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THE DIELECTRIC PROPERTIES OF ICE, SNOW AND WATER
AT MICROWAVE FREQUENCIES AND THE MEASUREMENT
OF THE THICKNESSES OF ICE AND
SNOW LAYERS WITH RADAR

by

G.M. Royer

ABSTRACT

Investigations are made of (a) the dielectric
properties, at microwave frequencies, of fresh water
ice, snow and water and (b) the possibility of using
radar to measure the thicknesses of naturally occur-
ring fresh water ice and snow layers. As concerns (b)
above, it is shown that it should be possible to
design an FM radar to measure the depths of several
meters of ice and snow provided (a) the snow is not
wet and (b) there is no water on top of the ice.

1. INTRODUCTION

Section 2 contains derivations for some of the equations which will be
required. The equations pertain to (a) scattering from plane dielectric
boundaries and (b) propagation in lossy dielectrics.

In Section 3 the dielectric properties (especially those at microwave
frequencies) of ice, snow and water are examined.

The remainder of the document is concerned with an investigation of the
possibility of using radar tec measure the thicknesses of ice and snow layers.
The situations investigated (see Figure 1) are for (a) the measurement of ice
thickness where there is snow on top of, and water beneath, the ice and, (b)
the measurement of snow thickness where the layer of snow is on top of either

ice or soil.



The difficulty associated with
measuring the thicknesses of ice and
snow layers with radar is dependent on

. HELICOPTER the relative amplitudes of the signals
' & " scattered from the boundaries. Calcula-
—7N%£ g tions (see Section 4) of the above
I RADAR ANTENNA ’\ amplit?des shov that it should be possible
I\ ’\ to design a suitable radar. The following

observations can be made:

—

I
| (a) The resolution requirements are
| \ | \ such that a pulse radar would not be
| | \ practical. However a linear FM system
| \ , \ appears to be feasible.
{

| :
i (b) The radar antenna must be fairly

: ! SNOW close to the ice and snow surfaces. There-
I fore an airborne system would probably be
mounted in a helicopter.

WATER ICE or SOIL
(@) (b) (c) Water has a very high rate of
attenuation at microwave frequencies. The
thickness of snow or ice which can be
measured will, at least, be reduced
therefore if the snow 1s wet or if there
is water on top of the ice.

Fig. 1. Geometry for the measurement
of the thicknesses of ice and
snow layers.

The effect of water in snow was indicated in a measurement program carried
out in March 1972 by G.0. Venier and F.R. Cross!” ysing a laboratory model X-
band FM radar. Thickness measurements were made of both wet and dry snow. It
was found that the amplitude of the signal scattered from the bottom surface
of the snow was reduced when the snow was wet., Ice thickness measurements,
where the ice was over water, were also made. The amplitude of the reflection
from the ice-water boundary were found to be less than that indicated by calcu-
lations in this document. This may have been caused by water on top of the ice.
Alternatively there may have been water pockets in the ice, particularly near
the ice-water boundary.

2. SCATTERING OF SIGNALS NORMALLY INCIDENT ON A PLANE DIELECTRIC
BOUNDARY AND PROPAGATION IN A LOSSY DIELECTRIC
The material in this section serves to (a) define, and (b) provide
equations for computing certain scattering and propagation parameters which

are required in subsequent sections. The equations are, of course, well
known but are included here for ease of reference.

2.1 THE REFLECTION AND TRANSMISSION COEFFICIENTS FOR SIGNALS
NORMALLY INCIDENT ON A PLANE DIELECTRIC BOUNDARY

Consider the case shown in Figure 2 where a plane, wave signal in region 1
is normally incident on a plane dielectric boundary between regions 1 and 2.



Let

i t r . P .
Ex’ Ex and EX = respectively, the incident, transmitted and
reflected electric field intensities, and

i

Hy, H; and H- respectively, the incident transmitted and

reflected magnetic field intensities.

]

The subscripts for the E and H fields denote the direction of polarization.

Eo (INCIDENT SIGNAL)

REGION | Ta E
E€n RIZ E. 2l Co
S 7/ / 7 /7 7 7 /7 /‘&/ X
REGION 2 1‘\T Rz Eo
i E

€r, -
Y AXIS OUT OF PAGE Eo(INCIDENT SIGNAL)

v
Z

Fig. 2. Plane waves normally incident on a plane dielectric boundary.

If the incident electric field intensity is expressed as

. -jk,z
E; =Ee R veeaa(1)
then it can be shown that :
. -jk,z
i
Hy = (Eo/nl)e . ceee.(2)
-jk, z
t 2
EX =T, Eo e R ceeea(3)
t -jk,z
Hy = (le Eo/nz)e , l-uv.(4)
. +jk,z
Ex = R12 Eo e N ceeas(5)
. +jklz
Hy =_(R12 Eo/nl)e b 000-0(6)



where
Eo is a constant

k, and k, are the propagation constants for regions 1 and 2,
respectively. They are given by

k, = k; - jkg = (2nf/c) Verl , ceeses(7)
k, = k; - jkg = (2mf/c) “Erz ’ ceeea(8)
where
f = frequency of signal in Hz
¢ = velocity of propagation in a vacuum

€r1 and er2 are respectively the relative permittivities of regions 1

and 2. They are in general complex numbers, i.e.,

. | BN 1]
€ € JErl . ceeea(9)

' - "
€, €, jer2 . veess(10)

n, and n, are the wave impedances of regions 1 and 2, respectively,
where

1207

n, = s eeees(11)

m
”j
2

and

1207
n, = —/——. ceeea(12
2 E;;— (12)

le and R12 are the transmission and reflection coefficients when
the incident signal is on the region 1 side of the
dielectric boundary.

Electromagnetic theory tells us that the components of E and H which are
tangential to a dielectric boundary must be continuous across the boundary.
Therefore when the boundary is at z = 0 (see Figure 2)

E)i{(z=0) + EL (2=0) E;(z=0) , eeaa(13)

and

i, _ . _ t, - ..
Hy(z 0) + Hy(z 0) Hy(z 0) . eeees(14)



Equations (1) to (6), and (11) to (14) can be used to show that

T,, =1 +R, , veena(15)

1-n,/n, 1-7¢ ICH

R12= = L2 : ’ -.--.(16)
1+ nl/n2 1+ /erz/er1
and
T, =—2 - 2 . e (17)

12
1+ nl/n2 1+ /erz/er1

When the incident signal is on the region 2 side of the dielectric
boundary (see Figure 2) let the reflection and transmission coefficients be

R,, and T21' R21 and T21 are related to R12 as follows:
R21 = —R12 , eeeso(18)
and
T21 =1 - R12 . eeees(19)

2.2 PROPAGATION IN A LOSSY DIELECTRIC

The equation for the field intensity of a signal which is propagating in
the +z direction in region 'n' contains the function

-jk _z -k;z -jk'z
e T =e e O . oo (20)

where from Equations (7) or (8)

k_ =k -k = (2nf/c)/El - Je . e (21)

n n n

It can be seen from equation (20) that

kn = the rate with which the phase of the signal decreases
in the +z direction, and
k" = the rate of attenuation in the +z direction in nepers/unit
n length.
‘ 1 "
The following parameters are functions of kn and kn
]
An = 21T/kn is the wavelength in region n ceeea(22)
1]
v.o= 2mf/k  1is the velocity of propagation in region n eeene(23)
" "
A = (20 log,, e)k = 8.686 k 1is the rate of attenuation in RN ¢2)

region n in dB/unit length.



When the right hand side of equatlon (21) is separated into real and
imaginary parts it is found that k and k are

" ! 2 1/4
= (2mf/c) /ern [1 + (ernlern) ]

coe . (25)

X cos [(1/2)tan‘1(€;n/€;n)] s

' " . 2 1/4
k = (2mf/c) /e;n 1+ (e /e ) ]

RN ¢15))

'
rm

X sin [(1/2)tan'1(€:n/€ )] .

Prov1ded € /E n << 1, the following equations can be used to compute k; and
k. "
n

~ (2mf/c) Veén , veeea(27)
= (mf/c) / [ n rn] ...(28)

1
Equations (27) and (28) are in error by less than 1 per cent if E—:;n/ern < 0.28.
Note that E;n/eén is often referred to as the loss tangent, i.e.,

" \l
tan Gn = Ern/ern . veees(29)

3. THE ELECTRICAL PROPERTIES OF ICE, WATER AND SNOW

In this section the dielectric properties of ice, water and snow are
investigated.

Over limited frequency ranges it has been found that the relative
permittivities of ice and water approximately obey the Debye equation. This
equation is investigated below in Section 3.1. For a more complete treatment
see Chapter X of Reference 14,

3.1 THE DEBYE EQUATION

Water is an example of a compound whose molecules have a permanent
electric-charge dipole moment. That is, the molecules have a dipole moment
even in the absence of an applied electric field. The ¥ariation with frequency



of the relative permittivity of these substances can sometimes be described
by equation (30), the Debye equation.

€
_ ro r®
E:r - €r°° + l' +' 'jf/fm . 0.00.(30)

The real and imaginary parts of €r’ as given by the above equation, can be
shown to be

L ro ro
e, =€, % 1_17??7?;72 s ceea (31)

and
o o) 15

. = T (f/fm)2 . eees(32)

1 "
See Figures 3, 8 and 9 for typical curves of €. and €, versus frequency for

substances whose dielectric properties are described by the Debye equation.
The parameters Ero’ Erw and fm are constants with respect to frequency and

|
ero = the limiting low frequency value of er,
|
€ = the limiting high frequency value of €.s
f = the relaxation frequency.

m

Note that some authors use relaxation time T instead of fm. T and fm are
related by

fm = 1/(2mT).

The peak value of E: occurs when f = £ , The following relationships can be
derived from equations (31) and (32).

5;(f<<fm) =€ ceen.(33)

e (f=£)= (e, +e)/2, veeea(36)
eL(E>E ) = €, veen.(35)
e;(f<<fm) = (e - erw)(f/fm) e (36)
e (f=£) = (e, -€.)/2, 7))
en(Es>E ) = (e, - e II(E/E) . e (38)



-

The rate of attenuation A in
a dielectric whose permittivity is
described by equation (30) is
typified by that for ice (see
Figure 4). It can be seen that A
approaches a limiting value as £
is increased. Equations (24),
(28), (35) and (38) can be used
to show this value of A to be

8.686m f (e - € )
m ro o
c/e

T

A(f>>fm) =

e (39)

Equation (30) is appropriate

1‘_llll-l—l’ll— T T 7T
10 03
t (Hz)

I ﬁ]llll] ‘rl’l'l"l’r

10 04 10°

Fig. 3. Relative permittivity or ice
at low frequencies.

€E_=€__ +

T TrTrTm|

for dipolar compounds which have
a single relaxation frequency.
For substances which have a distri-
bution of relaxation frequencies,
Cole and Colel5, proposed the
following empirical equation

10®

€ - €
b

Tro

r reo

where «

10" 5
ﬁ
-
10724
= 3
W =
= 4
¥ 2
<1073
] 3
= 3
-3 <
IO'4—=
3
1054
2 LA R RREL T 11”1"] T ITPTrﬂls T 177HH|6
0 10 10 10 10

f (Hz)

Fig. 4. Low frequency attenuation
in ice.

1+ (3E/E )"

is called the distribution parameter and 0 < « < 1, When « =
equations (30) and (40) are identical.

0,

3.2 THE ELECTRICAL PROPERTIES OF ICE

The relaxation frequency fm for ice
is below 8 kHz. Auty and Cole , measured
e; and e; at frequencies comparable to

fm and were thus able to determine the

Debye equation (equation (30)) parameters

€ , € and f , These are reproduced in
ro’ “r® m

Table 1 below.

remains essentially constant when T is
changed. However ero and especially fm

It can be seen that €

are functions of temperature.

Equation (30) and the information
in Table 1 were used to compute the plots

] 1" .
of eri and Eri versus frequency given in

Figure 3. Figure 4 shows the correspond-
ing rates of attenuation. In Figure 7
the high frequency limiting rates of

attenuation in ice, as predicted by the Debye equation, with the Auty and Cole
parameters, are compared with measured values. It can be seen that the Debye

equation rates of attenuation are not

valid at microwave frequencies and there-

fore at these frequencies, measured values must be relied upon.



TABLE 1
Auty and Cole Debye Equation Parameters

T(°C) €0 | Epo fm(Hz)

-0.1 91.5| 3.10 | 7230

-10.8 95.0 | 3.08 | 2650

-20.9 97.4 1 3.10 970

-32.01 100 3.00 279

-44.,7 | 104 3.10 63.2

-56.8 | 114 3.10 13.2

-65.8 | 133 3.10 3.54

Table 2 lists investigators who have measured the high frequency
dielectric properties of ice.

TABLE 2

Investigators of the Dielectric Properties of Ice
(150 MHz to 24 GHz)

f Temp. Range '
[+

Investigators CHz c i

Westphal, (glacier ice),% | .15, .30, .50 | -1 to -60 {2.90 to 2.95
Westphal, (glacier ice),® | 2.5 (approx.) | -1 to -60 -

Cumming, " 9.375 0 to -18 3.15
Lamb, ° 10 -1 to -49 3.17
Lamb and Turney,® 24 0 to -185 3.18

Westphal's measurements were made on glacier ice. In general, glacier ice
contains small pockets of air and is therefore less dense than pure ice. The
density of the glacier ice used by Westphal’ was 0.868 gms/cm’. This compares
with a density of 0.916 gms/cm3 for pure ice. The reduced density of Westphal's
glacier ice accounts, at least in part, for the fact that his values of E;i

were smaller than the others listed in Table 2. The relative permittivity of
the ice component of Westphal's glacier ice can be computed using a dielectric
mixture equation. When this is done, Westphal's measurements indicate that

E;i is between 3.08‘and 3.13. The spread in values for e;i as measured by the

investigators shown in Table 2 (i.e., 3.08 to 3.18) is not large and could be
the result of experimental error. In the calculations of Section 4, Cumming's

value of 3.15 for e;i will be used.
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Changes in temperature and frequency have little effect on e

(providing £ >> f )

be said fore' 1"

ri

However (refer to Table 3 and Figure 5) the same cannot

Rates of attenuation in

25 ")
. USE SCALE TO LEFT } ice, at selected temperatures,
1 - USE SCALE TO RIGHT A and as computed using the
_ % B above measured dielectric
3 - 3 properties, are plotted in
g 15 Y Figure 7.
o ] CUMMING , f = 9.375 GHz 1o e
g 02 s = It should be noted that
() 10— - -4 .
> ] LAMB 1 +10 GHz - e (a) at most of the frequencies
s == rooe& above 150 MHz we have only one
2 - - —— z ]
g 54 ) RSPy b -2 & investigator's measurements of
s & " tan §; and some of these were
R LAMB ond TURNEY , f 24 GHz .
0 LENLEE B I TIT T ¥ [ L L ' T7T T I LELLERS l T V¢V 1 l LBLERARS l T 171 v o made on glaC1er lce and (b)
40 35 0 25 2 5 O ] 0 Cumming's measurements at
9.375 GHz are in significant
Fig. 5. Loss tangent in ice as measured by Lamb disagreement with those made

and Turney, Lamb and Cumming.

Table 3 lists Westphal's loss
tangent measurements in glacier ice
at 150 MHz, 300 MHz and 500 MHz. In
addition to the above, Westphal
privately communlcated to Evans’
measurements of tan §; for glacier

ice at about 2.5 GHz. Although these
values are not included in Table 3
(because Evan's Figure 7 could not
be read accurately), they were used
to compute the rates of attenuation
in ice (Ai) at 2.5 GHz included in

Figure 7.

For temperatures down to -40°C

the measurements of tan §; obtained

by Lamb, Lamb and Turney, and Cumming
" are reproduced in Figure 5. The
corresponding rates of attenuation
in ice were computed and are shown
in Figure 6 as functions of tempera-
ture.,

Fig. 6. Rate of attenmuation
in ice as computed using
loss tangents shown in

by Lamb at 10 GHz.

TABLE 3

Loss Tangent of Glacier Ice as Measured

Westphal? (pi

.868 gms/cm?)

7¢°c) | 150 mmz | 2 81 ¥ 107 [ 500 wus
300 MHz
-1 20.0 10.8 5.2
-5 14.4 8.0 4.0
~10 | 11.0 5.6 2.8
~20 6.8 3.4 1.9
-40 2.6 1.3 0.8
60 | 0.5 0.3 0.3

CUMMING , f = 9.375 GHz

Figure 5.

W

x
]
LAMB and TURNEY = 24 GHz 2l
3
e
LAMB f = 10 GHz - 2
|
o

[lllvllllll'll"ll[l]ll’l'!'!llllv![llll|

-40 -35

-30

-25 -20

T(°C)

-5 -10

-5

0
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|Oj
4 -1°C o
-|®
-10 °C :’ 1ec
I -1I8°C o + -i°C
] X WESTPHAL (GLACER ICE)
] + LAMB AND TURNEY
i o CUMMING
10
1072
] PREDICTED USING AUTY
. AND COLE DATA AND
] THE DEBYE EQUATION
] — -20°C
1 ~— -30°C
-3
|0 1 ¥ iilllll T L] Illlll‘[ ] T lllllll
ol 1O 10 100
f (GHz)

Fig. 7. Attenuation in ice.
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€rw, T= 0°C ' DEBYE EQUATION PARAMETERS
S0 ’/ T(°C) 0 20
€ro 87.9I 80.21
80t+--g-—=-—-—-~ o €ro 49 49
/2 oo N~ fm (GHz) 8.5 15.76
70— erw'T‘ 20°C ~ N
\
60 \
\
+2 504 \
v \
. \
.2 404
W quo ) -l\\
30— . ov < s N
VY N
e N
20 s N
s N ~
s N ~
e ~ ~
10 - SO
— — - —
O T T T 1 11 ’ T I L ¥ T 17 770 ] ] I T T LI I ) I
03 | 3 10 30 100 300
f (GHz)

Fig. 8. Relative permittivity of water at T = 0°C
and T = 20°C using the Debye equation.

90 /Er'w, T=10°C DEBYE EQUATION PARAMETERS
T T(eC) 10 30
80 €0 8397 76.6!
--'\----'-“~ € 4.9 49
70— tm (GH2) .70 21.2
€iw, T=30°C m
60—
50
<3
W 40
2
V30—

€rw, T=10°C

:T TT l L) I T T T T 1771 I T I ¥ T L ' T I
0.3 | 3 10 30 100 300
f (GHz)

Fig. 9. Relative permittivity of water at T = 10°C
and T = 30°C using the Debye equation.
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3.3 THE MICROWAVE PROPERTIES OF WATER

Many measurements have been made of the dielectric properties of water
at microwave frequencies. Some of the investigators found that the measured
values of permittivity, as a function of frequency, were satisfactorily
accounted for by equation (30), the Debye equation. Others concluded that
equation (40) was more appropriate. In the latter case, the parameter « was
found to be small (< = 0.02). The author of this document has found that
equation (30), (i.e., = = 0), where €ro’ Eroo and fm are as given in (a), (b)

and (c) below, gave values for Eéw and E;w which were in good agreement with
those measured. The above comparisons between calculated and measured values
were made over the frequency and temperature ranges,

577 MHz < f < 24.2 GHz

0°C < T < 30°C .

Refer to Table 6 for the particular case when T = 0°C.

(a) Where 0°C < T < 40°C Vidulich, Evans and Kay’ found that the follow-
ing empirical equation accurately predicted their measured values of

€ for water.
ro

- -3
e = 10(1.94404 1,991 x 10 ° T) ceens (41)
ro
where T is in degrees Centigrade.

Table 4 lists some values for €., 8lven by equation (41)

TABLE 4
€po for Water
[+]
T(°C) aro
0 87.91
10 83.97
20 80.21
30 76.61
40 73.18

(b) The magnitude of Erw’ is not known accurately, but it appears to be

between 4.5 and 5.5. For the purpose of computing the microwave
properties of water in this document, Saxton's® value of 4.9 will

be used.
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8

(¢) Saxton® found fm to be as shown in Table 5.

TABLE 5
Relaxation Frequency for Water

T(°C) fm (GHz)

0 8.51
10 11.70
20 15.76
30 21.2
40 27.0
50 33.9

Equation (30) with the above values for €0’ Ereo and fm were used to

compute the relative permittivity of water curves plotted in Figure 8 and 9.
The corresponding rates of attenuation appear in Figure 10. Note that water
is very lossy at microwave frequencies. For example at f = 10 GHz and

T = 0°C water attenuates at the rate of about 5000 dB/m.

TABLE 6

Measured and Calculated Values of the Permittivity
of Water at T = 0°C

f Ref. Measured Calculated
GHz e; e; e; e;
0.577 (9)  88.1 5.85{ 87.5 5.60
1.744 (9) 185.3 16.5 | 84.6 16.3
3.00 (10) | 79.7 24.7 | 78.7 26.0
3.25 (11) {79.9 26.5 | 77.3 27.7
9.13 (11) { 46.0 41.1 | 43.5 41.4
9.35 | (10) | 44.8 41.6 | 42.5 41.3
19.0 (12) { 19.0 30.4 18.8 31.0
23.6 (10) 1 16.2 28.3 14.4 26.5
23.7 (11) | 14.5 27.5 14.4 26.4
24,2 (13) | 14.9 26.3 | 14.0 26.0
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Fig. 10. Rate of attenuation in water.

3.4 THE MICROWAVE PROPERTIES OF SNOW

Snow is a ﬁixture of two dielectrics, ice and air. Weiner (see Evans?)
derived the following equation whi¢h expresses the relative permittivity of a
mixture of two dielectrics in terms of the permittivities of its constituents.

€m ~ 1 €, T 1 €, ~ 1
— o -Pt 7ot P T covel (42)
rm T r2
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where
Erm = relative permittivity of mixture,
Erl = relative permittivity of medium 1,
Erz = relative permittivity of medium 2,
p = the proportion of a volume of the mixture which is occupied by
medium 1,
u - is called the Formzahl, 0 < u < @ ,

Let medium 1 be distributed through medium 2 in the form of particles.
The value of the Formzahl is dependent on (a) the shape of the medium 1
particles and (b) the orientation of the medium 1 particles with respect to
the polarization of the signal. For the general behaviour of u refer to the
sketches above Figures 13 and 1l4.

In snow, medium 2 is air and erz = 1-j0. The second term on the right

hand side of equation (42) is therefore zero and, as a result the equation
becomes

ers -1 Eri -1
%% “PT T35’ R %))
rs ri
where
e, =¢€' - je" 1is the relative permittivity of snow,
rs rs rs
e, =€'!, - je", 1is the relative permittivity of ice,
ri ri ri

P the proportion of a volume of the snow which is occupied by ice.

If the density of the snow is known, then p is given by
p = ps/0.916 . veeel (848)
where oy = density of the snow in gms/cma.

When equation (43) is solved for the real and imaginary components of

€ , it is found that
rs

E;s [Kséi(l + up) + u(l - p» (E;i(l -p)+u+ p>

2

+

(E;i)2 (1 +up)(1l - p)] / [<€;i(l -p) +u+ p>

(*3;1(1 - P)> 2] , el (45)

+

and
2

E;i p(l + u) ,
O S I ) e CUTCR) LR
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In Section 3.2, it was shown that at microwave frequencies, E;i << E;i. Some
parts of equation (45) and (46) can therefore be omitted. The functions
which result are

e ,(1+up) +u(l - p)

1]
€rs T e;i(l -~ pP) +u+p s ceens (47)

" 2
€" = €rip (1 + u) (48)
rs [E;i(l - p) +u+p]? : terte

Therefore, provided that the above equations are valid, the dielectric prdper—
ties of snow can be computed if the Formzahl and the dielectric properties of

ice are known.

Cumming” has measured tan & and
E; for both ice and snow at f = 9.375
GHz. His results are shown in Figures
11 and 12. In addition to Cumming's 76
values for Eé , Figure 12 includes

curves which were computed using
equation (47). Note that for the
purpose of these calculations the
value 3.15 was used for e'i. It can
be seen that the curve obtained when
u = 3.5 agrees quite well with the .38 _O
experimental points. Therefore in the - ! I 1 T T 7T T 1 "1
remainder of this document, where E;s <18 -6 -4 -2 ‘?(ég € -4 2 O
is used, it will be that given by

equation (47) with u = 3.5 and Fig. 11. Loss tangent of snow as

eéi = 3.15. Note that Cumming measured meggyred by Cumming at f = 9.375 GHz

el  at T = -18°C. His values should p, = snow density (gms/em’).

[ 24
-

- 20

<
—16 o

o »

however be valid at other tempera- 35+
cause €', is independent o '
tures because €, pende £ + MEASUREMENTS BY CUMMING
temperature. AT TeoI8°C
3.0

Weiner's equation does not
predict E;s as accurately as €' . This

is shown in Figure 13, where (a) the 2.5
curves were computed using equation (48)

and (b) the experimental points were “rs
found using the following equation 2.0

" T

e:rs/e:ri = (g,  tan és)/(3.15 tan 6,),

where

E;s is that given by equation (47)

with u = 3.5 and €_. = 3.15. 1.0 T T - T T =
rl
0 2 4 6 8 10
tan S_ and tan §; are as SNOW DENSITY, ps (GMS /CM?)

measured by Cumming, see
Figures 11 and 5, respectively.

Fig. 12. E;S as measured by Cumming
and predicted by Weiner's
dielectric mixture equation.
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The experimental points do not lie close to any 'constant u' curve but are
spread between the curves u = 1 and u = 3.5. The curve where u = 2, falls
approximately half-way between those where u =1 and u = 3.5.

The ratio of the rate of attenuation in snow to that in ice can be
shown, (using equations (24) and (28)), to be given by

" "

A /e,
S __rs Tl N €1°))
Ay VELTer,

1 ri

The A /A curves in Figure 14 were computed using equatlon (49) where, (a)
/€ was calculated u51ng equation (47) with u and €r. being 3.5 and 3.15,

respectlvely, and (b) Er /E"i was computed using equation (48) with u = 1.0,
2.0 and 3.5. As was shown above Cumming's data indicates that €" /E falls

ri
between the curves u = 1 and u = 3.5 and that the median curve was that where
u = 2, AS/Ai will have the same behaviour as €'" /e€'",. Therefore the values As

ri
used in Section 4 were computed using, (a) A /Ai as given by the u = 2 curve
in Figure 14, and (b) values of Ai taken from Figure 6.

-—
POLARIZATION OF
E FIELD

u—0 u—so
109 l'oj EXPERIMENTAL VALUES OF Ag/A|
*,x,+ MEASUREMENT BY CUMMING FALL BETWEEN THE u=1
4 * T=0°C / AND u= 3.5 CURVES
X T=-10°C T

u=35—=€rs /€

u=20—>€/5 /€y

us= |,o-—>€rs/€ri

Ag(dB/m)/A;(dB/m)
>
A

T 7 | LI T T | 0 T | T T T T T T ]
o} .2 4 6 8 1.0 (o} 2 4 6 8 10
SNOW DENSITY, Pg (GMS/CMa) SNOW DENSITY, Ps (GMS/CM3)

Fig. 13. €. /e as measured by Cumming Fig. 14. A comparison between the

and pregicted by Weiner's rates of attenuation in snow and ice.
= ; ! !
dielectric mixture equation. = 8.5 for computing Ers/eri'

f
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4. SCATTERING FROM ICE OVER WATER, SNOW OVER ICE AND SNOW OVER SOIL

In this section, comparisons are made between the magnitudes of the
signals scattered from the top and bottom surfaces of ice and snow layers.
This parameter is important because a radar system, which is used to measure
ice and snow thickness, must be able to resolve the reflections from these
surfaces. The difficulty associated with doing this depends on the relative
magnitudes of the two signals (i.e., the greater the difference in magnitude
the greater the difficulty).

E, E,
Consider the situations shown in i R
Figures 15 and 16, where (a) the A’/lR'lE° 0 IRwlEs AIR
incident signal (labelled Eo) is ¥

normally incident on the top boundary, A dg SNOW
and (b) the boundaries are plane and ¥
parallel to each other. Let f

di ICE
E = the rms magnitude of the ;
electric field associlated
with the incident signal WATER
[RSIEO, IRi[EO, lRleo’ [R_[E, = Fig. 15. Scattering from the top and
g bottom surfaces of ice where there
The magnitudes of the signals 18 snow over ice over water
reflected from the top sur- (p_ = snow density).
faces of the snow, ice, water 8
and soil (ground), respectively. . E E
(-] (-]
These magnitudes are those that | IRl Eq
the signals assume in the air, after IRs|Eo |Rq|Eo AR
leaving the snow. lRS|, lRil’ lRWI j/
and |Rgl are functions of, (a) the KPSI
rates of attenuation in, and depths dg SNOW
of, the snow and ice layers, and (b) Ps2 l
the boundary reflection and trans- Z
mission coefficients, i.e., ICE or
SOIL
IR | = |R. | .....(50) Fig. 16. Scattering from the top and
s as bottom surfaces of ice where there is
, snow over ice or snow over soil
'(As 2ds)/20 (p_ ,p., = snow density at respectively
IR, = |T._] |R_,| |T__ |10
i as si sa the top and bottom surfaces of snow).
eeeso(51)
-(A 2d +A.2d.)/20
s s i"7d
RS N U O O 0 O & SR B X | ceeen(52)
—(AS 2dS)/20
IR, = [Tl IRgg 1T, (10 cever(53)
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where

dS and di the depths of snow and ice (meters), respectively,

AS and Ai = the rates of attenuation in snow and ice (dB/meter),
respectively, and can be found in Section 3.

R

R lo |1,
and transmission coefficients. They are functions of the dielectric properties
of the materials on either side of the boundary (see Section 2).

l, IRsil’ etc., are the magnitudes of the boundary reflection

The magnitudes of the above boundary reflection and transmission
coefficients were computed and are shown in Figures 17 to 20. At microwave
frequencies and except for IRiwl’ the coefficients are independerit of frequency.

Below f = 10 GHz [Riwl changes only slightly with frequency. For the purpose
of computing [ng], (the magnitude of the reflection coefficient at the snow-
ground boundary), the relative permittivity of the ground erg was assumed to

be 2.5. This is near the values given for dry sand and foam, as listed in
Reference 16 for a frequency of 3 GHz., The other dielectric properties
required, (i.e., those for snow, ice and water), can be found in Section 3.

SNOW DENSITY, Ps (gms/cm>)

0 (o} 02 03 04 05 06
0 i | 1 | L | t 1 1 1 ]
-4
~ -8
o
— -2 20 LOGo|Ras|

20 LOG o |Rsal \

REFLECTION COEFFICIENTS
N
H
1

~ 24 . 20 LOG g ITgql
o e
g \
wn
g8 O+—FF—+—F+—+—+——+ + —
S0 2 04 05 06
Sk -1 Ps(gms/cm?)
W
(=¥e
s)

-2 20 LOG o | Tgs |

¢

Fig. 17. Normal ineidence reflection and transmission coefficients
at an air-snow boundary.
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SNOW DENSITY, Ps (gms/cm3)

0 ol 0.2 03 04 05 06
| L 1 1 ] | 1 | I | L.
o]

REFLECTION COEFFICIENTS (dB)

TRANSMISSIGN COEFFICIENTS (dB)

-3

L -4
T

06

aT

20 LOG|0'T‘il

Fig. 18. Normal ineidence reflection and transmission coefficients

at a snow-ice boundary. Note that when pg

= 0 the reflection

and transmission coefficients are for an air-ice boundary.

t (GHz2)
05 1.0 3.0 10 30
0o Lol L L4 22 a9l N
.
-2
-3 /_
-4_1
-57
-6 -

Fig. 19. Normal incidence reflection
coefficient at a ice-water
boundary, T = 0°C.

Note, it can be shown that

8./, = B *[RG|*/[E|* = [R_|?
ceeel(54)
s,/s, = IR, |2 cee..(55)
s,/8, = IR |? cerea(56)
sg/so = |R8|2 ceue(57)
s,/8; = lRw|2/|Ri|2 ..(58)
§,/8, = lRi[2/|RS|2 ceeea(59)
sg/ss = |Rg|2/|R8|2 oo (60)
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where

So = power density (watts/unit area) of incident signal, and

SS,Si,Sw and S = the power densities of the signals scattered from the
top surfaces of the snow, ice water and ground,
respectively.

In this section, values for IRSI,

SNOW DEN&TY;P%,(gms/uns) IRiI, IRWI/IRiI are expressed in dB
qz %? 04  yhere, for example

) A }

0.l
-10 \ d

|R,|(dB) = 20 log,,|R. |
20L0G g IRsgl 1 e

5] / SN(3)

4 Hence from equation (55)

1 |r;1(dB) = 10 log,, S,/ .

REFLECTION COEFFICENT (dB)
U R

These values can therefore be thought

FPig. 20. Normal incidence reflection of as the power density ratios given
coefficient at a snow-ground in equations (54) to (60), expressed

boundary, where the relative in dBs.
L ttivit th nd s 2.5.
permiitivity of the grou (Erg) o 4.1 SCATTERING FROM ICE OVER WATER

Consider first the case where
there is no snow on top of the ice. For the reason given at the beginning of
this section it would be useful if upper and lower bounds could be obtained
for IRWI/|R1|. Note that, the greater the attenuation in the ice layer, the

smaller the valve of lRwlllRiI. At a given frequency, the upper bound there-
fore occurs when Ai = 0. This corresponds to di + 0 and/or T << 0°C. For a
given depth, di’ and frequency, the lower bound occurs when Ai has its
maximum value. This happens when T = 0°C. In this document Ai(T = -1°C) was
used to compute the lower bound as Lamb did not give a value for Ai(T = 0°C).

Therefore from the information in Table 7 it can be seen that

-6.24 dB < |Rw|/|Ril < 6.64 ceee.(62)
when
d =0,
s
d; < 2 meters,
f = 9.375 GHz,
Ai as given by Cumming,
0 (also from Table 7) _ d

T?
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0.16 dB < |R |/|R | < 6.60 dB veue.(63)
when

=0,
< 2 meters,

f = 10 GHz,
A, as given by Lamb.

TABLE 7
Ice over Water
|Rw| as Compared to IR1.|,Tw = 0°C

di fi ng IRW' !Ril 'Rwl/lRi' Comments
meters| C dB dB dB

- 9.375 | -4.44]-11.08 +6,64 Ai = 0 dB/m
1 -1] 9.375 | -10.88 | -11.08 0.20 Ai (Cumming)
2 -1| 9.375 | -17.32 | -11.08 -6.24 Ai (Cumming)
- - 110 - 4.48 | -11.08 +6.60 A; = 0 dB/m
1 -1]10 - 7.70 | -11.08 +3.38 Ai'(Lamb)

2 -1{10 -10.92 | -11.08 +0.16 Ai (Lamb)

Snow on top of the ice has the effect of decreasing the magnitude of the
signals scattered from the top as compared to that scattered from the bottom
ice surface. The more dense the snow the greater the above effort. Note that
dry snow densities range from about 0.1 gms/cm3 for newly fallen snow to
about 0.4 gms/cm® for hard-packed snow. By using the information in Table 8
and reasoning similar to that used to obtain (62) and (63), it can be shown

that

-0.18 dB < IRWI/IRiI < +12.70 dB, cened(64)
when

Py = 0.4 gms/cm®,
d, £ 2 meters,
9.375 GHz,

A, as given by Cumming.

Hh
[]

Or using the lower bound from (62) and the upper bound from (64)

-6.24 dB < IRWI/lRil < + 12,70 dB, vern.(65)
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when
pg 0.4 gms/cm®,
di_i 2 meters
f =9.375 GHz,

Ai as given by Cumming.

Similarly when Lamb's values for Ai(T = 1°C) are used, then

0.16 dB j_IRWI/IRiI <12.66 dB, veee.(66)

when

s 20.4 gms/cm?,
< 2 meters,
10 GHz,

A, as given by Lamb.

H
]

Note that 3 meters of ice (A{ - Cumming, T = ~-1°C) will decrease the lower
bound of equation (65) to -12.68 dB and, therefore

-12,7 dB < lRw|/|R1| < 12,7, ceea.(67)
when
ps < 0.4 gms/cms,
di < 3 meters,
f = 9.375 GHz,

Ai as given by Cumming.

It can be shown, provided f >> f = 7.2 kHz when T = 0°C (see Table 1), or

£ > 1 MHz that (67) is valid with small error (< 0.5 dB) in the
bounds shown, when the condition f = 9.375 GHz is replaced by f < 9.375 GHz.
Therefore, the greatest amplitude difference for signals reflected from the

top and bottom surfaces of ice over water (conditional that di < 3 meters and
f < 9.375 GHz), is about 13 dB.



TABLE 8
Snow Over Ice Over Water, |R | as compared to |R.],

d. =1 meter Tw = 0°C
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S
di ps Ti f |Rw| |Ril lRwlllRi| Comments
meters| gms/cm® | °C | GHz dB dB dB

- .2 - [9.375 | -4.17{ -13.59 49.42 A=A =0

.2 -1]9.375 |-11.49 | -14.47 +2.98 A Ay (Cumming)
2 .2 -1(9.375 |-17.93| -14.47 -3.46 A, A, (Cumming)
- A - 19.375 | -4.10} -16.80| +12.70 A=A =0
1 4 -1{9.375 |-12.46| -18.72 +6.26 A, A; (Cumming)
2 4 -1}9,375 |-18.90] -18.72 -0.18 Ag> Ai (Cumming)
- .2 - 10 -4.21| -13.59 +9.38 A =A =0
1 .2 -1 |10 -7.87 | -14.03 +6.16 A, A (Lamb)
2 .2 -1110 -11.09 | -14.03 +2,94 Ay Ay (Lamb)
- A - 1o -4.14| -16.80| +12.66 A, =A =0
1 b -1110 -8.32| -17.76 +9.44 Ay, Ay (Lamb)
2 4 -1]10 -11.54 | -17.76 +6.22 A, Ay (Lamb)

4.2 SCATTERING FROM SNOW OVER ICE AND SNOW OVER SOIL

Consider the situation shown in Figure 16 where there is a layer of snow
over either ice or soil. Let

pSl

s

Pg, =

the density of the snow at the top and
bottom snow surfaces, respectively.

Table 9 lists values for [Rif/fRSf and ngI/IRSI when A_ = 0 dB/meter.

These values are therefore upper limits for the values of ps1 and Pg2 shown.
It can be seen that

0.43 dB 16.11 dB, veeeo(68)

A

IR, /IR ] <

-3.82 dB 13.89 dB, cees.(69)

|~
A

R 1/1,]
when

0.1 gms/cm® < Pgy < 0.4 gms/cm?,
3

Pgy < Pg,p < 0.4 gms/cm

AS = 0 dB/meter.
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Attenuation in the snow will decrease |Ri|/|RS[ and [Rg[/IRSI.

value for AS at T = -1°c, f = 9.375 GHz and Py = 0.4 gms/cm3 is used,

When Cumming's

IR I/IR | and IR |/|R | in dB, become equal to the negative of the upper

bounds shown in (68) and (69) when dg

Therefore conditional that

then

when
and

when

3

0.1 gms/cm® < I < 0.4 gms/cm,

Pgy, < Pg, < 0.4 gms/cm,

AS as given by Cummings,

£ < 9.375 GHz,

-16.1 dB < |Ri[/|RS| < 16.1 dB,
dS < 8.6 meters,
-13.9 dB < [Rgl/lRS| < +13.9 dB,

dS < 5.2 meters.

TABLE 9

Snow over Ice and Snow over Soil (ground),
|R;| and IRg! as compared to |R.|, A, = 0 dB/m

o P IRl IR R IR /IRGD IRI/IR]
gms/cm® gms/cm® dB dB dB dB dB
.1 .1 -28.38 -12.27 -14.49 16.11 13.89
.1 A -28.38 -16.65 -20.89 11.73 7.49
.2 .2 -22.69 -13.60 -16.28 9.09 6.41
.2 A -22,69 -16.68 -20.93 6.01 1.76
.3 .3 -19.46 -15.08 -18.40 4.38 1.06
.3 .4 -19.46 -16.73 -20.98 2.73 -1.52
A A -17.23 -16.80 -21.05 0.43 -3.82

= 8,6 and 5.2 meters, respectively.
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5. BANDWIDTH AND RESOLUTION OF A SNOW AND
ICE THICKNESS MEASURING RADAR

For a pulse radar, the required video and RF bandwidths are given
nominally by

Afvid

R

Sll"

L
2Ar

£ ~ _C 1
f ;E; Ar ?
where

Ar = difference in range between two targets, below which the returns
from the targets cannot be resolved by the radar,

€ = real part of the relative permittivity of the medium between the-
above two targets. It is assumed that e;/aé << 1,

= ' =
When Ar = 0.1 meter then, (a) when M 3.15 (dce), Afvid and Afrf are 0.84 GHz

and 1.69 GHz, respectively; (b) when e; = 1,16 (snow, Pg = 0.1 gms/cm) Afvid
are. 1.4 GHz and 2.79 GHz, respectively.

It would be very difficult to design a video system with the bandwidths
shown in (a) and (b), above, and therefore a pulse radar would not appear to
be practical. Consider next the linearly swept FM radar. This type of radar
system requires about the same RF bandwidth as the pulse radar. The signal,
after detection, is however, relatively narrow-band.

Let the signal, transmitted by the FM radar, be swept through Afrf in

time At, as shown in Figure 21. The
detected signal is obtained by select- FREQUENCY OF TRANSMITTED SIGNAL
ing the beat note which results whenm ----- FREQUENCY OF SIGNAL FROM A TARGET
the signals scattered from the targets g :

are mixed with a portion of the trans-
mitted signal. The beat frequency
corresponding to a target at a given
range r is

= ' veeea (72
fq=T Afrf/At, (72)

>t
where ,
Fig. 21. Frequency-time relationships

T = time for the signal to for a linearly-swept FM radar.
propagate from the radar to The scatterer is a point target.

. the target and then return
to the radar.

Since T = 2r/c, equation (72) can be written

= (Zr/c)(Afrf/At). veeed(73)
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It can be seen that fd is a measure of range. The spectrum of the detected

signal is therefore of interest. Let this spectrum be obtained during the

time required for one sweep of the transmitted signal. In particular, consider
the following signal

s(t) = cos(2mf t), £, <t <t, + At

0, t <t and t >t +At.

The energy density spectrum of this signal is a (sin(x)/x)2 curve centred at
£4 (see Figure 22). The zeroes in the spectrum occur at

I —-0d8

£, m/At, m = 1,2,3,> .

ceees(74)

Therefore let 1/ t be the nominal
frequency resolution. It can be
seen, using equation (73), that

1 20f.¢
fd+A—t— At (r + Ar),
ceees(75)
or

Fig. 22. Energy density spectrum of _
the detected signal in an FM radar. : br = C/(ZAfrf)’
The scatterer is a point target and : (76)
the spectrum is evaluated through Tt
time At.
where

Ar = the nominal range resolution, corresponding to the nominal
frequeney resolution 1/At.

Note that if the relative permittivity (E;) of the dielectric between the
targets to be resolved is not 1, then equation (76) becomes

r = c/(z/E'; Af ). cee (77

The required RF bandwidth can therefore be computed if Ar and E' are known.
For example if Ar = 0.1 meters then, (a) when e = 3.15 (dice), Af £ - 0.84 GHz

and, (b) when Eé = 1.16 (snow, Py = 0.1 gms/cm® ), Af = 1.4 GHz. These band-

widths indicate that the transmitted frequencies will have to be in the micro-
wave band, (e.g., 9.0 GHz to 10.4 GHz).

There may be situations, during ice and snow depth measurements, when
the range resolution as given by equation (77) will not be realized. For
example, it was shown, (see equation (70)), that, (when d < 8.6 meters),

IR |/|R | can under certain circumstances reach +16 ‘dB. It can be seen by
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referring to the second sidelobe of the (sin x/x)2 spectrum is 17.8 dB below
that at fq. Therefore nominally let the frequency resolution for signals
which differ by 16 dB be

[the frequency at the first zero in the (sin x/x)?
spectrum above the second sidelobe] - fd

or
frequency resolution = [fd + 3/At] - fd = 3/At.

This frequency resolution is three times that used to derive equation (77),
therefore Ar is three times that given by equation (77). It should be noted
that the (sin(x)/x)? sidelobes can be reduced somewhat by proper time or
frequency weighting of the detected signal.

6. PROBLEMS ASSOCIATED WITH MEASURING THE THICKNESSES
OF ICE AND SNOW LAYERS WITH RADAR

At £ = 9,375 GHz Cummingl+ found that the presence of only 0.3 per cent
by weight of water in the snow was sufficient to increase the loss tangent
and hence Ag by a factor of 10. This is not unexpected because as is shown
in Figure 10, A, (f = 9.375 GHz, T = 0°C) = 5000 dB/meter. The rate of
attenuation in wet snow may therefore make it impossible to detect radar
echoes from boundaries beneath the snow.

The range from the snow or ice to the radar antenna must be fairly
small because;

(a) The greater the range the larger is the surface area illuminated.
If the thickness being measured varies significantly within this
area the snow and ice boundaries will appear smeared on the radar
display. '

(b) The range from the antenna to a plane surface is a function of
the angle of incidence. This effect can also result in smearing
on the display.

For example, let

r = minimum range,
r, = rarge through the 3 dB point on the antenna pattern,
eBW = 3 dB antenna beamwidth.

It can be shown that if r -r is to be less than 0.1 meters, when eBW is
5 degrees, then r must be less than 105 meters. It would appear that the

radar, if airborne, should be mounted on a helicopter.

The signal amplitude ratios shown in Section 4 were computed assuming,
(a) that the surfaces were parallel to each other, and (b) that the surfaces
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were smooth. If these conditions are not met then it would be possible to get
amplitude ratios which are larger than those shown.

Two additional problems associated with the measurement of snow depth
are:

(a) Snow is not, in general, homogenous and therefore confusing
reflections could originate within the snow.

(b) The density of the snow and hence the velocity of propagation in
it is, in general, unknown. The depth of the snow layer cannot
therefore be precisely calculated. For example,

- 3y _
€ g (ps = 0.1 gms/em®) = 1.16
1]
€ s (ps = 0.4 gms/cm ) = 1,74,
and therefore
: - _ 3y _ 1 cAt} _ chAt
ds(pg = -.1 gms/cm®) = T L7?4 = .,928 L7ZJ .
rs

- 3y - (At
ds(ps = 0.4 gms/cm®) = .758 [ > ] ,

where

At = time between arrival of signal from top and bottom snow surfaces.

7. SUMMARY

The dielectric properties of water are well known at microwave
frequencies and they can be accurately computed using the Debye equation.
In Section 3, it was shown that the rate of attenuation in water is very
high in the microwave band. For example, at T = 0°C

Aw(f = 1 GHz)

jtd

90 dB/m,

14

Aw(f = 10 GHz) 5000 dB/m.

Only a few measurements of the microwave properties of ice are available.
The real part of the permittivity is 3.15 * 0.05 and appears to be independent
of frequency (f > 1 MHz) and temperature. The imaginary part of the permitti-
vity, and hence the rate of attenuation, for ice are however both frequency
and temperature dependent. Cumming's loss tangents for ice at 9.375 GHz give

A (T = -1°C) = 3.2 dB/m,

4 ¢

Ai(T

-18°C) =~ 1 dB/m. ¢



31

The corresponding rates of attenuation, computed using Lamb's data, for
f = 10 GHz, are

Ai(T = -1°C) = 1.6 dB/m,

Ai(T = -18°C) =~ 0.37 dB/m.

The dielectric properties of snow can be computed from those for ice and
are of course dependent on the density of the snow. Both e; and A (at a given

temperature) are less for snow than they are for ice.

It was shown that for those conditions normally encountered it should
be possible to use radar operating at X-band frequencies to measure the
depths of ice and dry snow layers. Note that the measurements will probably
have to be made when the snow is dry because the presence of water in the
snow greatly increases its rate of attenuation.
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