), A is
the surface area of the body exposed to the flow (projected perpendicular
to Q) and Cp is the drag coefficient (a function of Reynolds number, R).
For our situation, v is not constant in either magnitude or direction over
the surface area SB. Furthermore, since different values of R will apply
over different portions of the body (for example, see Appendix A), Ch also
varies over Sg- A11 this suggests that an alternate form for (3.1) should
prove more useful:

Tp = IS dfy (3.2)
B
where
dfy = %p v2Cp(¥ )V dSp (3.3)

and, as before, n is the outward unit normal to the elemental area dSg.
That 1is,

dA = cosA dSB (3.4)



where

°T

COSA = n (3.5)

It is noteworthy, that for CD and v constant, :(3.1) is recovered from (3.2)
and (3.3).

Since fD does not have to be evaluated relative to the center
of pressure—for example, we choose to evaluate fD relative to O (recall
Fig., 1.2) —a viscous torque also will exist in general:

gy = js Lxde r e Sg (3.6)

Finally, using the concept of virtual work, the generalized 'elastic' drag
force acting on a flexible body B is

e S (3.7)

&
i

where ¥(r) is given by (1.5).

While (3.2), (3.6) and (3.7) are valid for all R, they are some-
what misleading when one attempts to assess the dependence of the drag 'forces'
on the velocity v. While for low Reynolds numbers CD is approximately in-
versely proportional to v (see Fig. 3.1) so that the drag 'forces' are-essenti-
ally linear in v, for high Reynolds numbers CD is almost constant (see Fig.
3.1) and thus the drag 'forces' are virtually quadratic in v. Furthermore, for.
our application it is assumed that v is a first-order infinitesimal, since the

fluid velocity is induced by motion of the flexible body, which possesses a
first-order infinitesimal velocity u. As a consequence, for high R,viscous

drag should be a second-order effect. Hence we should concentrate our efforts
towards developing a viscous drag model for Tow- R flows. Such a model is
presented in the following.

3.1 Creeping Motion Equations

For flow with Tow R ( R < 50) it is reasonable to neglect inertial
effects in the general Navier-Stokes fluid equations, in the same way that for

14
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in Fig. 1.2, the following boundary conditions apply

high R (R > 103) viscous effects are neglected to obtain potential flow
theory (i.e. the theory used in Section 2). If one then assumes the flow
to be incompressible, the creeping motion eqations result:

vy =

vp ‘ (3.8)

';:h—-

vv=0 (3.9)

The pressure on the fluid-body boundary SB is denoted by p, while the fluid
viscosity is represented by n. Furthermore, for the flexible body B shown

3

v=20 res (3.10)

— o'

vV=u re Sg (3.11)

where u, the ve]oE;fyM5¥»é; is given by (1.8):
u(rst) = w(t) - r*8(t) + ¥(r)g(t) (3.12)

Equation (3.11) implies that there is no 'slip' on SB. Unlike the boundary
condition for potential flow, both the tangential and the normal velocity
components of v and u must be equal on the surface of the body.

Equations (3.8) through (3.11) are also applicable to unsteady
motions [Happel and Brenner, 1973], provided both the trans]ationé] and rota-
tional R are small (see Section 1). It is also assumed that the hydrostatic
pressure is negligible and that p represents only the dynamic pressure. For
our problem, the hydrostatic pressure is essentially constant, since there is
no fluid flow without motion of the body. ' '

3.2 Form of the Fluid Velocity and Pressure

The creeping motion equations are linear differential equations,
and therefore it is possible to seek solutions of the form

v = yww_+ yeg_+ ngg_ | : (3.13)
b = u(pli + plé +gg‘_¥,<1 | (3.14)

16



- which are superpositions involving the two-dimensional velocity fields yz,-

z e {w,0,q} and the one-dimensional pressure fields P, associated with the
translational, rotational and elastic motions of B.

Substitution of (3.13) and (3.14) into (3.8) through (3.11)
yields three sets of independent equations, one associated with each type
of motion:

[v2(L,A,) - ©(piA,)1E = O

[ (V,A,)12 = 0 (3.15)
[(y_z ‘_B_Z)AZ]_E_ =0 re SB
[!zﬂz]é-= 9 | res,

where, for z = (w,8,q), we set, respectively, [Az,§2]==([;;;j, [1,-r"1, [¥,1])
and 1 is the identity matrix. However, since (3.15) must be true for all w,
6 and g, it follows that

vP(V,A,) = Z(pA,)

—Z—2Z
T -l
v (Y,A) =0
(3.16)
(y_z - ‘B"Z)AZ = _o_ r.. € SB
VA, =0 res,

Hence, since y2 and P, depend solely on the shape of B and not its motion,
(3.16) can be solved given the undeformed shape of B and the shape functions
associated with its deformed modes. Specific motions can then be represented
by applying superposition according to (3.13) and (3.14). Again, surface
irregularities will be reflected in the solutions for yi and p,-

3.3 Form of the Pressure Tensor

In an ideal fluid the force exerted on an elemental area dSB is a

17



normal thrust proportional to the pressure

dfgg = -pn dSg (3.17)

We can therefore regard the stress (force per unit area) as being obtained
from a stress tensor

I=-pl (3.18)

whereby

_ T
dfgy = I'n dsg (3.19)

For a viscous fluid, the stress tensor is no longer given by (3.18), nor is
it in general symmetric, but instead takes the form [Happel and Brenner, 1973]

I=-pl+ K(sz); +2uT . (3.30)

where « is the bulk (or volume) viscosity, u is the shear viscosity (here
called the fluid viscosity) and I, the rate-of-deformation tensor, is given by

T AR ST LY S R CA) (3.21)

Since, for creeping motion, vTv = 0, the relevant stress tensor for the pre-
sent analysis becomes '

I=-pl + umT + (sz)T] (3.22)

(The reader should be cautioned that, because of the order implied by the use

~ of the v operator, (gyT)T $ ggT.) In fact, substitution of (3.13) and (3.14)

into (3.22) yields an alternate form for the stress tensor that will ultimately
prove more useful, namely,

+ + 1) (3.23)

L= um, * I, + I

where

Th oy o o : T
1, = -1(pjA2) +w(E'AL) + [9(2'A))] | (3.24)
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and, as before, for z = (w,0,9), we use, respectively, A, = (1,1,¥). Finally,
we define the three-dimensional matrix Ez according to the relation '

=P z (3.25)
so that the (i,j,k) element of Ez is

) + =2—(A_, V_ .) (3.26)

9
P L4 5P Ty (A axj zkm' zmi

cao = =1, + .
zijk i3 zm zmk axi zkmvsz

with the repeated index m implying summation over m = (1,2,3), whereupon
(3.24) can be written as

L= u(Pw+Pd+Pg) (3.27)

The multiplication operation cited in (3.25) is most easily visualized in
indicial notation. Simply,

P (3.28)

45 7 Pzi3k%k

where the range for k is the dimension of Zy and the summation convention
mentioned previously applies. h

3.4 Hydrodynamic Inertia-Rate and Momentum-Rate Matrices

As stated at the beginning of the previous section, the force
exerted on an elemental area dSB is given by

_ T
dfgy = I'n dSg | (3.29)

where, in our case, I is given by (3.27). Hence the total force, torque and
generalized 'elastic' force acting on B as it moves in a viscous fluid are

} T o o X T
&-Jslnﬁgs Ag—f r’In dSg
(3.30)
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These relations can be verified by forming the virtual work expression

oW = fs sd (r.t)df (3.31)

—SB
B

where the virtual ¢1sp1acement sd(r,t) corresponds to the displacement given

by (1.3). Now, recognizing that the i-th element of n, = E;ﬂ is

N,i = Nl (3.32)‘
so that one can define the matrix N, according to
N 8 p . (3.33)
ziJ m zmij *
equations (3.30) can be expanded in terms of the stress tensor (3.27) to
obtain
&y u, 9 & w
y | | & &y &y 8 (3.34)
£, & B, Y, L
where
A A X
l‘lv““fﬂwdss ’ —Qv_'“f rh, d3g
S S
B B
A . A _ X
9 = Llf ﬂ6 dSB ? Iy UJ l”.ﬂe dSB
S S
B B
A 4 X
P, 2 - ufs N, dSg H, ufs N, dsy |
B B (3.35)
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Lo

(3.35)
(cont'd)

iE

Various properties of these matrices can be demonstrated by
invoking the reciprocal theorem for creeping motion [Happel and Brenner, 1973]:

T T
VN, v dS = f__N v, dS (3.36)
fszvll IV 2

One 1mmediafe consequence is that, by choosing the (!5Nv) pairs in the combin-

. 3 - _ X. _ X. .
ations (v v, 1,v2,N 2) = (ﬂl’ﬂw?wz’N ), then = (‘2.91=ﬂe= r_ge,ﬂe), and finally
= (__q_1 —q’—92’~q)’ the matrices @& Iy and M can be shown to be symmetric.
That N N -and ﬂq are independent of the f1u1d velocity-has--also been used;

they are funct1ons only of the shape of B. Furthermore, choosing

_ . Xe _
(¥sN, Vo, N, 2) = (W,N,»-r"8,N,), then = (_g; —w)’ and finally =

1 =9
(gé,N . r_g_ﬂﬂ), it can be shown that
o, =g,
g, =& | (3.37)
R, - g, |
Finally, M M, JV ey and , henceforth called the hydrodynamic inertia-rate

matrices, and g& and # z, henceforth called the hydrodynamic momentum-rate
matrices, obey parallel-axis theorems analogous to those for the inertias and
momenta of a flexible body (see Appendix C).

3.5 Viscous-Resistance Forces and Torques

Given (3.34) and (3.37), the general form for the viscous-resistance
forces and torques acting upon an immersed flexible body are
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The term viscous-resistance may be somewhat misleading in that (3.38) in-
cludes both Tift and drag 'forces'; however, drag is expected to be dominant
for DAISY. Also, while (3.38) is valid for a single flexible body, if a
number of bodies are interconnected, hydrodynamic interaction forces and
torques will result. These are not modeled in (3:38), nor are they modeled
in the inertial-resistance 'force' equations (2.41). Their region of im-
portance should, however, be localized near the interconnections. Provided
this region is smé]] compared to the body size, their effect on the global
hydrodynamic 'forces' [those cited in (2.41) and (3.38)] should be minimal.

4, . CONCLUDING REMARKS

An attempt has been made to model the important aerodynamic
disturbances affecting the dynamics of a flexible body as it vibrates in
air. For motions with small R, the viscous effects of the air will domin-
ate. As a consequence, a disturbance model based on the fluid creeping
motion equations (Stokes flow) is presented. On the other hand, if the re-
sultant air flow has a laxmge R, it is the inertial resistance of the air
that becomes important — hence the inclusion of a disturbance model for this
effect. It would appear, however, that based on Appendix A, the former dis-
turbance model is of greatest interest with regard to the anticipated rib
motions of DAISY.

A very useful trait of both disturbance models is that parallel-
axis theorems exist for their individual governing matrices. This enables
one to express the forces and torques in each model about any arbitrary
reference point, a necessity if these disturbing effects are to be included
in a consistent manner in the dynamics model for DAISY.

22

(3.38)



.

REFERENCES

-Happel, J.

Brenner, H.
Hughes, P. C.

Massey, B. S.
Milne, L. M.

Thomson, C, B. E.
Sincarsin, G. B.

Sincarsin, G. B.

Low Reynolds Numbey Hydrodynamics, Noordhoff
International Publishing, Netherlands, 1973.

"Modal Identities for Elastic Bodies, with
Application to Vehicle Dynamics and Control,"
Jaurnal of Applied Mechanics, Vol. 47, No. 1,
March, 1980.

Mechanics of Fluids (2nd. ed.), Van Nostrand
Reinhold, London, 1970.

Theoretical Hydrodynamics (3rd. ed.) MacMillan,
London, 1955.

"Facility to Study the Control of Flexible Space
Structures — Conceptual Design," [DOC-CR-SP-83-
0221, Dynacon Report DAISY-1, January 1983.

"Facility to Study the Control of Flexible Space
Structures — Detailed Design (Preliminary),"
[DOC-CR-SP-83-026], Dynacon Report DAISY-5,
March, 1983. '

23



Appendix A

Typical Reynolds Numbers for DAISY

In Section 1, two Reynolds numbers were identified, one associated
with translational motion
puﬁt

Rt = : (A.1)

and a second associated with rotational motion

. pwﬁi
Rt = . (A.2)

Recall that p is the f]uiq density, p the fluid viscosity, u the transiational
velocity (relative to the fluid), w the angular velocity (again, relative to
the fluid) and Et and Er are characteristic lengths associated with the trans-
lational and rotational motions.

The primary sources of flexibility for DAISY (see [Sincarsin (1),
19831) are the springs at the rib roots where the rib is attached to the struc-
ture's central hub. These springs permit the ribs to undergo in-plane, out-
of-plane and twisting motions as shown in Fig. A.1. Since the struts which
interconnect the ribs are 'follower' structural elements, it is the R associ-
ated with these rib vibrations that are of greatest interest here. Furthermore,
while the struts are.geometrica11y similar to the ribs, they are dimensionally
smaller. Thus the R values cited herein should be upper bounds for the entire

structure.

, A typical DAISY rib (a cylindrical tube) is 1.35 m in Tength, with
an outside diameter of 0.05 m and a wall thickness of 1.6 X 10'3m. It is anti-
cipated that the amplitude of the in-plane and othOf-p1ane rib vibrations will
be approximately 0.1 m at the rib tip. The angular amplitude of the twist
vibration will be about 0.07 rad (40). This Tlast estimate is consistent with
the angular rotation (o) required at the rib root to produce a 0.1m deflection
at the rib tip [i.e. « = 2 arctan (0.05/1.35) = 4.2°]. Now, the velocities for

typical translational (in-plane and out-of-plane) and rotational (twist) rib
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vibrations can be approximated by using the relations

"

DOQtCOSQtt _ (A.3)

GOQFCOSQPt (A.4)

u(t)

w(t)

where Do‘is the Tinear amplitude, % is the angular amplitude and (Rt’ﬂr)
are the fundamental natural frequencies of the translational and rotational
vibrations. The design range for these frequencies is between 0.06 and 3.14
rad/s (see [Sincarsin (1), 1983]). A plot of R (evaluated at the rib tip)
and R versus @ is provided in Fig. A.2, where (A 1) and (A.2) have been
used w1th

fu(t)|
lw(t)]

<
"

DOQ (A.5)
0,8 (A.6)

=4
il

The pertinent values for K K » p and u are O.OSIﬁW'O OS}ﬁ,"i‘1§7 kg/m and

. 18.22 x 10 -6 kg/ms, where p and u are for dry air at room temperature, 21. 5% ¢

(71°F). It should be noted that at the rib root, 'Rt = 0.

Rt ranges in value from 20 to 1032, while R has the range 0.72 to
36.1. Hence the most important flow regime ant1c1pated for DAISY, from the

viewpoint of rib vibrations, has a Tow R. Viscous effects will dominate for

twisting motions. They will also dominate for in-plane and out-of-plane motions

if the first natural frequency is near the lower end of the design range. If,
however, the first natural frequency occurs near the upper end of the design
range then inertia effects may become significant for these two motions. For
example, according to Fig. 3.1 of Section 3, 'Rt = 1032 is near the boundary of
the R range in which the drag coefficient CD is approximately constant, that

is, the region in which inertial effects dominate.

One shortcoming of Fig. A.2 is that it shows the potential range of R

- for only the lowest natural frequency. One might inquire as to the consequences

of considering a higher value of 2. In an attempt to answer this question
qualitatively, consider (A.1) and (A.2) written explicitly in terms of (A.5)
and (A.6), where now @ is not necessarily the fundamental frequency:
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Provided the products Dogt and 9,2, remain constant as Q@ increases, Fig. A.2
will remain valid. While it is common for the amplitude of vibration for a
given body to tend to decrease at the higher natural frequencies, it is not
guaranteed that this decrease will exactly equal the increase in frequency.
Hence Fig. A.2 may, in fact, underestimate R for the higher frequencies. It
is not expected, however, that this underestimation would be substantial.

_ One way to confirm that the correct flow regime is being considered
is to determine (Qt,DO) and (Qr,@o) for the frequency  range of ‘interest (e.g.
the Towest few frequencies of DAISY) and then plot the resulting R on a fre-
quency- vs -amplitude plot, such as that shown in Fig. A.3. The curves shown
in the figure are curves of constant R; they are used to demarcate the various
flow regimes. Typical values of R, indicated by crosses, are also shown in
the figure. These points could be either analytical predictions or experimental
values. As the detailed design progresses, it is hoped that such a plot can be
used to confirm that the proper flow regimes have been assumed in formulating
aerodynamics disturbance models for DAISY.
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Figure A.3: Flow Regimes as a Function of Frequency and‘Amp1itude
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Appendix B

Parallel-Axis Theorems for the Hydrodynamic Inertia
and Momentum Matrices

A derivation based on [Hughes, 1980] will be used to prove
parallel-axis theorems for the hydrodynamic inertia matrices (MR’Qh’iR?—RR)
and momentum matrices (ER,gR). These matrices are defined in equation (2.31)
of Section 2. '

To begin, consider the flexible body shown in Fig. B.1l. The two
distinct points Og and Op are chosen arbitrarily; the only stipu]ation is
that oC be Tocated relative‘to oB by a constant vector Xeee The other two
vectors, rp and ¢, respectively locate an arbitrary point D on the body sur-
face SB relative to Og and Oc: Also shown in the figure are the two reference
frames Fp and F., which have origins at oy and 0. -

From (1.7) of Section 1.1, we know that the absolute displacement
of the point D, in terms of the absolute translational and rotational dis-

placements associated with the frame FB’ is

N X
QB(g,t)IL=£B = wg(t) - rgeg(t) + ¥p(rgla(t) - (8.1)
where QB is expressed in FB. Similarly, this same displacement, in terms of
the absolute displacements associated with FC’ takes the form

do(zst)] = wo(t) - reeq(t) + olry + Cogrpclalt) (B.2)

T=re

where QC is expressed in FC and QCB is the rotation matrix relating FB to FC'
Also, since ae is a constant vector, it follows that

_ : X
We = Ceplug - rpcdp) (8.3)
8¢ = Lepls (8.4)

where, as in (B.2) Tae 1s»expressed in Fp. Now, forming
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Figure B.1:

Geometry of Parallel-Axis Theorems for Hydrodynamic

Inertia and Momentum Matrices



d

=C

=Cepdy | (B.5)

and applying (B.3) and (B.4), it can be shown that

¥c(Ceprp)

Coptalr) (8.6)
where the relation

C

Ty = rgc + Cpele (8.7)

(see Fig. B.1) has been used. Here, as in (B.1) and (B.2), Xg is expressed
in FB and Xe is expressed in FC. The identity

(Cpqr)™ = CpqrCop (8.8)
with
-l
EQP = QPQ (B.9)

is also required to obtain (B.6). Prior to proceeding, it is useful to note
that in what follows the rotation matrix QBC can be taken to be constant

.since it always multiplies a first-order quantity. Hence any first-order -

change in QBC ultimately yields second-order terms, to be neglected in the
present analysis.

Let us now consider the velocity potential ¢ at D expressed in
terms of the absolute velocities of FB and FC

¢ = Eug¥p * Eep% * Eqp¥pd (B.10)
- R T . .
be = Eycle T Eecic * Eqctcd (B.11)

In the above, £,p» forze{w,6,q}, is expressed in Fgs while §2C~is expressed
in FC. However, ¢ is a scalar and thus independent of reference frame.
Therefore, equating (B.10) and (B.11) and applying (B.3), (B.4) and (B.6),
one finds that
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T T ‘

B = Swcten (B.12)
T _ T T X

o8 = Soctc ™ EwchentBe (B.13)
T T

Eq8 = Eqctes (B.14)

These results are essential to the development of the parallel-axis theorems
applying to the hydrodynamic inertia and momentum matrices. For example,

that Mo is independent of the chosen origin can be demonstrated quite readily
by application of (B.12). One simply notes, from (2.31) that Mp, in terms of

quantities related to Og and expressed in FB’ is

Mop = "fs Np&,p 958 (B.15)
B
while in terms of quantities related to Oc» MR (expressed in FC) becomes
i n.g. . dS (B.16)
=RC " P ) ~C=wC "B .
B
where
e = Cephy | (B.17)

is the outward normal to SB at the point D expressed in FC (i.e. ng is the
outward normal to SB at the point D expressed in FB). By direct substitution
of (B.12) into (B.15), and noting (B.17), it follows that

Mog = Cpclrclcs (B.18)
which confirms the stated independence. The paraliel-axis theorem governing
the hydrodynamic first-moment-of-inertia matrix can be demonstrated using an
analogous procedure. One begins by writing Cp (recall (2.31)) in terms of
quantities related to Og and Ocs

C (B.19)

_ X T
Crg = ° f ¢ TBM85B 458
B
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(B.20)

with QRB expressed in FB and Cre expressed in FC. Then application of (B.12).

and (B.7) to (B.19), given (B.8), (B.9), (B.15) and (B.17),

- X
Sre = Sgclrelen * raclacrelac

Also, it can be shown that for the hydrodynamic second-moment-of-inertia

matrix iR’

where, from (2.31),

B
_ x T
. Jpc = o Zclcac dSp
B

(B.21)

(B.22)

" (B.23)

(B.24)

To demonstrate (B.22), first (B.13) is substituted into (B. 23) and then (B.8),

(B.9), (B.15), (B.17) and (B.20) are applied. Finally, (B.

, (B.14) and

(B.17) can be used to show that the elastic-mass matrix M Mon obeys the relation

More = MrRre
where

Moo = o| Inogl ¥, dS

“RRB " P ¢ —B-8=qB-8 "B
B

_ T T

Mpre =P f o YehcEqctc g

B

34

(B.25)

(B.26)

(B.27)



and, as before, quantities with the subscript B(C) are expressed 1"'FB(C)'

For the hydrodynamic momentum matrices

_ T
Pp = pfs n_gqusB (B.28)
B, =0 | rXnelyds (B.29)
R P jg ==q B '
B

the same procedure is followed. First, Pp and Hp are expressed relative
to Oy and O, and then the appropriate equations from (B.12) through (B.14)
are applied to obtain

Pps = SacEre (B.30)
_ X
Hpg = Sgcpe * YaelpeEre (B.31)

Equation (B.17) is also required for both proofs, while (B.7) is necessary
only for Hp. It is notable that both (B.30) and (B.31) and the relations
governing the hydrodynamic inertia matrices are analogous to those for the
corresponding structural momentum and inertia matrices for a general body
(see [Hughes, 1980]1). 1In particular, (B.21), (B.22) and (B.31) are the
parallel-axis theorems for the hydrodynamic inertia and momentum matrices

QR’ gﬁ and gR.
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Appendix C

Parallel-Axis Theorems for the Hydrodynamic Inertia-Rate

and Momentum-Rate Matrices

The geometry governing the equations developed in this appendix

is the same as in Appendix B.
become acquainted with Fig. B.1l and the notation of Appendix B.

the following relations should be noted:

& & dF

CID'S

ng

= Ceglug - rcop)
= Leplp

= Lepp

= Tge * Cgele

= Cgehe

In this respect, the reader is advised to

Furthermore,

(C.1)

(C.2)

(C.3)

(C.4)

(C.5)

Now, from Section 3.4, it can be inferred that the normal component of the

stress tensor gﬂ,

can be written as

where

n
-

n, = u(ly + No + Nea)

Mozi © nmHzmi = Nzijzj
g T T T, T
L=4(p A2+ v(zAV)

+ [ (2T

T T)

v
—Z—Z

{

]

(C.6)

with Az = (1,1,¥), respectively, for z = (w,6,q). Hence, the normal com-
ponent of the stress tensor at the point D (shown in Fig. B.1), in terms
of quantities related to Og> is
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Dpp = n(NpgWg *+ Nopbp + Nopd) | (C.10)

where ng is expressed in FB. Similarly, for quantities related to Oc>

Drg = wlyc¥e * Noghe + Nocd) (C.11)
where n e is expressed in FC. However, since (C.10) and (C.11) represent
the same vector, it follows that

N = Sepleg ' (C.12)
where C.p is the rotation matrix relating Fp to Fp (see Appendix B). Thus,
substituting (C.10) and (C.11) into (C.12), and applying (C.1) through (C.3),
it can be shown that

Nog = SgcMuclen (C.13)
Nog = Cacloclen - Qaicﬂwagcsﬁfa(c | (C.14)
Nog = Saelyc (C.15)
where
S = O - (ea8)

Relations (C.13) through (C.15) can be confirmed directly using
(C.8) and (C.9), as follows. To begin, we express the absolute velocity of
the point D in terms of quantities related to Og and O, using (3.13) of
Section (3.2):
!quBg_ (C.17)

¥ * Yop%

(C.18)

vg = Y,
Yo = VyucWe * Yacdc * Yycked

Here the matrices in (C.17) are expressed in Fg» while those in (C.18) are

expressed in FC' The realization that these two equations represent the same -
vector y, combined with (C.1) through (C.3), yields the relations
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Yog = CacVucles (C.19)
- X
Yop = Lac¥acten - LaclucConrac (C.20)

v C c (C.21)

Yag = Lac¥gcten

Similarly, we can show using (3.14) that the pressure fields D, Z e {W,0,9},
associated with the pressure at point D satisfy the equations

T T

Pug = Buclcs (C.22)
T _ 4T T X

Pop = oclen - Ructeplae (C.23)
T T '

Bgp = Rqctes (C.24)

Now since, for creeping motion, I is symmetric, it follows from (c.8) and
(C.9), that

I P Ty T TpTy T
N, = R Az + 9(ZA N )n + [v(z'AV,)

Th1 (C.25)

If (C.25) is then expressed in quantities related to Oy and Oy and the re-
sulting equations equated using (C.6) (after applying the appropriate rota-
tion matrix) (C.13) through (C.15) can be reproduced, given (C.8). This
procedure requires the use of (C.1) through (C.5) as well as (C.19) through
(C.21) and (C.22) through (C.24). It is also necessary to employ the gradient
jdentity ‘

Y5 = Cac¥c (C.26) -
which follows from the relation
I = Cpeliclep (€.27)

where I3 ¢ is the stress tensor at D written in terms of quantities related
b .
to 0o ¢ and expressed in FB c

Now that the validity of equations (C.13), (C.14) and (C.15) has
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been confirmed, they can be used to establish the desired parallel-axis

theorems. In this regard, the definitions for the hydrodynamic inertia-

rate matrices (MV’QN’£¥ and

V) and the hydrodynamic momentum-rate matrices

(gv and gv) should be recalled from (3.35) of Section 3.4. As in Appendix
B, it is straightforward to demonstrate that M, is independent of the chosen
origin. Simply write @& in terms of quantities related to Og (expressed 1in
FB) and in terms of quantities related to O/ (expressed in FC),

Myo = -pfs N g 4S5 (C.28)
B

My = -“fs N dSg | (C.29)

and then apply (C.13) to obtain

Myp = Cpcyclep (C.30)
The parallel-axis theorem corresponding to the hydrodynamic first-moment-
of-inertia rate matrix Cy is Tikewise demonstrated by applying (C.4) and
(C.13) to
N X
oy = -u[s reh, o dSg (C.31)
B .
_ X
Gy = ‘“[S reNp 958 (C.32)
B
where Cyg,c are defined in a manner analogous to @VB,C » to obtain
- X '
Cyp = Caclucen * Yaclactyclen (C.33)
Furthermore, defining
- X \
dyg = -qu raNgg dSg (C.34)
B
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= X :
Iy¢ = ‘“fs IeNgc dSg (C.35)
B

“and noting (C.4), (C.14), (C.28) and (C.32) it can be shown that the hydro-

dynamic second-moment-of-inertia rate matrix iR obeys the relation

_ X X T
yg = Lecdyctes - Cacfuctestae * ractacuctcs

X X
Betactrclactae (C.36)
where, as before Jyp ~ refer to Jp written in terms of variables related to
Op.c and expressed in FB c Finally, the last inertia-rate matrix, the one

H] 9
associated with the 'elastic mass,' Myys can be shown to satisfy the equation

Mg = Myye (C.37)
where

Mous = -ul  wIN . dS (C.38)
Zyvg - M s —B—aB B :

g o
Mo = -u] YN . dS (C.39)
2we T TH) o SemqC B

B

by virtue of (C.3) and (C.15).
As in the previous appendix, the relations governing the momentum-

rate matrices

P, = -ufs N, dSg (C.40)

— X
By = -ujs N, dsg | (C.41)

are obtained by applying the same techniques used for the inertia-rate matrices.
Rather than repeat details, only the resulting equations are recorded:

Byg = SgcBue (C.42)
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_ X
Byp = Speflye * LaclpePre (C.43)
Again, the striking similarity between the parallel-axis theorems governing
Cys Iy and H, and those governing the inertia and momentum matrices for both
the fluid (see Appendix B) and the structure (see [Hughes, 1980]) should be
noted.
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