TK
5102.5
C673e
#1247

Communications
Research
Centre

CALCULATION OF EVANESCENT-WAVE GAIN
IN THE

TEgm AND Mg, MODES OF AN OPTICAL FIBRE

by
A. Watanabe, K.0. Hill and D. Mintz

CRC REPORT NO. 124
AT L L T———— R
MINISTERE DES COMMUNICATIONS

5

CANADA OTTAWA, JULY 1973



COMMUNICATIONS RESEARCH CENTRE

DEPARTMENT OF COMMUNICATIONS

CRC REPORT NO. 1247

CANADA

CALCULATION OF EVANESCENT-WAVE GAIN IN THE

TEg,, AND TM,),;, MODES OF AN OPTICAL FIBRE

by
A. Watanabe, K.O. Hill and D. Mintz

(Informatique Directorate)

COMNURIZATIGNS GANADA

CRE

Industry Canada
Likrary - Queen

SEP - 4 2012

Inuusine Canada
Bibliotheque - Queen

CAUTION
This information is furnished with the express understanding thar;
Proprietary and patent rights will be protected.

July 1973
OTTAWA







TABLE OF CONTENTS

ABSTRACT '+ ee v vste e sneeeeennneeeeeanneeseeennneeeeesannnnenees e 1
1. INTRODUCTION +.uvvrrvennnnn.. e, 1
2. THE BOUND MODES OF A PASSIVE OPTICAL FIBRE ....vevvvrenenennnnnnn.. e 2
3. UNPERTURBED SOLUTIONS FOR THE TEq, AND Mgy MODES .................... 8
4. EVANESCENT-WAVE AMPLIFICATION .. vetuuvennneennnennnesannesanenns e 11
5. AMPLIFICATION IN THE TE, AND T™Mgp MODES ...veervvnnniinnniinnnnnnnn, 13
6. NUMERICAL RESULTS ........ e e 15
7. SUMMARY ............. e, e 18
8. REFERENCES ©.e'uunrevnnnnennnnn. e, e 18

COMMUNICATIONS CANADA
CRC

SEP 24 1965

LIBRARY — BIBLIOTHEQUE

iii



CALCULATION OF EVANESCENT-WAVE GAIN IN THE
TEgy AND TM., MODES OF AN OPTICAL FIBRE

by

A. Watanabe, K.O. Hill and D. Mintz

ABSTRACT

In this report we extend our previous pertur-
bation-theory treatment of evanescent-wave gain in
dielectric slabs to the case of a cylindrical
dielectric waveguide, or optical fibre. The general
formalism for treating evanescent-wave gain due to
an active cladding material is developed, and
detailed calculations of the gain coefficient ratio
are presented for the TE  ~and TM  modes of the

active optical fibre.

1. INTRODUCTION

Several types of waveguiding structures are known which can support the
propagation of a finite number of bound electromagnetic modes. Two such
structures are the dielectric slab and the optical fibre. In both structures
the electromagnetic field associated with the bound modes extends beyond the
central region; that part of the field which penetrates into the surrounding
medium is termed evanescent. We have shown experimentally that when the
surrounding medium is an active material with gain, then a signal propagating
in a bound mode of the structure can exhibit gain In other work we have
also observed laser action by evanescent-wave gain in an optical waveguide
device??3*

In a previous paper we used first-order perturbation theory to treat
the effects caused by a surrounding medium with gain on the bound modes of a
dielectric slab®, and derived formulae for the amplification of the bound
modes by evanescent-wave interaction with the surrounding medium. In a sub-
sequent work we treated evanescent-wave gain in a dielectric slab waveguide
when the active material in the cladding layer was optically pumped by the
evanescent field of the pump beam propagating in one of the bound modes of
the structure®. In this paper we extend the earlier calculations on planar
waveguides to active cylindrical dielectric waveguides, or active optical
fibres.



2. THE BOUND MODES OF A PASSIVE OPTICAL FIBRE

Consider the case of a cylindrical waveguide with the z axis in the
direction of propagation, core radius a, dielectric constant €, and €, of the
core and cladding regions, respectively, and a relative permeability of one.
The spatial variation of € in the plane normal to the direction of propaga-
tion is shown in Figure 1. For a plane wave in the z direction the electric
and magnetic fields can be written in cylindrical coordinates (p,$,z) as
Eﬂp,¢)exp(ikzz—iwt) and §ﬂp,¢)exp(ikzz—iwt), where the values of the angular
frequency w and the z-direction propagation constant k, are both real and
positive. The electric field satisfies the equation

2
<V2+€—((:D2—>E= 0,

g, for p < a eeeso(l)

™
[

€, for p > a,

and €, < €, -

The magnetic field also satisfies the equation

2
<v2+5‘*’2—>§_=o. cern e (2)

C

The Laplacian operator in cylindrical coordinates is given by

2 2 2
2 9,19 1 9 3
v ‘-3-674-0 ap+'5~z'a—¢-f+*a-é'f . ceees(3)

Let P, $ and Z be the unit vectors along the 3 axes of the cylindrical
coordinate system. Then

%g'=¢,
§ e ()
99 _ A
ap— p’

and all other derivatives of the unit vectors are zero. Thus the equations
for the derivatives of the individual components of the electric field vector
E= (Ep, E¢, E;) become

WEOQ——-@'B(‘) o+ 2 3¢¢-Epp’ veses(5)

and

2, 3%E ~ OE
3—87E¢¢=<3—¢}—Q—E¢>¢—2’5§'6. RN ()]
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Fig. 1. The spatial variation of the dielectric constant €(p)
for an optical fibre whose axig ig in the z direction. €, and

€, are the dielectric constants of the core and cladding regions,
respectively. The diameter of the core is 2a.




With the use of equation (5) and (6), equation (1) can be written as

-%;;B + %-Egﬁ +-§f _S;EQ -2 §$¢ - Eqd + <§%; - ki) E, =0,
..... ¢))
TeerZead fEeafeon)s (@) -0
e (8)
and 9%E, 1 OE, 1 [EZE%] ew? 5
302 +-5-—5_ + 57 |5em + <—Z§ - k?) E, = 0, ceees(9)

for the components along the p, ¢ and z axes, respectively. Equations (7) and
(8) both contain E, and Ej and therefore are not easily solvable. On the other
hand equation (9) contains only E_ and is readily solved. We assume a solution
of the form 2

E =E(p) Ez(¢) eXP(ikzZ - iwt). vee..(10)

V4

Equation (9) becomes

p2 32Ez(p) _1- aEz(p) sz ) _ 1 azEz(p)
E_(P) 502 VYo e T \cZ” k) B, = - E_(0) 32 >’

ceeea(11)

In order to separate variables we let +A be the constant of separationm,
so that

32E,(
+AE_(9) = - —a;ﬁ)— . ceeen(12)

Because our space is symmetric in ¢, the ¢ dependence should be symmetric in
the interval 0 < ¢ < 2m. Thus the solution of equation (12) will have the
form

Ez(¢) = cos(nd + wn> s ceeea(13)

where A = n?, n = 0,1,2,.... and wn is the phase constant. We define

propagation constants Y and B by

g w2

—— - 2 .«
—— - k2, eeea(18)

2

Y

2
€,
2
k2

z c?

. ceesa(15)



For Y and B real and positive we get propagation of energy inside the wave-
guide and no transverse flow of energy outside.

The differential equations for the p dependence of E, become

32 1 BEZ(O) 2 n2 _
307 Ez(p) S o + Y- o7 Ez(p) =0 for p X< a,
vee.s(16)
and
32 1 8Ez(p) 2 n2
So? Ez(p) 5 ep B +'5? E,(p) = 0 for p > a.
veees(17)

Equation (16) is a Bessel equation of order n and equation (17) is a modified
Bessel equation of order n. The solutions of these equations are restricted
by the requirement that they be finite at p = 0 and p = «© and that the field
is localized to the vicinity of the waveguide core. The solutions have the

form

Aan(Yp) for p < a
E_ = cos(np + wn)exp(ikzz— iwt) ve...(18)
BnKn(Bp) for p > a,

where A and B are constants, Jn is a Bessel function and Kn is a modified

Bessel function of the second kind.

From a similar derivation for the magnetic field components it can be
shown that Bz has the form

Can(Yp) for p < a
B, = cos(nd + xpt'l)exp(ikzz - iwt) cee..(19)
DnKn(Bp) for p > a,

where Cn and Dn are constants.

The components of the fields perpendicular to Ez and Bz can be read from
the following equations7:

2 -1 JE
(E,,Ey»0) = (?%? - k:) rvt <"3§> - dw(g x Vth)]
eeee.(20)

2 -1 [ <5B ) 2
_ o (ew” 42 z iew” .
(BpsB¢’0) - <c2 kz> vt 9z + =) (Z X vth),



where
_ A O
Ve EV - 247
v o= (2 12 3
9p’ p 9p’ 9z

Thus the equations for the components of the field become®

2 -1 JE 9B
- (EW” _ 2 —z  iw 7z
Eo = <c2 k2> <ikz 50 T o 8¢> ’
2 -1 fik, 3E 3B
- 5325 - K2 <_:5___£ _ iu,..JE) ,
9 c z o 3 o0

2 -1 3B 3E
Ew” .2 z _, Ewl %z
< c? kz> <ikz 1z p 9 > ’

2 -1 3B 3E
EwW- _ ,2 l z W 4
B, <_c2 kz> <ikz St ler _ap> .

The solutions for the field components are given by

=]
I

=
n

t=1
[

Aan(Yp)cos(n¢ + wn)exp(ikzz - iwt),

t=1
]

ik
0 A T J'(yp)cos(nd + IP )

- B $iw J (yp)sin(nd + ¥ {] exp(ikzz - diwt),

ik n
E, =|-A —Yz$ J (yp)sin(nd + ¥ )

- B, %’- J_(yp)cos(n + ¥ )] exp(ik z - iwt),

Bz = Ban(Yp)cos(n¢ + w;)exp(ikzz - iwt),
ik
13p =13, -Y— 3 (Yp)cos(nd + lP )

i€
c2y

———?— J (Yp)sin(n¢ + ¥ J exp(ikzz - iwt),

eeea(21)

e ) .. (23)



ik, n
’B(b = [-B, DY2 J_(yp)sin(nd + lP )
P

oZy r{] exp(ikzz - iwt),

< a and

b
[

CnKn(Bp)cos (n¢ + Lbn)exp(ikzz - iwt),

=
|

ik,
0= [Co g Kn(BPIcos(nd + 9 )

+ D giw K (Bp)sin(ng + ¢ )] exp(ikzz - dwt),

ik.n
E, = [cn Ti'r? K_(Bp)sin(nd +y )

+ D _iB_w K_(Bp)cos(nd + V¥ )] exp(ikzz - dwt), ),

B, = D K (Bp)cos(n + Y)exp(ik z - iut),
ik. ] |
B, = [Dn _TSE K_(Bp)cos(nd + b))
i€own
-D —-5-6-23 K (Bp)sin(nd + ¢ )] exp(ikzz - iwt),
ik,n 1 + ) ik
Bcb = o, ==& Kn(Bp)cos(er v )| exp( L2 ~ iwt),

for p > a. We have written

' d
Jn(YO) =~ Tvo) Jn(YD)

ooooo

]
Kn(BO) = a(Bp) n(Bp)



The boundary conditions at the core-cladding interface (p = a) require
the continuity of the normal components of B and D and the tangential
components of E and H, where

B = uogl, eeses(26)
throughout space and
D=¢H,
e=¢€ for p<a e (27)

€, for p > a.

From the continuity of the tangential components of E at the boundary and
making use of equation (20) we obtain

Aan(Ya) = CnKn(Ba),

k,n e}...(28)
w .
-A_ Y2 J (Ya) - B Y Jn(Ya) C BZa K (Ba) + D B Kn(Ba),
and from the continuity of the tangential components of B we obtain
Ban(Ya) = DnKn(Ba)’
ceea9(29)
n ie.w kzn €2w N
—Bn a2 J (Ba) + A c Y J (Ya) 'afsz' Kn(Ba) - C C n(Ba .

3. UNPERTURBED SOLUTIONS FOR THE TEq, AND TMOm MODES

In an optical fibre of cylindrical geometry the low—order modes are the
hybrid HE,, and HE, modes and the TE | and TM , modes®. The electric and

magnetic field components of the TEOm and TM; modes have a relatively simple

spatial distribution, since they have no ¢ dependence. In this case,
equations (7) and (8) for Ep and E¢ are uncoupled and the equations become

3%E 3E 2

p .1 °%p w® 1 2 -

307 + = > 50 + < " o7 kz) Ep 0,
i)-ZEQJrI—ﬂ+———-1—k2 E =0 (30)
apz p ap C2 p z ¢ Py e e 00

azEz 1 aEz cw?
apz-l-a ap'i- Cz_kz Ez=0.

The components of B also satisfy equations of the form of equation (36)
These are Bessel's equations or modified Bessel's equations for (ew?/c? k;)
positive or negative, respectively.




By the use of equations (23) and (24) and substituting for n, w' and Y
we can write down the solutions for the TE ; and Mgy modes. From the boundary

conditions at p = a it can be shown® that

T g_'

l1)1'1 n

It
o
<=
i}
=
~
N
o
=}
o,

The solution for the TE,  mode is obtained by taking n

1
Wn = 0 make E = 0, Therefore for the TE mode
z om

E = B, %% Jl(Yp)exp(ikzz - iwt) for p < a,

¢
= D iw K. (Bp)exp(ik z -~ iwt) fo
T o B 1 z rp>a,
E =E =0
) z
B, = B,J,(yp)exp(ik, z - iwt) for p < a, ceeea(31)
= DOKO(Bp)exp(ikzz - iwt) for p > a,
ikz
Bp = -B, . Jl(yp)exp(ikzz - iwt) for p < a,
:'LkZ .
= D, 5 KI(Bp)exp(lkzZ - iwt) for p > a,
and
B, =0
¢
The boundary conditions for the TE mode are obtained from equations (28) and
(29) to be
B, D,
5 % (ya) = - 4 K, (Ra)
..... (32)
B,J, (Ya) = D K,(Ba),
where we have made use of the relationships
L}
I, (yp) = =J, (ve)
' cese. (33
k! (80) = K, (Bo). 3
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By eliminating B, and D, from equation (32) we obtain the following
transcendental equations for Yy and B:

2

Y2 + 8% = (g, - €,) %5 '

2 2

J, (ya) K (Ra)
v, (ya) BK (Ba)

s eeen . (34)

The solution of these transcendental equations leads to a discrete set of
eigenvalues Ym and Bm. The corresponding eigenfunctions are obtained sub-

stituting these values into equation (31). Now the TE;, is not the lowest-

order mode and has a cut-off frequency. We examine the behaviour of the two

terms J, (Ya)/yJ,(ya) and K, (Ba)/BK (Ba) of equation (34) with ya and Ba,
respectively. The maximum value of ya for a real value of B is (g, - € )’5 wa/c,

so that K, (Ba)/BK (Ba) is real only for vya < (g, - € )2 wa/c. Also -J, (Ya)/YJ (ya)
is positive only for Ya > 2.405, which is the first zero of J, (vya). Thus for an
eigenvalue to exist, we must have

w>—2—'4£-°—1;. ..... (35)
(e;eQ a

A 31milar derivation can be carried out for the TM,, mode by taking n = 0,
wn = 0, and w = m/2 to make B, = 0. Therefore for the TMyy mode

ik,
0 -A, ~ J, (yp) exP(ikzz - iwt) for p < a,

=i
[l

ik,
C, 5 Kl(Bp)exp(ikzz - iwt) for p > a,

E = AOJO(Yp)exp(ikzz - iwt) for p < a,

COKD(Bp)exp(ikzz - iwt) for p > a,

E =0 I iiee. 36
6 (36)
ielw
B¢ = -A, ;7;— Jl(yp)exp(ikzz - iwt) for p < a,
€,
- e
B =B =0,
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The boundary conditions lead to the following equations:

A3, (ya) = C;K (Ba)

oo (37)
& = )
—AD 7 Jl(Ya) = CO —B— Kl (Ra).
The transcendental equations are

2

2 2 _ _ w_

Y2+ 8% = (g, - €) 73
cee..(38)

Jl (Ya) + _E_z. _—I&-(_Bi) =
YJ,(ya) €, BK,(Ba)

4. EVANESCENT-WAVE AMPLIFICATION

In order to account for the effects of a surrounding medium with gain on
the bound modes of the optical fibre we follow the method that we developed
Previously for treating evanescent-wave gain in a dielectric slab®. We add a
small imaginary component to the dielectric constant of the cladding region,

so that
e, (p) = £,(p) + 1 €,(p). eeea(39)

The p variation of the real part of the dielectric constant is identical to

that used for the passive waveguide case.

To solve for the effects of this small imaginary component on the modes
of the fibre we use first-order perturbation theory. Perturbation theory®

requires a complete set of orthogonal functions.l?he solutions of any wave
equation form such a set of orthogonal functions”*. A comparison of equation

(9) with the Schrodinger wave equation s
ew? /c? plays the role of the potential. Thus the unperturbed solutions for

the z components of fields as given in equations (18) and (19) are good
eigenfunctions for use in calculating the values of the perturbed eigenvalues.
The perturbed values of the eigenvalues of the nth mode can be found® from

hows that k; is the eigenvalue and

1 2 =
kz;n - kz;n Sn, cee. . (40)
where
2
* " w
5 = <wn|iez(p)'j; lwn>, ceaa(41)

h

where wn is one of the unperturbed field components for the n®™ mode. The »

dependence of the amplitude of these components is given by

' . n
exp[—i kz;nz] = exp -1 kz;n <1 + 2k n) z . -....(42)
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A €"(p)

>
a P

Fig. 2. The p variation of the imaginary part of the dielectric
constant of the active fibre with constant gain in the cladding
region.

A €'(p)

€’ (a)

- €" (a)exp[-a(p-all

>

a P
Fig. 3. The p variation of the imaginary part of the dielectric
constant of the evanescent-wave pumped active optical fibre.
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Thus as a result of the interaction of the evanescent waves with the medium,

th mode gains intensity as it propagates down the fibre in direct

the n
proportion to the quantity
exp [-1i 1 z|. eeeel(43)
z;n

The gain coefficient of the nth mode is therefore

. n
o = |-ig . ceen. (46)

We say that amplification takes place via evanescent-wave interaction, because
the entire contribution to Gn comes from the interaction of the evanescent

field with the active medium surrounding the core of the fibre.

5. AMPLIFICATION IN THE TE AND ™, MODES

In order to illustrate the effect of evanescent-wave amplification in
optical fibres we treat in detail amplification in the TE; modes. In

Section 3 we derived expressions for the eigenvalues and eigenfunctions for

the unperturbed TEOm modes. We now examine the perturbation caused by a

cladding region with gain, following the method outlined in Section 4. The

0 variation of the real part of the dielectric constant is identical to that
used in the passive case and is as shown in Figure 1. The p variation of the
imaginary part of the dielectric constant is shown in Figure 2; it has a
value of zero within the core and a constant value in the constant. Thus we

are assuming a cladding with uniform gain.

For the case of evanescent-wave pumping, i.e., when the pump beam
propagates in one of the bound modes of the optical fibre, the imaginary part
of the dielectric constant will decrease exponentially with distance into the
cladding, as shown in Figure 3. Also there will be a ¢ dependence in the field
components if the pump mode is propagating in a mode other than the TE , or
TMOm modes. The effects arising in this case will be qualitatively similar to
the case for uniform gain in the cladding, but will be somewhat more complex,
We leave considerations of evanescent-wave pumping to a future work and limit
our present considerations to the case of uniform gain in the cladding.

We make the assumption that the perturbation is small and that only
first-order perturbations need to be considered. In almost all practical
cases the gain is not large enough to ?ake a significant perturbation in
distances of the order of a wavelength”. Thus first-order perturbation theory

is adequate for the treatment.

Since mode conversion will occur, the perturbed eigenfunctions will be
given by a linear combination of the unperturbed eigenfunctions. Thus the
gain in one of the unperturbed modes is somewhat lower than the total gain
experienced by a wave propagating in that mode. We treat these mode-conversion
processes as losses, as far as that particular mode is concerned, and
calculate the net gain in one of the unperturbed TEOm modes.
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From an examination of equation (31) it can be seen that it is necessary
to treat only one of the field components. The gain values for the other
components follow immediately from equation (31). We carry through our treat-
ment for E¢, which has only a p dependence for the TE;; modes. We derive an

expression for Eq) in the normalized modal form® by assuming that

%
J:E¢E¢ pdp

1

a
i iw .
= Jo <— iY—> B:J’;(Yp)exp[—ikzz + iwt] <—7> B,J, (Yp)exp[lkzz - iwt]pdp

+ Ja <—%”—> DjK’l‘(ep)exp[ikzz + iwt] <— %) DOKI(Bp)exp[ikzz-iwt]pdp.

cev..(45)

Making use of equation (32) to relate B0 and D, and the values of Y and 8
from the solution of equation (38) we obtain

2

D2 = ‘ e 0 0 00
" oA 1)\ [ 2K, (Ba)X, (8a) |’ (46
aw <—YT * —8—2-> KO (Ba) + Ba
From equations (41) and (31)
s = ” w? D2K2 i e"'w? q
o L B2 Do ) (BP) 1 ——7— pdp
_ ie'w? w? 2K, (B a)K (B a) 2

2
D0 K2 (Bma) +

a
" - Kf(Bma) 5 -

c? B; Bma
v (&7)

Substitute for D§ from equation (46) and for Y; from equation (38). Therefore
5 ie"'w?

m=——gf—(1-Em)(1-Gm), cee..(48)

where we have simplified the expression by writing

2
. .
(81“82) =z
Ki(Bma)
- Kzo(Bma)
G = . coeee(49)
m 2 K1 (Bma) ‘

1+ g5 L
B2 K, (B a)
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The value for the gain is found directly from equation (44), so that

1"
e w?

o =% (1 Em)(l Gm).
Z3m

On the other hand the gain coefficient for a wave propagating in bulk-
material identical to the cladding material is given by

"
k2€2

o' = s eeeeo(50)

where

k, =

Thus the gain-coefficient ratio (G.C.R.), which is the ratio of the gain
coefficient in the cladding region of the optical fibre to the gain coefficient

in the same material in bulk form, is given by

k
(6.C.R.)_ = % = T‘j—n_x (I -E)Q - G) > ceee.(51)

for the TEom mode.

From a comparison of the equations (31) and (36) it can be seen that the
gain-coefficient ratio is given by equation (51) for the ™,, mode, as well.

6. NUMERICAL RESULTS

In order to see more clearly the behaviour of the gain-coefficient ratio
as defined by equation (51), we calculate the gain-coefficient ratio as a
function of mode number for some multimode fibres. These results are as shown
in Figure 4 for three cases. The fibres have a core radius of 15 um and a
refractive index of 1.5. The refractive index of the cladding is lower than
that of the core by An = 0.003, 0.0l and 0.03, to give fibres supporting 3,
5 and 9 modes, respectively, at a wavelength of 1 um. We note that the higher
order modes tend to have larger values of the gain-coefficient ratio.

From an examination of the form of the transcendental equations (38),
it can be seen that the higher ordcr modes have larger values of ya than do
the lower-order modes. The maximum value of ya is given when Ba = 0 by

lyz
(va)_. = (g,-€,) 2 2. ceee(52)

From equation (49), we see that E = 0 for Ba = 0 and

lim G =0
m .

80 ceee(53)
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Fig. 4. The gain-coefficient ratio plotted against mode number m
for the TE modes of three active optical fibres at a wavelength

of 1 wm. The fibres have a core radius of 15 um and a core
refractive index of 1.5. The refractive index of the cladding is
lower than that of the core by An = 0.003, 0.01, and 0.03 for the
three examples shown in the figure by the symbols X, + and 0,
respectively.

Thus
k,

= = ’ .....
m,Ba=0 kz;m

(G.C.R.)

which has a limiting value of unity. We see that the limiting value given by
equation (54) is independent of a and of (81—82). Thus for any slab mode

which is limitingly close to cut-off, the G.C.R. has a value of unity, since
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the evanescent field of the mode penetrates uniformly into the entire medium
surrounding the slab. Figure 5 shows the variation of the G.C.R. against Ra
for the case of a fibre with a 15 um diameter and a core refractive index of
1.50. Curves are shown for three cases, with a refractive-index difference of
0.003, 0.01 and 0.03 indicated by a, b and c, respectively. The value of the
refractive-index difference affects only the factor Er-E, in the denominator
of the expression for Em as given in equation (49). It can be seen from
Figure 5 the G.C.R. 1s not very sensitive to the value of €€, for small

values of Ba, i.e., for modes near cut—off. At cut-off (Ba = 0) the G.C.R.
has a value of unity for any fibre, independent of the refractive-index
difference or the fibre diameter. Thus a value of the G.C.R. close to unity
can be obtained for any active fibre by fine tuning the value of €E-€, to
bring the highest-order propagating mode close to cut-off.

1

3

2 g aaal
( 4

i

GAIN COEFFICIENT RATIO

Bo

-
0

>4
o -
L]

Fig. 5. The gain-coefficient ratio plotted against Ba for the TE
modes of ‘a fibre with a core radius of 15 Um and core refractive
index of 1.5. The refractive index of the cladding is lower than
that of the core by 0.003, 0.01 and 0.03 for the three curves
marked a, b and e, respectively.
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7. SUMMARY

We have used first-order perturbation theory to treat evanescent-wave
gain due to an active cladding material on an optical fibre. Detailed
calculations of the gain in the TE and ™om modes of the fibre have been
carried out and some numerical results have been presented for the gain-
coefficient ratio. These results show that for modes close to cut-off the

evanescent-wave gain is nearly equal to the gain attainable in the bulk
material,

For the cases of the TEnm and TMnm modes for m > 0 and for the hybrid
modes HEnm and EHnm there is a ¢ dependence and normalization must be

carried out over both p and ¢ variables. Also equations (7) and (8) for the
o and ¢ independence of the field components are coupled. Nevertheless the
method we have outlined here for treating evanescent-wave gain in the cladding

region of an optical fibre are still applicable. These cases are more complex
to treat, and do not fall within the scope of this present work.
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