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The electro-optical coefficients of barium sodium niobate are large

OPTIMUM CRYSTAL ORIENTATION FOR A BARIUM SODIUM NIOBATE
TRANSVERSE LIGHT MODULATOR

by

D.C. Johnson

ABSTRACT

A theoretical expression has been derived for
the half-wave voltage required for a transverse
modulator constructed from a crystal of barium
sodium niobate in an arbitrary orientation. From
this expression the optimum crystal orientation
which produces the lowest half-wave voltage was
found. Although this work was complicated by the
fact that not all the signs of the electro-optic
coefficients are known, it is shown that modulators
can be constructed with half-wave voltages signifi-
cantly lower than was previously available. For
example, in the case of amplitude modulation it
should be possible to construct a modulator with a
half-wave voltage of 690 or 836 volts depending on
whether the sign of the rg; coefficient is positive
or negative. Whereas, in the normally used crystal
orientation, the half-wave voltage is 1,750 volts.

1. INTRODUCTION

making its use for light modulation very promising. However, the light

modulators constructed from this crystal usually orient the crystal such that
the directions for the applied field and the light propagation are along the

C and a crystallographic axes respectively. Since this crystal orientation
does not necessarily produce the lowest half-wave voltage for modulation, it
Mmay not be the most favourable one for constructing a modulator. The purpose
of this report is to derive an expression for the phase retardation of a
light wave propagating in an arbitrary direction through a crystal of barium
sodium niobate on which a transverse electric field is applied. From this

1
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expression, the optimum crystal orientation which produces the lowest half-
wave voltage for modulation will be determined. This optimization will be
carried out for both the high and low frequency values of the electro-optic
coefficients and for both amplitude and phase modulation.

2. ELECTRO-OPTIC COEFFICIENTS OF BARIUM SODIUM NIOBATE

Barium sodium niobate which belongs to the point group 2mm has five
independent electro-optic coefficients, r r r,, and ry,. The
equation of the index ellipsoid is

1 2 1 2 1 2
[1’).2 + r,, Ez] bl [;2 + T,y Ez] v + [-1_'1'2 + r., Ez] z
x y z

+ 2rh2 Ey yz + 2r51 EX xz = 1, cenea (1)

13°? r23’ 33?

where n, n and n_ are the principal refractive indices and Ex’ Ey and Ez are

" the components of the applied field. Both the h}gh and low frequency coefficient?
i barium sodium niobate have been measured(!22’and listed in Table I. Unfort-
unately, the signs of the r , and ry, coefficients have not been determined arn
this ambiguity must be taken into account when determining the optimum crystal
orientation. As shown in Table II there are four possible sign combinations.
However, it is known that above 300°C barium sodium niobate becomes tetragona
(4mm) and in this state, crystal symmetry requires that r,, = r,, and r;, = I3’
Hence the sign combinations C and D listed in Table II in which r,, and rg,
have different signs, are not very probable and will be neglected in this work-

TABLE I
Low Frequency Value High Frequency Value

Electro-optic ( 12 Meter) ( 12 Meter)
Coefficients x 10 Volt x 10 Volt Sign

Y, 15 £ 1 7 +

r,, 13 £ 1 8 +

r., 48 + 2 29 +

r., 92 + 4 79 ?

L , 90 £ 4 95 ?




TABLE II
Possible Sign Combinations

Ti3 Tyy T3z Tuz Ty
A+ + o+ o+ o+
B O+ + o+ - -
cC + + 4+ - 4+
D + + + 4+ -

3. THEORETICAL TECHNIQUE

The technique used to optimize the crystal orientation of barium sodium
niobate, is §imilar to that used for potassium dihydrogen phosphate and lithium
niobate(3_7 . The procedure is to choose a coordinate system X, Y and Z in
which Z is along T and arbitrary direction of light propagation through the
crystal (see Figure 1). The index ellipsoid in Equation (1) is then trans-
formed to this new coordinate system. As shown in Figure 1, the orthogonal
axes x, y and z coincide with the crystallographic axes a, b and ¢ respec-
tively. The orientation of T with respect to the crystallographic axes is
determined by the angle p between z and T and the angle 6 between the planes
rz and xz. Since the applied field is normal to T, it can be specified by
the angle £ its direction makes with the rz plane. The appropriate transforma-
tion for rotating the axes to the new coordinate system is

Xx =-Xsin 6 - Y cos 6 cos p + Z cos 6 sin p
y= Xcos 8 -Y sin 6 cos p + Z sin © sin p
z = Y sin p + Z cos p .

When Equation (1) is transformed, a new expression for the ellipsoid will be
formed. However, to determine the retardation of a light wave, it is only
necessary to find the equation for the ellipse in the plane perpendicular to
the direction of propagation, (i.e., Z = 0). It will have the form

2 2 =
A, X +A,, Y +24,XY=1, ceees (2)
where
1

A11=;?'+Q1E9 ceeea (3)
A =L+Q E . . (4)

22 n? 1 ’ e
A = 1 sin 286 cos p + Q_, E (5)

21_ n2 n; 21 E] ) “ e 0

X



and

z,¢

Fig. 1. A schematic diagram showing the orientation
of the light propagation direction r with
respect to the crystallographic axes a, b
and e. The direction for light propagation
is specified by the angle o between r and c
and the angle 8 between the planes re and
ac. E is the applied electric field which ise
perpendicular to r but at angle § to the re
plane.

cos? 6 cos? p sin® 6 cos® p sin® o
2 + 2 +

n n n2
X v z

- - . 2 ,
= r,, +{(r13 r23) sin 9} cos & sin p ,

nnnnn



L
N
]

(r - r51) sin &£ sin 2p sin 26

. . 2
+ rla)} cos & sin p sin“ O

L
+ {(Zr tr,) - (2r51
(

2r + rla) sin p cos? p cos &

cos & sin® p , veeea(9)

=1 _ . .
Q,,= % (r,, r23) cos & sin 2p sin 28

2

- (r,, - ;) (2 sin £ sin p cos® 8 + ! cos & sin 2p sin 26)

- 2r, sin £ sin p . veeea (10)

In the derivation of the above expressions, the applied field was expressed in
terms of the angles p, 6 and § as shown below;

Ex = E (sin £ sin 6 - cos & cos p cos 6)
Ey = -FE (sin & cos 6 + cos & cos p sin 6)
E = E cos & sinp .

In general, the effect of an applied field is not only to change the shape of
the index ellipsoid, but also to rotate the principal axes. This can be seen

in Equation (2) whére the presence of the cross term 2A_ XY indicates that X

and Y are not the principal axes of the ellipse. By transforming the ellipse

in Equation (2) to its principal axes, it can be shown that they are rotated

about the Z axis by an amount o where o is given by

2A .,

A, Ay,

tan 20 =

However, from a consideration of the values of A11’ A,, and A12 in Equations
(3), (4) and (5), it can be seen that o will be very small except when p is
close to zero. Since, as will be seen later, the minimum half-wave voltage
occurs for a non-zero P, the rotation of the principal axes can be neglected.
Hence the axes, X and Y can be taken as the principal axes of the ellipse.
The change in refractive index due to the applied field for a light wave
propagating along T and polarized along X is then given by
An1=—5§anlE,
where n, and Q, are given in Equations (6) and (8) respectively. The retarda-
tion of this wave after passing through a crystal of length £ will be

2R Tl
Fl =50 - 7r-ni Q1 E, eena (11)



where A is the wavelength of the light. The analogous expression for the
retardation of a light wave polarized along the Y axis is

_ZTT,Q/ T, 3
TZ—THZ—THZ Q, E, veena(12)

where n, and Q, are given in Equations (7) and (9) respectively. In Equations
(11) and (12) we have the desired expressions for the phase retardation
produced by a transverse electric field on a light wave when it passes through
a barium sodium niobate crystal in an arbitrary orientation.

4. OPTIMIZATION OF CRYSTAL ORIENTATION FOR MINIMUM HALF-WAVE VOLTAGE

4.1 Amplitude Modulation

In the case of amplitude modulation, the crystal is placed between
crossed polarizers with the orientation of the first polarizer such that light
incident on the crystal is polarized at 45 degrees to the X axis. On entering
the crystal, the light is resolved into two waves polarized along the X and Y
axes respectively. Each of these waves as they pass through the crystal will
experience a different phase retardation which results in an elliptical light
wave emerging from the crystal. It is the passage of this elliptical wave
through the second polarizer that produces the light intensity modulation.
Using Equations (11) and (12), it can be shown that the phase difference
produced between the two waves in the crystal is given by

AT=§1{'&(nl—n2)+%&(nz Qz—ni Q) E.
The first term which does not depend on the electric field is due to the c:rystal
birefringence. In principle its effect on modulator performance can be
eliminated. The second term in the phase difference represents an electrically
induced birefringence. The voltage required to produce a phase difference of
m radians is called the half-wave voltage and is given by

}\ .
= . " e 0 v s 13)
TR, - w g ‘

For the best modulator performance it is desirable to optimize the crystal
orientation such that the half-wave voltage in Equation (13) is a minimum. As
can be seen in Equations (6), (7), (8) and (9) all the quantities n;, n,, Q
and Q, depend on crystal orientation. However, since the refractive indices
n,, n, vary slowly with © and p, their functional dependence will be ignored
in the following analysis. Using the standard methods of calculus for
minimization, analytical expressions for the optimum values for £ and p can
be found. From a consideration of the magnitudes of the electro-optic coeffi-
cients, it can be shown that these optimum values are very close to zero.
Furthermore, this is true for either the A or the B sign combinations of the
electro-optic coefficients listed in Table II. With the optimum values for



both £ and 6 as zero, A,, in Equation (5) is zero, verifying that there is no
rotation of the principal axes. Also, the half-wave voltage in Equation (13)
now depends only on the coefficients r,;, ry;, r3s3, rs; and the angle p.
Continuing to ignore the dependence of the refractive indeces on p, an
expression for the optimum value for p can be found analytically. It is given

by 1
3 3
- _ n, (2r,; + r;3) - n) r,,
SR =307 (2r,, * 11, - Ta9) , ool (14)

Since n, is really a function of p (as shown in Equation (7)), the above
equation is transcendental. Using the values n = 2.3222, n._ = 2.3205, and

n, = 2.2177 for the principal refractive indices at A = 0.6328 um and the
positive low frequency values for the electro-optic coefficients listed in
Table I, Equation (14) was solved to give a value of 39.9 degrees for the
optimum value of p.

The half-wave voltage given by Equation (13) was also evaluated
numerically as a function of p. In this way, the minimum value for the half-
wave voltage could be found without excluding the dependence of the refractive
indices on p. The calculations were done using the refractive indices for
barium sodium niobate at A = 0.6328 um. Results were obtained for both the low
and high frequency values of the electro-optical coefficients listed in Table I
and for both a positive and a negative sign for the r,, coefficient. In each
of these cases, a graph of the half-wave voltage as a function of p was plotted
(see Figures 2 to 5). A summary of the minimum half-wave voltages obtained
along with the corresponding values for p is given in Table III. Thus the
minimum half-wave voltages determined in this work can be compared with the
half-wave voltages for light modulators constructed from a crystal in the
normally used orientation. As can be seen in Table III, depending on the fre-
quency of modulation and the sign of the ry, coefficient, a 52 percent to 76
percent reduction in the half-wave voltage is possible by suitably optimizing
the crystal orientation. It should also be noted, that the optimum value of p
is in the region of 30 to 40 degrees. This is to be expected, since rg; is the
largest electro-optic coefficient and the crystal orientation should be such
as to make maximum use of this coefficient. An inspection of Equation (9)
indicates that this would occur when sin p cos® p has its largest value, i.e.,
at p = 35.3 degrees. The optimum values of p higher than 35 degrees result
when rg, and r,; have the same sign (i.e., sign combination A) and their effect
on the refractive index is additive. Whereas, those values of p less than
35 degrees result when r., and r,, have opposite signs and produce opposing
changes in the refractive index. This is clearly illustrated in Figures 3 and
5 where for values of p around 70 degrees, the effects of ry, and r,; on the
refractive index are equal and opposite resulting in a theoretically infinitely
large value for the half-wave voltage.

If light modulators are to be constructed from barium sodium niobate in
the optimum orientation, it is important to resolve the ambiguity of the sign
of the r , coefficient. This can be done directly by cutting a crystal so that
light propagates through it in the ac plane but at an angle of 38.6 degrees to
the ¢ axis. A measurement of the half-wave voltage for transverse modulation
would then yield a value near 690 volts if r., is positive or 883 volts if
rs; is negative.



One final point is to note the small effect the dependence of the
refractive indices on p has on the optimum value for p. The value of 39.9
degrees for the optimum value of p determined from Equation (l4), an analyti-
cally derived expression, is only slightly different from the value of 37.9
degrees (see Figure 2) found numerically.

' TABLE III
AmpTitude Modulation

Electro-optic Sign p opt. V% V% %
Coefficients Combination Degrees Volts p = 90° Decrease
Low frequency A 37.9 689.7 1752.4 60.6
' B 31.1 835.5 1752.4 52.3
High frequency A 36.1 691.6 2925.0 76.4
B 32.2 796.7 2925.0 72.8
50004
4000
3000
g
}'
2000
1000
© 2 3% 4 % 6 710 80 %

» (degrees)

Fig. 2. A graph of the half-wave voltage for low
frequency amplitude modulation as a function

of p. In this case r., is positive.
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Fig. 3. A graph of the half-wave voltage for low
frequency amplitude modulation as a function
of p. In this case r,, is negative.

5000

4000-]

] 10 20 30 40 S0 60 7'0 0‘0 jSO
» (degrees)
Fig. 4. A graph of the half-wave voltage for high
frequency amplitude modulation as a funetion
of p. In this case r,, is positive.
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Fig. 5. A graph of the half-wave voltage for high
frequency amplitude modulation as a function

of p. In this case rg, is negative.

4.2 Phase Modulation

In phase modulation, light is passed through a crystal polarized parallel
to either the X or Y axes. The phase of the light emerging from the crystal
can be varied through the electro-optic effect by an applied field. Due to the
relative magnitudes of the various electro-optic coefficients of barium sodiu®
niobate, the applied field produces the greatest retardation for light polar-
ized along the Y axis. Hence only phase modulation with light polarized along
the Y axis is of interest in this work.

From Equation (12) it can be shown that the voltage required to produce
a phase change of T radians for light polarized along the Y axis is

A

3 . e
n; Q,

V% Y) =

Using the same technique as outlined for amplitude modulation, it can be shown
that the minimum value of the half-wave voltage given by Equation (15) occurs
for £ = 0, 8 = 0, and p given by

1
2rg, + 1, 2
sin p = ) .
33

3(2r51 +r,-r

As before, the dependence of the refractive indices on crystal orientation wa’
ignored in minimizing Equation (15).
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Numerical calculations of the half-wave voltage given by Equation (15)
Were also calculated as a function of p. The results obtained are plotted in
Figures 6 to 9, and summarized in Table IV. For comparison purposes, the half-
Wave voltages for phase modulation with light propagating along the a axis
are also listed in Table IV. The results indicate that a large decrease in the
half—voltage for phase modulation can be obtained by suitably orienting the
Crystal.

TABLE 1V
Phase Modulation

Electro-optic Sign P opt. Vi, Vi A
Coefficients Combination Degrees Volts p = 90° Decrease -

Low frequency A 39.7 620.8 1208.7 48.6
B 29.7 937.2 1208.7 22.5
High frequency A 37.1 649.3 2000.6 67.5
B 31.3 853.2 2000.6 57.4
i
4000
30001
g
;!‘
m—
1000+
& % 2 % 4 % 6 70 & 0

» (degrees}

Fig. 6. A graph of the half-wave voltage for Llow
frequency phase modulation as a funciion
of p. In this case rg, 1s positive.
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Fig. 7. A graph of the half-wave voltage for Llow
frequency phase modulation as a function

of p. In this case r., is negative.

3000~
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3000
@
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-~
>
2000
1000
T 1 T — T 7T T
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Fig. 8. A graph of the half-wave voltage for high
frequency phase modulation as a function
of p. In this case r., is positive.



13

5000

4000

3000

(VOLTS)

vy

1000~

— T T T T T T T 1
o 0 20 30 40 50 60 70 80 90
pldegrees)

Fig. 9. A graph of the half-wave voltage for high
frequency phase modulation as a function

of 0. In this case r. 18 negative.

5. CONCLUSIONS

A theoretical analysis of the half-wave voltage required for transverse
modulation using barium sodium niobate electro-optic crystals has been
presented. The analysis was complicated somewhat by the fact that not all the
signs of the electro-optic coefficients are known. However, it was shown that,
by suitably orienting the crystal, transverse modulators can be constructed
with half-wave voltages considerably lower than those made with the usual
crystal orientation. In the case of low frequency amplitude modulation it
should be possible to construct a modulator with a half-wave voltage of 690
or 836 volts, depending on whether the sign of the re, coefficient is positive
or negative.
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