&’

DEVELOPMENT OF SYSTEM ORDER
REDUCTION TECHNIQUES
APPLICABLE TO THIRD GENERATION

SPACECRAFB/

DYNACON REPORT DAISY-12

(DOC-CR-84-044)




YNACON Grtenpnises Lt

a2

C T hdusty Canada
Library  Queen

Jeie 23 1998

Industrie Canada
i E\Ith 2 «,J‘L i N

/ DYNAMICS AND CONTROL ANALYSIS
18 Cherry Blossom Lane  Thornhill, Ontario L3T 3B9 (416) 889-9260

En L)

VELOPMENT OF SYSTEM ORDER

- REDUCTION TECHNIQUES

APPLICABLE TO THIRD GENERATION

SPACECRAFT /
DYNACON REPORT DAISY-12

{DOC-CR-84-044)

by~

O
{ G .&est—VukoviCh [

SCOMMUNICATIONS BAﬁﬁﬂﬂ ‘

bR BOLOTIERLE |~

October 84

\"Dynacon Report DAISY~-12

[DOC-CR-84-044]

U -



o \AA4TE
D49 By

U BT RTI

cccc

WA OIS aE )
: ' FJ{{BI ;f :!w-j i.

J@ée 1§ -~ vy |




- ) - v —— " e T a1 T o ¥r. Fo by “sloaab dF { ¢ T 01.0 42, b7 w100 578 o ) &3 ok B 5P M SV DRI i o o o
R R LI W Ty CRE AR oy o SR DI E e P TR e T e T S e e e g T DORPEE paw St S S A0 P LR 0 SN T A TR o7l TR b s S e

N-

Govermment  Gouvemement
of Canada du Canada

Dépamnent of Communications

DOC CONTRACTOR REPORT DOC~-CR-84-044

DEPARTMENT OF COMMUNICATIONS - OTTAWA - CANADA
SPACE PROGRAM

TITLE: DEVELOPMENT OF SYSTEM ORDER REDUCTION TECHNIQUES APPLICABLE TO THIRD
GENERATION SPACECRAFT

AUTHOR(S): G. West-Vukovich

ISSUED BY CONTRACTOR AS REPORT NO: Dynacon Report DAISY-12

PREPARED BY: Dynacon Enterprises Ltd.
18 Cherry Blossom Lane,
Thornhill, Ontario
L3T 3B9

DEPARTMENT OF SUPPLY AND SERVICES CONTRACT NO: 06ST.36001-4-0372 |

DOC SCIENTIFIC AUTHORITY: M. E, Stieber (Communications Research Centre)

CLASSIFICATION:. Unclassified

This report presents the views of the author(s). Publication
of this report does not constitute DOC approval of the reports
findings or conclusions. This report is available outside the
department by special arrangement.

DATE: October 84




SUMMARY

This report is an extension of [1], which dealt with the
application of closed-loop  model order reduction methods to
flexible spacecraft dynamics and control. Here the main method
of [1], cost-decoupled coordinates, is extended to discrete-time
systems and to continuous-time systems with state estimators in
the feedback loop. In the latter case a numerical study is

performed on "ZSAT," which is compared with the state

feedback case performed in [1]. An extension to modal cost

analysis for nonideal inputs is then presented. Lastly,
environmental torques on ZSAT are discussed, and calculations
of these influences presented. '

(iii)
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1. INTRODUCTION

This report is a continuation of [1], which discussed model
reduction for spacecraft,and related topics. Several aspects of this
subject are extended here, particularly those dictated by requirements
of actual implementation of some of the proposed methods in [1]. The
topics are somewhat diverse, so that each major section in this report
is independent of the others.:

The method of cost-decoupled coordinates is poeinted out in [1]
as an attractive model reduction method. Since it is most Tikely that
any control scheme will contain discrete-time elements duking actual
implementation, it is of interest to determine how the method of cost-
decoupled coordinates 1is affected by application to discrete-time systems,
and what modifications are necessary. This subject is discussed in
Section 2, where it is shown that the method is basically unaltered
from the continuous-time procedure; in fact, once the required correspon-
dences have been made, the method in the discrete-time case is identical
to that in the continuous-time case.

In [1] the concept of cost-decoupled coordinates was developed
under the assumption of availability of the state -- generally an un-
attainable ideal. Section 3 of this report considers what happens when
it is necessary to estimate the state. It is shown that some changes
are required to the method discussed in [1], particularly in the evalu-
ation of controller competence. Some degradation in performance from
the state feedback case for the "ZSAT" ('Lazy-Z' MSAT configuration)
model is shown to occur. ‘

Model reduction by modal cost analysis is intuifively appealing
and has generally proVen to be a worthwhile method. It bases the signifi-
cance of modes on modal frequency, modal damping, the importance of
modes in the output, and on excitation of modes. This last criterion
is based on the rather ideal notions of impulsive or white-noise input
excitation. Section 4 of this report discusses modifications to modal
cost analysis for more realistic inputs -- those with a finite contour
in the frequency domain. This also includes the case of nonideal actuators.




Section 5 contains an extension to the modeling of ZSAT. Dis-
turbance torques to be included in the equations of motion of ZSAT due
to gravity gradient and solar radiation are developed. The gravity
gradient torque consists of a constant term and an attitude dependent
term. The solar radiation torque term displays the variation of this
disturbance on ZSAT with orbital anomaly.

2. | COST-DECOUPLED COORDINATES FOR DISCRETE-TIME SYSTEMS

The method of model reduction via cost-decoupled coordinates
for continuous-time systems was discussed in [1] along with criteria
for evaluation of the quality of reduced models. It often happens that
when dealing with a physical system it is desirable to observe and deal
with the system only at a sequence of discrete instants rather than

at all instants of time. If the system model is Tinear and time invari-

ant, the sampling instants equidistant, and if the sampled quantity
remains constant between sampling instants, then a particularly simple
correspondence exists between the continuous-time model and its discret
time .counterpart. Representing the continuous-time system as the usual
first order matrix differential equation '

. - +
X = A * Bole
Yo = LeXe

the corresponding discrete-time equation is a first order matrix dif-
ference equation

where

e-

(2.1a)

(2.1b)

(2.2a)

(2.2b)

(2.3a)



C,= Ce : : (2.3b)

and A=t = s the sampling interval.

ket1

It is of interest to see how to apply the method of cost-decoupled
coordinates to a discrete-time system (2.2) and what modifications are
necessary from the continuous-time case; this is what is done in this
section. . Since the method of cost-decoupled coordinates is intimately
related to the optimal linear regulator problem with quadratic cost
criteria, it behooves us at this juncture to adumbrate the optimal con-
trol problem for discrete-time systems.

2.1 Optimal Control for Discrete-Time Systems

We begin with system (2.2), in which for the remainder of this
section we shall drop the subscript 'd', it being understood that we
are discussing discrete time systems. Our object, analogous to that
in the continuous-time case, is to find a control input Eﬂk) which
minimizes the following performance index:

ki-1
1

V=3 [y (k+1)Qy(k+1) + u' (K)Ru(k)] (2.4)

k=k

)
It is to be noted that unlike the continuous-time case, the arguments
of y and u are different. This is because the initial value of the
output, y(k,
can therefore not influence the performance index. Similarly the final

), is unalterable over the first sampling interval, and

value of the 1nput,_g(k1), influences the output only beyond the terminal
time and can also therefore be neglected. Another interesting contrast
between (2.4) and its continuous-time counterpart is that the matrix R
in (2.4) need not be positive definite. In the continuous-time case

a positive definite R rules out the possibility of infinitely large
control inputs taking the state to zero in an infinitely short time.

In the discrete-time case it is not possibie to drive the state to zero
in an infinitely short time, thus allowing the requirement of positive
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definite R to be relaxed.

We wish to consider the infinite time problem, so we accordingly
modify (2.4) to

8

0]

v = (k+1)Qy (k+1) + u' (K)Ru(k)] (2.5)

b

Il e~

which can be rewritten as

T

Vo= im e e)eTex (k) | ofotﬁT(k)gT:@(k) + u' (k)Ru(k)] (2.6)
k:

Since we are assuming that our controller has successfully stabilized
the system, the first term in (2.6) vanishes.

Assuming now that feedback of the form

has been applied, (2.6) becomes
v= 7 xToreTac + 6'ReIx (k)3 (2.8)
k=0

Recognizing that the solution to the state difference equation

x(k+1) = Ax(k) (2.9)
where

A=A-Bs
is given by

x (k) =.EK§(0)




allows us to write (2.8) as

x' (0)Px(0)

=<
f

NORET [CTQC + 6TRGIAN | x(0) (2.10)
k=0

In a manner pleasingly analogous to the continuous-time situation in
which an dintegral can be evaluated by solving a Liapunov equation, the
sum in (2.10) can be evaluated by solving the following discrete-time
matrix Liapunov equation:

p=A

PR + c'oc + 6'Ra - (2.11)
Thus far we have only discussed a performance measure, but we

have not yet considered the minimization of this performance index.

This minimization is accomplished by the controller in (2.7) with G

given by

6= R+B'rcToc + P1ByB"rC oC + PIA (2.12)
where E_is the solution of

P = A'IEToC + PICA - BEJ (2.13)

Substituting (2.12) into (2.13) yields

P = ATg(cTae + P) - (cTac + P)BIR + BT(cTac + P)BI™IBT (e + P13 (2.14)
which is the discrete-time version of the Matrix Riccati Equation. The
corresponding optimal cost is

v = x'(0)Px(0) (2.15)
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Equation (2.14) can be more simply expressed by making the substitution
PAB+clqC (2.16)

which yields

P = ATPA - ATRBIR + 8" B17'BTPA + cTac o (2an)
and the corresponding cost
v = x1(0)Px(0) , (2.18)

Let us refer to (2.11) for a moment. With G the optimal feedback,
the correspondence between the Matrix Liapunov Equation (which is true
for any stabilizing feedback), and the Matrix Riccati Equation (2.17)
(which is true for the optimal feedback) becomes clear. The optimal
feedback

a=(Rr+8"B) BT (2.19)

transforms (2.11) into (2.17), so that as in the continuous-time case
the Matrix Liapunov Equation becomes the Matrix Riccati :Equation.

The preceding derivation demonstrates that the c]osed-]dop cost
for any stabilizing feedback can be obtained by solving a discrete-
time Liapunov equation, and that the minimum (optimal cost) is giVen
by the full-order state feedback case, when the Liapunov equation becomes
a Riccati equation. One would expect then, as in the continuous-time
case, that as the model is successively reduced in order, the truncated
feedback deviates more and more from the optimal. \

2.2 " Model Truncation

The philosophy followed in [1] of transforming a system ihto
a set of coordinates for which the optimal cost matrix is diagonalized



can be repeated for discrete-time systems. For a complete discussion

of the continuous-time case the reader is referred to [1]. Given the
system (2.2), the performance index (2.6) and the solution to the opti-
mal control problem (2.7), (2.17), (2.19), an orthonormal transformation

X = Tx | (2.20)

can be defined such that the total‘'cost (2.18) becomes

v = X' (0)T'PTx(0) - (2.21)
We now define
A 81T (2.22)

_p —_—

which is a diagonal matrix whose diagonal elements represent the relative
importance of corresponding state variables to the overall model. We

note that in the usual case unique initial conditions can not be specified,
so that rather than the exact performance measure repfesented by (2.21)

we would more fruitfully consider an average performance measure, and

the expected value of V. Following [1] we have

E{V} = trace Ay (2.23)

where E{+} denotes the expected value of {-}.

~Applying (2.20) to (2.2) and (2.7) results in

x(k+1) = AX(k) + Bu(k)
y(K) = Cx(k) (2.24)
u(k) =-6x(k)



wheire

Aftlar, BOT'B
céer ,  gla

This transformed system can be partitioned into retained and truncated
partions, determined by the relative sizes of corresponding elements
of A

p’
Xp(k+1) Apr At xp (k) By
= + u(k) (2.25)
xp(k+1) Arg App | | Xq(K) By
y(k) = [Cp  Cql [xp(k) (2.26)
x7 (k)

u(k) = [-G,  -Gr] ["xg(k) (2.27)
We also partition the diagonal cost matrix Ap:

diag(A_,, A -) A - (2.28)

—pR? —pT —p

2.3 Truncated Model Evaluation

The sum (2.6) can be evaluated by solving an algebraic (Liapunov)
equation. Since this equation is analogous to the continuous-time evalu-
ation of an integral by solution of a Liapunov equation we can, without
requiring a great leap of faith on the part of the reader, define a




model error index (MEI) and controller quantity index (CQI) in a manner
entirely similar to that in the continuous-time case. The MEI is again
defined as '

trace A_ -~ trace ApR

MEI = P
trace Ap

(2.29)

The MEI is a measure of the reduction of fidelity of the truncated system
from the original model with respect to a specific performance measure.
Again, as in the continuous-time case, it is desirable to assess in

some measure the capabilities of controllers based on truncated models

in handling the original model. A controller designed for a truncated
system subsequently applied to the original system will have, instead

of (2.27), the following form.

up(k) = [-G 01 | xp(k) ~(2.30)

| x5(k)

which when applied to (2.25), (2.26) results in

Xplke+1) Apr = Bl Apr | [ %p(K)
. = (2.31)
LX) || Brp - Brlp  App || xq(K) ‘
The corresponding performance indek is a modified version of (2.6):
V= Ix (k)eTaox(k) + ul (K)Rug (k) (2.32)

which has the associated discrete-time Liapunov equation:



Co oI
L - 2R
I=ATA+ QICy Gl + RIGy 01 (2.33)
d=alA p AR Rl ¥
ER Y

where_é is the system matrix in (2.31). Taking note of the comments
preceding (2.23) we define the cost expectation

E{V} = trace I (2.34)

and the corresponding measure of suboptimality, the controller quality
index, is defined as

trace A - trace A
cQl = P (2.35)
tracevgp

Here again, we would expect an increase in CQI with a decrease in model
order.

In conclusion then, we can say that the method of cost-decoupled
coordinates is identical in the discrete-time case to the continuous-
time version, with the same performance measures, after the required
correspondences have been made.

3. COST-DECOUPLED COORDINATES FOR OBSERVER STABILIZED SYSTEMS

The method of cost-decoupled coordinates was discussed in [11’
where it was assumed that the state was available for feedback, and
a numerical case study of model reduction was performed using the
'"Lazy - Z' MSAT configuration (ZSAT). This section extends the theory
of [1] to the case in which an estimate of the state is used rather
than the state itself, and the results of a numerical study for this
case parallel to that in [1] are presented.

3.1 Observer Review

As is well known, a controllable system can be stabilized by

10




state feedback, and it is common policy (at least in theory) to use
an estimate of the state rather than the state itself if the latter
is unavailable and the system is observable.

We start with the usual linear time-invariant multivariable
system in first order differential form,

X = AX + Bu
- (3.1)
y =0
which is assumed controllable and observable.
If the state x is unavailable, an estimate of it can be gener-
ated by using an observer, which is a dynamic system of the following
form:
% = Ax + Bu + Ky - Cx] | (3.2)
where.g is the estimate of the state, and for many operations is used
as though it Zs in fact the state. One might, for example, wish to
apply state feedback
u = -6Gx (3.3)
to a system, where G is selected so that the closed-loop system has
certain desired properties. If x is unavailable, the feedback '
U= -Gx (3.4)

——

is applied instead, where x converges asymptotically to X, depending
on the K selected.

This interconnection results in the following closed-Toop aug-
mented system:

11




X A -B@ X
2 = , A (3.5)
X KC A - KC - BG X

By the well known Separation Property, the controller and observer gains,
G and K respectively, can be designed independently of one another.

3.2 Optimal Control for Observer Stabilized Systems

The performance criterion associated with the infinite time
optimal state feedback problem

is no longer applicable when the state is unavailable, but must be -
modified to )

V= J (y'oy + u'Ru)dt (3.7)
. .

where u is given by (3.4). This can be written in terms of the closed-
Toop augmented system (3.5) as

w—

T
53] J gt [““‘ T ] oAt gl 20 (3.8)
0 X
20

ol

where [“

<L>< >é><

_] is the initial condition on the controller and observer,

and.A is the system matrix in (3.5). This equation has the following
Liapunov equation associated with it:

12




=T - 'ETQQ 0
A'P + PA = T (3.9)
T 0 -GRe
-where : X
I . | =0
V=[x, X3P . (3.10)
X ‘

is the cost associated with a particular initial condition.

An immediate question which comes to mind is, will a G which
minimizes (3.6) also in some sense minimize (3.7)? In a stochastic
setting with (3.7) appropriately modified, an affirmative answer is
afforded by the deceptively simple Separation Theorem which tells us
that the gain which minimizes (3.6) will also minimize the modified
(3.7) when applied to the output of the appropriate gptimal observer.
In deterministic case, it can still be stated that for a particular
observer the feedback which minimizes (3.6) also minimizes (3.7) with
the cost given by (3.10). This feedback is of the-form (3.4) in which
G is provided by the standard result.

a=R7B"P (3.11)

""B'P =0 ; (3.12)

3.3 Model Truncation

Thus far our discussion has been valid for any set of state
variables. Henceforth, we shall assume that our system is in cost-
decoupled coordinates. As considered in [1] in some detail, it is often
desirable to control a system with a controller designed for a reduced
or truncated version of the system. System (3.1) can be partitioned
into retained and truncated portions as

13




xR Aer Ber | [ %R B
L= ¥ u (3.13)
Xt | A B [ X | B
i
y=IC C (3.14)
X
where
[ XR ] AR MR |
by S (3.15)
=l Brp Ay |
5
IR A .
=B [y Ci1=C (3.16)
Br

The rationale of this partitioning according to the method of cost-
decoupled coordinates is discussed in detail in [1] and will not be
repeated here.

Controller design is based on the truncated system

X = AppXp * Bpu
Yp = Cpxp ‘ (3.17)

so that when this controller is subsequently applied to (3.13), the
closed-loop system will behave satisfactorily; in particular it must

be stable. Since our controller design draws on optimal control methods,
it is desirable to obtain a measure of suboptimality, or reduction in
gquality of the controlled system from the 'best' or optimal, as was

done in [1].

14




3.4 Closed-Loop System and COQI

An observer based on (3.17) will have the form

Xp = AppXg * Bpup + Kplyp - Cxpl (3.18)

and a controller for (3.17) based on the state estimate from (3.18)
will be of the form

N

up = ~GeXp (3.19)
It is pointed out in [1] that_gR can be obtained either by so1Ving the
optimal control problem for (3.17), or, since the system_is assumed
to be in cost-decoupled coordinates, more simply by taking an appro-
priate truncation of G in (3.11).
In accordance with our intention to control (3.13), (3.14),
with (3.19), we can express the augmented system with truncated feed-
back by combining (3.13), (3.14), (3.18) and (3.19) to give
R AR At -Belp xR
X171 Mmoo Arr -Byby X1 (3.20)
L% | [ & O AprRplpoBelp | | %R
P
y=1I0C C; Ol x; (3.21)

XR

Another consequence of the input (3.19) being truncated is that
the performance index with which we are dealing is no longer (3.7) but

o T AT A ~ '
Vg = f:[lgl + UpRupTdt (3.22)

15




This cost can be evaluated by solving

o . gl o
Alm+TA = T (3.23)
o T@REQR
for II, where E‘is the system matrix in (3.20). Furthermore,
Vo = Dxb(0)  xE0)  xJ(0)1m ;iRES; (3.24)
R =R =T =R - | T ‘ :
xp(0)

Expressions (3.20) - (3.23) enable us to produce one measure
of comparison of controllers based on various truncations, analogous
to the CQI of [1]. For a particular observer and set of initial con-
ditions, the relative minimum of GR will occur for the case.of no trun-
cation, when (3.19) is identical to (3.4) and (3.20) reduces to (3.5)
(in appropriate coordinates of course), and §R becomes the full-order
optimal gain. We would expect, as in the state feedback case, that
as the model is successively truncated the controller based on these
reduced models would perform increasingly poorly, with QR increasing
from its optimal value (V), finally becoming unequal to the task of
stabilizing the full-order system.

Following the reasoning set forth in [1] we can obtain an esti-
mate (expected value of VR in (3.24). In this case we do not assume
that a1l initial conditions are unknown, as we adopt the common practice
of setting the observer initial condition to zero. We then find

~ I I X
E{VR} = E [§T QT] -1 e - = trace I, (3.25)

Iy I | | 2

where E{-} is the expected value of {-}, and Iy is the appropriate
partition of the solution of (3.23). We also define a similar partition,

16



Pyqs Of P in (3.10).

This immediately suggests a performance measure which closely
parallels the CQI of [1]: the controller/observer quality index (COQI)

trace I - trace P
CoQI = 11 —11 ©(3.26)
trace Pqq :

3.5 Numerical Results

We have decided the method of model reduction by cost—decdup]ed
coordinates for observer stabilized systems in the previous pages, and
while it Tooks attractive, whether or not it works has yet to be re-
solved. Although one can make theoretical arguments in support of the
method, clearly the empirical approach is called for to settle the issue;
after all, how better to judge the method than by trying it out! It
would be most instructive to run a series of exhaustive tests on a variety
of models, but we must settle for a relevant model of reasonable complexity.
This is the modified ZSAT model of [1] which was used in [1] for a numeri-
cal study of model reduction using cost-decoupled coordinates for systems
stabilized by state feedback. ZSAT is a third generation spacecraft --
large, flexible, and with significént flexible motion interaction with
rigid body motion -- and as such is of sufficient significance and com-
plexity to be of interest to us. The open-loop eigenVa]ues of the model
are given in Table 3.1, and can be seen to correspond to 5 rigid body
modes and 11 elastic modes which are all passively damped. A controller
for the spacecraft was obtained by using standard optimal control methods,
and fhe system transformed to cost-decoupled coordinates. These details,
ihc]uding a full description of the ZSAT model are contained in [1].

Use of an observer is simple in principle: merely append system
(3.2) to system (3.1). 1In reality, however, the matter is not quite
s0 simple, as selection of K is not straightforward and is an active
area of research in its own right. Under certain conditions (modeled
noises) there exists an elegant theory for producing an optiﬁaz K

17
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Table 3.1

Open-Loop Eigenvalues of ZSAT

-0.11746
-0,52390 x

-0.75050 x 107?
-0.60635 x 1072
-0.80592 x 1072
-0.21109 x 107?
-0.55312 x 1072
-0,85574 x 1072
-0.85210 x 107*
-0.17045 x 1072
-0.92301 x 1073

x

t

H HH H H H+ H H W

H

101 + 0.13804 x 10%j

0.10046 x 10%j
0.15514 x 10%j
0.10873 x 10%j
0.10227 x 10%j
0.77943 j
0.69018 j
0.55632 j
0.15118 j
0.23952 j
0.12435 j

0.0 £ 0.0 j (repeated 5 times)

18




(optimal in a very specialized sense). In the usual case there are

no real guide]ines'for constructing a K, and although the phrase 'choose
K to make the observer poles slightly faster than the controller poles'
is often heard, finding a_E which merely stabilizes the observer is

no mean feat! 1In the present study K's were obtained by choosing arbi-
trary 'noise' matrices and treating the problem as though an optimal
controiler were needed. While an 'ideal’ observer eigenvalue pattern
might not result using this method, at Teast observer stability is
guaranteed. The state 'noise' matrix was chosen as 1lj, while the ob-
servation noise matrix was 10'5 X-lll' It was also found useful to
multiply the resulting K by 105. Here, of course, we were making quite
free with observer construction and gains; in a 'real world' problem

we would naturally be forced to respect constraints of all sorts.

With observer feedback one would expect some degradation in
system performance from the state feedback case, and this suspicion
is borne out here. While in the state feedback case in [1] the full
order system could be satisfactorily controlled (stabilized) by a con-
troller designed for the 15th order truncated model, in the observer
feedback case the smallest acceptable design model is of 21st order.
Tables 3.2, 3.3 and 3.4 display eigenvalues of the composite system
(3.20) for the 21st, 20th and 32th order systems respectively. It can
be seen that the full-order system controlled by the 21st order con-
troller seems no 'less stable' (slower) than when it is handled by the
controlier designed for the full order system: both are solidly stable.
In cdntrast, when the controller designed for the 20th order system
is applied to the full-order system, the resulting composite system
is healthily unstable. Obviously some essential item of information
was truncated out of model at this point.

If the observer were speeded up enough the state estimate would
converge virtually instantaneously to the state, and the results in
this study would approach those of [1]. It was found, howeVer, that
increasing observer speed requires more than simply magnifying observer
gain because very large gains caused the controlled system to become
unstable. |
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Table 3.2

Eigenvalues of -ZSAT with- 21st-Order Controller
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Table 3.3 .

Eigenvalues of ZSAT with 20th-Order Controller
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Table 3.4

Eigenvalues of ZSAT with Full-Order Controller
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The model error index (MEI) is a measure of reduction in truncated
model fidelity from the full-order model (see [1] for details). The
MEI's for progressively reduced models are plotted against model order
in Fig. 3.1. The MEI increases with the amount of information lost
as the model is reduced. There is no corresponding figure for COQI
vs. model order because numerical difficulties in the solution of (3.23)
were encountered with the Stewart-Bartels algorithm even for the smallest
(21st order) stable case. The most interesting item of information,
however, is the point at which instabi]ity'occurs, which is already -
determined.

4. HABLANI EXTENSION OF MODAL COST ANALYSIS

The derivation of Model Cost Analysis as presented in [1] can
proceed from the assumption of an impulsive input or equivalently from
a white noise input. Since these are both rather ideal concepts, one
wonders how the idea of modal costs would be affected by more 'real' in-
puts. In [2] Hablani has developed modal cost analysis from the frequency
domain point of view, and in so doing extends the method of [1] to in-
clude the case when the input is not white noise (equal power at all
frequencies), but rather has a nonuniform frequency profile. This of
course leaves scope for the inclusion of actuator dynamics (actuators
in [1] were assumed to be perfect i.e., infinitely fast, or possessing
an infinite bandwidth). We no Tlonger necessarily assume actuators affect
affect all modes equally, but rather that actuators can haVe nonuniform
power spectral densities, and therefore mode excitation depends on fre-
quency. The outcome of the analysis here is a result identical to that
of [1] except that the input excitation term is modified, as one would
anticipate.

4.1 Development of Modal Cost Analysis

We begin with a mechanical system expressed in modal coordinates.
The system consists of N equations of the form
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wﬁ + w?n_i = bTu

Nyt 2Li0; AL

where T and w; are the damping and natural frequency of mode i
repectively, u is a vector of input (disturbances or control inputs)
and‘Ei is an input distribution vector. This set of modal equations
can be collected and written in standard first order matrix dif-
ferential form by defining

col{n,n}

| =

">

1

Z)r\: fe
1

%) J=
EN

o

| oo

>
—
joo> 1O

where
I]_ é CO]{nlguu,T]N}
_@ é d.iag {wl,-.,wN}
Z = diaglgy,..,gy}
=~ -
by
BY
T
giving
%= A+ Bu

25

(4.

(4.

(4.

(4.

(4.

(4.




In the usual case it is necessary to define a companion to (4.9) to relate
state variables to 'important' output variables. This is of the form

(4.10)

I
o
x

Y

where

~ ~

¢ (4.11)

vy ey

I
1
o
[
-
1
(9]
)
-

Equatign (4.10) relates modal coordinates to output variables, thus
é_and §_inc1ude the modal matrix used to transform from physical

to model coordinates. Note that C s a constant matrix associated
with the time derivative of n. wg-sha11, for the remainder of the
development, assume that the input vector u is a zero-mean weakly
stationary process having a power spectral density matrix_gu(w).

We take as a measure of cost the following criterion, which is appro-
priate for stochastic systems:

V= E{y'Qy} (4.12)

where E{+} is the expected value of {-} and Q is an output weighting
matrix, determined by the relative importance of the outputs.

We are assured by Tinear system theory that with u a zero-
mean weakly stationary process, x and therefore y will also be weakly
stationary zero-mean processes. We shall make use of this fact
in a moment. We first note that under the condition of light damping,
for which this analysis is intended to be valid, inter-mode coupling
becomes negligible [3] so that any two modal coordinates can be
considered independent processes. For zero-mean independent processes
ny> Nys 133 |

E{ni(t)nj(t + T)}= E{T]-]}E{T]J} =0 (4.13)

for any t and t. The same holds true for any pair ﬁi’ ﬁj, iF J.




We further assume that n; and ﬁi are independent. We have then
that thé variance matrix BX(T) of the process x is diagonal,

R (1) = diag[E{nl(t)nl(t+T)};...,E{nN(t)nN(t+T)},E{ﬁl(t)ﬁl(t+T)},

oo By (E)ny (t+1) 1] (4.14)

The power spectral density matrix of the process x is the Fourier
transform of the variance matrix of x, or,

Z (w) éA[_&Bx(T)eijdT
= diag[an(w),.;.ZnN(w),Zﬁl(w),...,ZﬁN(w)] (4.15)
where
z, (w & f E{ni(t)ni(t+TﬂeijdT (4.15a)
1 -0 _

and Zﬁ.(w) is corresponding power spectral density of ﬁi'
j ,

Returning now to our performance index (4.12), the fact
that y is a weakly stationary zero-mean process allows us to write

V = E{XTQ )

E{x"c acx)

Tar | dw
trace [C QC [u;&(w)iﬁ?

trace [C'QC diaglfy,...,fyF ... Fyl (4.16)

where
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A d
fi = J_wzni(w)—zru.L ‘ (4.17a)
Y A . d .
fi J_ooz”i(w) o : 4170)

Recognizing (4.11) and collecting terms with the same subscripts,
we can rewrite (4.16) as

V= LEg ey ¢ 0T ¢ e ¢ O+ GRaR] (4.18)

It now remains for us to evaluate f1 and %i’ which requires us to
find the power spectral densities of n; and ﬁi‘ We shall concentrate
first on ;e

Equation (4.1) can be expressed in the frequency domain
(with zero initial conditions) as

A

b.u(s) \
n.i(S) = 5 5 (4.19)
s& + 2g1wis + ws
By a well known result in Linear System Theory, the power spectral
density of n; is
AI u(w)b
T (w) = (4.20)

2 2 . 2, 2y .
[(-w™ + i) + 2wl (0™ + ws) =32Cw.w]

where we recall that_§u(w) is the power spectral density of the
input process and j 2 /-I. To calculate fi therefore, we must evaluate
terms of the form

BI__ (w )b dw-
o arf(-w +wy) + J2ciwiw][(w +ws) - J2riw.w]
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This integral can be evaluated via residue calculus by using the
formula

xJaig(x)dx = ani Res(ak) ' (4.22)

where Res(ak) are the residues. of g(z) at the points 8, which
are the poles of g(z) in the upper half complex plane, with z the
complex variable x + jy. The poles in the integral of (4.21) due
to the structural modes are

21’2 = i(x)_i + jc_iw_i (4.23)

Z3 g4 = g - Jogw; | (4.24)

The latter two poles are in the Tower half complex plane and are
therefore not taken into consideration in the evaluation of (4.21)
via (4.22). It can be shown that for (4.21)

AT e ey
biZ,(21)b;

1

Res(al) = Res(zl) (4.25)

16z} (1 + Jz;)

A

T PN
biZy(zp)by

]

Res(az) = Res(éz)

3 (4.26)
167r-jC-iU).i(1 - jC.i)

The assumption of 1ight damping (ci -+ 0) now suggests that these

two residues greatly overpower the residues due to any singularities
of 2,(z). We have therefore

fi = 2ﬁj[Res(a1) + Res(az)] (4.27)

Substituting (4.25) and (4.26) into (4.27) and recognizing that
i 0 means that
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(1+3zy) = 1
ay = oy * Ity = w;
ap = -w; + 3o = -uy
and also that % (-w;) = ZT(w-)
2ut =u'i
yields
S 1T T (630,
fy = —=3 byl (wy) + X, (w;)3by
8z ;w3

The evaluation of fi proceeds along parallel Tines. Using
the transfer function from the input to n,(t) for (4.1) gives

() 5§12(5)
sn.(s) =
1 52 + 2c1wis + w%
so that
2/\ A
] wb;Z, (wb;
5 (0] = 7,2
i [(-w” + wi) + J2050.03 (0" + wy) - J2050 0]

Repeating the arguments leading from (4.20) to (4.31) results in

s 1 T, T e
f, = i bilZ, (ws) + 2 (05)1b,

—=

We now return to (4.18), which we can rewrite as a sum of modal

costs,
N
V=) v,
i=1
where ~ A
A /\T A .T . L]
Vi & L3004y + c3004T;
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(4.28)
(4.29) °

(4.30)

(4.31)

(4.32)

(4.36)
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Substituting (4.31) and (4.34) into (4.36) results in

AT A 2uT
C.QC- + w.C.QC. A~ ~
_ —=1=—1 i—i==1 7T T
Vi~ 3 by, (wy) + 2 (w;)3b; (4.37)
82;1.(»,i

This expression can be further simplified by noting that‘gu(w) is
a Hermitian matrix [4], giving finally

cTQc. + wgcTQc. ~ ~
- | =1 =11 T
Vv, = b:Z (w:)b.
3 —i=ut =
4z w3

(4.38)

This expression is very similar to that obtained in [1] and reproduced
here as (4.39). The difference between the two is the inclusion of
the power spectral density of the input in (4.38).

4.2 Numerical Results

Modal Cost Analysis was performed on the 'Lazy-Z' MSAT (ZSAT)
configuration modeled by Dynacon [1], which consists of five rigid
body modes and eleven elastic modes, giving a state of order 32.

The model has nine inputs, due to thrusters and torque actuators,

and eleven outputs, which are the rigid body rotations of the vehicle,
and internal displacements and rotations. A complete description

of the model is contained in [1].

In [1] open-Toop modal cost analysis is developed under
the assumption of impulsive system excitations of the form u = as(t)
where u is the input vector in (4.9) and &(t) is the Dirac delta
function. This results in the following formula for modal costs:

~ A

'5§}Q§i + wié?&éi | a1 2
vy = 3 (b:a) (4.39)
—i=
4in1
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Table 4.1 displays the modal costs calculated using (4.39) with

all elements of a arbitrarily chosen to be unity. These are pre-
sented in descending order with the costs corresponding to the rigid
body modes being set to infinity. Alongside: the costs are their
mode numbers in the original system ordering. The spread of modal
costs indicates that the tenth elastic mode is a factor of approxi-
mately 106 less important than the third elastic mode for the con-
trol problem envisioned.

The extension of Modal Cost Analysis described in Section
4.1 was used to generate Table 4.2, where now the excitation is
no longer assumed uniform at all frequencies, but rather has some
definite profile. The system inputs were assumed to be independent
stochastic processes with power spectral density matrix arbitrarily
chosen as

Z(T%U),COSZ(I%U),...,cosZ(I%U)] (4.40)

-.§u(w) = diag[cos
The resulting modal costs and their accompanying mode numbers are
given in Table 4.2.

5. ENVIRONMENTAL DISTURBANCES FOR ZSAT

At geostationary altitude the dominant environmental influences
on a spacecraft are solar radiation pressure and gravity gradient
torque. The magnitudes and variation of these two effects depend
on the configuration and intended mission of the vehicle in question.
The 'Lazy-Z' MSAT (ZSAT) spacecraft, for example, is a communications
satellite with a large Earth-tracking reflector antenna and a Sun-
tracking solar array (Fig. 5.1). One would expect that the gravity
gradient torque on the reflector would be approximately constant
because of the latter's constant orientation with respect to the
Earth, but that solar radiation pressure would Vary with a daily
periodicity because of the satellite's once-per-orbit rotation.
Similarly, the solar radiation pressure on the array is constant,
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Table 4.1

Modal Costs for ZSAT with Uniform Input Excitation

Mode No. Modal Cost
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. 1000D+76

. 1000D+76 Rigid Body Modes
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Table 4.2
Modal Costs for ZSAT with Non-Uniform Input Excitation

Mode No. Modal Cost

.1000D+76

%8888:;2 Rigid Body Modes

0.
0.
0.
0
0.
0.
0.
0.
8 59D 06 Elastic Modes
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0.
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but the once-per-day rotation of the array with respect to the rest
of the spacecraft would be expected to affect the gravity gradient
torque on the spacecraft.

A description of the ZSAT spacecraft model is given in [1]

'énd will not be repeated here. Our concern in this section is to

develop additional input (disturbance) terms on the right hand side
of the spacecraft motion equations to model the two environmental
effects discussed above, i.e., we wish to produce_@ggg and iéﬂs

in the following equations written in terms of modal coordinates,
corresponding to equation (3.9) in [1]:

2

+ 9%n = Bu + dy + id

*+ 0) “g—g * Wgdg

I
=D

n+

where n is a vector of modal coordinates,_ﬁ and_é are transformed
damping and gyroscopic matrices respectively, @ is a diagonal matrix
of natural frequencies, B 1s a contro1 distribution matrix, u is

a control input vector, w and w are gravitational and solar dis-

=9

turbances distribution matrices respect1ve1y, and Eg and._clS
the corresponding disturbance inputs.

5.1 Gravitational Torque

In the following discussion we treat ZSAT as though it were
rigid, so that we neglect gravitational torques generated as a con-
sequence of flexible deformations. This simplifying assumption
renders the problem more tractable than it would be otherwise, but
still allows for the retention of the dominant portion of the gravi-
tational torque. We also assume a circular orbit of radius

= 42164 km (geostationary altitude) with orbital frequency

w. = Vu/ro

o]

where u = 3.9860 X 105 kr?]/sec2 is the gravitationa1 constant of
the Earth. We also take the first and second moments of inertia
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of ZSAT, ¢ and J, relative to 0, (Fig. 5.2) and expressed in Fb’ the
bus frame.

From [1] the vector of spacecraft coordinates for ZSAT,
consisting of both physical and modal coordinates, is given by

q = col [_V_Vb ’gb ,ﬁgé:ﬁ. :-T_']a :9_-] "D.Y‘J

where W and Qb are rigid translations and rotations of the bus,

B consists of two gimbal angles at the reflector hub, § is a vector
of relative displacement of tower rib to tower root, o is a set

of reflector rotations, and n,, g;> and n, describe solar array,
tower and reflector motions.

The gravitational torque on ZSAT is assumed here to affect
only the rigid rotations of the bus, so that the gravitatidna] dis-
turbance vector corresponding to (5.3) with similar partitioning

is
9. 2 co100,9..,0,0,0,0,0,0]
__G __9__66 ’_’__,_,__3_’_
where
A +
60 " 951 " g2
with
Co - C301p
Aoy |
RS Bt B I Y
0
€191p * C2%p
and
oz + (Jpp = J33)07p = 150,
2
9gp = ~3wg | =dyg + (Jgq - J33)0p = 09501
J1301p * 230
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Here 9@ depends on the first moments of inertia, Css for the spacecraft,
while those terms related to the second moments and products of

inertia, Jii and Jij are collected in 9o+ The angular displacements
of the spacecraft with respect to the bus axes are denoted by Bspe
Let us now partition 9 according to the rigid motions of the bus

and the remainder of the coordinates:

g
g = ~=Gr (5.8)
L9 |
where
- 0
9or = (5.9)
| 60 |
To use (5.8) in (5.1) it is necessary first to premultiply it by
ET, where E is the modal matrix. Partitioning ET to correspond
to that of (5.8) yields
~ _ T,
%~ Eg
T
B0 %
T T ;
(Ere E || 0
T
E -9er-
= | Treer (5.10)
£l
| =reSgr
We now note that 9g can be written as the sum of a constant term
and a term that varies as a consequence of purturbations in the
spacecraft attitude. From (5.6) and (5.7)
S = 50 * Ggrly (5.11)
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where
] 031 u
— e é__.__
_ 0 _ _
50 ~ , (5.12)
- 2
?ch + 3U)OJ13
0
L . 0 —
0343 l O3x3 ]
T ] 2
0
G, = : ) (5.13)
o] 3w-d - 2
=3x3 | 012 ;? C. Smo(dll J33) 0
| "
| u a2 U a2
| ';:2- Cl 3w0J13 ';:2- C2 3(1)0\.]23 0
| 0 0 ]
and
W
9, = = | (5.14)
ﬁb o .

follows from a partitioning of (5.3) consistent with that adopted
in (5.8). '

The modal transformation can be written as follows, where
the modal matrix is partitioned as in (5.10):
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9y Er Epe Dy
% o £k Ne

- Enp * Epele _]

Substituting the expression for g, from (5.15) into (5.11) and using

the result in (5.10) gives
T T
Zrico T ErBeptely

T 6.

+
EreBgrEpny

or

- d,

and

S| | arlEn Kl

£?>
%

When the equations of motion (5.1) are written in first
order form with the state x defined as

|=

=L

4]

+Elg. En + EG. E

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)



so that

= = -Sg-g “s-S
where
S!nxn =nxn
_A_ =
-oF -(046)
and

0
B
B

Then the gravity gradient term jb consists of a constant and a state
dependent term:

S5{1)(1 c)nxn g'nxn
Wd = + X
—g"g ~ ~ —
ﬂeo E%r 9nxn

The numerical values for 9eo and EGr are given in Table 5.1.

5.2 Solar Radiation Pressure

The calculation of torques on ZSAT due to solar radiation
pressure is a complex task. The spacecraft contains several asym-
metric substructures among which is the antenna, which has a diffi-
cult geometry and a transmissitivity to solar radiation which varies
during its daily rotation. In addition, the effect of the Sun's
declination and the degree-per-day march of the Earth about the
Sun can introduce further complications. Here it is assumed that
the Earth is stationary with respect to the Sun, and that the space-
craft is in an equatorial geostationary orbit, with all effects of
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the Earth's shadow neglected, as is the declination of the Sun.

The most significant portions of the spacecraft from the yiewpoint of
solar radiation calculations are the reflector antenna and the solar
arrays; only these two components are included in the following.

All forques are calculated in the spacecraft body frame Fb'

The solar radiation pressure on the array is given by

b xe : (5.25)

0 0
Pp = | Pa2 | =T 21.1 (5.26)
DA3 1.7
and fA is the solar radiation force on the array,

fA = _ﬂaIPSAA . (5.27)

where P¢ is the solar radiation pressure constant (4.5 x 10'6N/m2), Ay is the

area of the solar array (152 mz) and n_; is a unit vector normal to
the array:
-cosn
_nal = 0 (5.28)
sinm

The orbital anomaly n, illustrated in Fig. 5.2 , is not to be confused
with the modal coordinate ny used in previous sections of this report.
The skew symmetric 3 x 3 matrix Qﬁ, when post multiplied by f,,
produces the components of the vector cross product of A with iA'

Here we have
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0 -Pp3 Pa2
X _
op = | ea3 0 0 (5.29)
opp 00

so that for the array
Jep = Pehgoan
3sA T FsPAaTal

YRR
-Pp3COSN PSAA (5.30)

pA2 COST]

We now turn our attention to the reflector. The center of pressure
of the reflector is

0 0
ER = pR2 = -23.7 (5.31)
PR3 -43.7 1

The reflector has a plan diameter of D = 44.4m and its focal length
is f = 43.7m. The projected planar area of the reflector is

A WDZ

Ary 2 T (5.32)

and the projected area of the sideview (or top and bottom) can be
shown to be

p3
R3 - DIF (5.33)

>

A

Fig. 5.2 specifies the labeling of the solar forces on the space-
craft in the body frame. Since the inclination of the equatorial
plane with respect to the ecliptic is neglected f5 and f6’ which
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face into and out of the page, are assumed to be zero in the present
model.

We can now use the solar array normal N1 to specify the
sun. direction in the calculation of the solar forces fl through f4:

_ T

fr1 = Da1(Maynpy) (0-05)Pghe, (5.34)
_ T

fo. = (nT )PA ' .(5 365

fr3 = N31(0310R3/PsAR 3 '

Foro= n_.(nl.n. )PCA (5.37)

Tra = N31(N310Ra/PsAp3 '

The reflecton is assumed to have a transmissitivity in the_fRl and
£R2 direction of 0.05, hence the introduction of this factor into

(5.34) and (5.35). The reflector is assumed opaque in the frq and

fpg directions. The Ng; are unit normal vectors in the four

directions, and in the spacecraft body frame these are

siny

| cosy
= -, (5.38)

where vy is the inclination of the reflector to the Zb axis (14.2°),
and

M3 ©

ALY (5.39)
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We can now rewrite (5.34) through (5.37) as

cosn
fr = (0.05) |0 | (-sinncosy)Pehr, (5.40)
: L -sinn_|

fro = (5.41)
cosn

fr3 = 0 (cosn)PSAR3 (5.42)
-sinn

foq = ~Tas (5.43)

We have now found the solar pressure forces in the reflector.
To calculate the resulting scalar torques we must find the cross
product of these forces with the vector to the center of pressure
(5.31). As only two surfaces of the reflector are exposed to the
Sun at any time in ZSAT's orbit, we can most conveniently calculate
the solar torques in the four quadrants of the orbit:

n-= 0 - "'2"':
_ X X
9sr = LrfRpo + opfR3 (5.44)
n=—o-
- X X
9sp = LrfR2 + oRTR4 (5.45)
- 3,
n=m-= —2—.
. X X
9sr = LpfRy * oRfR4 (5.46)
n = %; - 2m:
_ X X
9sr = epfRy * oRfR3 (5.47)

Substituting (5.31) and (5.40) through (5.43) into (5.44) through
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(5.47) and defining

. 2
9 £ 0.05 | ppasinn cosn | PcApjcosy (5.48)

-pRosinn cosn—_

-pstinn cosn |

A 2
9o = | PR3cOS'M PAps o . (5.49)
-pR2C082n
one obtains
n= 0 - _11'
>t
9sp 91 * 9 . (5.50)
0
n=s»-TmT
9ep T 91 - 9 (5.51)
n=m ~~%§:
Isp =791 " 9 (5.52)
n = -3211 - 2m
9sp = =91 + 9o (5.53)

-

The solar torques experienced by the reflector and the array
can now be added

95 ¢ 9sp t 9sp (5.54)
and included in the equations of motion (5.21) by premultiplying

(5.54) by the appropriate partitions of the modal matrix, as was
done in (5.18):
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. Ey O3x1
g 4
=5 ET
Zre 95
so that

~ E%xl
Hs_d_, S = ~

Is

w1th w a constant matrix and d a vector dependent on the orbital
anoma]y The numerical values for w (the Tower half of w ) are
given in Table (5.2), w1th_gS given by

[ simn ]
cosn
cosSn

_sin2n>

sinn cosn | sgn(sinn)
= |_sinn cosn

[ sinn cosn

coszn sgh(cosn)

_coszn

Here sgn (+) = +1 for positive values of the argument and -1 for
negative values of the argument.

6. CONCLUDING REMARKS

This report is something of a potpourri of topics, some

of which are loose ends from [1]. The major method of model re-

duction in [1], cost-decoupled coordinates, is extended in this
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report to discrete-time systems in Section 2. It is shown that
the method is basically unchanged from the continuous-time case.

A second extension of cost-decoupled coordinates performed in this
report is to systems stabilized by an observer. A measure of con-
troller qué]ity comparable to the CQI of [1] is developed here for
observer stabilized systems, and it is shown in a numerical case
study using ZSAT that an observer has a deleterious effect on the
extent to which a model can be reasonably reduced.

A derivation of a version of modal cost analysis is pre-
sented in Section 4. It is interesting because it uses frequency
domain considerations rather than exclusively time domain procedures
as in previous derivations. Of greater interest, however, is that
this version of modal cost analysis is valid for 'less ideal' inputs
than that in [1] which was predicated upon impulsive inputs.

In the final section of this report a discussion of the
two main environmental disturbances on ZSAT is presented. These
are gravity gradient torque, which is shown to consist of a constant
part and an attitude dependent part, and solar radiation torque,
which varies with orbital anomaly. The numerical values of these
disturbances are calculated and presented as terms to be included
on the right hand side of the equations of motion.
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APPENDIX A

Gregory Internal Balancing Transformation

The concept of balanced realizations and balancing transfor-
mations as proposed by Moore [5] and others is briefly reviewed
in [1]. The essential idea is that it is possible to transform
a system into a set of coordinates such that the contribution to
controllability of each state variable is equal to its contribution
to observabiiity. Gregory [6] has found a general balancing trans-
formation for mechanical systems in modal coordinates and has shown
that a simplified transformation resulting from the assumption of
Tight damping results in an approximately internally balanced system
if the damping is in fact 1ight. Ranking of state components due
to this internal balancing is distinct from (although related to)
ranking via modal cost analysis. '

, The system in modal coordiantes with which we deal consists
of N second-order systems of the form (4.1)

- . 2 T o
uk + 200N +.win1 = Eig i=1,...,N

1179

where the quantities are defined foliowing (4.1). These can be
rewritten as N systems of the form

n. 0 1 Ny 0
H —w2 -2C.w s b
j j &3 1'_ n]_ | =i |

Lo I

Each such system can also be assigned an output equation of the
form
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The following transformation casts each subsystem of the form (A.2),

. S,
(A.3) into internally balanced coordinates 11—]:

Lo L | i| 2i
(A.4)
where
(b‘b')2 AT A 8
2 2 A —1—1 -To —2 A_TA 2 3 % (A.S),
°liv %21 " e, [G4S oy GG - 2eyyy * 2e5(1 ¢ i) (A.6)
1
1+ o, e
) 3
Yy
OL_| = sgn( 'I) —]:-—;——2- (A.g)
Y4
and
b s (A.10)
LT el .
C:C.
=i
The resulting internally balanced version of (A.2), (A.3) is
§: 71 UL + 22.81:Bos)00s/0rs  -20.B%. 5
11 iT1it24i/7217 11 i1 14
=W, +
. 1 2
Spi | ~2¢485; ~(1 - 204By18p4)013/0p1 | | 83y |
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PAGES 55 AND 56 WERE OMITTEDP FROM DYNACON REPORT DAISY 12 -- PLEASE INSERT

. i;l—i : '°2i321%£ " (A.11)
bib; | o14B14R;
~r TR -1 . -1 Sqs
- b.b. ~CiBpy * WITCiBy ’ CiByy t “1.91321—] [_ L (A.12)
! USTY ©2i . 711 _l __62i

Now if the assumption of Tight damping is valid (Ci << 1) the unwiéldy
balancing transformation and resulting system became far more tractable.
With

. . (glgj)% ATe AT~ 12
O14 % 023 7 *12;5; Cicy t wi.Sigi:} (A.13)
(A.4) becomes
2
. I\T/\ _1
noloL | by 957 01 Bag By | | S (A1)
: T8 20Tn
T ] B O R TR T S
~and the resulting system is
5 1+ 20,8, .8,:) 20,85, 5
11 ir1i721 i~21d 1§
= W, +
. 1 2
% -2z 1B1 5 ~(1 - 204814B5) | | Sz
* u (A.15)
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PAGES 55 AND 56 WERE OMITTED FROM DYNACON REPORT DAISY 12 -- PLEASE INSERT

= —B-—-II-E-I % —g B + -12 B g B + w-lg R 611
Vi © | wre T T S AN T S RIS B LA N
=i=i T % A | %2i |
(A.16)

The main point here is that if the 1ight damping assumption is valid,
system (A.15-16) is approximately internally balanced.
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