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PREFACE 
This manuscript contaijns most of the commonly used expressions and 

equations of fluid dynamics expressed in curvilinear co-ordinate systems. While 
listing the expressions for the metric coefficients and for the various vector 
operations such as gradient, divergence, curl and laplacian, it is also shown how 
they are derived from first principles. This manuscript provides a convenient 
source of fluid dynamic equations and expressions as represented in a curvilinear 
co-ordinate system. Both research scientists and engineers should find it useful 
when working with non-orthogonal systems. Practising engineers may also find it 
useful for understanding reports by scientists and mathematicians.



PREFACE 
Le présent document renferme la plupart des formules et des 

équations de la dynamique des fluides g_énéral_ement utilisées dans les systémes 
de coordonnées curilignes. On y trouve la liste des formuies des coefficients 
métriques et des diverses opérations vectorielles, comme le gradient, la 

divergence, le rotationnel et le laplacien; on y montre aussi comment les 

formules sont dérivées de principes premiers. Ce document expose de facon 
pratique: des équations et des formules de la dy‘namiq‘ue des fluides utiliséers dans 
le systéme de coordonnées curilignes. C'est un instrument uti_le aux chercheurs 
(hommes de science et ingénieprs) pour l'étude de systemes non orthogonaux’: il 

aidera également les ingénieurs exercants 5 comprendre les rapports des hommes 
de science et des mathématiciens.



1.0 CURVILINEAR C0-ORDINATE SYSTEMS 
"Let the co-ordinates of a point P in a curvilinear co-ordinate system 

be ' 

0': B97 

and the same in a Cartesian co-ordinate system be 

X, yy 2 

and let us assume that there are unique relationships available connecting these 
two sets of co-ordinates as follows: 

"< II fy(oL;B3Y) (1) 

z. = f (on; Bsv) Z. 

_Let 1, j, k be the unit vectors in the cartesian co-ordinate system and let ea, ‘es,A 
eY be the same in a curvilinear co-ordinate system. 

Considering the point P (see Figure l), the position vector of. P in 
Cartesian co-ordinates is 

'2 ". " 
Xl + y] + zk 

and the same in curvilinear co‘-ordinates can be expressed as: 

F= f!I_~(G-3B;'Y) 

By definition:
‘ 

'<x‘3a ’aa
~ ~



at; 
5'8" _ (2) (D) 

‘W
I 

and 

_, at?”/I air 
eY ' '57- 57 

The magnitudes of the tangent vectors, i.e. 3f;/3a , Bf?/38 , 3f?/(BY , 

are called the scale factors or the metric coefficients and are usually denoted by 
ha, ha and hy, i.e.

A 

at.‘ .h = , 
a '5?

. 

|3.f,;_ 
n3 = .3? (3) 

3f?
| hY= W 

The metric coefficients can be evaluated in terms of known functions fxb, f and 
fl as follows:

' 

’r‘ =£?(<!;B;y) 

A Bf. 3f. Bf, 

From (2) and (3) 

di‘ 2 eahada + eB.h_B.dB + eY. hY.d'f (4) 

I 

A831“ ?‘ = +- y} + ZA 

cl? = idx + ’}dy + Qdz 

3f ’3f 3f ‘‘ X X ‘[ aa“°‘+?§dB * ‘:37 “l +



ac: 

A Biz 312 at 
" fi'd°""5B‘d3"a‘"‘”f 
A atx 0 at ail 

= 1 w1—+}-3-ax-+ l} -a—&— do + 

A atx A at A 312 
*:s*i5%*"‘a'a' "3" 
A six A at Aatz 
1 §§—+.j §§¥+.k -1; dY (5) 

Comparing (4) and (5) we get: 

A at at at 
echo‘ 1 8a''') 8:: 

+ kit? 

A . afx A at A Biz . 

°s“s= 1 :B‘+is*eX+“se* ‘5’ 

A . arx .,§:x ,atZ
2 

eY hY= 1 -—Y+] 3.Y + k—Y-

A 
If the unit vectors éa, e8, eY are mutually perpendicular, i.e. if the curvilinear 
co-ordinate system is orthogonal then we will have 

A A A e .e =6" -4
3 (7) (‘D 

‘W
H (D 

-< 
II n-— 

and the metric coefficients ha, he and hy can be evaluated from (6) by taking the 
dot products as follows: 

A A fiatx A3: 5312” Aarx ,3: Aarz 
i.e.(eaha).(_eaha) = (133. +15‘! +k§3-).(i§a- + ja—:aX +k-3-6‘-) 

at . at 3f 2 _ _,x 2 z 2 
ha. - (sE’2*‘a7.x’ *‘1rr’ 

at at 3i i 

similarly hg — ( fif‘)2+( -3152 +( 2 
4 (8) 

at at 2 at ‘ 

. 2 _ y2. 22 and hrY - ( + (-57) + ( -ff) 

&3-



\ . ' 

- Equation (8) fascilitates the evaluation of the metric coefficients from the 
' known functions f X, fy and fz for any orthogonal curvilinear co-ordinate systemi 

Ex.arn2!e.s.=. 

(a) 
I 

to evaluate _the metric coefficients for a cylindrical co-ordinate system. 
The cylindrical co-ordinate system superimposed on the Cartesian co- 
ordinate system is shown in Figure 2. ~ ~ ~ ~~ ~=°~=*°r'* 

«z...,.. 

‘ Figure l
’ 

Referring to Figures l and 2. 

a = p 
B = (9) 

and ‘ 

Y = z" ' 

and again referring to Figure 2. 

x = fx(o;¢V;z) = ocos4> 

y=fy(o;4>;z)=psin<l> ' 

. (10) 

and Z=fz(p;d>;z)=z 
3f af 3f 2 _ x2 2 2 

. hp - (*5?) + (76!) +(—fi§ 
= (cos 402 + (sin ¢)2+0 =cos2 <5 +sin2 «bi 
=

1 
or h» D = 

_l -4,



Similarly: 

0!‘ 

and 

0!‘ 

hi (-3:3-)’+(-;%’)2+(;:§)2r 

= (-Osin¢)2+(0oos<|>)2+O 

= D2-(si_n2 ¢ + cos2 ¢.) 

= D2 

h¢:= p 

1.22 = <-:;%>2+(-a;§>2+(3;§>2 

:1 O+O+l

1 

Therefore, for a cylindrical co-ordinates system, the metric coefficients are: 

(b) 

hp =1 

12¢ =0 (11) 

hp =1 

to evaluate the metric coefficients for a spherical co-ordinate system. The 
spherical co—ordinate system superimposed on the cartesian co.-ordinate 
system is shown in Figure 3.



and 

O!‘ 

0!‘ 

In this case: 

sin 9 cos ¢ x .= tx(.r;6;4>) 

ll sin 6 sin (9 
.‘< 

I! fy(r;6;d§) 

z = fz(r;6;4_>) = cose 

( 
3: 

)2 (3£z)2 Tr1+'5"r— 

(sin 6 cos <|>)2 + (sin 6 sin ¢)2 + (cos 9)2 

at 2. 
('m:)'‘') +

2 sin2 6 (cos2 ¢ + sinz <l>) + cos 9 

sin2 6 + cos2 6

1 

'1 

af. at‘ Bf 
‘T§’2*‘s‘ex’2*‘se5’2 

('r cos 4) cos 6)2+{r sin 4> (-cos 6) 2+ r (-sin 6)}2

2 
r cosz e(cos2(¢ + sinz 4)) + r2 2 sin 9 

r 
2 (cos2 9 + sin2 6)

2
r



at 3f 3f » 

2 _ ix 2 , 2 z 2 
h¢g_ — 4-(7%) 

= {r'sin9(-sin ¢)}2+(rsin-ecos 4>)2+O 

= 1'2 sin2 6(sin2 ¢ +cos2 ¢) 

= r2Sin29 

..‘.»h¢ = rsine 

The metric coefficients for the spherical co-ordinates are: 

h = 1 

he : F
t 

= ' 6 hd) r sin 

(c)- To evaluate the metric coefficients for a meandering co-ordinate system 
defined by Y. Chang*. 

This co-ordinate system is devised to study flow processes in meandering 
channels. According to this system the channel consists of 90° circular 
bends connected by straight reaches with the circular bends alternating as 
Show“ in Figure 4- The x axis is taken along the centreline of the channel, y 
is vertical and 2 axis is perpendicular to both x and y. 

Figure 4 

* Y. Chang, " Lateral mixing in meandering channels", Ph. D. Thesis, The 
University of Iov/a, Engineering, Hydraulics, 1971. 
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Referring to Figure 4 

and the functional relationships between these can be established as 
follows: 

Case 1: When the bending is to the right 

and 

‘ x = (rc.-B)sine = (rc-B)sin(i;9-‘L-'-) = fx(a;B;Y) 
a 

‘ 

‘C 

; = rC-(rC-B)C0S9 

. = rC-(rC-e)cos(%);:z(a;B;v) 

Therefore: 

3f 3f. 3f 
h: = ‘aTf’2*‘3a’5’2*‘%5’2 

' -8 - 2 rc 
.cos(d—)2+—r.c—'E-5in(-2) +0 

Frc rc rc rc 
r B 2 

= 
] <cos2(—:—)+sin2(.—§—.)) 

- c c 
_ 

‘re-B 2 

7, -'c“ 
_r -8 

or_ ha = 

.'8_



<s,3-,,..__1-§_,;.'L:.:fe:-" 

__ 

‘f 

3: 8f at 2 . 2y 2 2 ha = (735) +<3g1> +<-3-35) 

mg: (-sin-[.3-)2+(cos—t?-)2+O 
c c 

= sin2(}9-) + cos2(-r9'- ) 

C C 

= 1 

or hB = 1 

8f 3f 3ft 2 _ 
‘ x2 2 z2 

h_Y -. 

:' O+O+-1 
= l 

or hY = 

Therefore, the metric coefficients for a meandering co-ordinate system when the 
curve is towards the right are: 

rc-5 
ha: rc

J 

hB = l 

h.Y = I 

It can be easily shown that when the bend curves to the left the metric 
coefficients become: 

r +8 
._ C 

-I ha - .ré.c 

ha =1 

h-Y=.l 

Of course, for straight reach, the meandering co-ordinate system converges to 
cartesian co-ordinate system for which the metric coefficients are unity.



1.1 To derive expressions for gradient, divergence, curl and laplacian in 
the curvilinear co-ordinate system. 

1.1.1 Gradient 

Let V4; = fa Ea + £5 é‘§’: LY 3Y,V where fa, f8 and fY are to be 
determined. Using the expression for dr given by equation (4) i.e. by using cl? =A 
éfa ha da+ es he d 3+ €Yh Ydy and using the identity v¢.d? = d¢ we get: 

d¢ = fahada+fBhBdB+fYhYdy . 

_ 

(13) 

But weknow 

_ 34> 3¢ 34> ' 

dd) —-53-a+§F 

Comparing (13) and (14) We get: 

_ 1 3¢ fa’ H; Ti’ 

_ 1 .3.¢ 
£3 _ 

E; -53- (15) 

1 
V-

1 
Y ' h—- BY 

Substituting (15) in the expression for gradient 

3. e - 3 ' 

- 094?. _.§P_¢:. - Bi -V‘'’ ‘Eaa +118 'a_8’*i£ av (15) 

of 

v¢=(h_Efi+]%a§g+}%aL9_7)¢ (17) 

From equation (l7)we get: 
A 

a as a £7 a’
. v= - 

°‘ 
e + - + (18) E "’_°‘ “E 73 5? 57



Equation (18) gives the expression for the del operator in the curvilinear co- 
ordinate system while equation (l7) or (16) gives the gradient of c|> in the same 
system of co-ordinates. ' 

1.1.2 Divergence 

Let R = Ade; + Ages + AYeY a vector in the curvilinear co- 
ordinate system. The divergence of this vector in the curvilinear co-ordinates 
becomes: 

~ _ on a. is a v a ~ ~ ~ V.A — —3+h—B- TB+ FY’ '§_7'Y)o(Aa€a+ 

_(L@+¥%,lflM— ’ 
ha 30: Hg 3 '5'; BY _g al\ A al\ A 

*q to ‘8 _g .Y ._g Aa_n;7m+}gTe*I; av_* 
-I\ ah 3A A " 

A 0'. ._....B. + .£ 8+ ._‘..Y .—...B. + 8 _E; aa hB TB” hY 3Y4 

e le e ’ e e 
on Y B ,Y Y ___Y 

Note that in equation (20) the expressions within the square brackets do not 
vanish unlike the case of the cartesian coeordinate system. The terms within the 
square brackets expressi the rate of change of the unit vectors along the co- 
ordinate axes. Even though the magnitude of the unit vectors does not change, 
the directions change with the co-ordinate axes for the culvilinear case. Hence, 
in order to evaluate the divergence of a vector in curvilinear co-ordinates, the 
derivatives of the unit vectors with respect to co-ordinate axes have to be 
evaluated first. This is done in Appendix A and the result expressed in matrix 
form is as follows: -A A A1 I. A A A A " 

f’_°_a3a3a (_s3“q_¢x_3_“_a,. sahs er ahv 
ac. '53-'57 5-7.3 F"—8'i' h_i-I-3-6? G C! 

‘L is 3.2 , _a"“a (_°a‘ii‘_B_.°v 312, ‘“v3“v 
baa W av hB‘5B' Fa aa H; av» aa%5 us an mmy%% 
Lac: a7_ __lfiav lfiav h-a"'a"&" ‘F; -33: 

'11‘ 
(21)



Substituting the values of the derivatives of unit vectors appearing in equation 
(20) and rearranging terms (Appendix B) the expression for the divergence in - 

curvilinear co-ordinate systems can be obtained as: 

~ 1 a a . a - 

V

; 

In a similar fashion, the expression for the curl of a vector in the curvilinear 
co—.ordinate system can be derived (Appendix C) which is 

ha ad. hB EB hY €Y 

VXA _ 1 3_ a a (23) ’ 
Huh‘ B BY 3 or 5B‘ TY" 

1.1.3 Laplacian 

The laplacian of a scalar cl: in a curvilinear co-ordinate system can be 
evaluated using equations (16) and (22) and expressing laplacian V2¢ as

/ 

v2¢ = v_(v¢) 

The expression for V24: becomes: 

h h 
g h h h V2 =__1.._.3.—.. 3734’ 3 “YER. .2-3521:] 24 4’ h h h[3a("T1_—§'oT)+53—(_h__ as +ay("]T— ay 

() 
on B Y (1 3 Y 

1.2 Using equations (18)-, (16), (22), (23) and (24) some of thecommonly 
used equations in" fluid dynamics will be expressed in curvilinear co-ordinates as 
follows: 

1.2.1 Material derivative D/Dt. 

Definition of D/Dt in terms of vector notation is:

A 
‘-5? = .397 + v.v (25) 

-12-



where V is the velocity vector given by 

V A, I\ A =eoU e V+e W 
’ on. + 

B Y 

substituting for V we get: 

D _ 3 A A A Aa 
3 

AB 
8 6‘! 8 -E--3-‘:-V+(eaU+eBV+eYW).(r'-53+?--5-6+5; 

on 8 

_ 3‘ u 3 v 3 w 8 
*Tc‘*.h_a‘z97i*TuE'zTE+E;"?aT ‘25’ 

1.2.2 Continuitx equation 

For a compressible flow the continuity equation in vector notation is: 

D ,.
_ 

where D is the density. Using equations (26) and (22), equation (27) takes the 
following form in curvilinear co-ordinates: 

Bo u3o v:8p.w8o ..p.a 3 3 _ -3-‘E hahYU+-5-7 - 0 

(28) 

For imcompressible flows, the above equation reduces to: 

—a—(hhu)+a. (hhv)+—a—(hhw)=O (29). 
30. B"Y W (1 y BY ('1 3 

1.2.3 Velocitx Etential 4) 

The velocity potential 4) of a velocity vector V is defined as: 

\7=-V4) 

i.e 

A A A 
__ 

AG 
3(1) 35 34) EY 3_¢ eaU+eBV+eYW— 

comparing terms we get: 

-13-



I: II I p"]~— 

QJ 

Q) 

Q) 

-9- 

93-9- 

(30) 
ms)” 

3| 

w=_1a. 

1.2.1} Stream function up for a two-§dime_n/si_onal flow 

By definition vq; = O _ 

Le. 

a * 

(€au+eBv).<h—:-35-‘§+,%333g>=o=;,‘t%‘é+ p.";%;‘§’=0<31.> 

Equation (31) willbe satisfied by definingili as follows: 

u__1a¢ _EET6 
(32) 

mum Q
G 

(1 

1.2.5 Circu_latiO.n_s T 
Circulation I‘ in a flow field along a closed line c is given by 

r = f V. ‘d? 
' 

(33)
c 

using equation (4) I‘ in curvilinear‘ co-ordinates becomes: 

"1! ll 

3; (Emu + EBV + EYW). (echo-Lda+’eBhBdB + e_Yh,Y_dY) 

‘Q 
(uhado;+ vh8dB + whYdY) “ 

(34) 

' 

1.2.6 Yorticitix 5 
The vorticity vector To is defined as 

-->14-



\ 

5 '= vxv (35) 

using equation (23) the equation (35) can be expanded as: 

A l 3 3 A A. A e {’ (h w)- (h v)} + (eaE+ een + eYL) = OLZHBEY TB Y '57 8 

es W '5?! 
- '57 (haU) + 

~ on 

3,, 75.1.5; { ga (hsv) - %B (hau) } 
a .. 

comparing terms, the components of the vorticity vector w become: 

.5 =. 

551?; {-3-8(h-Yaw) —g—Y (h_Bv)} 
‘ 

(36a) 

n = fig; {%1(hYw) -% (hau)}‘ (36b) 

p = 
Zhtlhs { -g3(hBv)—%(hau)} (36c) 

1.2.7 l._a__rpla<;:_e equation for incompressible flows

‘ 

‘The Laplace equation which gives the velocity potential 61> for an 
incompressible flow is 

V 4) = O (37) 

Using equation (2l¢), the Laplace equation in curvilinear co-ordinates becomes 
h h h h h h 3 B _3_$ ..3. on Y 3 4> 3 ct 3 ¢ _ §'a“r“ aa)"?B("lTB" re‘) *rv‘T' any ’ ‘ ° (33) a . 

1.2.8 Euler eguation 

. When tangential stresses are neglected the equation of motion of a 
fluid can be expressed in vector notation as follows: 

'3 -§-i mi‘/-9 pvp (39) 

-15..



where G is the gravitational body force per unit volume and P is the pressure. 
This equation incomponent form in curvilinear co-ordinates becomes: 

<aoa> 

3—3t—v+h£a%+_h_;£. = ES--%.F}é--3-g (aob) 

-3-—tw+-‘[1;-G2-W5 +h_"B_3aW+.F“1’;..%v—V-=%Y§El)-.5-I-Y--35-$ (400) 

1.2.9 Navier-Stokes equation 

The Navier-Stokes equation for an incompressible flow with constant 
viscosity will be expressed in curvilinear co-ordinates as follows. The equation in 
vector notation is 

D? G 15?‘? --‘I3 VP—v (V34 vxV) (41) 

where v is the kinematic viscosity of the fluid. 
When expressed in component form, equation (41) is equivalent to: 

3 u3u_v3.uw3u_a1l3P Ti”+1j;T&"TB3 "1fi‘J?"‘p"'5'1n‘a‘.F' 
h 2 2 

»[h—Y{a2? . (h v)——"—(h u)} + 
8 cars 3 332 a 

h 2 2
_ 

lTB{ 3o?3Y ("Y“’)'3‘Y‘a2 (“a“)} " 

~ a “ ){ 3 (hv)-»3~(hu)}+ ha 3 TB 0. a8 
h

_ 

ha-3; (fig?) {%(hYw)-§a(hau)}] (Ma) 

3 a - G __v+U._V./_1+Y8v+w§_v=_§__ll3P_ 
8t '5; on $3 '5; Y p 

h 2 2 a a V [}§;{§-BT-Y-(hYW)-5?-2-(hBV)} +



32 a2 FL {‘a'eaT*"‘a"’ *7 ‘“s"’} * 
on 30:

h 
hB g? < hB,$‘Y> {%Bu.,,w>-.g.,<hBm + 

h 3 3(h )—’3 (hv)}':l (Mb) 8 ‘a3 h-She; 
{ IT ex” ‘SE B 

a_w+;_a_w+ v awl wn=G___; 9.3. at he‘ aa lTB'3 E'Y'ay p p'3"y’ 

h 2 2 
v {3Y"aa (hYw)} + 

h. 2 2 
.- a 3 E§{Tw'§(hBV) ‘Q’ ‘“v‘”’} “ 

a hB a 
'

a hY-a—d( {»-rY—(hqu)--5-a(hYw)} 1' 

3 ha a 3 ..
_ 

1.2.10 Boundary layer equations 

Prandt_l's boundary layer equations in culvilinear co-ordinates take the 
following forms: 

3u u 3u v Bu w Bu . uv aha V2 3hB 1 1 3P vzu —+ ‘-“—-'+ — + ”- =--—. —+ —— (42a) at 
at 

aa 533 F; Y hubs as hubs aa p g on V W2 
3v u 3V V av w 3v uv 3hB uz ah 

I 1 SP 2 -—-+ —!-.+—- +-fr ——+ - _ :————j+ av St G 3:: he a hy Y hahg aa fifs TB‘ 0 he a V 
3_..2

P 
37,? 

= 0 

__1_ __a_ 1 a . 1 3 cm aha pv aha 
at +ha ac (DU)+Fg fi(DV) + + $5 -a-B- = O

A 

-17-



1.2.1.1 V Diffusion _e. uation 

‘The concentration C of a diffusing substance is given by the diffusion 
equation which in vector notation_ ca_n be expressed as: 

1%’; c = v. (51 vc) i 

r (43) 

where Si is the diffusion coefficient in the ith direction. 
In the curvilinear co-ordinate system, equation (43) becomes: 

’hh 
_a_§+ug_c_u+v ac+w§__ 1 _3(BY€ac) H: c» awn Y_h—h—h—aBf aura «J5 

hh hh 
3 —oLY 3C 3 a8 3C +fl(—h—'B SB fi)+-a—Y(-fi—‘.Y gy -5-Y-{I 

. 

(44) 

-18-.
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APPENDIX A 
_ 

Let. us consider the». operation V(8a.€a)=V(1)=o. Using the‘ vector 
identity: 

‘v(a.B) = (av) 13 + (i>.v)“a +3»: ( vxia) +3 x ( vfa) 

and identifying é‘a='a=Ab we get 

V(€a.ea) = (?:a.v) 3“ + ('éa._v) an + Ea. x (Vx Ea) fem x (V x’2a) = o 

i.e. 2(€a.v)%a+2‘eax(vxEa) =0 

or (3a.v)€a = -’éax(vxE_a) (A1) 

Ll-IS of equation (Al)- can be expanded as follows: 
" e“ 3- 33 _ A A A A l . (ea.V)ea ;_ ea.(}-1-3&5 + +-11-: —aa—Y) ea .—. 

‘.1: -3-; (A2) 

In order to evaluate the RHS of equation (Al), we have to know (V x ea). This 
can be evaluated as follows. Consider the gradient of on 

i.e. 

Va-(Aa3+AB3+a ~3)a—$°‘ - r "55 i rm: E137 - r a B Y on 

If we use the vector identity Vx(V<|>)=O, then we will have 

ea t 

\7x(}-1-”) = O 
. (A4) 

on 

Equation (N!) can be expanded using "the vector identity: 

vx¢éI = ¢vxa—3xv¢ 
Identifying €a wit_h’a and 1/ha with 4», we get: 

5.20-



e
V N 3| <1 x no I m x 51 31 § II 3

h 
= hi: Vx’éa-’éax £———§——‘i=o 

ha 

— -1- Vx‘ + 
e°‘xv(h°‘) -0 _ h. a 2.. _ 

on ha 

3 xV(h) 
= = 0 

A A or V x ea = - ea xmha‘ (A5) 

The RHS of equation (Al) becomes: 

A A V(ha) A (’eaxV(ha_) 
I-edx -eaxe*h;!' = eax———fig——— (A6) 

This can be ex-pahded as follows: 

A A0: 3 $8 3 ’‘'_Y
3 

A 
%.*‘gw+H;‘a‘s* H;5v—’“a 

eax h 
('1. 

“ 
an " ah * 

.3 x(-3 —-.(—!+ e.—B +eY__.ahY) 
— A <1 ha 30. hB 3 ITY ay 
- e x a ha 

Us1ng€ax€u=’éBx€B=3Yx'éY =Oand§ux'éB=’éY"eax8Y -_-pgsandsoonweget 

= e ,_1 _.s‘”7a.°B 32] a ha ha W. h_Y Y 

‘ [- es aha e aha] 
hahs as h nv av



Therefore equation (Al) can be written as: 

_1_‘l_2=-i°Bi‘"r‘r¢I- av “ll 
ha. aa hang as hah,Y avv (A7) 

Similarly; considerin We ‘.22 )= (l)=0 and We .3 )= (l)=O and following the 3 B 8 Y Y 
» same procedure as above we can get two more expressions as follows: 

‘H1’ 37% ‘V ' hehY age 
' hiya ?ahB (A8) 

8 a B Y Y s on 
°‘ 

1 a_eY_ = - T‘__..e°‘ - h_fi_eB 
ahY 

(A9) h—Y Y Yha 0‘ Y B 
-3-3

~ 

There are still si_x more derivatives to be evaluated». For this we consider the 
operation We .€ )= (O)=O and a ain usin the vector identity: 

v (a.s>~= ca.v)s+a.v>a+ax<vxa>+sx<vxa) 

we get 

(ewes) = (éa.v) éB+(eB..v) é‘a+e':1x(Vx ?:'B)+'éBx(Vx?ea) = 0 

or 

(é‘a.V)’éB+(é‘8—.V)'éa = - [eax<vxeB>+aBx<vxaa)] (A10) 

Expanding the RHS and Ll-‘IS of equation (A10) in the same manner as has been 
done for equation (Al), the following equation can be obtained: 

1 
a" 

1 aéa aa aha 63 ans 
11- +1.7 — + -‘-— i (All) 

(1 
ac. B W I178 ‘a'B h_ah__B aa 

€.(F‘- a—§+_L a_2)=a .( 
e“ ah°‘+ 33. ah3) 

a a 30: hB 38 on hahs BB‘ hahfi aa. 
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8 .2 3% : _a1 Q h‘ an F; TE hahs as 

8 3'‘ an» -_°* __3+l_1_ 3(ge)=-1 ‘-*1 

ha 30. 2 hB T3 (1 on hahs ‘37 ~ 

= 32 ‘LE = (A12) 
ha Bo. hahs 88 

Taking dot. product with ea again equation (A12) becomes: 

.1 3% _e0I.a 
_ 

aha ‘ 

' 

(A13) Tr ‘a—a - 
fifs ‘a‘E 0- 

.. 

Similarly multiplying (dot. product) equation (All) with EB and following similar 
operations as above the following expression ca_n be derived: '

A 
l aea e8 2% Ba = h__. (A14) FB- -5? ahfi 

C By considering the operations V(éB.3Y)= V(O)='O and V(’éY.’éa)= (O)=O and following 
similar steps starting from equation (A10) to equation (A14) above, four ‘more 
equations containing the derivatives of the unit vectors can be obtained which 
are shown below: 

_l_ 232 = _°.L 
h»Y BY hyha 30¢ 

1_ ‘L2 - L 
h 3'Y — h h 8 Y 

, X“ (A15) 

L 3_°_Y = 
ea fl 

ha 8!! hah_ BY 

L "5. = is. at 

l'1B as hBh_ a 

The equations (A7), (A8), (A13), (A14) and (A15) which give the values of the 
derivatives of the unit vectors can be expressed compact-ly in a matrix form as 
follows: 
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. .. A ‘I F -1 ae. a 3 ~ ~ ~ ~ 
on 0. on e 3h e ah e ah e ah —- —- B <1 <2 8 3“ 35 3* (‘Ega’8"h‘: W’ E"a‘E H: 

.2.)-_§ 
3eB 3eB 

= -2 Z:)_h2 (_ eg . 
?_h_B‘ _ Y ahs) ex. 3h‘! 

30. ‘SB av hB as F; 30: R; 5'?‘ he "Ta 

*3: ‘:1 :3 191*: '“=sEE_s_ (-“%?:v__?*s ::v_, as Y- LhY av av ii on H; as 
-4 

(A16) 

The above equation is the required result ‘which would be used to evaluate the 
divergence of a vector in a curvilinear co-ordinate system. In fact, as indicated 
earlier, this result is need_ed for any operation which involves vector 
differentiation.‘

' 
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APPENDIX B 
Using equation (A16), the divergence of a vector in a curvilinear co- 

ordinate system become: (see equation (20)) 

_ 1359: 1 3A8 1 3AY] V,A_ an +-HEW-I-Y-H-.-Y --5-,7 + 

6 “ ah " an 6 ‘é éhv “ 
8 3 

Aa[l1-('HE3a'}:;.:5'Y2)+E:'(11_B—5E)+_h$(E3 -3303] + 

" “ an. 3 6 ah “ ah “ “ ah a a at B Y ;B Y Y Y AB[}: (-5: —-5 -E; + 

A [1 I ahv] +A [1 abs] 3 hahs 33 hYhB 38 Y hhY 3Y hBh.Y BY 

(h h ?—A3+hha—A—B- hh——aAY) A(h aha. 
hhh B.Y3a aY3’B+aB3Y + a Y3'—Y'+ 

Q) hY 3h 3h Bha 3hB 

-1‘ 
hh a&+A—a-(hh) h ——aA8+A 3(h) 8'61’ aaa BY + 'ahY8B' ' STE ahY + 

3A ‘ 

non Y a
] “*3 T7‘ * ‘WW (hahB) 

1 . a = 5: SW [-5-&(hBhYAa) + (huhYAB) + -3- (huhBAY)] 
( ) 

A B1 
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’ (C1) 

Using equation (A16) for the values of the derivatives of the unit vectors, 

equation (C1) can be expressed as: ~ " aA " 
a 

" 3A 3A “ 3A '5 3A 
'*_ "Y __§___§ AY_°Y a_e Y __B__a_a B 

VxA- (E; a h(«x'—""u) E£;_"a1-)+(hY Y F; aY)+ 

6 an 8 an 
Y 8 on 

Aa['HhB as +hhY av *

~
~ 

A ' - --9 + 
3 and an nah, av 

«E--33-”'-+$°‘ ah] 
hyfh on hYhB 

1- 
3A A aha 3A.Y 

‘ 
fi'__—ahBhY ‘he’-‘¥'é a 

* hYeYAB 30: ) '(hBhYéB aa * 
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C = 
hqfishl [{h*3*%t (h3AB) ' "r3v‘a3? ‘“a"a’} ‘ 

“age 336 (hYAY) ' “B33 ‘ea? (ho:Aa) } * 

{haea (hYA,Y) - haéa -337 (hBAB)}
] 

1 .~ 3 _ a _ ‘E7 [h°‘e°‘ { 73 ‘“v’‘y’ W‘“8"B’} 

. _ a . 

hsefi {-333 (hYAY) - N (ha Au); 
3 8 

(hcz). 

. Expressing (C2) in matrix form, the curl of a vector in_ curvilinear co-ordinates 
becomes: 

ha ed hB es hY eY 
~ _ 1 

an 
a a

. V‘ A - 357;‘ -55. R '3'? ‘C3’ 

haiku hBAB hby/\‘Y 

—— _l 
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