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ABSTRACT

A theory of the displaced phase center antenna system
for space based radar applications is presented. The match-
ing condition required to compensate for the motion of the
satellite platform so that clutter cancellation can be
achieved 1s first derived. Analytical expressions for the
signal and clutter covariance matrices are given. With the
aid of a simplified model, numerical values of an improve-
ment factor are obtained. These results illustrate the
dependence of the level of clutter rejection on radar para-
meters such as: grazing angle, pulse train duration, pulse
repetition rate and antenna aperture size.

1.0 INTRODUCTION

With the rapid progress in satellite technology an increasing number
of sensors are launched into space for various observation purposes. For
microwave sensors, the synthetic aperture radar SEASAT, for observation of
the oceans, was launched in 1978 and this was followed by the shuttle
imaging radars SIR-A in 1981 and SIR-B in 1984 (Refs 1-3).

The defence of the Canadian territorial integrity requires a sur-
veillance system which can cover the vast land masses and its surrounding
oceans, A space based radar (SBR) could be a key element in a system
designed to fulfill the needs of Canada in safeguarding 1ts soverelgnty by
ensuring that intrusion into even the remotest corner of the nation could
be detected, thereby allowing rapid tactical decisions to be made.

Before space based radars can be deployed as part of an integrated
surveillance system a number of outstanding technical and technological
issues must first be resolved. One key problem is the ability of the SBR
to extract target signals from the interference of unwanted electro-

magnetic energy reflected from the earth's surface.

In Refs. 4 and 5, the target detection capability of a base line
real aperture, pulse-doppler, space based radar was examined. These and a
recent detailed study of the spectral characteristics of clutter from dif-
ferent types of terrain as seen by a spaced-based radar, [6] demonstrate
quantitatively that space based radar clutter return can be several orders
of magnitude stronger than that of a typical target signal of interest.
Consequently, an SBR system must possess an efficient clutter rejection
scheme which can adapt to the high degree of variability of the clutter
spectrum as a function of radar geometry and terrain.

Although the SBR clutter spectrum 1s dependent on many factors, its
variability is mainly due to the motion of the radar platform relative to
that of the earth's surface illuminated by the radar. For airborne radars
a clutter rejection method known as the displaced phase center antenna



technique has been shown to be effective in a monopulse implementation
[7). In principle, this technique seeks to compensate for the platform
motion, thereby reducing the target masking effect produced by the
background clutter. This is done by controlling the timing of the emitted
pulses so that the clutter returns to different receiving phase centers at
different sampling times emulate the clutter returns seen by a virtual
stationary receiver. A proposal to apply such a technique to space based
radars has been outlined by workers of the Lincoln Laboratory [8,9].

In this report we present a theory of the displaced phase center
antenna technique as applied to a space based radar. Our attention will
be focussed on a two phase center system, although some discussion on
higher order phase center systems will also be given. The objective of
this theoretical investigation is to derive an optimum processor which
maximizes the signal to clutter ratio. In parallel, analytical results
required for quantitative evaluation of the performance of the displaced
phase center antenna system will also be obtained. A theory of applica-
tion of the displaced phase center antenna technique for an airborne mov-
ing target indicator has been discussed by Hofstetter et al [10]. Al-
though the general approach adopted in our analysis is similar to that of
Ref. [10] the constraints imposed by the radar operation on a space plat-
form require a different system configuration which leads to significant-
ly different results.

To make the analysis mathematically tractable a number of simplifi-
cations have been made. The effects of some of these simplifications are
secondary and therefore can be ignored. Others are subjects for investi-
gation to be carried out in our on-going studies.

Section 2 describes the propagation of electromagnetic pulses emit-
ted by a space based radar in orbital motion and backscattered by a target
on the earth's surface. The matching condition is derived from the time
delays between the transmission and reception of the individual pulses by
the different phase centers. Section 3 is devoted to the analytical des-
cription of the signal and clutter recurn vector. The clutter covariance
matrix which characterizes the radar background interference is also
derived. 1In section 4, we describe an optimum processor for the displaced
phase center antenna system and define an improvement factor to evaluate
the performance of the overall scheme. Key parameters such as the radar
beam grazing angle, pulse repetition rate and number of pulses in a burst
are varied and numerical results are presented. The conclusions of this
report, which is the first of several on the subject of displaced phase
center antenna for space based radars, are found in section 5.

2.0 GEOMETRICAL CONFIGURATION AND SIGNALLING FOR A DISPLACED
PHASE CENTER ANTENNA SYSTEM

The spectrum of the clutter return of a space based radar is highly
sensitive to the orbital motion of the radar platform and the radar point-
ing direction [4~6]. 1In this section we establish the viewing geometry of



the radar and the signalling sequence of the displaced phase center
antenna. To simplify our analysis we will restrict ourselves to
the consideration of c¢ircular orbits. For the surveillance of an
extensive area with a minimum number of satellites, circular orbits are
preferred [11]. In addition, we will neglect the rotation of the earth.
In Ref. 6 it has been shown that the earth's rotation has only a small
effect on the clutter spectrum. The basic displaced phase center system
being considered is assumed to have two phase centers. In Appendix I
‘higher order displaced phase center antenna system will be discussed.

2.1 A Basic Displaced Phase Center Antenna System

The basic displaced phase center antenna system we consider is
assumed to utilize a phased array antenna controlled electronically to
form a single transmitter with phase center at T and two separate
identical receivers with phase centers at Ry and Ry respectively (Fig.
1). It may be recalled that the phase center of a radiating source is the
center of curvature of the spherical wavefront in the far field zone of
the emitting source. Choosing a geocentered coordinate system Oxyz such

0

Fig. 1 - Positions of the transmission and reception phase centers T,
R; and Ry in a geocentric coordinate system.

that the «circular orbit is in the y0z plane, we can express the
coordinates of the phase centers as in Table 1. The symbols used in Table

1 have the following meanings:

re ¢ radius of the earth
r : radius of the satellite orbit



© : angular position of T from Oz

88 : angular separation of R; and R from T

S ¢ an arbitrary point on the earth's surface

O : polar angle of § (Fig. 2)

¢g : azimuth angle of § (Fig. 2)

r' : distance of the phase centers Ry, R; to the center of the
earth.

Table 1 -~ Coordinates of Phase Centers and an
Arbitrary Point on the Earth's Surface

Spherical Coordinates Cartesian Coordinates
T (r, 6, 0) (x =0, y=r sinb, z = r cos?b)
r
"R 6-86, 0
I3 ( cos 80 ’ ’ )
= (r', 6-86, 0) (x =0, vy = r'sin(6-806), z = r'cos(6-86))
r
R 686, 0
2 ( c0s 80 ’ s )
= (r', 8+686, 0) (x =0, y = r'sin(6+86), z = r'cos(&686))
S (re, Bg, ¢g) ) (x = resinbg cosdg, y = resinbgsingg

z recos fg)

Let the angular velocity of the satellite be denoted by « and we
choose the time t=0 to be the instant that T is on the z axis. Assume
that a pulse is transmitted from T at t=ts. At t=t, the pulse 1is supposed
to have reached S and at t=t3 the pulse reflected from S arrives at Rj.
With the assumption that the earth is stationary, ST(t,;), the distance
between S and T at t=t,; is given by

[ST(tl)]2 = (resinescos¢s)2 + (resinessin¢s-rsin91)2
+ (recoses—rcosel)2 (1D
where 6 = wt.

The distance between S and R; at t=t3 is given by



Fig. 2 - Geometrical configuration of the relative positions of the
satellite orbit and a point scatterer on the surface of the
earth.



[SR;(t3)] = (resinescos¢s)2 + (resinessin¢s-r'sin8_)2

+ (recoses-r'cose_)2 ( 2)

where
8 = 03-60 = 0, + w(t3z-t,;) - &6

A¢ is the time required for the pulse transmitted at t; to reach R, after
reflection at S. SR;(t3) can now be expanded in terms of ST(t;). Since

[SR,_(tg)]2 = (resinescos¢s)2 + [(resinbgsingg ~ rsin®))
+ (rsinf; - r'sine_)]2

+[(rgcosbg-r cos8;) + (rcosb,; - r'cose_)]2 ( 3)

ST(t,) + (resinbgsings-rsin®;)(rsinb,~r'sinb_)
i 2re
ST(t ;)

SRy(t3) =

+ (rsine,_—r'sine_)2 + (rcose,_—r'cose_)2
2[sT(t )] 2[ST(t ;)]

+ Sﬁgcoseé-rcosel) (rcose,_—r'cose_)]2 ¢ 4)
[ST(t )]

In the last expression of Eq. (3), terms of second order and higher in
LSRl(tg) - ST(tl)J / ST(t ;) have been ignored. For small values of wd,
nd 68 eq. (4 can be further simplified with the aid of the

approximations:

-r(b,;u-88)cos 8, (¢ 5)

rsinb; - r'sinf_

rcos®; - r'cosf_ = r(4,u-86)sinb, (o)

such that after dropping second and higher order terms in wA;, and 66,

resinfssings ¢ r(b,w-88)cos®,
[ST(t )]

SR;(t3) = ST(t,) -

. r(Alw—Ge)Sinel ( 7)
[ST(t )]

)
+ FecosS




By definition, the time delay 4; is given by

Ay = (3 - ty) = (t3 - t2) + (£ - ty)
= SRl(t3) + ST(CL) ( 8)
[od [od

where c is the speed of light. From Eqs. (7) and (8) it follows

(Alw-de) rr {
[ST(t ;)]

chdy = 2ST(ty) + -sinbgsin¢gcos 6+cos essinel} (9

If v is the speed of the satellite and d the distance of separation
of the phase centers T and R, i.e. v = r«, d = ré6, Eq. (9) can be
alternatively written as

(VAl‘d) {
[ST(tl)]

cb; = 2ST(t,) + -rosinfgsingscos 8, + recosessinel} (10)

A more compact form of Eq. (9) is

-~

_(8,u-68) [(TCe) x 8) » i] (11)

cbd; = 28T(t ;) +
[ST(CL)]

-~

>
where S and f(tl) are position vectors and i is the unit vector along the
X-axis.

Eq. (l11) can be solved to give the time delay 4,;:

edy = 257(e ) {1+ WEHEDED T2 & 22 ) (12)
ST(t 1) 25T(t ;)

where second order terms and higher in (w/c)[(f(tl)xg) *i]/ST(t ;) have
been dropped.



Similarly, the time delay 4; for a pulse transmitted at t; to reach
R, after a reflction at S is given by

~

S x 9] -4 e, 88 (13)
[ST(t1)) ¢ 25T(t 1)

cby, = 25T(t;) {1

If a second pulse is now transmitted, the time delays taken for the
pulse to return to the receivers after a reflection at S will be different
due to the motion of the satellite. Consider a pulse transmitted at
t=ti. The time delay Ai it takes the pulse to reach R via a reflection

at S is given by an expression analogous to Eq. (12)

{ 1+ [T(ty) x S) 1 [ w 80 }

- _ (14)
ST(ca) ZST(ci)

cb' = 28T(t!
1 ( 1) c

Let ti =t} + § and denote el + wé by 91. The distance ST(ta) can be

related to ST(t;) by the following equation

ws{T(ey) x 81 « 1 |

ST(t}) = [sTcep)] {1+ >
[sT(ty)]

(15)

After some straightforward algebraic manipulations and with the aid of the
assumption that rwé << ST(t;), we obtain that

-~

(T(ci) x 8) 1

- ey +—2L [y - £2ep)] (16)
ST(t') ST(t))
where
Cf(t) = (T(t) x 8) = 1 (17)
ST(t)
On substituting Egqs. (15) and (l6) into Eq. (l4) we get
cal = 2(ST(t)] {1+ £(ty) (v e _ 88 (18)

ST(t;) < 2ST(t;)

If the time separation 8 between the two pulses transmitted at t = t; and
t = t] respectively are suitably chosen so that



8l = 8 (19)

then the two phase centers R; and R, will form a virtual stationary
receiver as the time delays of the two distinct pulses (relative to the
two phase centers) are equal. In other words, the two pulses are timed
appropriately so as to eliminate the motion of the platform.

From Egqs. (13), (18) the time delay matching condition in Eq. (19)
requires that

§e wé

L+ ey [L+ =28  Jor s [£- + ] 20)
€ 28T(ty) € 28T(t;) ST(t;)
Eq. (20) is satisfied if
wé = 66 (21)

Equation (21) is the two phase center matching condition we wish to
derive. This condition requires that, in order for the two pulses to be
matched, the time separation 6 between them should be equal to half the
time the satellite platform takes to cover the angular separation (266) of
the two phase centers on receive. It is important to note that provided
the distance traversed by the satellite in the time interval ¢ is small

compared to ST(t;), i.e.
rwé << ST(t;) (22)

the matching condition in eq. (21) is valid regardless of the position of
S and the time t).

In the derivation of Eq. (20), the first order approximation has
been used in the expansions in Eqs. (4), (5) and (6). However, the effect
of retaining second order terms in |SRj(t3) - ST(cl)l / ST(t;), wb, and &9
on the matching condition has been ‘examined. The mathematics involved is
straightforward but rather tedious. Instead of presenting the detailed
results we give here only an error bound for a typical case. For an
L-band radar on a satellite platform in a circu%ar earth orbit of altitude
10 km the mismatch c(A; ~ Ay) is less than 107 °m for values of S up to a

millisecond.

To understand the significance of the matching condition, we may
consider the transmission of a pulse train with equal interpulse
intervals. The pulse tgains received at R; and R; due to reflections at
the point S can be depicted as in Fig. 3. For this illustration we assume
that, within the duration of the transmission of the pulse train, the
distance between S and T increases with time. It 1s evident that, as the
delay times A; and A, are functions of the satellite motion, the received
pulse trains are no longer equally spaced in time. In Fig. 3, we also



TRANSMITTED PULSE TRAIN

||

[ L]

:
T t
0
PULSE TRAIN RECEIVED BY R,
|
- . - || |
~ A L] | .
|
PULSE TRAIN RECEIVED BY R,
>t A, (1) >
Al 20 — 1 _
0 ] | t+4
|- 42(2) >

Fig. 3 - Time sequence of the transmitted and received pulse trains
under the matching condition.

0T
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assume that the matching condition Eq. (21) is satisfied. By shifting the
time origin for the pulse train received by Rp relative to that of R, by
8§, which equals to an integral multiple of the interpulse period of the
transmitted pulse train, it can be seen that subsequences of the two
received pulse trains can be synchronized. Consequently, as long as the
reflecting property of S remains constant over the duration of the
incident pulse train, there exists subsequences of the received pulse
trains which will match exactly. In this consideration, an unambiguous
range condition is assumed. If multiple time around interference 1is
present, matching will be obtained after the establishment of the steady
state. On the other hand, 1if S is replaced by a moving target, the

matching process will break down.

As an example, Eq. (21) can be satisfied by choosing & to be the
pulse repetition interval so that the time delay of the first pulse in the
pulse train received by Ry is equal to the time delay of the second pulse
of the pulse train received by R,. However, the proper choie of § needs
to be considered in conjunction with the appropriate pulse repetition
frequency for the detection of the types of targets in a given
application. This question will be discussed further in later sections.

3.0 TARGET AND CLUTTER RETURNS

In the previous section we have obtained the matching condition for
the two phase centers R, and Ry to form a virtual stationary system with
respect to two consecutive pulses reflected from an arbitrary point on the
surface of the earth illuminated by the radar. More fundamentally, we
have demonstrated that when the matching condition is met there exists
subsequences of the received pulse trains at R; and R, which can be
matched ‘very closely by implementing a simple relative time shift equal to
8. In this section we will describe analytically the radar signal
back-scattered from a moving target and the total clutter return from the
earth background as seen by the two receivers. These results will form
the basis for the performance evaluation of the displaced phase center

antenna system.

The transmitted signal S(t) is taken to be in the following complex
form:

S(t) = u(t) exp [juot] (23)

where u(t) is a train of N rectangular pulses each of length T such
that

N-1 t - né
u(t) = ] rect L___ll_] (24)
n=0 Tp
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1 X <1
and rect (x) = { I ' (25)

0 otherwise

In Eq. (23) w, 1is the radar carrier frequency. It is clear from Eq.
(24) that the pulse repetition frequency is given by 1/8. The pulse train
arriving at the receivers R; and Rz will be denoted by rj(t), (i =
1,2). When only a point target is present rj(t) can be written as

ri(e) = gyp u(t=84(t)) exp [juc(t = 84(r) ] (26)
where p is the complex reflectivity of the point target and b;(t) is the
time delay between the transmitter T and receiver R; via a reflection at
the point target. The factor g; 1includes the antenna gain and

propagation loss factors.

3.1 The Target Signal

) >
Consider a point target A with a velocity v, located at time t=0
at a point whose spherical coordinates are (rA, 8A, 4A). The co-
ordinates of the phase centers T, R} and R, at time t=0 are summarized in
Table 2.

Table 2 - Cartesian Coordinates of Phase Centers at Time t=0

Phase Center Cartesian Coordinates
T x =0, y=r sinb,, z = r cosébo
R} x =0, vy =r'sin(6,-68), z = r'cos(8,-66)

R2 X =0, y=r"sin(8,+68), z = r'cos(6,+66)

A pulse emitted at t] is intercepted by the target at to. Since
both the satellite and the target are moving we will denote the distance

> >
between T(t)) and A(t2) by AT(t2, t1). Then

(AT(t,,t )12 = (x,+v, £2)? + {(rytvp t2) - rsin(8 +ut ) }?

+ {(ZA+VAzt2) - rcos(90+wt1)}2
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~

= [TA]2 + 2TRevut2 + 2uc, [TC0) x £(0)] + 4 (27)
where
- > > >
Ta = AC0) - T(0) = R,

ES
and vy = (vax, Vays Vaz)

By applying the binomial expansion to Eq. (27) and dropping second and
higher order terms we obtain

> > > > '
, _ R, * vy t2 . wt [(T(0) x AC0)) = i];
AT(tz, t;) = Roll + ORz + ~ ] (28)
) o

Assuming that the reflected signal is received by Ry at 713 then it can
be found that

RIACT,, tg) = Roll + 59——'-5-"—‘5 ty + L‘-'“—t—*—zﬁ)[f(O)xK(O)) 11} (29)

RO RO
and
Ry * v (wt; - 88) ~
. - >
R2A( Tz, t2) = Roll + =2—"A tp + i 2 (T(0)xA(0)) + 1]} (30)
R R
o o

4

From Eqs. (28), (29) and (30) the time delay 44 defined by
8i(73) = 14 -ty (31)

can be solved and the result is

> >
y Ry ° 8
bi(t) = 2Ro _ 2 (Eg - t) [fg + _Q___!AJ + (=11 EE, (32)
c c cR, cRqy cRy

with

~

g = [T(0) x ACO)] = i (33)
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It is useful to note that Eq. (32) gives the time delay as a function of
the pulse arrival time t. In the derivation of 44(t) it is required

>
that ’VAI <K ¢ and rwty <K R,. Hence the target signal

N=1 - A -
ri(e) = go 1 rect [ B(E) T M0y n (uc(e-A(e))] (34)

n=0 o

can be determined.

3.2 The Clutter Return

In order to determine the clutter return from the collection of
scatterers on the earth's surface we assume that they are continuously
distributed. In addition to the fixed coordinate system Oxyz, it is
convenient to introduce a rotating coordinate system Oxy'z' (Fig. 4) with
the z'-axis oriented along 0OT. The coordinates of an arbitrary point C on
the surface of the earth in the two coordinate systems are simply related
by the matrix equation

x' = 1 0 . 0 X
y' 0 cos® -sin® y (35)
z' 0 sin8 cos B z

Let (8!, 4¢') be the polar and azimuth angles of C in the Oxy'z' frame,
(Fig. 5). An elemental area SA situated at the point C such that

A = r2 6L sinBL 6oL (36)

can be written as

6A = Z& RSR &8¢ (37)
r

where R is the radar range to the point C. Thus the clutter return from
the elemental area SA to the receiver Ry is given by

N-1 _ (e s
Sy (t) = gi (R,Y,80) (K, 60) | rect [ 24 (8) = ké
k=0 'rp
(c)

x exp [juc(t = 84°7(e))] + éa (38)
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Fig. 4 - Geometrical configuration of the coordinate systems XYZ
and X'Y'Z!
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Fig. 5 = Orientation of a typical scatterer C on the surface of the

earth relative to the boresight TD of the antenna.
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In Eq. (38) p(R,¢!) 1is the complex reflectivity per unit area, and
g (RiY,¢é) is the product of the gain functions of the transmitter, the

receiver as well as the propagation loss factor.

For the time delay A(c)(t) it can be written down 1in analogy to

i
Ai (t) in Eq. 32:
A§c)(t) - 2R, 2(t - 5) e o (—1)i S8-8¢ (39)
c ¢ c¢cR cR
with
> > -
gc = [(T(0) x C(0)) * 1] (40)
The total clutter return is then found by integrating Eq. (38)
ci(t) =2 [[ RARd4d g1 (R,Y,82) (R, 8)
r
N-1 ()
‘ -4 - ké
x ) rect [-fTAL (©) ] exp [ju (e=2{%(en]  (41)
k=0 p

3.3 Matched Filtering

Ir. order to maximize the signal to noise ratio at the output of the
receivers the received signal is passed through a matched filter [12].
Following Hofstetter et al [10] we use a filter matched to a signal return
corresponding to a single pulse. Because of the very high Doppler shift
induced by the satellite motion an angular frequency shift wp is
included so that the impulse response function of the matched filter

fa(t) is given by:
t
fp(t) = rect [ _ ] exp [ -j(uwe+up)t ] (42)
p
The choice of the frequency shift wp is determined by the Doppler
frequency of the satallite as observed from a point where the transmitting

antenna beam axis intersects the surface of the earth.
&
The matched filter output yj(t) corresponding to the signal
ri(t) in Eq. (26) is the convolution of Eq. (42) and Eq. (26), and the

result is -
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yi(t) = Jdn ry(n) rect [-::-E-] exp [-j (wetup) (n-t) ]

P

N-1 - -
= gip ) Jdnreet [T A(MW mab oo
n=0 Tp T
x exp [ juc(t=8;(n))] exp |~jup(n-t)] (43)

To perform the integration in Eq. (43) we replace the time delay
A;(n) in the argument of the rectangular function by the approximate

expression Aj(n) = EEQ. This is legitimate because of the n independent
c

terms ignored are negligible in comparison to %EQ and the coefficient of

the linear term in n is much smaller than unity. However, in the sensi-
tive phase term the full expression of A;(n) is kept intact. Hence

N-1 2R
yi(t) =gio ) [ dnrect [BZ *EQ - “6] rect Lg:i]
n=0 14 P
exp [1(wetup)e] exp[-3Cucty(n) + upm)] (44)
Consider the integral i(a,B8) defined by
i(a,8) = [~ dn £(n) rect [2:2] rect (=B8] (45)

— P Tp

where «,f are positive real constants. It can be readily shown that the
following result holds:

1(a,8) = rect [£=¢] [Pan £(n) (46)
2Tp a

where

{ b } = o8y T lf:f' (47)
2

a 2 2
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Making use of Eq. (46) the matched filter output of the receivers can be
written as

yi(t) = gip exp [-jucFy] exp [jCuc+up)e]

N-1 2R
o) s -
X ) rect [———-4'—2—-——£ ] exp [—jwc(c + 2D Y(e+né + _zﬁ)]
21 2w, ¢
n=0 P
sin[wc(c + 5 { Tp - ' t 2Ry _ né’}]
w c
x < (48)
we (G + EQ_)
2we
The symbols G and F; are defined as follows:
1 > >
G =_—— (wg + vy *Ry) (49)
cRy
88
Fy = 2Ro (1-6) + (-1 &2 (50)
c cR

(o]

Let us .assume that T, = §/2 so that the transmitter 1is operating at the
maximum duty cycle og 0.5 to optimize the radio frequency energy within
the transmitted pulse train while still allowing the proper functioning of
the matched filter.

In Eq. (48), for any given value of t, the term

2R
rect | <2+né-t ] exp [~juwc(G+ :P—)(t + né + EEQ)]
2Tp ch (o]
sin [ w, (G + 2D |1, - 't - 2Ro _ nG,}]
26, P c
x (51)
we (G + =2 )
2w
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makes a non-zero contribution to the matched filtered signal y;(t) only
when the inequality

i&o.—t+n6 <'rp (52)

[

holds. In other words, the value of n must be such that the conditions

—né -t <ot -ns+ (53)
p c p
are fulfilled. From Fig. 6, it can be seen that if
- Tp <t —-g-l&’-< (N-1)$8 + 1, (54)
c

there is one and only one value of n which satisfies the conditions of
Eq.(53). Let us denote this value of n by n' then Eq. (48) becomes

yi(t) = gip exp [—jwcFi] exp [j(“’c + “’D)t]

X exp [ -jw.(G + .3}.2_.) (t + n'é + 3&9.)]

c C
sin [ w.(G + =) { Tp - 't - 2R n'G,}]
X 2we c (55)
wc(G +7wg_c')

If yj(t) is sampled at the pulse repetition frequency at the range R',
it then follows

y1EE 4 w1 8) = gip expl-jucFi] exp [1Cuctup) (R + 0 6)]
[ [

x exp [-juc(G + 22y (-CZ- (R'4Rg) + (m'+n')6)]
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x sin [w.(G + 2D {tp - ' 2 (R'-Ry) + (m'-n')d'}]
2we c (56)
wi (G + 9 )
2uwa

where m' is an integer and 0 { m' < N-l. Hence the signal vector at the
range R' is given by Eq. (56) and the constraints which n' must satisfy
are

n'6 - 1, < %.(R'—Ro) +ms< s+ T, (57)
k = N-1 k=3 k=2 k=1 k=0
1 ft— ( —
r |
| |
| I
|
| n

2(R-R") _
c

k'd
Fig., 6 — Time sequence of a train of N pulses

We turn our attention now to the matched filtered clutter returns.
Let zi(;) be the filtered clutter return of the receiver at Ri. From
Eq. (43) we can write

zy(t) = [ dn cy(n) rect [EEE] exp[-j(wc+wD)(n-t)]
p

Using Eq. (41) we can express zi(t) as

zg(t) = (L&) [[RdRd$L g4 (R, Y, ¢8) P(R, L)
r

N-1

X exp[j(wc+wD)t] Y [dn rect [
k=0

3
] |
ol Nl
[

{

Ay -
xrect [THD = Jexp (30 (D(m + wpm ] (s8)

The integration over the variable n can be carried out as before. With
the aid of Eqs. (45-47) the integral I. defined by
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I. = exp|j(wctwp) t] [ dn rect [_r_\_?r_t_ ]
)
()
x rect [ —— AiT (n) - ke ]
P
xexp [ -3 (wet(m) +wpm ] (59)

can be evaluated. In fact, since from Eq. (39)

wedy () (n) + wpn

R ; 86
- we[2Ra1 - %oy 4 Z%c oy (-1t g + wpn
c cR cR cR
§6 j
= wc[z_R(l - u_)g_SL) + (-1 §£__] + ___C;_zw w gp "N (60)
c cR cR cR
cR
where gD = gc + Wp—— (61)
2Ww

c ’
n - a{€)(n) - k& ]
T

I, = exp [J(wctup)t] [ dn rect |

)
x rect [8] expl-jue | [R(1-Be) + (-1t 822 ]+ 228D q } ]
‘rp c cR cR cR
?— + ké-t
= rect [—Tr_—_] exp [j(‘”c"'“’D)t] exp ['j“’czD(R,Y, ¢>é)wt]
)
) 2R ' '
X exp [—jwc {-—- (1—w[2(R,Y,¢>c) 'zD(R,Y,¢c)])
c
+ (DY A(R,Y, 1) 68 + kip(R,Y,0L) wé}]
2R
x sin [we2p(R,Y,080)w {'rp - ' t - — - k¢ ’}] (62)

w2 (R,Y,¢")w
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In Eq. (62)
L(R,Y,98) = g/ cR (63)
and " 2p(R,Y,9.) = gp / cR (64)

Substituting the result of Eq. (62) into Eq. (58) we obtain

z;(t) = (?J /] RdRA®: gi(R,Y, L) (K, ¢l)

N=1 -
o V5! pece [(2RMQ) * k8 - ¢

exp[j(wtwp ~ mCEDm)c]]
k=0 27

xexp [0 £ (me[e-mp]) + (-DT 266 + kapus}]

x stafugtpe { = | == B -xs | }]

We dpw (65)

For brevity we have suppressed the arguments of the functions 2(R,Y,¢l)
and 2 (RdY’¢') in Eq. (63) and no confusion should arise from this ab-

breviation. The sampled clutter return at the range R' can be written
down at once from Eq. (65) to give

zg (BB 4+ kr6) = (58) Jf RAR dok g1(R,Y,68) p(R, L)
r
{

Cc
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N-1 '25 (R-R') + (k=k')8

x ) rect | ] exp [§(wetuprugtpw) (CRek 6) ]
k=0 27p c

x exp [-jue {28 (1-w(2-%p]) + (-1)1260 + kfpus}]
[o4

sinfuctpe {1p = | = ®R'=R) + (k' = k) § |}]

wCZDw

X (66)

Let us pause a moment now to examine the integral in Eq. (66) over
the range R. Evidently the range of values of R must be such that R
should be no less than the satellite altitude and no greater than the
distance from the satellite to the horizon. However, much stronger
constraints arise from the fact that k and k' should both satisfy the
inequalities 0 < k, k' < N-1, and the non~vanishing conditions of the
rectangular function in Eq. (66). For a given value of R' and k', the
maximum and minimum values of R as k varies are given by:

t
Ry = R' + c: 8 + E%Q

(67)

Ry = R’ +ﬂ;_c—(N—1)a-_‘;_rp

The total range of values of R is hence %-NG as one would expect.

As before, the conditions that the range of values of R over which
the rectangular function in Eq. (66) is non-zero are

2 (R-R") + (k&6 [ < T (68)
Cc

Analogous to the case of the signal vector, for given values of R' and k'
and a value of R in the range specified by Eq. (67) only one value of k

can satisfy Eq. (68). Let us denote this particular value of k by k then
Eq. (66) can be rewritten as
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24 (-z-i—' Fkre) = (Foy [RM g ji" Aol R g1(R,Y,60) o (R,08)
r

X exp [ j(wc + wp - wc.?,Dw) (_25.:. + k'(S)]
c

X exp [_jwc{_iﬂ (1-w[2-2p]) + (—1)1259 + K 2pws})

x sin[w.&pw {1, - ' % (R'-R) + (k' - K) & l }H

U)RDNC

(69)

3.4 The Clutter Covariance Matrices

In studying the effectiveness of the displaced phase center antenna
technique in clutter suppression a statistical approach is necessary.
Common to a broad range of problems in which an electromagnetic field
interacts with matter, two sources of fluctuations are encountered. In
the first place, there are the fundamental quantum mechanical fluctuations
of a wave source with a finite spectral width [13, 14, 15]. Secondly,
under field conditions, physical information of rough surfaces illuminated
by the electromagnetic wave, as a rule, allows only a probablistic
discription of its reflecting properties [16, 17].

The statistical method commonly wused to determine the linear
relations between a sequence of observations is the correlation function.
To account for the fluctuations of the reflecting properties of the radar
background, the covariance matrix [18] is a particularly convenient tool
in relating the clutter returns zj(t) of the two receivers discussed in

Section 3.3.

kk'
At a given range R' the clutter covariance matrix Cii' is defined in

terms of the clutter returns zj(t) by the relation

] ' R'
S m o (B ks ok, ke (70)
ii i c c

where the angular brackets indicate the average over an ensemble of
reflecting surfaces. In Eq. (70) the only physical quantity affected by
the averaging is the flection coefficient of the earth's surface.
Assuming the surface to be representable by a continuous distribution of
uncorrelated scatterers it can be proved (Appendix 2) that
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(R, 9) p*(R', ') = (Fo) (38R s(r-g') s(¢-¢")/R (71)
Ta dA

where do/dA is the differential cross section, or the cross section per
unit area of the reflecting surface usually denoted by o¢° in radar
literature.

From Eqs. (69), (71) the clutter covariance matrix can be simplified
to

ckkl = (Z2) [ dR [27 dog g5 (R,Y,9) g1 (R*,Y,¢)R  0°(R,90)
r

x exp [jwe {(1+wL) (-?:5'— + k6) + wlks + (-1)12606}]
c

x exp [-jwe {(1+w0) (%R-'- +k'8) + wlk'S + (-1)1' 268}]
x sin [utpue {1p - | 2 ®'-R) + (F)S (1]

X sin [ wtic{ T - | E.(Rv_R) + (k'-K)§ '}]/(mlec)z (72)
c

In the above equation the integration over R is taken over the intersec-—
tion of the intervals R; and R, arising from Eq. (67), i.e.

I} iR+ S k8-S (N-1)8-S1p CRCR + S k6 + 2 1 (73)
2 2 2 2 2

1"2:R'+9_k'6-E(N-1)6—f_Tp<R<R'+E-k'<S+f.'rp (74)
2 2 2 == 2 2

If we denote by k; and ky the minimum and the maximum values of k and
k' so that

kp = min (k,k') , ky = max (k,k') ' (75)

then the range of integration over R is:
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rnly: R+ S [ky 6 - (N-1)8 - T,] SRR +§ [kp+1, ] (76)
2

In analogy to the condition of Eq. (66), the integers k and k' must
also satisfy the inequalities

%(R-R') + (K -Kk)S | <1 (77)
and
2y + @08 < (78)
It follows immediately that
F-k=F -k' (79)
and hence
ckk - o e 27 a8l g (R, Y,08] (R,7,01) R 0°(r, 6))
x exp [jue {[(k=k')(1+2w2)8 + [(~1)1-(-1)1']ss0]}] (80)

x sin? [wlnwc{Tp - ’ é'(R'—R) * (k) '}] / (mlch)z

kk'
The matrix element Cii' can

tions from a set of ambiguous range lines. In fact, the expression is

M-D=047) 4y 2

kk! drR [ def g1(R,Y,94) g1(R, Y, 4R

Cigr = )
‘E=k_km G(E)

be written explicitly as a sum of contribu-
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x 0°(R,0L)exp [juc{(k-k")(1-2w82)8 - [(-1)1-(-1)1']2s6}]

2 2 '
- | = (R- + -k) 8
x sin® [wtpw { T ’ - iR R') + (k-k) ' H (81)
(we 2pw)
and the limits of the integration over the range R are
a(k) = R' + (k-K) ,5_6 -7 T (82)
BB = k' + (F) 2+ 5 1, (83)

A

kk
Thus, with Eq. (81), the matrix element C

ji+ can be determined. Depending

]

on the value of the range R' the matrix element Ckk is a sum of integrals

ii!
over a number of ambiguous range lines each of width cTp in the direc-
tion of R.

Since by definition, the clutter covariance matrix is hermitian the
diagonal matrix elements given by Eq. (8l) are real as required.

To see the effect of the matching condition (Eq. (21)) on the co-
variance matrix we can first remove the physically non-essential term
]
exp[jwc(k—k')6] in C??, due to the constant phase advancement of the
individual pulses in the transmitted pulse train by means of a constant
phase transformation. Instead of the matrix C we can consider the matrix

T given by

T = pcp—? (84)

kk'

(i (Li' = 1,20 k' =

where P is a non singular matrix whose elements P

0,1,2, «e.e,N-1) are defined by the equation

Kk ' ,
Piiv = 8,48, exp[-ju k] (85)
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The matrices C and T are equivalent with identical eigenvalues. But under

k, k-
the matching condition the matrix elements C& 5 1 (k=0,1, «v., N-1) and
bl

their hermitian conjugates are real. The reality of these set of non dia-
gonal matrix elements is due to the motion compensation of the displaced
phase centers which has in effect matched the phase factors occurring in

these nondiagonal matrix elements.

4.0 PERFORMANCE EVALUATION OF DISPLACED PHASE CENTER ANTENNA SYSTEMS

In Section 3 we have derived analytical expressions for the pulse

trains reflected by the moving point target as well as by an area on the
kk'

surface of the earth illuminated by the radar. The covariance matrix Cii'

which provides a description of the statistical properties of the clutter
returns has also been presented. Based on this theoretical framework a
performance evaluation can now be carried out. The principal objective of
this section is to study the characteristics of an ideal displaced phase
center antenna system and to delineate the key parameters which determine
its clutter rejection performance. No attempt will be made here to deter-
mine the system parameters of a displaced phase center antenna system for
a space based radar required to satisfy a specific set of design goals.
Such an investigation will be the theme of a forthcoming report.

As we are primarily interested in the performance of the displaced
phase center antenna system in the presence of strong clutter we will
assume in our present discussion that the radar interference is completely
dominated by the radar energy backscattered from the earth's surface.
Thus, the effect of system noise is considered to be negligible.

For the extraction of target signals from the interference of back-
ground clutter, the radar data collected by the two receivers are proces-
sed by a linear signal processor. The signal processor being considered is
one which maximizes the signal to clutter ratio. The output of the pro-
cessor is then compared with a preselected threshold to decide whether a

target has been detected.

Since the optimum linear signal processor is discussed in many texts
[19, 20) we can directly apply the standard results to the displaced phase

center antenna system.

Let w = (wix) be the weighting vector which defines the 1linear

signal processor under discussion. At the output of the processor the

signal to clutter ratio is given by

s J-P* >
(2)-Jde-w]
w

(86)
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> ;
In Eq. (86), s = (sjkx) is the signal vector defined by

- Kk! 2R
stk =L L Pir oyi (S 4 k') (87)
oK

with the aid of the results given in Eqs. (56) and (85). The signal to
>
clutter ratio attains a maximum value if the weighting vector w is chosen

to be

w =[¢T ]t 3 (88)

and hence

(£) = s1Tirts (89)

max

To measure the clutter suppression capability of the displaced phase
center antenna system, different figures of merit can be used. Kelly and
Tsandoulas [8] have compared the clutter rejection performance of the
fully displaced phase center antenna array with that of a single antenna
element. Hofstetter et al [10] used instead an improvement factor based
on the signal to clutter ratio with reference to that of a single pulse.
For the detection of specific target types, a figure of merit based on the
minimum detectable velocity [4~6] is probably more useful. For the more
generic discussion presented here the improvement factor used in Ref, [10]
provides a simple and useful quantity for a qualitative performance as-
sessment. The improvement factor F to be used is defined as the ratio of
the quantity in Eq. (89) to the average single pulse signal to clutter
ratio at the input of the linear processor. Since the average signal to
clutter ratio per pulse at the input of the processor is

(£)p =

N -
=z

1 —kk
L) s* /] — 11T (90)
iklk ZNikii .

the improvement factor F can be expressed as

F =

olw
| —
~
—_
nlw
—r

-{&[T] ;}izgt‘;‘;/ns;k Sei (1)
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1f we denote the signal matrix by § such that

kk'
T = ( -S-ii' ) (92)
— kk'
S = *
and S g Sik Si'k' (93)

then the improvement factor can be simplified to

-1

F={s* | T ] s } trace T/ trace § (94)

4.1 Numerical Results for the Improvement Factor

The main task involved in a numerical analysis of the improvement
factor is in the computation of the clutter covariance matrix. From Eq.
(81) it is evident that, with increasing the number of pulses in the
transmitted pulse train, the number of integrals to be evaluated and hence
the computational effort increases rapidly. To facilitate the numerical
study a number of simplifying assumptions which do not affect the perform-
ance characteristics of the displaced phase center antenna system in any

fundamental way, have been introduced.

It is assumed that the antennas of the transmitters and receivers
are identical in dimensions and gains. This is only a mathematical sim-
plification which ignores the loss of efficiency resulting from not using
the full antenna array on signal transmission. Since the separation of
the phase centers is, in practice, much smaller than the radar range, the
angular differences of any point on the ground to the antennas are small
and negligible. In addition, we assume that the antenna aperture func-
tions are Gaussian. Explicitly, we take the functions gj(R, Y, ¢l) to be

given by,

8i(R,Y,94) = g{(R, Y, ¢)

2
= Aant e--us2 (95)
(4m) A R?

between the antenna axis and the posi-

where { (see Fig. 5) is the angle
Agnt is the antenna area and u'é is the

tion vector of the point (R, ¢.).
antenna beam width.



32

In Eq. (81), the differential backscattering cross section of clut-
ter 0° is, of course, a function of the terrain type and the angle of
incidence. In our computations, however, these variations are ignored
i.e. 0° is treated as a constant. Under this assumption the improvement
factor F will then be independent of the clutter differential cross sec-—
tion o°, It is generally true that the target cross-section does not
affect the values of F.

In calculating the signal vector and the signal covariance matrix we
also assume that the point target is located on the boresight of the tran-—
smitting antenna and that it is flying along a trajectory close to the
surface of the earth.

The set of parameters common to all the computations presented in
this report are summarized in Table 3.

Table 3 Parameters and Relations used in the
Numerical Analysts

re : radius of the earth 6.37 x 10°m

r : radius of the satellite orbit 7.37 x 106m

angular frequency of the radar 9.42 x 102 rad/s

w : angular velocity of the satellite 9.97 x 10~ " rad/s
interpulse period 1.0 x 107" (unless indicated otherwise)
Tp : pulse width 1p = §/2

rp : radius of antenna 5m (unless indicated otherwise)

N : total number of pulses in the pulse train 8 (unless indicated
otherwise)

wp : Doppler frequency shift in the matched filter
wp = 2ww,rresindy sin¢f/cRp
8),¢p: polar and azimuth angle of D (Fig. 5)

Ry : distance TD (Fig. 5).

In Fig. 7 the variations of the improvement factor is shown as a

_’ ~
function of the radial velocity of the target vy * Rp i.e. the projection

~

>
of the target velocity v along the unit vector Rp. As the magnitude of

the relative velocity of the target increases so does the improvement
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factor F. Due to the sampling process involved, F is a periodic function

> A
in v, RD' The fundamental period is equal to i-times the pulse repeti-

tion frequency. Thus in terms of the Doppler frequency, F has a periodi-
city equal to the pulse repetltion frequency. On the other hand, F has

no inversion symmetry about VA * Ry = 0. In Ref. [9] it has been shown

the clutter Doppler spectrum as observed from a space based radar is, in
general, asymmetric.
the results for the improvement factor are also plotted

It is seen that the clutter cancellation is
This property of

In Fig. 7,
for different grazing angles.
significantly more effective at higher grazing angles.
the displaced phase center antenna system could be of practical import-
ance. In the absence of any clutter rejection technique, the coverage of
a real aperture space based radar is severely limited by the phenomenon of
the "nadir hole" [11]. This blind spot of the radar is the result of the
reduction of the target relative radial speed as it moves to a region cor-
responding to a steeper grazing angle and the resulting increase in the

intensity of the clutter return.

The effect of changing the pulse repetition frequency on the im-
provement factor is shown in Fig. 8. The factor F increases with the re-
duction in the pulse repetition frequency. However, if the clutter spec-
trum is undersampled degradation due to aliasing can arise. For the dis-
placed phase center antenna system, lowering the pulse repetition frequen-
cy would require a larger separation of the phase centers to conserve the

matching condition in Eq. (21).

When the number of pulses in the transmitted pulse train is increas-
ed there is better clutter cancellation. As can be seen from Fig. 9 the
1mprovement factor F increases as the value for the pulse number N in-
creases. In addition, the oscillations in the magnitude of F become shal-
lower and hence a more uniform clutter cancellation across the target vel-

ocity range.

The last parameter we have examined is the antenna size. The
improvement factor F has no explicit dependence on the dimension of the
antenna. However, through its dependence on the anteana beam width u-i’
F increases with antenna dimension. In Fig. 10 the results for circular
antennas of different radii are plotted.

5.0 CONCLUSIONS

In this report we have presented a theory of the displaced phase
center antenna system for space based radar applications. A matching con-
dition relating the geometrical configuration of the phase centers, the
radar pulse repetition rate and the angular velocity of the space platform
is derived in order to minimize the effect of platform motion on clutter,
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RELATIVE RADIAL VELOCITY (m/s)

Fig. 7 - Improvement factor F versus the radial velocity of the target
relative to the radar at grazing angles of 3°, 21.4° and 45°.
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Fig. 8 - Improvement factor F versus“the relative radial velocity at
interpulse intervals of 10-'s, 2x10-"“s and 3x10-“s.
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IMPROVEMENT FACTOR
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RELATIVE RADIAL VELOCITY (m/s)

Fig. 9 — Improvement factor F versus the relative radial velocity
for trains of 8 pulses, 12 pulses and 16 pulses.
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RELATIVE RADIAL VELOCITY (m/s)
Fig. 10 - Improvement factor F versus the relative radial velocity for
antennas of radius equal to 5 m, 10 m and 15 m.
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After having established a general expression for both the signal
and clutter covariance matrices an optimal signal processor which maxi-
mizes the signal to clutter ratio is defined. Numerical results based on
a simplified displaced phase center antenna model are given in terms of an
improvement factor which highlights the variations of the clutter cancel-
lation capability of the system with changes in the radar grazing angle,
pulse train duration, pulse repetition rate, and the antenna dimension.

In the theoretical derivation, the clutter model assumed is one
where the backscattered radar energy can be completely determined in terms
of the average differential cross section. The effect of scatterer motion
on the displaced phase center antenna system is a subject of our current
investigation which will also include a study of the modelling of the
antenna mismatching.

Although the numerical results in this report are primarily aimed at
highlighting the functional relations of the key radar parameters and the
level of clutter cancellation, it can already be seen that the displaced
phase antenna concept could provide a powerful technique in enhancing
space based radar performance in the presence of strong clutter. In a re-
port under preparation, the target detection capability of a displaced
phase center space based radar system is studied in a more realistic clut-
ter environment and design specifications.
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ANNEX A

Matching Condition for Higher Order Displaced Phase Center
Antenna System

In the preceding discussion we have restricted our attention to the
simplest displaced phase center antenna system; namely a system with only
two phase centers. There is, however, no fundamental reason why higher
order systems, that is systems with more than two phase centers, cannot be
used. In this appendix the matching condition for the higher order dis-

placed phase center antenna is considered.

To simplify the geometry we assume that the displaced phase center
antenna system has an odd number of phase centers which are uniformly
distributed as shown in Fig. 1l1. The phase centers K, are labelled by
the index Vv and v = 0, #l, #2, ... *i. The distance of the phase centre
R, measured from the geometric center of the full array is dy. As
before, a geocentric coordinate system with its yz plane coinciding with
the orbital plane of the satellite platform is chosen, so that r,, B8,
are the radial distance and the polar angle of the center R, respect-
ively. The phase center of the transmitting antenna T is colocated with

the phase center Rj.

—p Y
Fig. 11 - Positions of the phase centers for receive antennas.

Let a pulse be transmitted by T at a time t = t,. The pulse is as
sumed to arrive at a point S(re, &g, ¢g) on the surface of the

earth at t = t,. After reflection at S, the pulse is received by R, at
t = ty. Denoting the difference in polar_angles 6,-6;, by §&6,,
which is a small angle typically of the order 107" mrad, we can write,

r =1, [ cos 86, ]'1

=ro [ 145 (8607 ] (A.1)
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and
Bu(ty) = 6,(ty) + 68,

= 8,(T1) + w(tyTy) + 68y (4.2)
The distance between S and Ry,(t,) is given by
[sRy(t ) ]? = (resinescos¢s)2 + (rgsinbgsingg - rysinb (¢ W2
+ (rgcosbg - rvcose\,(t\,))z (A.3)

From the vectorial relation

+ > +

SRy(ty) = ST(T}) + T(TIRW(Ey) (A.4)

Eq. (A.3) can be rewritten as
[SR\,,(t:\,)]2 = (resinescos¢s)2 + [(resinessincps - rosinby(t)))
+ (rosinb (t)) - r\,sine\‘,(t:\‘,))]2

+ [(recoses - roecos8,(ty)) + (rycosf,(ty) - r\,,cose\‘,(t:\‘,))]2

(resinescos¢s)2 + (rosinfgsin¢g - ros:Lneo('t:_l))2

+

(recos Bg - rocos8,(t)) )2

+

2(resinfgsindg - rosinby(t)))(rosinBy(T}) - rosinby(ty))



4]

+ 2(rgcosbBg = rocosb (T)1))(rgeos6,(t) - rycosBy(ty))
p— . 2
+ [rosineo(tl) - rysindy(ty) ]

+ [rocoseo(Fl) - r\,cose\,(t\,)]z (A.S)

and hence

SRy(ey)=[ST(E) ] {1 + 2(resinfgsings-rosin6, (t)))(rysin b, (€))-rysinby(ty))
vty — - -
[sT(E1)]?

+ Z(recoses-rocoseo(—t-l)) (rocoseo('l':'l) - ry(cosby(ty))

[sT(E1) ]2

+ lrosin8 (1) - rysindu(ty) ]® + [rocos8,(F1) - rycosby(t )]? }%
[sTE]?

(A.6)

Let Dy = rosinb,(t)) - rysinfy(ty) (A.7)

and Dy = rycos8,(t)) - rycosfy(ty) (A.8)
With the aid of Eqs. (A.1) and (A.2) we get

Dy = - ryeosb,(T)) [w(ey-t1) + N (A.9)

and DY = rysinb,(T1) [w(ety-T1) + 86 ] (A.10)

Since | T (t])Ry(ty) ' /ST(t1) we can neglect the higher order terms in
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the binomial expansion of Eq. (A.6) such that

SRy(ty)=ST(E]) - Z(resinessin¢s-rosineo(t1)) {rocoseo(tl)[w(tv—t1)+Ae\,]}

ST(ty)

+ .(_lj_gcoses—rocoseo(’t—l)) {rosineo('t_l) [w(t T + ae\,]}
ST(ty1)

+ s [ w(eyty) + 66y)° (A.11)
2ST(t))

Dropping the quadratic term in [m(t -t;) + dev] which is negligible, we
obtain

t1) + 68 —
SRy(ty) = ST(t)) + f_gcro[m(t:v-t 1) v] - sinfgsin¢gcos 6,(t])
ST(ty)

+ cosBgsinby (T1)] (A.12)

Denoting the time delay t, - t) by 4,, we have the following equation
for Ay:

c(ty-t)) = cb, = SR\(ty) + ST(T})

6 —
= 2ST(t)) + Eﬁfﬂlﬂé_\:‘_td___\’]. [cosessineo(r_l)

ST(ty)

- sinBgsin¢gcos 8, (T ) ] (A.13)

Alternatively, the above equation can be expressed as
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Ay+ 68 > R
cby = 2ST(c)) + [_“i"__L] {[T(E-l) x S]] i }
ST(ty)

(A.14)

(A.14) an explicit expression can be derived for cd,. Ignoring

From Eq.
and smaller we arrive at the following result

errors of the order (w/c)

2= 3 { w 86
cby = 2ST(T)) { 1 + [(T(t1) x S) =i ] (— + — )} (A.15)
ST(T;) € 2sT(T))

For a pulse transmitted at t = E} an analogous expression for the time de-

lay &' 5 t' "'Ei can be written down at once
-)_' > - 66
. T(t S) - w
ety = 2sT(eyy {1+ LEED X T v, vy (A.16)
ST(T}) € 2sT(TY)

Let u be an arbitrary phase center index (u=0, *1, ..., *i).

_t o >
In order to relate A} to 4, we have to express ST(t;), f(tl) x S in terms

of quantities at t = t]. Although a certain amount of algebraic manipu-

lation is involved, the approach is similar to that used earlier. Hence,
we will oﬁly summarize the main results.

Let § be the interpulse interval so that

—-' —

t) -t = m16 (A.17)
where m; is a positive integer and

Oo(t1) = 65(t)) + w(t) - t))

(A.18)

= 6 (E-l) + mel
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We assume that wém; << 1 then the following expressions can be derived:

(A.19)

m 8w [(T(Ty) x §) -f) |

ST(Ey) = ST(tq) {1 + -
[ST(t})]

and FED x 3 +£=FED xS £+ F® 9 mdu (A.20)

Retaining only up to linear terms in mjdw and &8,, Egs. (A.19) and
(A.20) lead to the result

cAy = 2ST(Ey) { 1 + £(Ty) £+ 86y + mde ]}

c  28T(E}p) ST(TD)

(A.21)

where

[(F(e) x §) « 1]
ST(t)

f(t) = (A.22)

In order to equate the time delays 8, and 4] the following condition must
be valid )

— —_ 8
HEED) @+ AN ) - 1w [F+ 86y, mbs (A.23)
2sT(t1) 28T(t ) ST(t )
which is equivalent to the matching condition
mpdw = 88, - 88, (A.24)

Once again, the matching condition is independent of the position of S and

the time tj.

If 48 is the angular separation of two adjacent phase centers then
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86, - 66, = (v-u) 28 (A.25)

and Eq. (A.24) becomes

mjwd = (v-p) A8/2 (A.26)

This condition states that the time lags for the phase centers R, and
Ry can be matched if there exists an integer m; satisfying Eq. (A.26).
It is evident that if wé is itself an integral multiple of 46 then the
time lags between any pair of phase centers can be matched. Apart from
considerations related to the level of complexity in implementation, the
total number of receive phase centers one can use is only restricted by
the condition that wém; << 1 such that the approximations invoked in de-
riving the matching condition will not break down.
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APPENDIX B
Statistical Properties of Uniformly Distributed Clutter

Elements on a Given Surface Used in 3.4

We first consider a collection of discrete point scatterers distri-
buted in a prescribed manner on a given surface. The total clutter return

corresponding to a transmitted waveform s(t) ejNCt is given by
G(i,k .
c(e) =) ) ajk (;’ )s(t—rik) expljw.(t=T14x) ] (B.1)
i k Tig

where the indices (i,k) identify the point scatterer located at
(xi,Yk)» Tjk 1is its distance from the radar, G(i,k) is the two way
antenna gain in the direction of (xj,yk), and Tjx is the time delay

and ajg is the complex reflection coefficient of the scatterer.

The statistical properties we assume for the reflection coefficient

of the discrete point scatters are:

ajg> = 0 ) (B.2)
Cajpagpy = 0 (B.3)
<aikaim> = cikéilékm (B.4)

In Eq. (B.4), o5 1is the backscatter cross section of the scatterer

located at (xj,ygk)-.

If instead of a collection of discrete point scatterers we consider
a model of continuously distributed scatterers we may introduce a quantity

Bix associated with an area 8x Ay located at (xj, yk) such that
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Bik &x &y = ajyp (B.5)
Now Eq. (B.l) can be rewritten and
‘ G(i,k
c(t) = 2 z Ax by Bip _S_%_l s(t=T{x) exp [jub(t—rik)] (B.6)
_ i k rix
with
<Bix> =0 (B.7)
<BjkBgay =0 (B.8)
<. g > = Bik 82 S (B.9)
ik "im Axdy bx by
In the limit that the number of scatterers approaches infinity and &x, Ay
approach to zero we have
85 g
AE — §(xq-xyg) (B.10)
Ax
Sern
and Kl e G(yk—ym) (B.11)

For an elemental area 6A on a spherical surface as we have in our problem

we can write

aji = a(Ry,d) (B12)

Since 6A = ( Le ) RdR&¢ , then
r

Bik = B(Ri, k) (B.13)
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is related to ajy by

ajk = Bix ( 59 ) Ry ORj 6y (B.14)

The correlation function

<ajp af > = O(Rgd) ORj,Rp 89, ¢y (B.15)
implies
i 8
<8, B> = o(Ri, &) Ri.Rg Sok, om (B.16)
(==) Ry OR8¢y (%—) Ry SRy Sénp

In the limit that S8R =~ 0, 8¢ =—+ 0 the Kronecker delta functions again
go over to Dirac delta functions in a manner similar to the case of plane

geometry (Eqs. (B.10) and (B.11)).

<B B*>=_r-_.1-6R;R 8( ¢r— de B.17
1k By (re)R (Ri-Rg) &Co-dm) — (B.17)
or
<B(R, ) BE(R',8')> = (=) %m—a')sw—w o° (R, $) (B.18)
e

o]
In Eqs. (B.17) and (B.18) %K = ¢° is the differential cross section or the
cross section per unit area of the surface at the point (R, ¢). On com-

paring Eq. (38) with Eq. (B.6) we can write

P(R,$) = B(R'$) (B.19)

and hence it follows
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Co(R, ) p*(R', o> = (=) L 6(r-r)s(¢-o) SIBID (B.20)

Ta R dA

which is identical to Eq. (71).
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