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ABSTRACT

A general method of likelihood ratio computation is obtained for a filtered type of
noise, with Gaussian and Poisson components. The idea is to call upon the Cramér-
Hida representation of second order processes and to interpret it as a path transforma-
tion. This approach applies to underwater acoustics signal detection and potentially
it is a tool to be used in mobile communication techniques.
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RESUME

Une méthode générale pour le calcul du rapport de vraisemblance est obtenue
powr des types de bruit filtrés, avec des composantes Gaussiennes et Poissoniennes.
L’idée est de faire appel & la représentation de Cramér-Hida et de l'interpréter comme
une transformation des trajectoires. Cet approche s’applique & la détection des sig-
naux acoustiques sous-marine et pourrait trouver usage dans les techniques de la
communication mobiles.
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EXECUTIVE SUMMARY

Detection of random signals based on likelihood ratio is optimal in the sense of
the Neyman-Pearson criterion. As in general the signals can be given, a priori, only
a broadly qualitative description and have a dynamical behavior, they are modeled
as stochastic processes.

With the aim of fitting a general class of signals and noises, this report addresses
the case of causally filtered Gaussian and Poisson noise components. It is assumed
that the noise has paths of finite energy, i.e. they are continuous in quadratic mean.
The signal is smoother than the noise, so it is assumed that it belongs to the repro-
ducing kernel Hilbert space of the noise. That ensures the absolute continuity of the
probability laws induced by the received signal and the noise and hence the existence
of the likelihood ratio.

Explicitly, the likelihood ratio is obtained as a functional on the space of the
received signal. Its computation is decoupled into two operations. The first one is
the computation of the likelihood ratio for the unfiltered received signal and noise.
This is basically a stochastic calculus problem and involves the use of a version of the
Girsanov theorem as well as particular factorization results. The second one is the
computation of the conditional probability law of the unfiltered noise with respect to
the filtered noise. This conditional law depends mostly on the trace-class properties
of the covariance operator of the filtered noise.

The likelihood ratio method described in this document has been adapted to sonar
applications. In particular the active sonar in a reverberation limited environment
benefits from this approach, as the reverberation has the characteristics of a causally
filtered phenomenon.
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1.0 INTRODUCTION

A well known fact from the theory and practice of communication systems is that
the simultaneous presence of environmental random fluctuations called “noise” makes
the status of the signal uncertain at the receiver. A priori it may be unknown if
the received signal contains information or is just noise. In techniques like sonar and
radar, the answer to the question “does the received signal contain any information?”
is the core of the application. A

Signal detection theory appeared in the 1940’s and seems to have been a conse-
quence of the war efforts [1]. Its foundations are strongly connected with the “Pair
du temps” brought by Norbert Wiener’s work for a MIT project trying to predict the
track of an airplane, as well as the publication of the first book on radar detection
[2]. The idea, new at the time, was that the communication of information is a statis-
tical problem and that the performance limits could be calculated from optimization
criteria and a systematic approximation designed.

The first technique used in detection problems was the “matched filter”!, de-
rived independently by Wiener, Hansen, North, Van Vleck and Middleton. It was
acknowledged that the “signal-to-noise ratio” was not the natural criterion for signal
detection. Mark Kag provided the connection with statistical hypothesis testing, not-
ing that the Neyman-Pearson criterion is adequate for radar detection. The theory
shows that the key quantity to compute is the likelihood ratio, useful also for applying
a number of other criteria. Woodward [3] came to the likelihood ratio via a different
route, inspired by the information-theoretic result that the relevant information is all
preserved in the conditional probabilities of the hypotheses given the observations.
Later, the so-called statistical decision theory introduced by Wald [4] was applied to
signal detection problems. In all cases, the basic operation is to compare a likelihood
ratio with a threshold, whose value is determined by the chosen criterion. A general

IBased on the maximization of the signal-to-noise ratio.
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Figure 1.1: The three steps of a signal detection algorithm.

approach of the detection problem can be depicted as in fig. 1.1.

Informally, if X (¢), S(¢), and N(t) are stochastic processes describing the received
signal, the transmitted signal and the noise, respectively, then the detection problem
consists, in terms of statistical hypotheses tests, of choosing between

Ho: X(t) = N(t) 0<t<T i
H,: X() = SE)+N(t) 0<t<T. (1)

The strategy dprowded by Neyman-Pearson criterion assigns the detector to the
likelihood ratio . This is an optimal detector, in the sense that it minimizes the
probability of non etection, i.e. P (H,; rejected | H; true), for a given probability
of false alarm P (Hj rejected | Hy true). In particular this fits the case of radar or
sonar detection, where it is hard to judge the implications of not detecting a target
but the acceptable probability of false alarm can be determined.

The performance of this detection method is usually measured by means of the
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receiver operating characteristic (ROC), obtained by plotting the probability of de-
tection versus the probability of false alarm.

Along with the expansion of application from radar to sonar, remote sensing and
pattern recognition, the noise models evolved from white Gaussian noise [5[6][3] to
coloured Gaussian noise and randomly modulated jump processes. Following these
ideas, the present report contains the derivation, under minimal assumptions, of a
likelihood detection formula for a random signal of unknown law, disturbed by a noise
with filtered Wiener and Poisson components. Such models, as discussed at length in
[7] and [8], are applicable when the noise is very nonstationary and the signal cannot
be represented as a set of narrowband components. Typical examples come from the
radar and sonar areas [9)].

2.0 GENERAL DESCRIPTION OF THE MODEL

In all that follows, signals and noise are monitored over the time interval [0,T]. N
denotes a zero-mean, mean-square continuous noise process with paths in £4 [0, T,
the set of functions over [0, 7] whose square is integrable with respect to Lebesgue
measure. S is a random signal, dependent on N, such that, for almost every w € €2,
with respect to a probability measure P, defined on a o-field of subsets of €2,

S (w,") € H(N)

where S (w, -) denotes the signal path for event w, and H (N) is the reproducing kernel
Hilbert space (RKHS) associated with N. The condition that signal paths belong to
the RKHS of the noise is an operational form of the requirement that the signal be
smoother than the noise. It also has the consequence, as the noise-is mean-square
continuous, that S has continuous paths, and thus that S + N has paths in £{0,T].

Let Py be the probability measure induced on the Borel sets of Lg[0,7] by N,
and Ps;y that induced by S + N. When N is Gaussian, or more generally spher-
ically invariant, that is Gaussian with a random variance, no further mathematical
restriction is needed to obtain that Ps, x is absolutely continuous with respect to Py.



However, to have an “explicit” expression? for the likelihood, information on some
derivative of the signal is required. Indeed, the likelihood is a functional

A: Ly[0,T] — R

to be computed for every function f € L5 [0,T] (the received waveform), irrespective
of the regime (Py or Pgyn) that produces f. A is related to Py and Ps,y through
the expression: '

Psyn (df) = A(f) Pv (df), f € L2[0,T].

It turns out that the RKHS condition is enough to enable the derivation of the
explicit expression for A only with respect to Ps,y, but not with respect to Py.
The latter requires the information about the derivative already mentioned, which
amounts to demanding mutual absolute continuity of Ps,y and Py. In its absence,
an approximation to the likelihood, which is moreover signal dependent, is explicitly
obtained (Proposition 12). Explicit expressions of the likelihood are useful in actual
practice when computing its value using discretely collected data [7]. An explicit
expression for the likelihood can be had by restricting the family of signals that are
admitted. Such a sufficient condition may be stated as follows:

E [GXP {%"S (s ')lliI(N)}] < 00.

Establishing the form of A may be achieved through a decoupling operation which
involves the Cramér-Hida decomposition [10, 11] and a theory of stochastic calculus
that is tailor-made for that decomposition. The relevant papers are [12], [8], [13] and
[14].

As noises are frequently not purely Gaussian, nor for that matter spherically in-
variant, it is imperative to obtain A for noises that accomodate at least an explicitly
impulsive component, such as a Poisson process. For example, the underwater acous-
tics noise [15] is such a noise which prompted the search for the method producing

2The quotation marks on the word “explicit” are meant as a reminder that though the analytical
form of A must be explicit, its actual use requires extensive calibration by actual data, and detailed
knowledge of the specifics of the detection environment that applies. Some indication of what that
entails can be found in [7].
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A. It is shown in this report how to obtain the analytic form of A when the noise N
has the form:

N (w,8) = /OtF(t,a:) W (w, do)

where F' is a non-anticipative, non-random filter, and W is a white noise of the form:

B; (w,t) + By (w, t)

W (w,t) = 7

where B is a generalized Brownian motion, B, is a Poisson martingale, and By and B,
are independent and have the same variance function 8%. The signal is still assumed
to have paths in the RKHS of the noise.

When mutual absolute continuity holds, the analytic form of the likelihood A is
then as follows. Let Ry be the covariance operator built from the covariance Cp of
the noise N, and K be the closure in L [0, T'] of the range of the square root of Ry*.
Let us define an operator U : Lg [f] — Lg [0, T with the property that

1
U= R3J*

where
J: L2 [O,T] g L2 [,6]

is a partial isometry with initial space K and final space Lo [f] and J* denotes its
adjoint. The families {\,, n € IN} and {e,, n € IN} are, respectively, the eigenvalues
and orthonormal eigenvectors of Ry. Then the process M is defined as

> 1
M(f,t)=7) )\_k<UI[O,t]; €k) 10,11 €D Lyjo.1y
k=1

3The Cramér-Hida decomposition stipulates that W is a process with orthogonal increments and
variance o%,. The specific form of W and 0%, that is chosen finds its justification a posteriori in
Girsanov’s theorem - see Proposition 6. As shown later, the two sources of noise can be weighted
by considering a W of the form: W, =+/a B; +v1—a By, 0 <a < 1.
—
‘Thus K = R (Rf\,) C Ly [0,T], where R denotes the range of an operator and the overbar

denotes the closure in Ly [0,T) of a set. In what follows, K is always used for the set just defined.



where f € D[0,T] defines a function continuous to the right and with limits to the
left. While M is obtained with the help of the Cramér-Hida representation, from
stochastic calculus it follows that

m[A(f)] = /0 i (f, @) ev (f, d)

1 /T
_Z A 82(f,$),31 (dil})

1 T A
—ﬁ ; s(f,z) Bz (f, dx)

where ev (f,t) = f (), By is a centred counting process and s is a predictable process
resulting from the condition S (w,+) € H (N). M has paths in D [0,T], and M is the
path map of M (M (w) = {M (w,t), t € [0,7]}). Then, finally,

A(f)={RoM}(F).

It is an interesting fact that with such a model it is no need to worry about robust
versions of the likelihood as defined by J.M.C. Clark [16].

Two remarks about the derivation should be made. As the stochastic calculus is
used on D [0,T], for processes which are adapted to the filtration generated by the
evaluation maps and defined simultaneously for couples of probability measures not
known a priori to be mutually absolutely continuous, the usual assumption of the
“usual conditions”® of stochastic calculus being met is not warranted. Because no
such assumptions are made in [17], that is the reference used for stochastic calculus.
Secondly, most of the derivation is made under assumptions that are somewhat more
general than those stated so far; the main reason for so doing is that the limits are
better seen. In particular, it can be explicitly seen to what extent the Cramér-Hida
framework and the RKHS requirement are essential for a realistic modeling of signal
detection problems (Section 4.6).

Here is the rationale for the method of calculation which in turn structures the
report. It can be written, as a path relation [12, Thm 1, p.163],

N==&oW.

5The exact meaning is given in section 3.1.1.




As the requirement S (w,-) € H (N) translates into
P(/s%zaa, <oo) _1,

denoting absolute continuity as <, then

Prg oz, 4w < Pw

and consequently [12, Theorem 1, p.163],

S+N=<I>(/sda%v+w).

From there it follows for some explicit ¥ involving N and W only

dPs.n . des do¥,+W

dPy Py

To have an explicit form of
ap f s do¥,+W
dPy

[sdo?; + W has to be written in “innovations” form, that is, as a functional of its
past. Furthermore, the computation of

ap f s dofy+W
d Py

must pass through a form of Girsanov’s theorem which is established first as a mutual
absolute continuity result following the introduction of an exponential martingale.
Only thereafter can path conditions and absolute continuity be introduced.

In Section 3, the model used, and some of its properties, are presented and explained.
Section 4 deals with the unfiltered problem, that is, the computation of
- dpP [s do%+W
d By

7



and has several parts. The first deals with the required version of Girsanov’s change
of measure. Then, assuming that [s do, + W can be written as a stochastic integral
equation, the likelihood A is obtained. In the last part of Section 4, it is shown how
the requirement P (fs?do, < oo) = 1 suffices; firstly it is proved that the condition
on the exponential martingale can be stated as signal paths properties, and weakened
to absolute continuity, and then the required innovations representation is provided.
Section 5 yields the function ¥,

The systematic use of the methods that follow has its origins in [18], but some
important ideas in the latter can be found already in [19]. “This is distinguished by its
modelling of the problem on the space of sample paths, rather than on an underlying
abstract probability space, and was found by us to be very useful” [12, p.160].

3.0 THE DETECTION MODEL

This section contains an extended description of the noise and signal models. The
signal is assumed to be smoother as randomness than the noise which is nonstation-
ary and non-Gaussian. Also, the complete list of the assumptions made along the
presentation is included here.

3.1 THE NOISE

The noise, denoted N,, is defined as the integral of a non-anticipative deterministic
kernel with respect to a process with orthogonal increments, and may be looked at
as a filtered white noise with independent Gaussian and Poisson components.

3.1.1 The integrator

As usual, (2,4, P) is the reference probability space, all processes considered are
defined on that space, and adapted to a filtration A = {A;,t € [0,T]} of A, which
satisfies the usual conditions: the filtration is right continuous, every null set belongs
to all o-fields A, and every subset of a null set is A; measurable. A generalized



Brownian motion is a Brownian motion for which the variance function is a non-
negative, monotone non-decreasing and continuous function. Its paths are almost
surely continuous, and those that are not may be taken as being continuous to the
right [17, 4.3.5, p. 71]. It is denoted B; in the sequel, and §; represents its variance
function:

VI[Bi(,t)] =E B} ()] =1 (t), 0<t<T

B is a square integrable martingale and its compensator® [17, p.148] for fixed ¢ €
[0,T], is given by
(B1) (w,8) = Bu (),

almost surely with respect to P.

Let By denote a Poisson process. Then (3, (t), which stands for E [By (-, t)], is finite,
and continuous for ¢ > 0 [20, 2.4.1, p.41]. Let

 Ba(wyt) = By (w,8) — Ba (t).

By is a square integrable martingale. Its compensator [17, p.148] for fixed ¢ € [0, 77,
is given by

(B2) (w,t) = B2 (1)
almost surely with respect to P.

Furthermore, for fixed ¢ € [0,T], almost surely with respect to P, the quadratic
variation” of B, is given by

[Ba] (w, t) = By (w, t).

It is assumed that B; and B, are independent. Then let 0 < o < 1 and set

B () = Py (t) + (1 — @) B2 (£)

6The compensator (also called predictable increasing process or conditional quadratic variation)
of a square integrable martingale M is denoted usually by (M) and is defined as the unique, up to
the almost sure equality, predictable increasing process, such that M2 — (M) is a local martingale.

"The quadratic variation (also called increasing process) of a square integrable martingale M is
defined by [M] (w,t) = M?(w,t) — M*(w,0) — 2 fot M (w,x)M (w,dz). For ahmost surely continuous
square integrable martingales, [M] = (M).




and

By (w,t) = v/a By (w,t) + V1 —a B, (w,t).

B, is then a square integrable martingale and, for fixed ¢ € [0, 7, almost surely with
respect to P,

(Boe> (Wa t) = o (t)
and
[Ba] (w, ‘lf) = aﬂl (t) + (l - Oﬂ) ,62 (w, t) .

3.1.2 The integrand

Let F' denote a Borel measurable function over the rectangle [0, T] x [0, 7] that has
the following properties:

a. for ¢ and z in {0, T fixed but arbitrary, such that z > ¢, F'(¢,z) = 0,
b. for t € [0, T] fixed but arbitrary, f§ F? (t,z) B, (dz) < oo,

c. the map ¢ — [F(t,-)], € L2[f,] is continuous (where [F'(¢,-)], is the equiva-
lence class of F'(¢,-) in Lg [B,]),

d. {[F(t,")],, t €[0,T]} generates Ly [B,] .

Remarks:

a. As
| 7@ Batd) = o [ £ ()81 (da) + (1= ) [ 1 (2) s (o)

whenever 0 < o < 1,
L [Ba) = L2 [B1] N Lo [Ba].

b. The conditions that F' must satisfy are those that ensure that NV has a canonical
representation of multiplicity one, in the sense of Cramér-Hida [10, 11]. A
discussion of the nature of the restriction on the noise process that is thus
introduced may be found in [21].

10




3.1.3 Noise model and properties

B, may be considered as a prototype of a process with orthogonal increments. The
stochastic process

T
Na (w,t) = /0 F (t,3) Ba (w, dg) , t € [0, T]
can be defined by following the general construction of the integral with respect to a
process with orthogonal increments [20, 7.4, p.160].

Then, for ¢ € [0,T)] fixed but arbitrary, E [N (:,t)] = 0, and the covariance Cy, of
N is then given by the following expression:

SAL
Cn(s,8) = [ F(t,2) F(5,5) fa (da), (s,t) € [0,7) x [0,7].
As a consequence of the assumptions on F) the function ¢ — Cy, (¢,t) is continuous
for t € ]0,T[. N, is thus continuous in quadratic mean [20, 6.21, p.133] and its

covariance is continuous [20, 6.2.2, p.133]. Furthermore, the paths of N, are, almost
surely with respect to P, in £5[0,T]].

Let H (N,) denote the reproducing kernel Hilbert space of N,. Then [22, p.97]

BN = {7 ()= [ Ft5)f () do), 1 € LalBa]}.

For the inner product (-, - )y, of H (Ne), it follows that whenever f and g €
L [B,] and

< t ¢

F@)= [ F(t9)f (@) fa(dn), §&) = [ F(t,0)g(2) b (do)

then ~
(D uwa = 9 Lapa)-

The covariance operator Ry, : Lo [0,T] — Ly [0, T] is computed using the formula

Ry, ([f]Lz[O,T}) _ l/oT Cn, (%) f (z) dw]L om’ feL,0,T]

11



where [-] denotes equivalence classes.

This operator is non-negative, self-adjoint and continuous, with finite trace [23, p.125].

It can thus be written as -
Ry, = Z X e ® e
i=1
where, for an orthonormal family {e,, n € IN},

By,en = ien, [ea®en]f=(f,en)r,0m) €nr X0, D A <00

n=1

In an obvious way, in Ly [P] it follows that
. — [y . @ (.,
[Na( :t)]Lg[P] - [Na ) ( ’t)]Lz[P] + [Na ( ’b)]Lz[P]
with
t
NO (w,t) = \/&/ F(t,z) By (w, dz)
0

NO (w,t) = Vi—a /OtF(t,a:)B2(w,da:).

N and N are independent, and therefore, on I [0, T7],

Py, = PNS) * PNS)

where x denotes convolution. Py, is the measure induced on L [0,7] by P and the

maps
W= (Na (w’ ) ) f)Lz[O,T]: J €Ly [O,T] .

Proposition 1

Let S, 8P, S, denote the supports in Ly [0, T] of Pyw, P
Then " :
So =8 +50)8

8The overbar denote here the closure in Ly [0, 7] of a set.

12
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Proof: In a separable metric space, the support of a probability measure p is the
unique closed set of measure one that is contained in every closed set of measure one
and that has the property that, for each of its points  and for every open set O
containing it, u (O) > 0 [24, Thm 2.1, p.27].

Let ® denote addition in Ly [0, T]°. Then

Py, ($V+5P) 2 By, (s +5P)
- s B (67 59 +50)

= Py (S9) Py (59)
= 1

Consequently, by definition S, C SP 18P Let

F. = {”Na (w,*) = @l £y 0m) 26}’
Ge = {|VPw,)-u

> E}
L0, — 92
€

Ao = {00 0 ol 25}

Suppose now & = v+ v € SM + 8P, but = & S,. Then, since N and N are
independent,

P(F.)< P(GeUH;)=P(Ge)+ P(H)— P(Ge) P(H).
But there is an €p such that, for € < ¢, P (F.) = 1. However, for any ¢ > 0,
P(G)<1=X(€), A(e) >0,
and
P(H:) <1-p(e), ule) >0.

Thus
I1=PF)< (A=) + QA —p() =1 =€) (L —p(e),

90! will denote the inverse map associated with @ : Ly [0, T] X Lo [0,T] — Lo [0,T).
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which is clearly impossible. Consequently S + S® C S,. g.ed.

Remark: Proposition 1 and [25] yield that whenever K = L [0, T] then S, = L, [0, T7.

Proposition 2

Let U : Ly [Ba) — Lo [0, T] denote the operator for which Uf is the equivalence class

of (F'(t,+), f)yp) ™ L2[0,T]. Then

U = R J*, where J : Ly [0,T] —> Ly [Ba]

is a partial isometry onto Ly [Ba), with initial space K.

Proof: The right hand side of the equality that defines U is the equivalence class of
a continuous function, and, as such, the latter is square integrable over [0,7]. U is
thus well defined. It is continuous as

U1, < {max 17, ->||iz[ﬁa;} e

te[0,T]
Let U* denote the adjoint of U. Then
Ut L 0,T) — Lolal, [0°1(0) = [ F (@,1) (&) do
A computation shows that UU* = Ry, . The polar decomposition yields then that
U* = JR},
where J is a partial isometry with initial space K and final space L such that
K=R (R,%a), and L = R (U%).

14



Furthermore, if Uf = 0 in Ly [0, 7], by continuity,
(F (t, ‘) y ‘f>L2[,Ba] = O, t (S {O, T] 5

and thus f = 0in Ly [3,] . Hence, the null space of U is N (U) = {0} and consequently,

since N
NU)=RU")",

it follows that

R(U*) =Ly [ﬁa] .
g.e.d.

Remark: The operator J is unitary as soon as K = L,[0,T]. A sufficient condition
1
is that the closure of the range of Rzzv(l) be L, [0,T], ie., that Py q) has full support.

Corollary 1

1
Let K° be the range of R}, , and define, on K°, the inner product

1 1 ,
(Rlz\faf) R12Vag>Ko = (f: g>L2[O,T]‘
Then Ly [Bs] and K° are unitarily equivalent, and thus so are H (Ny) and K°.

Proof: K° is obviously a Hilbert space. Define U : Ly [Ba] — H (Na) by
[T} = (F ) Hragpa

U is a unitary operator. It thus suffices to show that L [Ba] and K° are unitarily
equivalent. But from Proposition 2 it follows that, “setwise,”

R(U) C K°.

15



Hence, for f € Ly [B4],
1U£

2 2 2
Ko = || J*f“Lg[O,T] = ||f||L2[pa],

as JJ* is the identity of Lo [Ba]. U : L2 (B8] — K° is thus an isometry. It is onto,
as

K=R (R%},J
and, if IIx denotes the projection onto K, then for f € L, [0,7],
1 1
Ry, (f) = Rf, [k (f) + g (f)]
= R gk (f)

= RY J*JTg(f)
= UJIg (f),

1
as the kernel of R}, is the orthogonal complement of the closure of its range. U is also

injective as Uf = Ug means Uf = Ug, almost surely with respect to Lebesgue mea-
sure, and that, U f and Ug being continuous, they must then be equal. Consequently
K*° and Ly [8,] are indeed unitarily equivalent. g.e.d.

Proposition 3
1 1 1
R (R;Va> R (R;M +R (R;w)) .

Proof: N,Q) is a second order process, with covariance

Cyw (s,t) = a/OSMF (s,z) F (t,z) 51 (dz) .

Analogously N is a second order process, with covariance

Oy (5:8) = (1=0) [ F (5,0) F(1,) B (da).

o
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~ Furthermore,

CN. (5,8) = Cyw (5,8) + Cpea (s,1) -
Thus [26, Thm 3.1, p.9]
H(Ny)=H(N®)+ H(N®),
with

“f”?‘{(Na) = min { )

”fllli{(NS)) + ”fQHH(fo) )
(fu, /o) € H(N®) x H 2N§2>) :
fitle=f

As Cn, (s,t) > ONS) (s,t), in terms of reproducing kernels, H (N,)
But, by the Corollary to Proposition 2, on one side, H (N,) and R (R

1
2

the other, H (NQ) and R (RN(U

) are related by bijections. Thus, R

R (Ri(l)> . These ranges being vector spaces, finally
1 1 L
R (R@ oR (R;‘VS)) LR (R;g)) .

Now, writing F; (z) = F'(t, ), it follows that

(Ft, f)Lz[,Ba] = a(Ft) f)Lz[ﬁl] + (1 - a) (Ft’ f)Lz[ﬁz]’

and, mutatis mutandis, going to equivalence classes in L, [0, T,

U(f)=ali(f)+ 1 —-a)Ua(f)

that is, ) . .
R J* () = Ryoy It () + By J5 (1) -

17



1
To end the proof, f € L, [0, T] is written as fo + fL, with fo € A (R};,J . Then
1 L
fren (R};,J — K,
so that
1 1 1 ~ 1 ~ 1 -
Ry, () = BR, (f") = BRJ* (o) = Rio i () + B2 05 (75)
where
fo € La[Ba], J* () = f3-

Consequently, )
1 1 1
R (RNQ) CR (Rfv(l)> +R (R;’V@)> .

g.e.d.

3.2 DEFINITION OF THE SIGNAL S

Let S denote a random signal, adapted to A. It is assumed that, almost surely with

respect to P,
S(w,) € H(NS).

As it can be seen further in the presentation (Propositions 5 and 6), the method used
works for S (w,-) € H (N,) only when 3; = (3. Nevertheless the assumptions which
are made, though less natural and elegant for the problem at hand than those stated
in the Introduction, cover that case also. They have the advantage of unmasking the

role of each assumption.

It can be shown (12, Thm 3, Step 3, p.170] that the following representation is ob-

tained:

S (w,t) =oz/0tF(t,a:)s(w,w)ﬁ1 (dz)

18



for some predictable s, with paths in £y [81]. Thus

Plwe: |sw,)5,e <o) =1
always holds.

Also, in what follows, s will usually be progressively measurable, except when a
predictability assumption is required, and the assumption will be explicit. It is seen
here that this is not a restriction.

In what follows, X, represents the process S, + N, and Y, a process such that, for
t € [0, 7] fixed, almost surely with respect to P,

Ya (w,t)za/ots(w,ac)ﬂl (dz) + By (w, ).

3.3 SUMMARY LIST OF ASSUMPTIONS

Here is a list of recurrent assumptions which will be called upon in order to shorten
the statement of many propositions. D denotes the o-field of D [0,T] generated by
the evaluation maps

{ev(f,t)=f (), t€[0,T], f€D[0,T]},

D; that which is generated by the evaluation maps “up to time ¢,” and D = {Dy, t € [0,T]}.

a. AO

The basic probability space is (2,4, P), and the basic filtration is A. For A
the usual assumptions hold.

b. Al

B(*) is a process, defined on an appropriate probability space, with respect to
an appropriate filtration, represented by the symbol e (which can be absent!).
It has the following defining characteristics:

19



(a) 0<axl
(b) BS) = y/a B + yT—a BY”

(c) BY) is generalized Brownian motion with variance function g : it has con-
tinuous paths, almost surely and the non-continuous ones are continuous
to the right; (B, is continuous non-decreasing.

(d) BS” is a Poisson process with expectation 3, and B = B — 3,
(e) B! and B{" are independent.
c. A2

s is a process, progressively measurable for A, with the property'°
T
Plwef: /o s% (w,z) By (dz) < oo) =1.

d. A3

Y, is a process with paths in D [0,T]. It has the property that, for ¢ € [0, 7]
fixed but arbitrary, almost surely with respect to P,

T
Yo@,)=a [ s(w,2) 8 () + Ba ().
e A4
s is a process, progressively measurable for D, with the property that

P(wGQ: /DTSZ(Ya(w,t),m)ﬁl(dm) <oo) =1.

f. A5

Y, is a process with paths in D [0,T]. It has the property that, for ¢ € [0, 7]
fixed but arbitrary, almost surely with respect to P,

T
Y (w, 1) = a/o s (Ya (w,), ) B (dz) + Ba (w, £).

19This assumption is the consequence of the requirement that S (w,-) € H (N,).
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g. A6

s is a process, progressively measurable for D, with the property that

(weQ / )ﬂl(dw)<oo>=1.

. AT

For ¢, a deterministic, strictly positive, measurable function such that, simul-
taneously,

T T
/0 6 () Bz (dz) < 0o and /O Iln ¢ ()] B (dz) < o0

In{Lpsg (w,t)} = —\/&/ts (w, z) By (dx) —% Ot s* (w, ) By (dz)
+/ In (¢ (2)] Ba (w, dz) + /()t[1—¢(m)],32(d:v).

Remark: The terms of L, g involving ¢, By, and [ are basically those that
yield the likelihood in the pure Poisson case (with deterministic intensity) [27,
T2, p.165]. A likelihood L of the form

ln[L]:—/s dBa—fy/s2 d[Ba]

or

1n[L]=—/sdBa—(5/32 d(B,)

would require, to progress along Girsanov’s route, an s with uniformly bounded
jumps and, in the first case, jumps strictly smaller than one [28, Lemma 23.19,
p.449]. On one hand, it is unlikely that such evidence would be readily available,
and on the other, the simpler form that has been chosen for the initial likelihood
provides sufficient evidence (Proposition 6) to confirm the fact that the part of
the likelihood effective in the change of measure is its Gaussian component.
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i. A8

Ep|Lase (-, T)] = 1.

Lemma 1

When AO, A2, A4 and A6 hold, it can always be furthermore assumed, without the
usual assumptions, that the maps

e [ 1] (w,9)6 ()
i o [ 8 (0,0) 6 (da)
e [ 1] (Y (), 2) 6 (do)
£ /0*32(ya(w,-),w)ﬁ1(dw)

are all continuous in the extended real line.

Proof: All these statements are, mutatis mutandis, identical. It thus suffices, for
example, to prove the fourth result. Now, as s is adapted, the process

T
vi ()= [ 8 (f,2) 6 (do)
0
is adapted. For ¢ € [0, 7] fixed but arbitrary, let
Fo={feD[0,T]: v(f,t) < oo}

and define ,
§(1,t)=1Ir (f)s(f1),
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where the notation I4 holds for the indicator function of the set A 1.
Now, for a Borel subset G of IR,

{(g,uv) € D[0,T) x [0,4] : 3(g,u)€ G}
= [{F.x[0,t]} n{(g,u) € D[0,T] % [0,%] : s(g,u) € G}]
U [{F:x[0,8]}n{(g,u) € D[0,T] x[0,4: 0€ G}].

Thus, since F, € D, C D, and s is progressively measurable, § is progressively
measurable. But, with respect to Pg, and Fy,, § is indistinguishable from s as

{f€D[0,T]: 5(f,)#s(f,)}S{feD[0,T]: v(f,T)= o0},
and, for instance, by assumption A4,

Py, ({feD[0,T]: v(f,T)=o00}) =0.

Let now

a(f,t)=/ot§2(f,x)ﬂl(dx).

The process © is continuous to the left because of monotone convergence. For fixed
f € DJ|0,T], it is not continuous to the right at ¢ < T if, for every sufficiently large
positive integer n,

P (f,t) < oo, but D(f,t+—71%) = 00.

Then, as a consequence of the definition of 3, 3(f,u) = 0, for u € [t+ %, T] , with
the result that

L3 (s @) =0,

and thus that
-2
-L,T] §(f,z) P (dz) =0.

Un(@)=1ifz € Aand Ia(z) =01if x ¢ A,
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So, for u > t, and ¥ (f,t) = f; & (f,z) b1 (dz), ¥ (f,u) = ©(f,t), and ¥ is continuous
to the right, and thus continuous. q.e.d.

4.0 ABSOLUTE CONTINUITY AND LIKELIHOOD:
RATIO FOR P5, AND Py,

In this section, it is proved that under some weak assumptions the probability law
of the processes generating the noise is absolutely continuous with respect to the
probability law of the process generating the signal. Further, the likelihood ratio
between these two probability laws is calculated when it exists.

41 THE PROCESS Ly

The process Lq s 4 serves as Radon-Nikodym derivative in a Girsanov-type change of
measure operation. It is shown below that it is a semimartingale, a needed technical
result.

For the proposition to be stated and proved, the following notation and definitions
are needed. For any process U such that U (w,t—) makes sense,

{AU} (w, ) =U (w,t) = U (w,t—).

The process

U (w,t) = Z {AU} (w,z)

<t

is then called the process of the jumps of U. The process U® is subsequently defined
as

Ul(w,t) =U(w,t) — U®(w,t).

The proof will furthermore require the following form of Itd’s formula for semimar-
tingales [17, p.194]:

FU(wt) = FU(w,0)
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+ K F (U (w,3—)) U* (w, da)
by [P (U (0,5)) U°) (0, da)
+ D> {A[FoUl} (w,2).

0<La<t

Proposition 4
It is assumed that AO, A1, A2 and AT hold. Define the process M by the relation

t
M (w,t) = [) s(w,z) By (w, dz) .
Then it follows that

La)sa¢ ((U, t) =1
¢
—\/c_v/ Lysg (w,z—) M (w, dz)
0

_ /Ot Losg (w,z—)[1 — ¢ ()] B, (w,dz) .

Proof: For any semimartingale U, and admissible integrand f, [17, 7.3.18, p.169]
{A /0 ' de} (W,8) = f (w, 8) (AU} (w, dt)
So, letting Z (w,t) = In[Lysg (w,t)] and using the explicit form of Z (in A7) it
follows that
{AZ} (w,t) = In[¢ (1) {AB2} (w, 1)

and consequently, that

7" (wt) = > In[¢(2){AB} (w,2)

<t

= /Ot In (¢ (z)] B2 (w, dz) .
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Furthermore,
2 (w,1) = —VaM (,6) = S(M) (@,0) + [ [1 - $ ()] 6 (do)

so that (Z°) (w,t) = a (M) (w,t) . 1td’s formula, in the format repeated above, applied
to the function F' (z) = exp [z] and the process 7, yields
F(Z w,8)) = exp[Z (,8)] = Laeg (,1)
and
Losg (w,t) = Lasg(w,0)
—\/5/(: Lo s, (w,z—) M (w, dz)

_% /ot Loysg (w, =) (M) (w, dz)
+ /0 Lo (wyz—) [1 — ¢ (2)] B2 (dz)

+% /ot La,s,p (w, =) (M) (w, dz)
+ Z {ALusg} (w, ).

0<z<t
But

{ALgs} (w, 1) [Z (w, 8)] — exp[Z (w,1-)]

= exp
= oxp[Z (w, t-)] {exp {AZ} (w,8)] — 1},

and, since

exp [Z (w, t—)]
{AZ} (w,t)

La,s,qs (w, '[}—)
In[¢ (6)] {AB:} (w,1)

i

it follows, successively,

exp [{AZ} (w, 1)
exp[{AZ} (w, )] -1

(6 () 4P
[#(0) — 11{ABs} (w,1)
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and thus, finally,
> {ALasg} @,2) = 3 Lasg(w,3-)[¢(z) — 1] {AB:} (w,3).

0<a<t 0<z<t

Now, uéing again the property stated at the beginning of this proof,

Laps(@t) = 1-va [ L (0, 7—) M (w, da)
4 [ Lapp @,5-) (L= $(0)] s (d0)

+ [ Lo (0,2-) [ (@) — 1] By (w, o)

= 1—-+a /OtLa,s,qs (w,5—) M (w, dz)
B /ot Lays,g (0, 5=) [1 — ¢ ()] Bz (w, dw).

g.e.d.

Corollary 2

Ly s,¢ ts a positive local martingale, and thus a supermartingale. Consequently,
ElLysg ()] <1, 0<t<T.

42 A VERSION OF GIRSANOV’S THEOREM

To use the change of measure method, it must be proved that the original process
(signal-plus-noise) has the same law as the original noise, with respect to the con-
structed absolutely continuous probability measure. It follows from what is proved
below that in the case considered the only possibility is ¢ = 1.

In what follows, it is assumed that A8 holds. Consequently

ElLasg (1)) =1, 0<t<T.

27



This assumption allows the definition of a probability measure Qg4 by setting

Qaeit (A) = [ Lo (@, T) P(d), A € A

As an immediate consequence, the following obvious proposition is obtained:

Proposition 5
It is assumed that A0, A1, A2, AT and A8 hold. Then P and Qus¢, as defined
above, are mutually absolutely continuous. Furthermore

dQu s L 1
4P Lasg (- T) and dQa,s,4 - Losg (-, T)

Let the process Z, ¢ be defined as follows:

Zas@1) = [ 5 (w,) 81 (d) + VI—a [ [1= $ (&) B (da) + B (0,1).

Set '
Ua,s,d) (wa t) = \/&_/0 ] (w’ 117) :61 (dm) + Bl (w’ t)
and .
Va,s,6 (W, 1) = By (w,t) — /0 ¢ (z) Bz (dz) .
Obviously,

Za)3:¢ = \/& Ua)3:¢ + \ 1 — Va;3)¢'
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Lemma 2

It is assumed that A0, A1, A2, AT and A8 hold. The process

Usos (@, 8) = v/ /0 s (%) B (dz) + Br (w, 1)

is then, with respect to Qa,s,4, @ generalized Brownian motion such that

(Unsp) %% = b1,

where the notation (U,)‘,S,QS)Q""’“’S is chosen as a reminder of the measure that prevails.

Proof: The reference measure being P, integration by parts yields again
Ua)s)¢ (w’ t) La,5,¢ (w’ t) = Uaxsqu (w’ 0) Laas)¢ (w’ 0)
L
+ [ Unod (0,2=) Lo (0, do)

t
_*“\/0 Laas)¢ (w’ a;__) Ua:sy(ﬁ (w’ dm)
+ [Uays,¢9 Lioys,) (W, 1) -

But
t 14
/0 Leysp (W, 5—) Ugsg (W, dz) = \/a/o Leys, (w,3—) s (w, ) Br (d=)
4
+ [ Lo (@,=) By (0, o),
and using successively, the fact that processes of bounded variation do not contribute
to quadratic variation [17, 7.3.13, p.167] properties of the stochastic integral ([17,
7.4.2, p.171] and [17, 7.4.3, p.174]) and Proposition 4,
- [Uars1¢7 La131¢] = - [B]-) Laasqu]
= VB [ Loy d] + By, [ L5,y - 9)dBy
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= \/C_X/O. Ly a4 A[B1, M] +/o' Lysg (1 —¢)d[Bl,Bz]
= Va [ 15,45 db

where Ly, , 4 (w,t) = Lg,¢ (w,t—) . Finally,

t
Ua13:¢ (w’ t) La,s,¢ (w’ t) = ‘/0 Ua131¢ (w’ m—) La15)¢ (w’ dw)

1
—|~/O Lo, (w,z—) B1 (w, dz) .

Thus, as P and Qq ¢ are mutually absolutely continuous, U, 4 is (with respect to
Ra,s,4) @ continuous local martingale [17, 10.1.4, p.247] and [17, p.245]

(U )@ = (Ua,p)” = (B1)" = B1.

Lévy’s characterization [17, 9.1.1, p.204] then suffices to end the proof. g.e.d.

Lemma 3

It is assumed that A0, Al, A2, AT and A8 hold. The process By is then a
Poisson process, with respect t0 Qq,s,4, such that

t
(B, ()] = [ ()5 (d).
0
Proof: Define the process V, 5 4 by the equality:

Vo (0,1) = Ba(,9) = [ 6(2) i (d).

As above, use the integration by parts formula to get:
Vavs)¢ (w’ t) La:-?,ﬁb (w? t) = VO‘1‘91¢ (w’ 0) La,s,¢ (w7 0)
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t
+/0 Vanans ((IJ, m_) La)s,‘ib (U), da;)

£
+ / La,s#ﬁ (UJ, m_) Va)S,fﬁ (w’ dm)
0
+ [Va:39¢) La,s,q.()] (UJ, t) *

The explicit expressions for V4, 54 and Lo, ¢ yield successively
1 T
[} Lan @,3=) Vaop (0,d0) = [ L (,5-) By (w,da)

- /Ot Lasp (W, 5—) ¢ () B2 (dz)

and
— Vs Lasgl = —[Bas Lays,gl
= VG |By, [ Ling dM|+ B, [ Lauy (1—4)dBs|
= VG [ L3ap d1By M)+ [ L5, (1-¢)d([Bs, By
= [ i, 1-9¢)dB..
Thus

t
Va,s#ﬁ (UJ) t) LCY,S,‘ﬁ (UJ, t) = /0‘ Vass:'ﬁ (UJ, m_) La,s#ﬁ (UJ, dm)

+ /0 *Lass (w0, 3—) 6 (2) By (w, da)

and Vg ¢ is a local martingale, with respect to Q54 . Now, Bj is also a counting
process, with respect to Qu s, . As just shown

By(w,0)— [ 9(2) i (do)

is a local martingale, with respect t0 Qus4 . So fy ¢ (z) B2 (d7) is the compensator
of By, with respect t0 Qa0 [29, Thm 2.3.1, p.61]. As it has been assumed that
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I3 é (z) Bz (dz) < oo, t
By (%)~ [ ¢(2) fa (da)

is a martingale, with respect to Qu,s,¢, [29, Lemma 2.3.2, p.62]. But then B, is a
Poisson process, with respect to Qa,s¢. [27, T5 p.25], such that

B 1B2 (0] = [ (2) 2 ()

g.e.d.

Corollary 3

It is assumed that AO, A1, A2, AT and A8 hold. The process Zysg4 is then a
martingale, with respect t0 Qu,s,¢ -

Lemma 4

It is assumed that A0, A1, A2, A7 and A8 hold. Uysg and By are then inde-
pendent processes with respect 10 Qg4

Proof: The time points
0<t < <tm<T, 0y < <tp<T,
and the arbitrary real constants

)‘la"")\m) K1y ooy K,y

are fixed. The expressions

ZZ AjUa,s,6 (W, t5) and i Z i By (w, up)
j=1

g k=1
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can be written respectively as

H (w0, T) = /OTh (@) U (0, d) amd K (,7) = [ k() By (0, do),

0
where . "
h(z) = ’LZ Ml (), and &k (z) = iZmI[g,u,] (z).
; =1

Jj=1

It is thus sufficient to check that

EQa,s,¢ [exp {H ('a T) + K ('a T)}] = EQa,.s,¢ [exp {H ('a T)}] EQa,s,¢ [exp {I{ (': T)}]

As the functions h and k are bounded, are continuous to the left, have limits to
the right and are adapted, they are predictable and properly integrable, so that the
processes [ and K are semimartingales. Then Itd’s formula for multiple processes
with the expression

L(w,t) =exp{H (w,t) + K (w,t)}

is used to get /
Lwt-L(w0) = [ L (w, 5=) b (2) Uis g (w, o)
+/0tL(w,a;—) k (z) Bs (w, dv)
b3 [ L(0,5-) 2 (@) Vs Uasl (v, )
+ [ L(,5-)h(2) k(@) [Uasgs Bol* (0, da)
b2 [ Lw,a) K ) [Bo B (v, do)
+ > {L(wu)~ L(wu-)

0<u<t

~ L(w,u) [0 (4) {AUsp} (0,9) + k () {ABo} (w, )]}
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However it follows that (Qq,s¢ being the prevailing probability):

[Uas. Uil (w, ) = B (da)
[Ua,sp Bal® (w,t) = 0
[BQ: BQ] ( W, t) =0
{AUG S,¢} ( W, [') =0

{ABy} (w,u) = Oorl,

Furthermore
Lw,t) = L(w,t=) = L(w,t-){eltMeaHamws 1}
= L(w,t-) {ek(t){ABz}(w,t) _ 1}

") — 1} {AB} (w, ).

Combining the above, it follows
t
Lwt)—1 = /L(w 5—) b (%) Uns, (w, dz)
+/ (w, z—) k (z) By (w, dz)
i 2
+2/0 (w,z—) h* (z) B (dz)
t :
+/0 L(w,z-) {ek(m) —k(z)— 1} By (w, dx)

= [ "L (,5-) h () Unpp (w, d2)

.|_% /Ot L (w,z-) h? (z) By (dz)
+/0tL (w,5-){e"® — 1} By (w,da).

Let L(t) = Eq,,, [L(-t)]. On the last representation of L taking the expectation
with respect to Qu,s4, Lemma 2 and Lemma 3 yield the following equation

~—1+/ “Vh? (z) B (dw) +/£(m—{’“<w> 1} ¢ () B (da).
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This can be rewritten as
t
L) = L£(0) +/O £ (z—) p (dz)

with
p(de) = 5 1 (2) B (a) + {0 = 1} 6 (0) B, ()

an equation which has the unique solution [30, Thm A4.12, p.428]
_ Lt L1 k(@)
£(t)=exp {5 [ 1 @) 6 () + [ {0 =1} 6 (@) B (o)}
Thus £L(T) = Eq,,, [eH ("T)] EQa.s [eK(‘*T)] . g.e.d.

Remark: It is only at the end of the proof of Lemma 4, when solving the integral
equation for £, that ¢ (z) cannot be replaced with ¢ (w, z) .

As a consequence of the above, the following proposition is obtained, which is a
version of Girsanov’s theorem, and applies later only when ¢(t) =1, ¢ € [0,T].

Proposition 6

It is assumed that AO, Al, A2, AT and A8 hold. Then, with respect to Qa,s,1,
Za,t, defined by
Zog1=vVo Usra+V1—oa Vo

satisfies
-1 -1
Qa,s,l O.Za,s,l = P o Ea .

Remark: In what follows, Y, will be used for Za 1.
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43 ABSOLUTE CONTINUITY AND RADON-NIKODYM
DERIVATIVES FOR P, AND Py,

The implicit form of the Radon-Nikodym derivatives for P, and Py, are derived as
a direct consequence of the Girsanov theorem.

In what follows, D [0,7] is the space of functions that are continuous to the right,
and have limits to the left. The topology is Skorohod’s topology whose Borel sets D
are generated by the evaluation maps-ev (f,t) = f (¢). If X is a process with paths
in D[0,T], the measure it induces on D [0,T7] is denoted Px. Finally,

D,=o(ev(,s), s<t, te(0,T]), and D={D;, t€[0,T]}.

Proposition 7

It is assumed that AO, A1, A2, AT and A8 hold. Then, Py, and Pg_ are mutually
absolutely continuous and, for f € D[0,T],

a. almost surely with respect to Py, ,

dP,
dP]j/: [f] = EPya [ La,s,l (’T) !Xa —f ] ,

b. almost surely with respect to Pg,,

dPy, _
@by 1= Bra, | Zemy [ Yo =1 |

o

Proof: Define Qg5 as in Section 4.2. As Qy 1 and P are mutually absolutely con-
tinuous, Qgs10Y," and PoY ! are mutually absolutely continuous. But Girsanov’s
theorem (Proposition 6) yields that Qa1 0 Y,* = Ppg,, so that Py, and P, are
mutually absolutely continuous. Let now A belong to D. Then

PBa (A) = Qa,s,l (Xa € A)
- /x gy Lo (0, T) P ()

= /A EPya [La,s,l (’T) I XCY = f] PY“ (df) ’
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The conditional expectation being adapted to D, the conditional expectation in the
last expression is the Radon-Nikodym derivative. Similarly,

1
L) = fiiy o oy Qe @)

= /A EQa,s,wX;l [ m | Xa =f ] Qa,s,l OXQI (df)

= /AEpBa[m|_a:f]PBa(df)‘

g.e.d.

It can be shown, as in the case for which B, = By, that the following corollary holds.

Corollary 4

It is assumed that AO, Al, A2 and AT hold. Then Ep|[L(-,T)] <1, and Py, is
absolutely continuous with respect to Pg,.

44 FACTORIZATIONS

Ezxplicit expressions for the likelihood require that the Radon-Nikodym derivatives be
“lifted” onto D [0,T]. This is achieved through factorization by Y, of the different
components of each Radon-Nikodym derivative of Proposition 7. When the evaluation
maps are taken as processes with respect to lifted probabilities of the form Py, the
notation ev™” will be used for ev. o; (¥,,) is the o-field generated by {Y, (-, s), s < ¢},
completed with the sets of measure zero, with respect to P, belonging to A;. o (Ya)
denotes the resulting filtration.

Proposition 8

It is assumed AO and A1l hold. LetY, denote a process with paths in D [0,T]. If
B, is adapted to o (Yy,) there exist processes BY*, By, and BY* defined on (D[0,T],D, Py,)
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and adapted to D, with paths in D[0,T] such that, for'?
BY = /a Bf* +1—a B},

Py,o[Bl]" = PoBl,
Pr.o[BY]” = PoBy!

a =

Py o[B%]" = PoB!

and, for t € [0,T] fized but arbitrary, almost surely with respect to P,
Bi(w,t) = Bf*(Ya(w,*),?)
By(w,t) = B3 (Yo (w,+),1)
By (w,t) = BZQ (Yo (w,+),1).

Proof: The notation used is that of Section 3.1. Then
{ABy} (w,t) = V1—a{ABy}(w,t),
B (w,t) = V1—a By (w,t),
Bg(w,t) = \/&-Bl(w,t)—\/l—aﬁg(t).

Consequently, By, is adapted to g (Ya), so then are B and B¢, and hence B; and Bs.
Since D [0, T is a metric space, it can be checked that, as in the purely Gaussian case
(18], there is a process B> defined on (D[0,T],D, Py,), adapted to D, with paths
in C'[0,T], such that, for ¢ € [0, 7] fixed, almost surely with respect to P,

By (wat) = Bla (Y& ((4), ) 1t) .
It thus suffices to obtain the analogous result for Bs.

As in the Gaussian case, there exists, for ¢ € [0, T] fixed but arbitrary, a modification
By (-,t) of By (+,t), which is adapted to o (Yz,), and for which it follows that

B, (wat) = By* (Ya (w: ) 1t)

RY. Y,
12B2a — B2a — [s.
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for some Bs* (-, t) adapted to D;.

Let now t,(n) denote the fraction 5T, 1 <i < 2", and 7; I()n) the set
{tW, 1<igon}.

It follows that
5 c I8t

and that 7p, defined by
n=1

is a dense subset of [0,7]. By construction, the paths of By*, restricted to 7p, are,
almost surely with respect to Py, restrictions of paths of B, a counting process
associated with a Poisson process. So, given n € IN, and f € D [0, T}, the set 7,7* [f]
is defined as follows:

T [f] = {t € Tp : B} (f,) = n}.

The next step requires the following definitions:

i [T it 7 [f) =0
Lelf ]‘{ X (f]if T (f] £ 0

and, for ¢ € [0, 77,
Bza (f> t) = Z I[[T,f’a,T]] (f: t).
n=1

Because

{reDp,1): B (f,t) =n} = {f € D[0,T]: T [f] <t < T}, [£1},

{weQ: B (Ya(w,"), ) =n} ={weQ: T} [Ya(w, )] <t <T%; [Ya w, )]}

Let
Az{wEQ:B%/“(Ya(w,'),s)<n, SGTD}.
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As {weQ:B%’“(Ya(w,-),s)<n, SG’TD}

= {weQ:FQ(w,s)<n,S€TD}
= {weQ: Bl (Yu(w,).s) <n, s € T}

it follows that

T Yo (w,)] = La(@)T+ L (w)inf {s € Tp : BY* (Ya (w,"),s) > n}
= Iq (W) T+ I4e (w)inf{s € 1p: Bz (w,s) 2n}.

Let N denote a measurable set of measure zero, with respect to P, such that, for
w € N°¢, o

By (w,s) = Bz (w,s), s € Ip.
Then, for w € N°¢,

TY> Yo (w, )] = Lanwe (W) T + Lyerne (w) inf {s € Tp : By (w, s) > n}.

As the process B; is separable and continuous in probability, every dense subset is a
separator, so that

inf{s € Tp: By (w,s) 2 n}=inf{t € [0,T]: By (w,t) > n}.

Define thus

Foa [T if By(w,T)<n
nlwl = inf{t € [0,T]: Bz (w,t) = n} if By(w,T)>n.

Then, almost surely with respect to P
T{a [Yo (W, t)] = T, [w]
and, consequently, for ¢ € [0, T fixed but arbitrary
BY (Yo (w,"),t) = By (w,t).
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Thus, with respect to Py,, BY* is a Poisson process restricted to [0,77], and TYa,
being one of the times of discontinuity of B¥e is a stopping time for D. In the sequel,
BY= will be dentoted By, and By will be the Poisson martingale

{BY(w,t) = B2 (t), (w,t) € 2x[0,T]}.

q.e.d.

Corollary 5

Let o7« (Ba) be the o-field generated by oy (Ba) and the sets of oy (Y,) which have
measure zero for P. Similarly, let o;° (B}f’) be the o-field generated by oy (B}f’) and
the sets of Dy which have measure zero for Py,. Then

0" (Ba) = Y3 {or™ (BY) }

Proposition 9

It is assumed that AO, Al, A4 and A5 hold. There is then a process BY=,
defined on the base (D [0,T],D, Py,), adapted to D, such that, for t € [0,T) fired but
arbitrary, almost surely with respect to Py,

ev™ ()= [ 5(f,5) b (do) + BY= (/1)

with A1 true for BY=.

Proof: Define BY> as

BYe (f,t) = evfr= (f,t)——a/ots(f,;v)ﬁl (dz) .

By definition, the map
t— By (f,1)
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is, almost surely with respect to Py,, in D [0, T]. But the paths of BY* that are not in
D [0, T] can be taken as continuous to the right, thanks to Lemma 1. It is furthermore
adapted to D. Finally, for ¢ € [0, T fixed but arbitrary, almost surely with respect to
P,

i1
BY (Yy (w,"),8) = Ya (w, ) — a/o s (Ya (,"),2) f1 (dz) = Bo (w, 1) .
Thus, with respect to Py, BY* is a Lévy process. But

{ABY} (Ya (,),1) = {AB.} (w,t) = VI— a {ABy} (w, 1),

so that the jump process of BYe is, with respect to Py,, a Poisson process. Conse-
quently, its continuous part is a generalized Brownian motion. q.e.d.

Proposition 10

It is assumed that A0, A1, A4 and A5 hold. Let then the process M be defined
on the base (2, A, P), and for the filtration ¢° (Ya), as

{7
M(w,t):/o s (Ya (w,-),7) By (w, dz) .
A process MY defined on the base (D[0,T],D, Py,) and adapted to the filtration D
can be find with the following properties: its paths are continuous to the right and
belong, almost surely with respect to Py,, to C[0,T]. Furthermore, for a generalized

Broumian motion Bf* with variance 1, defined on (D[0,T],D, Py,) and adapted to
D, fort €[0,T)] fized, almost surely with respect to Py,

M¥ (£,8) = [ 5(f,2) B (f,do)

and
MY (Yo (w,),8) = M (w,2).

Proof: Firstly simple processes s of the form
s(f,t) =Ia(f) Luy (t), u<v, A€D,
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are considered. Setting B =Y '[A], B then belongs to o2 (Y,) and by definition,
i
/0 s (Yo (w,+),z) By (w,dz) = L4 (Yo (w,*)) {B1 (w,t Av) — By (w, t Au)}.

Now, from Proposition 8 it follows that By (w,t) = B}* (Yo (w, ), 1), so that setting

M5 (f,0)= [ (f,0) BE (4, da)

the result for simple processes which are products of the appropriate indicators I4
and Ij, ) is obtained.

Let now S denote the class of processes s defined on D [0,T] x [0,T], which are
progressively measurable for D, bounded and such that®

{soYa} Bi={s Bf*} oY,

as stated. S is a vector space containing all constants. It is closed for uniform
and monotone convergence. If Sy denotes the subspace of S made of finite linear
combinations of simple processes of the form

S(f)t):IA(f)I]u,’u](t)) u<v, A€D,

then Sy is a subspace which is stable for multiplication. Hence, the monotone class
theorem yields that S contains all bounded predictable processes, and thus all ele-
mentary processes in the sense of [17, p.72]. The properties of the stochastic integral
suffice then to claim that the proposition’s assertion is true. qg.ed.

Remark: The same proof yields, mutatis mutandis, the same result with B; replaced
with By, and Bi* replaced with BY=.

4.5 LIKELTHOODS FOR P, AND Py,

This section contains the likelihood formulae for the detection of Y, when the noise is
B,. They only depend on the signal sent, the statistics of the noise and the received
waveform,

135 denotes composition and - stochastic integration.
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Theorem 1

It is assumed that AO, A1, A4, A5, AT with ¢ =1, and A8 hold. Then:

a. Py, and Pp, are mutually absolutely continuous;

b. for almost every f € D[0,T], with respect to Py,,

in[82e] (1) =~ s (1) B ()~ § [ 1,00 )

c. for almost every f € D[0,T], with respect to Py,

—In [jﬁ’j] (1 = [ s(tw)er(f,a)

o

2 75 () B ()
~VT=a [ s(f,2) B (f,dm)

d. for almost every f € D[0,T], with respect to Pg,,

~In [%] (1) = [ stha)ev (f,dm)

a /T
5 s° (f, ) By (dz)
_\/1—a/0Ts(f,a:)B2Y°"B"‘ (f,dz),

where By~ is the representation of BY* with respect to Pp*;

147t is in fact the same process, as seen in the proof, but it is useful to keep in mind that it is a
proven fact, not a priori obvious. It also helps to stress the fact that it is indeed a likelihood.
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e. for almost every f € D[0,T), with respect to Pg,,

In [jﬁ;] 1 = [ s(rayert (1,d)
2 7 (7,2) 61 ()

T o) B )

[. for almost every f € DI[0,T], with respect to Py,,

dPy,
dPg,

(1 = [ stha)er™(f,da)

(%

T
-3 /. s*(f,z) By (dz)

—\/l—a/OTs(f,:v)Bza (f,dz).

In

Proof: As (A4)

T
Py, (f € D[0,T] :/0 §*(f,z) B (dz) < oo) =1,
then the expression

- T a /T
(&) (f) = ~va [ s (f,2) B (f,da) ~ 5 [ & () s ()

is well defined on (D [0, T, D, Py, ). Furthermore, from Proposition 10, A (Y, (w,-)) =
Le,s(¥a(w,),)0 (w, T) . Qy, is the probability obtained by setting

Qva = Qas(Yaw) )1 © Yo'

Note that A2 is satisfied with respect to Py, . Then Proposition 6 ensures Qy, = Pg,.
Hence, the mutual absolute continuity of point (a) follows from Proposition 7 as well
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as the formula for the Radon-Nikodym derivative of Pp, with respect to Py, in point

(b):
dPg,

dPy,

(f)=A()

for almost every f € D[0,T] with respect to Py,.
Now (Proposition 9),

evf¥e (f,1) =a/0£3(f,a:),61(da:)—|—B§“ (f,dz),

and s is, by definition of the stochastic integral with respect to semimartingales,
integrable with respect to ev= with

[stmet (rd) = a [ & (f2) ()
+a [ s (f,2) B (7,do)
+\/1—a/0ts(f,a:)ﬁga(f,dm).

Thus
. T v .
~m[A](f) = va[ s(fo) Bl (f,do)
a T
+5 [ (,2) 1 (do)
T
= / s (f, ) ev™ (f, dx)
0
T
—a/o s (f,z) By (dz)
T .
~vI=a [ s(f,2) B (f,do)
0
a T,
+§/ § (.fam)ﬂl(dm)a
0
which is the required expression (c). This has to be re-expressed with respect to Pg,.
But stochastic integrals are invariant with respect to equivalent measures [17, p. 245]
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so that, since the evaluation is a semimartingale for both Pg, and Py,,

[ s(r) vt (fda) = [ s (f,2)ev™s= (,da).

Furthermore, since the process defined by

W [A (0] = —V& [ s(7,2) B (,d0) — 3 [ (f,0) pu (d)

is by definition almost surely continuous, the process E’{"‘ which is, with respect to
Py, , an Ly-martingale, has with respect to Pg, the representation [17, 10.1.6, p. 248]

5 Ve _ 7YaBa to1 AYa X
By () = B (1) + [ 5y (B8] (o).
Now [17, 8.2.1. p. 183] A is the solution of the equation
R(f,0)=1= V& [ K(J,0)s (f,2) B (f, o)

so that [E’%"",]X] = 0, and consequently that BY* = B¥eB Thus (d) is also true.

For (e), it has to be noted that

APy, 1
dPg, X’
so, from (d),
d T
| e () = [Csw e (1,
a T,
—5 /), & (f,2)Fi(dz)

—VT=G [ s (f,2) BB (5, da).

To obtain (f) it suffices, as seen, to switch back from evPra to evP¥e, and from BB
to By*. g.e.d.
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46 PATH REQUIREMENTS FOR ABSOLUTE AND MU-
TUAL ABSOLUTE CONTINUITY

In the previous section the existence of the likelihood ratios and hence the mutual
absolute continuity has been obtained under two conditions, namely that the random
variable Lq 1 (-, T') has expectation one, and that the signal-plus-noise process be the
solution of a stochastic differential equation. The first condition is hard to check in
practice and, given the context, is not a natural assumption. It makes more sense in
practical situations to verify the finite energy of the signal derivative. In the model,
this is expressed in conditions in terms of the finiteness of the RKHS norm of the
signal, or of some function of it. And that is then a path condition, instead of an
expectation condition.

This section is thus devoted first to the investigation of mutual absolute continu-
ity in terms of such path conditions. In the second part of the section, innovation
representations of “signal-plus-noise” models are studied; this is the usual approach
to transform the received signal into the solution of a stochastic differential equation.

4.6.1 Signal path conditions for absolute and mutual absolute continuity

In what follows the same assumptions that have been made to this point are kept.
The first result is the next proposition (Proposition 11) which will be proved as a
sequence of lemmas; it determines conditions for mutual absolute continuity in terms
of square integrability of the derivative of the signal paths. As only assumption A4,
and not assumption A6 follows from the RKHS requirement, Proposition 11 must
be weakened, and that leads to Proposition 12 which still calls on Proposition 11.
Proposition 11 requires assumptions that are unlikely to be verifiable in practice, but
its Corollary says that the Cramér-Hida framework is sufficient to ensure that these
assumptions hold.

Proposition 11
It is assumed that A0, Al, A4, A5 and A6 hold, and furthermore that s is
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predictable and that both®

f

Ps, <feD[0,T]: /OT|3|(f,:v)ﬁ2 (da) <oo> 1,

and

Py, <f€D[O,T]: /OT|3|(f,w)ﬂ2(da:) <oo> =1

hold. Then Theorem 1 is valid.

Proof: The proof will be presented in a sequence of lemmas (Lemma 5 to Lemma 9),
followed by a short conclusion (Epilogue to Proposition 11).

Remarks:

1. From Proposition 9, given the assumptions A0, A1, A4 and A5 of the present
proposition, there exist on (D [0,T7], D, Py,)

(a) a generalized Brownian motion BY, adapted to D, with
VB ()] = A (1)
(b) a Poisson process By*, adapted to D, independent of BY+, for which

B (B (,0)] = 6 (1)

such that, for ¢ € [0, T] fixed but arbitrary, for almost every f € D[0,T],
with respect to Py,,

ot (f,0) = [ s () b (d) + B (1,1

with BY (f,1) = v/a BY* (f,t) + vI —a B} (f,t) and Bf* = BY* — ..

15These assumptions on s are needed in the proof of Lemma. 8.
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Furthermore, from Lemma, 4, it follows that s can be replaced by §, for which
the following properties holds:

(a) the map ¥ (f,t) = [y 8 (f,z) B (dz) is continuous in JR.;
(b) the probabilities

Py, (£ € D0, T [3(f, N0 < 0)
and

Py, (f € D[0,T]: [5(f, )3, 8 < 0)
are equal to 1;

(¢) and, for ¢ € [0, T fixed but arbitrary, for almost every f € D[0,T], with
respect to Py,

e (£,8) = [ 5(f,3) B (dz) + BY= (£,1).

2. Here is a brief sketch of the proof to help the understanding of subsequent
technicalities.

The Girsanov’s theorem requires that the exponential of some stochastic integral
expression be one. Truncation of the signal, followed by a limiting argument,
is the standard way to achieve such a result. But, to define a stopping time in
the absence of the usual conditions, the continuity is needed, and the limiting
argument that the stopping time converges to the observations’ duration time.
So the attention is restricted to a subset D [0,T) of D [0,7], which has measure
one, with respect to Pp, and Py,, a restriction which is shown eventually not
to matter. In the process, the evaluation map must also be truncated, hence
the E’T)f”a process. The latter allows a likelihood-type functional, ¥, to be
introduced on D [0, T, with probability

Pya (A) =P, (Aﬂ D[O,T]) , AeD.

Actually, the likelihood functional of interest is ¥, which, restricted to Dio, 1y,
is denoted W. Then, it will be shown successively, that

By, [¥n] = 1
By, —lim¥, = @
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and that, with respect to Pya, {\in, n €N } is uniformly integrable.

Consequently it will be proven that BEp, [\Tf] =1, and then Ep, [V¥]= 1. This
is the needed result, because it yields:

Py, o [_e_v_PYa]_l = Po B

To check uniform convergence, the probability Q¥=, defined on D [0, T}, by the
following relation:

N - . 1
Q¥ = Py, o [evf"m]
is used.

But, since é‘f[)f"& is the solution of a stochastic differential equation, there is,
with respect to Pg,, on D[0,T], a Radon-Nikodym derivative,

&, such that @, o [Erre]” = T

As ®,, can be rewritten in terms of evaluation maps, the properties of martin-
gale integrals with respect to Pg, and Py, can be used to obtain the required
convergence.

The following steps restrict the problem to paths f € D [0, T] for which ¥ (f,T) < o0.
The (strict) stopping time 75, : D [0,T] — [0, T] is defined by the equality

T if {t€[0,T]: v(f,t)>n}=0
Tn(f)—{ inf {t € [0,T): 0(f,t) >n} if {t€[0,T]: v(f,t)>n}#0.

It should be noted that lim,_,., T;, (f) = T if and only if ¢ < T implies & (f, t) < 0.

Further definitions are needed, as follows:

D, T] = {feD[0,T]: (f,T) < oo},
D = DnD[,T], DeD,
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D) = P, (DnD[o,TI),
D = DND[0,T],
D = DnDo,T].

The process &0 % is subsequently defined on the base (f? [0,7],D, Pya) , with respect
to the filtration Q, as

Py, | evPre (f,1) if (f,t) €[0,Tx]
& (f’t)‘{ evPve (f,8) — a fh 5(f,2) By (dz) if (f,t) € [Tn, TT.

This process can be rewritten as
i
&= (f,t) = £ (t) = Iigairy (1) {04/0 Iz iy (F, ) 8 (f, @) B (dw)},

and this shows first that {éT)fYa (f,t), te [O,T]} € D[0,T], as f € D[0,T], and
then that, on [0,7,],
&, (f,6) = f (1) = ev (f,1).

One last definition yields the progressively measurable, bounded process 3, given by
the relation

8n (f,1) = Inoy (f,6) 5 (/1) .

Let J : D[0,7] — D0, T] be the (injection) map defined by the relation J (f) = f.
If E is a Borel set of IR,

[ev (,t) o JITH(B) = {feD[0,T]: ev(J(f),t) € B}

= D[, TIn{f e D[0,T]: ev(ft) € E}
e D,

Thus the restriction of &, to D [0, 7] has the measurability properties of &, as de-

fined on D [0, T, and it is therefore not necessary to introduce one more notation to
distinguish one situation from the other. In particular, an integral of the form

/Ot 5n (équya (f7 ) aw) B (dw)
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will be well defined for f € D[0,T7.

Define now BY= as the restriction of BY= to D [0,T]. For

0§t1<t2<t3<"'tnST,

and Borel sets of IR,
Ey, Eo, Es, . .., By,

it follows that
Py, (f€D[0,T): BY*(f,t1) € By,..., B (f,tn) € By) =
Py, (D0, TIN{f € D[0,T]: B (f,t1) € By, ..., B (fitn) € Bn}) =
Py, ({f€D[0,T): B¥(f,t1) € By,..., B (f,tn) € Bp})

so that

"Ya

Pya (e] [Ea :|_1 = Pya o} [Bgo‘]_l.

Then the following result can be stated:

Lemma 5
For every f € D[0,T],

T, (865 (f,)) = T (£),
and, for t € [0,T) fized but arbitrary, almost surely with respect to Pya,

b (fyt) = o[ 5 (055 (£,),2) b (do) + B ().
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Proof: Let D{™ = {f€D[0,T): T, (f) =t} € D;. The function [ pgw then has the
representation
IDgn) (f)=F(ev(f,t;), 0<¢t; <t i€ N)
where the map F' : IR® — IR is measurable. But, as T, (f) = t, as seen above, for
1€ IV
gy (f,6:) = f (t:) = ev (f, &)
so that

Fev(f,t:), 0<t:<t, i€ IN)=F (& (f,t;), 0< t; < t, i € IN)

and consequently that
ID,S") (f) = IDg"’) (5’55}’“ (j’ ))

which proves the first assertion of the lemma.
The same reason (and the definition of §,) yields that
gn(f’t) = 5n (Efi’)i”a (f;) ?t) .
Finally, when ¢t < T, (f) and f € D[0,T]
&, (f,t) = ev™ (f,1)
t < Y.
= o[ 5(f,2)8: (da) + BE (£,)
¢ N
= 0«’/0 gn(f)m)ﬂl (dCU) +Bc}x/a (fat)
t N
= o [ s (e (1,),5) B (dw) + BY (£,1)

and when ¢ > T,, (f)
B (£,8) = v (f,0)—a [ 5(f,0) 6 (da)
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= o[ 5 () 1 (dm) + B (1,1)
5 (£,0) B (do) + BY= (£,0)

)
/Otgn (805 (£,") &) i (d=) + BY= (£,1).

=

=

Define now ¥, : D [0, T] — IR by the relation
~ T -
[T ()] = —va [ 5 (@0 (f,),5) B (/,do)
@

3 OT 5 (e (f,-) @) By (dw).

Then, since by definition J§ & (f,z) 8 (dz) < n,

Lemma 6

Bp, [¥n] =1.

Lemma 7
For f € D[0,T], let ¥ be defined by

: T Y. a (T,
(¥ (A= —va [ s(f,0) B (f,dn)— 5 [ & (f,2) i (do)
and let U denote the restriction of ¥ to D0, T] (\Tf =Vo J) . Then
lim ¥, (f) =T (f)
in probability, with respect to Pym.
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Proof: For (f,t) € [0, T3]
&y (f,t) = f (t)

so that, for almost every f € D [0,T], with respect to Py,,

lim T§fb (Ef)fya (f,) ,m) Bi(dz) = lim /OT Iy (f, %) 3 (f, ) Br (dz)

n-—co 0 n—oo

_ /()ng(f,m)ﬂl(dw)

by monotone convergence. Furthermore, for almost every f € D [0,T], with respect
to Py,, for n large enough T,, (f) = T, so that for that same f, for n large enough,

sup {[5(f,9)| iz (f,8)} = 0.

0<t<T

Consequently

lim Py, (feD[O,T]: sup {15 (£, )| Iz, my (£,2)} >(—:) =0

su
<t<T
and therefore (continuity of the integral [17, 5.5.3, p. 98]), if

¢ . ¢ .

T (£ = [ 5 (f,0) BY= (f,do) = [ 5(£,2) BY=(f, da)

0 0

then
lim Py, (f eD[0,T]: sup |Tn(f,t)] > 6) = 0.
n 0<t<T

g.e.d.

Lemma 8

Let the probability measure @,’:‘x be defined on D by the following relation:

Qr= = Py, o [eus%]
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Then, for A € Dr,,,
Q¥ (A) = Py, (D[0,T|n A) = Py, (4).

Proof: First, it can be shown, as in the continuous case [17, 2.2.6, p35|, that Dy, =
o (ev™ (-,t), t € [0,T1) . Let 0, : D[0,7] —s D[0,T] be defined by the relation
ev (0 (£),) = ev™ (f,4) = F(EA T (£)) -

Let then fo € D [0,T] be fixed but arbitrary, and set to = T, (fo) . If t < &g, then
ev (fo,t) = fo(t) = fo (t AT (o)) = ev™ (fo, t) = ev (6 (fo) , 1) -

Thus, for every 9 adapted to Dy, ¥ (fo) = ¥ (0n (fo)) . In particular,
Itz <to} (6n (fo)) = Iimuzioy (fo) = 1.

Consequently, for every ¢ adapted to D,
¢ (O (f0)) = ¢ (0n (f0)) Iizustoy (On (fo)) -

But ¢I{p, <ty is adapted to Dy, so that
¢ (0n (fo)) = ¢ (fo) Iizn<eoy (fo) = ¢ (fo) -

As ¢ is adapted to D it has, for fixed, measurable F' and ¢; € [0,7], i € IN, the
following representation:

¢(f)=F(ev(fit:), 0<t; <T, i€ IN).

Using the relation ¢ (f) = ¢ (6, (f)), valid for f € Dr,

¢(f):¢(9n(f)) = F(ev(foemti): 0<4<T, ’iEﬂV)
= F(e™(f,t;), 0< < T, i€ IN)
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which is adapted to o (evT" (-,t), te]o, T]) . This establishes that Dy, is contained

in a( T (t), te [0,T]) . The reverse inclusion is obtained by noting that ev is

continuous to the right, so that [17, p. 41] ev™ (.,t) is adapted to Dir,, and thus
that

o (evT" (ht), te [0>T]) Co (Ute[O,T]Dt/\Tn> C Dr,.
Finally, for B Borel in R and A = {f € D[0,T]: ev™ (f,t) € B},

Q= (4) = Py (feDlo1]: & (f,) € A)

= B, (feD[0,1]: & (£,tAT.(f) € B)
Py, (f€D[0,T]: el (f,t) € B)
= Py, (4).
The proof is then complete with a monotone class argument. g.ed.

Lemma 9

The assumptions are those of Proposition 11. The sequence {‘ifn, n € IN } is then
uniformly integrable for Pya.

Proof: Let atp Yo (ET)P Ya) denote the o-field generated by {é‘f)Py (,8), s < t} and the

sets of D; which have measure zero for Py,. By Lemma 5, the following holds almost
surely with respect to Py,, for ¢ € [0, T fixed but a,rbltraly

vt (f,8) = o [ 5n (800 (£,°),3) i (do) + B (1,1).

BYa (.,t) is thus adapted to o} (%f:"a) .

The setup is now as follows. The underlying probability is Py, . evp Yo ig a process with
paths in D[0,T]. BY= is a process for which A1 holds. As BY“ (-,t) is adapted to

58

®
®
®
®
®
®
L
o
®
L
®
®
L
®
]
o
®
e
®
®
L
®
®
®
®
®
o
®
o
®
®
¢
®
®
o
®
[
®
®
®
®
o
®
o
®
®
L
|
®
o
L
@
¢
®
¢



000000000000 005500000002000000COCOIOIOGOGONOIOOBSOIROIOOESBSROESRONONBROSORIOTS

otPY“ (éz")f"a) , it follows from Proposition 8 that there is a process Eg’“ which factors

BY~ through &vl¥e :
BY« (f,1) = BY, (08 (f,) 1)

almost surely with respect to PY and for which A1 holds, with respect to the
probability measure Q¥ defined in Lemma 8. Then set, for f € D[0,T], almost
surely with respect to QXe, :

In [, (N = V@ [ 50 (f,0) Ba (. da) — 2 [ 8(7,0) i (d).
By Proposition 10, almost surely with respect to Pya,
T, (f) = @ (055 (£,")) .
Furthermoré, the equation
e (f,0)=a [ 5. (a0 (5,),2) By (ds) + B (£,1)
can be rewritten as
b (1) = o [ & (5% (£,), 5) 6 (do) + B, (858 (7). )

which yields .
¥ (£,8) = a [ 5. (f,2) 61 (dw) + B, (1,1

almost surely with respect to Q}:a Applying Lemma 6, it follows that
Bate [Bn] = Bp, |®no@0t%] = B, [¥a] =1,
The two relations
;Y i - ~
™ (£,8) = a [ 5. (£,3) pu(do) + BLa (£,1)

and
EQ%@ [@.] =1
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together with Proposition 7, ensure that Q¥* and Pg, are mutually absolutely con-

tinuous and that, almost surely with respect to Q}f‘*,

dPg,

o (f) = Esxa [<I>n | ep®" = f] =&, (f).

But, according to Theorem 1 (item d), ®, has, Wlth respect to Pg, the following

equivalent representation for some Poisson process B B,
(0 () = = [ (@) erte (,do)

2/ z) (1 (dz) |
~iTa /0 5 (f,2) BYPe (4, da) .

Define the following stochastic processes
T
Ma(ht) = [ 50 (f0) 0™ (4, )
0
Nn " — n \ Ycu ,
(F,0) = [ & f0) B (f,da)

Valht) = [ 8(/,2) b (da)
Wo(f,t) = =My (f,t)+V1—a N, (f, )+ Vo (f, 1)

and let K > 0 denote an arbitrary constant. Then
»(f) Py, (d Ye (d o, > K
Jisusmy B D Prd) = [ @0 (5) QS (&) = P (90> K).

But

Il

Pp, (®,>K) = Py (f€D[0,T]: Wa(f,T)> In[K])

< Pg, (f eD[0,T]: |M,(f,T)| > lngK]>
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+PBQ,(feD[O,T]:| (T > 51%)

+Pg, (f eD[0,T]: Vo(f,T) > QIHO[AK])

Now,

Pg,(feD[0,T] : |Mn(f,T)|%(—]>

- P(weQ: ‘/0T§n(Ba(w,-),a:)Ba(w,da:) lnéK])
P(weQ: Vo OTgn lngK])
+P (weQ: m/T|§n|(Ba(w,.),m)Bz(w,dx) ln[K]>

IA

(Ba (w’ ') )w) Bl (U), dm) .

12
+P<w€Q \/1—04_/ |8n| (Ba (w, ), %) Ba (dz) > lnl[é{]>

and, since, for a continuous local martingale M, and constants o > 0 and K > 0 [18,
2.83. Lemma, p.19]'

PweQ: |Mwt)>a)<Plwe: (M) (w,t) >K)+26_%
one has, for L > 0,

PlweQ : Vo

-/OTSH( o (w,),7) By (w, d )’ 1n[K]>

< P(we Q. /OTg,z(Ba ,"),z) 1 (dz) >L>

163ee also the remark that follows the proof.
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Choosing I = In[K], the exponential term becomes K -7, Furthermore, as
T
P (cu eN: / 5 (By (w,), ) By (dz) < oo) =1
0
it follows that

T
I}im P (w €N: Va|| &, (Bs(w,"),z)B; (w,dz)
—00 0

independently of n. Now, if 7, denotes the time at which jump number p of the Poisson

process By occurs, since | {p € IV : 7, (w) < T} |< o0, for any w € Q

/|s| @,),7) By (w,dz) = 3 1] (Ba (w )7 @) < 00

Tp<T
from which it follows that

. _ T In[K]\ _
I}I_I,%OP(UJEQ. \/1-—a/0 |3 (Ba (w, +), @) Be (w,dz) > 15 )~—0

independently of n. Finally, by assumption,
T
P(w €N / 8] (Bg (w, ) , %) Ba (dz) < oo) =1
0

so that

I}i_rggP(wEQ:ﬂ/fﬁJ(B ).3) By (dz) > ln[K]) 0

independently of n. Consequently,

fim P (1€ DIOTI: M7, 1)] > an])=ov

independently of n. Since Q}fa and Pg, are mutually absolutely continuous, stochastic
integrals with respect to these probabilities are indistinguishable [17, p.245], and thus

Po. (s €Dl (401> g HELY < 0 (re piom: () >

62

In[K]
3V1I-«a

).

0000000002000 002000002C02008000000O00CCETQRESESOIPOIITIOIONOGIEIONOOINOINDBDOIOIISIYOYS




0000000008 000000080008000000002000000000000080800080800049

As N, is adapted to Dr,, by Lemma 8,

. . In[K]
Q= (feD0,T] - U%UJN>§ﬁfﬁ>

= Py, (feD[O,T] : |Nn(f,T)| > %)
/)T Sn (1/(1 (w, ) ,517) B2 (wadx)

= P(weQ: >

i)

< P(weﬂ: /OT|§|(Ya(w,-),x)Bz(w,d:v)>éi/n—1[§_]—a)

+P(we§h ATEHKAw,%xﬂ%@md@:SE§#gE>.

Consequently, as above,

Jim o, (1€ DT WL (D)) > sA ) ~o

3vV1—«a
independently of n. The term containing V, similarly has a limit that vanishes.
Lemma 9 is thus proved. q.e.d.

Remark: If M is a local martingale, null at the origin, and such that its jumps are,
almost surely, uniformly bounded (|AM| < u < 00), almost surely, then!?

K >
P(|M| > K) < P <2<P <uf> [M], > L> T

where
z+In(l—z)

+
) .

o (z) =— "

When M is continuous, p = 0, and this inequality allows the assumptions on the
integrability of s with respect to G, to be bypassed. Thus, even for s’s with bounded

17The proof for the continuous case (1 = 0), can be found in [18, 2.83, p.19]. The proof given here
is similar.
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jumps, there is no obvious extension of the method that works for the continuous.

case.

The proof of the inequality goes as follows. For v > 0
P(M|>K) = P({M,>K}n{vM], <L}
+P({~M; > K}n{v[M], < L})
+P(v[M],>L).

Fix A > 0. Then, for arguments of M; and [M], in the appropriate set, AM; > A\K .

and %V{M]t < ’\;L, so that
2 /\2
AM; — /\—y [M], > A\K — —L.
2 2
Consequently,

P{M,> K}yn{v[M],<L}) < P (/\Mt —~ %%[M]t > \K — /\;L>

— p <61\Mt—>‘2—2v[1\1]t > 6,\K—§L> '

But, when M = A\M , the former inequality can be written in the form:

i, — %[M]t > \K — i\;L.

¢ is strictly positive and increasing on ]—o0,1[, and infinite and positive on [1,00].
Choosing for v the value v = 2p (A\y), it follows that [28, Lemma 23.19, p.449]
eM‘—%[M]t is a supermartingale. Using Doob’s inequality, it follows that

P{M;>K}n{v[M],<L}) < P (/\Mt - :\;V[M]t > AK — AziL)

(A
ml
>
=
o+
wl>
b
&
Q
i
ESTN
=
—
[ S
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The minimum of 9 (\) = —\K + %L is achieved for Ayim = I—If, and then ¥ (Amin) =
—L(LE. The value of v is then

K
Vmin = 2¢ (/\min,u') = 2¢p (Nf) .

The same calculation yields the same bound for the probability involving —M.

Lemma 10

Let (Q, A, P) and (Q A, Q) denote two probability spaces, and assume that Qo € A
is such that P (Qo) = @ () = 1. Define

Ao :Aﬂ\Qo and, fO’I’AEA, Ao :AﬂQo.

Set finally
Po(Ao) =P(AﬂQo) and Qo(Ao) =Q(An\Qo)

Then, whenever Py and Qo are mutually absolutely continuous, so are P and Q) and
furthermore, almost surely, with respect to P and Q,

dQ( )={ 9 (w) if we
P 0 i wd Q.

Proof: Let Jy : Qp — Q be defined by Jy (w) = w. For A€ A, J3* (A) = ANQ, s0
that Jy is measurable for Ag and \A. Thus, for A € A,

ProJiM(A) = By (ANQ) = P(AN Qo) = P(A).
Define, for w € Q,
F (W) = 9 (w) if we
0 if w ¢ \Qo.

As dQ" is measurable for 4o, and thus for A, and since f = I, 9% Tm [ is measurable
for A Furthermore, for A € A,

d
/AfdP = /Ao [f o Jo]dPy = d?;’dPo Qo (Ao) = Q (4).
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Thus f = %IC%. Mutual absolute continuity holds since fl—%‘)l > 0, almost surely with
respect to Fp. g.e.d.

Epilogue to Proposition 11

Lemmas 7 and 8 yield that N N
lim Uy (f) =¥ (f),

n—eo

in Iy [?’ya} . From Lemma 6, Ep [‘T!] = 1. But (Proposition 7), if Pp, is the re-
striction of Pp, to D [0,T] also produced by BY, then Py, and P, are mutually

absolutely continuous. So, by Lemma 11, Py, and Pp, are mutually absolutely con-
tinuous. Furthermore Ep, [¥] = 1.

Corollary 6

If B = By or if, almost surely, S (w,-) € H(N,), Lemma 8 is true without the
integrability conditions on s with respect to B, since then fori=1,2

{[e@ia) <6007 [ (@) (@)

But then, to be true, Proposition 11 does not require those same conditions either.

Proposition 12
It is assumed that A0, A1, A4, and A5 hold, that s is predictable and that both

Pg. <f e D[0,T]: /OT|5| (f, ) B2 (da) < oo> =1

and

Py, <f€D[O,T]: /OT|5| (f,a:),@z(d.'l:)<oo> =1
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hold.

Then Py, is absolutely continuous with respect to Pg, and almost surely with respect
to Pya,

P T
w5 | = [t fa)
a T,
—5 0 S (f,il))ﬂl(d’l?)

VI=a [ 5(f,x) B (f,da).

Proof: Absolute continuity comes from the Corollary to Proposition 7. Let f belong
to D[0,T] and

[, (] = [ 5.(/,5) v (o)

o

-2 [78(4,) 61 ()

-V1l-a /OTgn(fam)Bga’Ba(fadm)'

Let T;, be the stopping time of the previous proposition, and set

Co={feD0,T]: T,(f)=T}.

Then, for A € D, AN C, belongs to Dy, [31, 56.1, p.189], and by Lemma 8,
QY (ANC,) = Py, (ANC,).

As Py, <D [0,T]> = 1, lim, Py, (C,) = 1, Q% and Pp, are mutually absolutely
continuous, and almost surely with respect to Pg,,

dQY=

= B,
dPs.
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Then

Py, (A)

Let now

In [ (f)]

The proof then proceeds as follows. First the sequence of localized Radon-Nikodym
derivatives {Ig,®,, n € IN} is shown to converge in probability for Pg_, and then it
is shown to be uniformly integrable, still with respect to Pg,. It must then converge in
L, [Pg,] towards an integrable limit. Since Py, is absolutely continuous with respect
to Pp,, the limit of the {I¢,®,, n € IN} exists also with respect to Py,, and it has
the same value. But in that case, the limit can be identified: it is ®.

When T, (f) = T, [T 5 (f, ) B (d) S n. Consequently, letting C' = D[0,T], and

liTrln Pya (A N Gn)

lim Py, (AN D[0,T]N C,)

lim Py, (AN Cp)

lim Q= (ANnCy)

. dQ)e .
i [, () g () B (@)

tim | e, % (£) P ().

[ 503 e (7, da)

[0

T
5/ & (f,z) B1 (dz)

—i—a /OTg(f,w)B;”a(f,dw).

using the fact that on C,,, Io =1 :

IC'n (/) (I)n (f) — IC'n (j') eIG(f)ln[‘I’n(f)]'

The following definitions will shorten some unwieldy expressions:

M, (f,t) = /Ot 5n (f, @) ev"™e (f, dz)
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§n,p (f; t) = & (f’ t) - §n+p (f, t)
Moo (£,8) = [ Sup(f ) v (,do)
JV[,(:Q, (w,t) = /Ot Snp (Ba (w,*), ) By (w, dz)
M (,8) = [ [onp (Ba (,),0)] B (w, do)

MG @,1) = [ [up (Ba ,),0)] B2 (o).

It follows that
P, (f€D[0,T] : Io(f)|Mu(f,T)—~ Mnyp (f,T)| > K)

= P (feD[0,T]: Io (f) | Mnp (,T)| > K)

IA

P <w €Q: Valg(By(w,)) ‘M,(le)] (w,T)‘ > —I?)S)
+P <w €Q: Vi—a lo(By(w,-)) ME (0, T) > {>

+P <w €Q: V1—alg(By(w, ))M}fg (w,T) > %) :

By the inequality from [18, 2.84, p.19],

<weQ V@ I (Ba (w, ) MY (w, T)] > I;)

is dominated by

P(w eN: afc(Ba(W»'))U\/[(l)) (w, T) >L) +2exp{ lféz}

But, with respect to P,
(1) ’ 22
(M) (@, T) = [ It Bl Butirl (@,2) 3 (Ba (w, ), ) B (do)
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and since, for B, (w,-) € C = D[0,T],
T
/0 # (Ba (0,-),3) By (dz) < 00

then K
lim P(wEQ Vva Ic (B ’M(l)(wT|>—3—>-0

n,p—00
Given the assumptions on the integrability of | s |, a similar argument yields that

lim P(weQ: V1—alc (B, (w,))MT(fI), (w, T) > %—) =0

n,p—o0

and that
(et TR M6 D> E) <o

Thus, with respect to Pp,, the sequence

{Io (f)/OTgn (f,z) evPre (f,dx), n e JN}

has a limit in probability, which will be denoted Jp_ (f).
Now, for f € D[0,T],

. T.,2 ; T~2 3
lim [ 52 (f,w) B (d) = [ 8 (£,2) 1 (da) < o0

n—oo

and, for I (f) J& 8n (f, x) BY>B> (f, d:v) the arguments already glven are repeated.

As, trivially, almost surely with respect to Pp,, lim, Ig, = I¢,
Py, —lim {Io, (N [@n (N} = Jn. (F)
T
=5 1o(f) [ 5 (/,2) s (do)
T ~
~VI=alo(f) | §(/0) B (f,da).
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The exponential of this limit will be denoted &F5a.

As Py, is absolutely continuous with respect to Pp_, on one hand,
T T P
| a(f,2) 0P (4, ) :/0 5o (f, 7) o= (f, da)

and, on the other, as seen in the proof of Theorem 1,

T . T .
| 8 (5,0) B (f,d2) = [ 5 (f,5) BY* (£, do)

so that, with respect to Py,, ®, has the following representation:

In[®, (f)] = /OT 5n (f, @) ev™= (f, dw)

(84

T
_5 0 Sn (f, ZD) ﬂl (da;)

—VI=a /OTgn(f,x)B;’a(f,dx).

But the assumptions made, in particular A4, now imply that the limit in probability,
with respect to Py,, of the sequence {®,, n € IN} is ®. So, with respect to Fy,,
OFBa = P,

To finish the proof, it must be confirmed that the sequence {Ig, ®,, n € IN} is uni-
formly integrable with respect to Ppg_, which ensures that

lim Fp,, [I6, 8] = Ep,, [®77=],

But, since QT’:‘* and Pp, are mutually absolutely continuous, as seen in the proof of
ey
Lemma 9, and since ®,, = Zipg— is one of the Radon-Nikodym derivatives, setting
D, = {feD[0,T]: Ig, (f)®.(f) > K},
D, = {feD[0,T]: ®&,(f)> K},
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gives
Jo, ou () ®u () Po @) < [ @0 (F) Pa, (&)
= Gk (Dy)
= Py, o[ate]" (D)
= Pr(feD,1]: dnoamh(f) > K).

But on [0,T,], &0¥* = ev, so that

B, (feD[,1) : ®yo&w%(f)>K)
Py, (f€D[0,T]: @u(f) > K)
= P (fe€D[0,T]: {f€D0,T]: & (f)> K}nD0,T]).

Now, assumptions A0, A1, A4 and A5 yield Proposition 9, therefore

evPe (£,1) =a/0ts(f,:c)ﬂ1 (dz) + BY= (,1).

So, using the representation of ®, with respect to Py,

~ T ~
fy Ton 8 (N Po ) < P (V[ 00 BE (1,0

+%/OT§g(f,x)ﬁ1 (dz) >ln[K]).

The right hand side goes to zero as in previous arguments. g.e.d.
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Corollary 7

When B, = Bi, or when, almost surely, S(w,-) € H(Ny), the integrability as-
sumptions on s with respect to B2 of Proposition 12 are no longer necessary, as the
argument given in the Corollary to Proposition 11 is still valid.

Corollary 8

Given assumptions A0, A1, A4 and A5, assumption A6 is necessary and suffi-
cient for mutual absolute continutty of Pp, and Py,.

4.6.2 Weak solution of a stochastic differential equation

The innovations representation of the signal-plus-noise process, within the adopted
RKHS framework, requires the seemingly unrelated, preliminary results that follow.
Their reason for being presented here will emerge in the next section, when the
existence and the form of the likelihood for the filtered processes will be addressed.

Further, the results of Proposition 14 and 15 can potentially be used for extracting
the signal from noise when the likelihood ratio is known.

A weak solution of the equation
13
Yo (w,t) = a /O s (Ya (w,-), ) A1 (dz) + Ba (w, 1)
is a triple {B}’, By, P*} such that

1. P is a probability measure on D such that, with respect to it,

(a) BY is a generalized Brownian motion, adapted to D, with variance Vpu [BY (-, t)]

B (t);
(b) BY is a Poisson process, adapted to D, for which
Epuw [BY (1)) = B2 (t);
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(c) B} and By are independent.

2. and for fixed ¢ € [0, T, almost sﬁrely with respect to P¥,
P’UI T w
™ (f,8)=a [ s(f,2) 1 (de) + B (£,1)

where

By (f,t) = vaBY(f,t)+v1—a By (f1)
B;”(f,t) = B;u(fat)—ﬁ2(t)‘

Lemma 11

Let By be a process satisfying Al. The process evFB« has then, with respect to
Pg,, the representation

eviPe = \/a BY ++/1—a BY

where '
Pp,o[Bf") ' =PoBy! and P, o [By]" = Po B;*

and BgY = BE — By, for some probability space (Q,A4, P).

Proof: First, given Pp, it can always, without restriction, be assumed that it is a
measure induced from a (2, A, P) space by a generalized Brownian motion B; and an
independent Poisson process B, summed to give the process By, = v/aB1++/1 — aBs,
as in assumption A1l. The process Bg’ is then defined by the equality:

By (1.8) = =3 {BerPne} ().

u<t

For fixed 0 < ¢; <+ < t, < T, and a Borel set G ¢ IR", let
Gp={feD[0,T]: (B (f t1),...,B (f,tn)) € G}.
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Let G% = B,' (Gp). If w € G, then

1

1
(mugl {ABOZ} (w)u))"'a mugn {ABa}(w,U)> e

that is
(Bz (Lt), tl) sy Bz (w, tn)) S G.

B5? is thus, with respect to Pg,, a Poisson process such that
EPBa [BZeU (') t)] = [o (t) .
Similarly, it can be shown that, with respect to Pg,, B, defined by |

B o \/% {evPon — I=a (B - By))

is a generalized Brownian motion such that

Epy, [B3" (n )] = B2 ().

Corollary 9
of (ev™) = of (B") V 0 (BS").

Proposition 13

Let s be progressively measurable for D, and assume that, for every f € D[0,T],

T T
/0 s* (f, %) B1 (dw) < oo and/o Is| (f, &) B2 (dz) < oo.
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With the notation of Lemma 11, define for almost every f € D[0,T], with respect to
PBaa

T
n[®(f)] = va / (f,2) BY (f,da) = 5 [ (f,2) By (do).

Then, .
Yo (w,t) = a/o s (Yo (w,"),2) f1(dz) + By (w,t)

has a weak solution if, and only if Ep,_ [®] = 1, in which case the solution is unique.

Proof: Suppose first that Ep, [®] = 1. Let then P¥ be defined, as a probability, by
the relation dP" = ®dPp,. Also define BY by

B () =a [ {~s}(f,2) B (dm) + ev™= (1,1).
As ® can be written in the form
[ ()] = —va [ {~s}(f,2) B (,da) — 2 [ {=s) (/) B (d)
Girsanov’s theorem (Proposition 6) is applied to obtain that
P o (B2 ™ = Py, 0[] = Py,

As furthermore,

o () = o [ 5 (,0) b (ds) + B2 (1,0)

then there exists a weak solution since, for instance using Lemma 11, for G, a Borel
setoflR",OSt1<t2<t3<--‘<tn§T,

Gp={feD[0,T]:(f(t1),f(ta),f(ts),..., [ (t)) € G}

and

By (f,t)=>_{ABY (f,1)}

u<t
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then
Pw(fED[OaT] B;u(f))EGD):PBa(fED[OaT] Bgv(f’)eGD)

Suppose now that a weak solution exists. Then, by definition,
t
e (f,8) = o [ 5 (f,2) By (do) + B (£,
which can be rewritten in the form
e (f,8)=a [ s (0™ (£,7),5) B (do) + BE (£,1).

Proposition 11 can then be applied to get that P* and Pgw are mutually absolutely
continuous, and that, almost surely, with respect to Ppu,

. [Sﬁw] (1) = [ stw)enss (7,do)

a (T, p
_5 o S (f)a;)ﬁl( 117)
T ~ P¥ puw
—VT=a [ s(f,2) BT (,d)

where E;”P B4 i3 the representation of BY, with respect to Ppw(= Pp, ). Furthermore,
with respect to Ppy (Lemma 11)

ev’B¥ = \/aB 4+ /1 — aB.

Consequently

o [ [ ] @] = (1 0 g [ [0 3510

T evP",BY 2
[ st B ()

Now the evaluation map ev is a semimartingale with respect to P* as well as with
respect to Ppw. As these two probability measures are mutually absolutely continuous,

7




[ev]”” = [ev]™24. As [ev]”” = BY and [ev]T8¢ = B, and taking into account the
fact that BY = BB (proof of Theorem 1), then Ep, [®]= 1.

Suppose now that a second solution (Bi‘"’, BE, Pw) exists. Since

dpP?
dPp,

@,

P — pw, g.e.d.

Corollary 10

Proposition 18 will be true whenever By = B,, or S(w,-) € H(Ny), for every
w € .

Corollary 11

If it is assumed, in Proposition 13, that only

Pa, (fe D0, T]: /OTsz(f,x)ﬁl (dz) <oo) —1,

and that -
Pg, (f e D[0,T]: /0 |s| (f,z) B2 (dz) < oo) =1,

hold there is still a solution, but it cannot be claimed any longer that it is unique.
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Lemma 12

Let (Q, A, P) be a probability space, and let B and B® be, with respect to P,
two independent filtrations of A. Set

B, =BMvBP and B={B,, te[0,T]}.

Then, if M is a martingale for BY, it is also a martingale for B.

Proof: B; is generated by sets of the form
B=BYnB®, BW e pM B® e B

If now v < v, and B® € B, B e B@,
memM@wﬂ%m): /mM P (dw)
- / M (w,u) P (dw)

- /B(l)nB(z) M (w’ u) P (dw))

The proof ends with a monotone class argument. g.e.d.

Proposition 14

Suppose Yy is a process, defined on (Q, A, P), adapted to A, with paths in D [0, T,
such that Py, and Pg, are mutually absolutely continuous. When By = B2 = (3, the
following can be found:

a. a process s, defined on (D[0,T],D, Py,), predictable for D;

b. a zero-mean, generalized Brownian motion By and a generalized Poisson process
By, defined on (2, A, P), adapted to a°® (Ya), with

V[Bi ()] = B(t) and E[By (1)) =B(1),
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such that, for By = /aBy + V1 — aBy and for t € [0,T] fized but arbitrary,
almost surely, with respect to P,

Yo (w, ) = a/ots(Ya (@,),7) B (dz) + Ba (0, 1)

with

1

Pg, (feD[O,T] : /OTsz(f,w)ﬁ(dm) <oo)

and

T
Py, (fED[O,T] : /0 s*(f,z) B(dz) < oo) = 1.
Proof: By Lemma 11, evP8a = /o B + /1 — o B Let
BY =07 (B*), and B = {B", t e [0,7]}.

_13(1) is a Brownian filtration.

Consider now the martingale L defined for B® as

dP
L (f) t) = EPBa |:dPZa | B§1)] .

It has a modification [17, 9.7.5, p.241] L which is continuous to the right and has

continuous paths, almost surely, with respect to Pg,. L has then the representation
[17, 9.7.4, p.239]

~ 1A
L(£,8)=1+va [ s(f,2) By (f,do)
where s is predictable for BY). Furthermore
T
Pg, (f €eDI0,T]: /0 s (f,z) B (dz) < oo) =1.

Let
T(f)=inf{t[0,7]: [L(f,t)=0] or [L(f,t~)=0]}.
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On [[T, T]] , the paths of L are, almost surely with respect to Pp,, equal to zero.

However, because Pp, and Py, are mutually absolutely continuous, E( LT) >0
almost surely, with respect to Pp,. Consequently,

(feD[O T): inf L(f,t)>0) =1

The expression In [Z} (f, t)] makes sense, almost surely, with respect to Pp,_, and It6’s .
formula then yields:

m[L(,0)] = va [ LD o (7, 0) - Ot(f(f’”’)fﬂ(da:),

° Lifia) L(f.0)
that is
L(f,t)= eﬁf" £ B (fde)— sl (2(;::)) ﬁ(dm)
Then set o
-~ . S ,a;
AR AT
Since
s N [T (sl
[eums = [[(532) s
1 T,
infreory L2 (f, ¢ )/0 s°(f,z) B (dz)
then )
Pg, (fED[O,T] : /0 2 (f,2) B (dz) <oo> .
so that also

Py, (f e D0, T : /()Téz(f,a:)ﬂ(da:) <oo> =1
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Finally, Ep,, [f/ (~,T)] = 1. Consequently, there exists a weak solution to the “for-
mal”!® equation

. T
Ya(w,t)=a/0 5 (Ya (w,7),2) B(dz) + Ba (w,1).

By the Corollary to Lemma 11 and Lemma 12, L is, with respect to Pgp,, a martingale
for D. On (D [0,T],D), and for the filtration D let us define
PY(df) = L(f,T) Pa, (df)

and, with respect to P¥,
¢ pu
BY(f,6) = —a [ 5(f,2) B (da) + ev™ (£,1).

By Girsanov’s theorem
P;D o [sz”]_l = PBrx'

Finally, f,(-,T) is a version of jﬁ;‘* as it is a martingale for D (Lemma 12). Conse-
quently PY = Py . Then set
BY*=BYoY ;L.

g.ed.

Proposition 15

Suppose Yo is a process, defined on (2, A, P), adapted to A, with paths in D[0,T],
such that Py, is absolutely continuous with respect to Pg,. When 51 = By = B, the
following can be found:

a. a process s, defined on (D [0,T],D, Py,), progressively measurable for D;

18Note that the B, of the “formal” equation is not the same as the B, of the proposition’s
conclusion.
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b. a zero-mean, generalized Brownian motion By and a generalized Poisson process
By, defined on (Q, A, P), adapted to g° (Ya), with

VI[BL(1)] = B(t) and E[B (1) = B (t)

such that, for By = /aBy 4+ /1 — aBs, and, for t € [0,T] fized but arbitrary,
almost surely, with respect to P

Yo (w,4) = a/ots(Ya (@,),5) B(dz) + B (w, 1)

with r
Pya<f€D[O,T]: /0 32(f,a:),8(d:v)<oo>=1..

Proof: As in Proposition 14,

L(t)=1+va [ s (f,2) BY (f,do)
with

Pg, (f e D[0,T] : /0T32 (f,z)B(dz) < oo) =1.

But now I can equal zero, therefore define

T - inf{te[0,T]: L(f,t) <%} if {t€[0,T]: L(fit)<i}+#0
n(f)= T if {tel[0,T]: L(f,t)<i}=0.
If BO ¢ Bg,l\)Tn, then
P (BY) = [ L(§,T)Ps,(d)
= [ B[l B, Pa, (df)
- /B(l)f,(f,t/\Tn)PBa(df).
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Thus, on Bixy,, Py, (df) = L (f,t ATy) Pa, (df) . But, as L (-t AT,) > L,

By, (df)
Pg, (df) = T(LINT

still on Bt(/\T , 80 that, since D [0, T] belongs to BMT ,

1

Pr. [m] = P, (D[0,T)) =1.

The sequence {7}, n € IN} is increasing and bounded. It thus has a limit, denoted

lim,, T;,, which is a stopping time. As L is continuous, almost surely, with respect to
Py, by Fatou’s lemma

1 1
Ep, |- — Ep, |lminfle——o
Pre [L(-,t/\limnTn)] Pra [lmnm {L(-,t/\Tn) H

= 1

that is,

1
Ep, |= <1
Pra [L(~,t/\limnTn)w =

As L(-,lim, T, ) = 0, almost surely with respect to Py, , necessarily lim, 7T, = T
almost surely with respect to Py, . Furthermore, as

/0 n {%((J;:—?)} B (dz) < n?||s (f,')”iz[ﬁ]

it follows that
L= P (F€DOTI: s ()l < oo)

< PR (feD[O,T]: /O"{;((J;”?)}ﬁ(dx)@o).
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Consequently,

Py, (f e D[0,T] : /()T{g((f;_”‘;))}2ﬂ(dx) < oo) =1.

As I[[O,Tnu% is in Ly [B], almost surely with respect to Pg,, the process E’a,n can
legitimately be defined on (D [0,T], D, Pg,) and for the filiration D by the following
relation:

B () == [ Toma (1,9) 1226 )+ evPe (1.1).

L™ is a martingale for the filtration BY, and thus, by Lemma 13, for the filtration

D, define on D, a probability @), by setting

Qn (df) = L(f,t A 'Ty) P, (df).
Then it must be shown that, on (D [0, 7], D, Qr) , Bax is martingale for D such that
@noB,, = Fa,.
But, almost surely with respect to Pg,,

fi(f,tATn)z%

so that In [f, ( f,t/\Tn)} can be computed and consequently It6’s formula can be
applied to obtain, almost surely with respect to Pg,, the following equality:

In[E(f,6AT)] \/“f Toz (/, %) ((f,w))Bl(f,d,,;).

o / Tioy (> ) { ((J}’”))} 8 (dz).

But
Epy, [L(,tAT)] =1
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because of the martingale property of L (-, A T,) for D and Pg,. Therefore the Gir-
sanov’s theorem can be invoked to assert that, for the base (D [0,7],D, Qn) and the
filtration D,

Qn —an"'PBa

Now EE;; = Ea,n, again for the base (D [0,T],D, Pp,) and the filtration D, the
process

Ea (f’ - —Ol/ I[[O limy, Tn] (f) :U) ((f :U)) (d.’L') -+ evPBa (f’ )

can be defined.

Since lim, T,, = T, almost surely with respect to Py, , and that Py, is absolutely
continuous with respect to Pp,, then almost surely with respect to Py,

/L B (dz) + ev™r (f,1).

Finally, it is necessary to check that, for the base (D [0,7],D, Py, ) and the filtration
D _

Py, o g_l = Pp,.

To that end, note that

L(f,t AT Ba(f,t ATy)=L(f,t AT,) Ban(f,tAT,).

But, on the base (D [0,T], D, Qn) and for the ﬁltl ation D, By is a martingale, and
Qn (df) L(f,t NT,) Pg, (df) so that L (-,- ATy) Ba (-, ATy) is a martingale on
the base (D [0,T],D, Pg,) and for the ﬁltratlon D, and consequently a martingale on
the base (D[0,T), D, Q,) for the same filtration. Since B! C D, T, is a stopping
time for D. Since, Dipp, = B(l -V 8(2 . and Qup,\p, = Praip,azp, » it follows that

Py, (df) = L(f,t AT;) P, (df).
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B, is thus a local martingale on the base (D[0,T],D, Py,) for the filtration D.

Finally it must be shown that B, has, with respect to Py, the same law as B,

with respect to P. But, for scalars 6y, ... ,0,, forming the vector §,, and times
0< 1y, ... ,t, <T,
P16 g 5@
Z(Q ’_Ea ) — 3 Z(Q ’Ea,n)
Ep,, [e P RP] = llTIl'ﬂEpYa [e » mp}

= lim EQn [ei (—0‘1’ ’Er(xp,zz) mp}
n
= Bp [ei(Qp,E(P)) M]

where ng), ng)n and B(p) are vectors with respective components By, (-, t;) , Ban () i)
and B, (4;), for 0 <¢; <T, 1 <1 <p. g.e.d.

Corollary 12

It is assumed that AO, Al and A2 hold. Then the following innovations repre-
sentation is valid almost surely with respect to P for t € [0,T):

Valw,t)= [ 3(Ya(w,),5) b (do) + B (w,1)
where

a. § is defined on (D[0,T],D, Py,), and is progressively measurable for D,
b. BYe is defined on (Q, A, P), adapted to a° (Ya);

c. Po [Eg"‘]—l = Pp,.
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5.0 ABSOLUTE CONTINUITY AND LIKELIHOOD FOR
Py, AND Py..

The previous section derived explicit expressions for the likelihood ratio of the prob-
ability laws of unfiltered processes B, and Y,. That is interesting as a separate part
but it is also a step in achieving results about the existence and the form of the
likelihood ratios for the probability laws of the filtered processes N, and X,. Hence,
these formulae are obtained by means of the conditional law of B, given N, derived
as a functional on a “defiltering” or inversion process.

5.1 THE INVERSION PROCESS M

The Cramér-Hida representation says intuitively that the paths of B, and N, are,
probabilistically, in one-to-one correspondence. The mathematical expression for this
intuition is the process M whose definition and properties follow.

Terms whose definitions are omitted are those of sections 3 and 4. I (0, denotes the
indicator of the interval [0, ¢] . The basic probability space is

(L2 [0,T),B (L2 [0,T)), Py,).

For t € [0, T} fixed but arbitrary, the following variables are considered on L [0, T x
[0,T] :
1
Mi (f7 t) = )\_z(U [I[O,t]] ’ei>L2[O,T] (fa e’i)Lz[O,T] :

Then Ep,_ [M;(-,t)] =0, and that

1

By, M (,8) M; (- 8)] = Ai)j (U [Zoa] €, 0m (U [Toa] ) Loy

X Epy, [(f €)ooy (s ej)Lz[O,T]]

= iy (o, J[eiDLz[pa] (I[O,t]:J[ejDLz[ﬂa]'
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Lemma 13

The family {J [e;], © € IN} is a complete orthonormal set in Lq [B,] .

Proof: Let f be arbitrary in Lg [B,], and suppose that
(f) J [ei]>L2[ﬁQ] = O, 7 € IN.

Then J*[f] is orthogonal to K (the closure of the range of the square root of the -
1

covariance operator), that is J*[f] € N (Ré) , which means that U [f] = 0. However,

it has already been established (Proposition 2) that the only possibility in Lg [8,] is

f = 0. Finally,
(e T [esD) pyp = (&is T €3]} Lypom)-

1
But J*J is the projection onto the closure of the range of RE, so that

(ei, J*J [ej]>L2[0,T] = (ei:ej>Lz[0,T]'

g.e.d.

Corollary 13

o0 2
a. Y Bry, [M? (1)) = [T
i=1

La [ﬁa]

= :804 (t)

b. For t € [0,T) fized but arbitrary, the series Y52, M; (f,t) converges almost
surely, with respect to Py, and in Ly [Py,] .

The following notation will be used

M® (f,1) = ZM (f,t), M(f,t)= ZM (f,t)
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Lemma 14

For (i,t) € IN x [0, T} fized but arbitrary,
B Ba (+8) (Na (), e p,0m) = (U [Toa] e 1
Proof:
B {B& (" t) (Na ('a ) ) ei)Lz[O,T]]
T T
= F [Ba (-,t)/O e; () dm/ F (z,u) By (-,du)]
= /OT e (z) dz

X B [{/OTI[O,ﬂ (1) Ba (-,du)} {/OTF(m,v) Ba (',dv)}]
- /OTei (z) dz /OTF(w,U) Iio. (v) B (du)

T
= | &) Ulfoa] @) d

= (U [I[o,t]] ) Loy -

g.e.d.

Corollary 14
Fort € {0,T) fized but arbitrary,

E[{M (No(-,),8) = Ba (- H)}’] = 0.

Proof:
B[{M(Na(),8) = Ba (0] = By, [M2(0)]
- 2 E[M(Na('a'))t) Ba("t)]
+ E[B2(,1)].
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It is already known that Epy_ [M?(,t)] = E[B2(-,t)] = P (t). But, using Lemma
14,

BE[M (Ne(,+),t) Ba (1)

= 117{[12 x(U [I[O,t]] ,ei>L2[0,T] E [Ba (-, t) (Noc (') ) )6i>L2[0,T]]

- ”I["’t]";[ﬁa]
= ﬁa (t)

g.e.d.

As an immediate consequence of the above, the following proposition holds.

Proposition 16
Let 0 <ty <--- <t <T, and b1, ..., On, be arbitrary constants. Then,

a. EPN |:ei21;=1 0.?'M('xtj):| =F [ei :;:1 0:)'B¢¥(')t:i):| .
b. M has, with respect to Py, independent increments.
c. For0<s<t<T, Epy [M(,s)M(:,t)] =pa(sAt).

d. For0<s<t<T, Epy, [{M(,t) = M(8)}*] = fa(t) = Ba(s).

Corollary 15

Let t € [0,T) be fived, but arbitrary, and let M3 be the o-algebra generated by
{M(:,s), s<t}, on Ly[0,T]. Then, with respect to Py,, M is a square integrable
martingale for M° = {Ms, t € [0,T]}.
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Proposition 17

The process M is separable.

Proof: Let T, denote a countable subset of [0,T]. M is, with respect to Py, a zero-
mean, square integrable martingale, so is its restriction to Te. There is thus [17, 3.2.1,
p.49] a measurable subset NV of L, [0,77], such that Py, (N) = 0, and, for f € N¢,
and any monotone sequence {t,, n € IN} C T, the sequence {M (f,t,), n € IN}
is convergent in JR. However, since the sequence {M (-, t,), n € IN} also converges
in Ly [Py,), if lim, t, = ¢, the limit in Ly [Py,] of {M (-,t), n€ IN} is M (,¢).
Consequently, for f € N¢,

lim M (£, ) = M (£,1).
g.e.d.

Corollary 16 _
With respect to Py,, the paths of M almost surely belong to D [0,T].

Proof: Separability of M and the fact that it is a martingale yield the following:

PlweQ : sup |[M(Na(w,-),t) — By (w,t)] > e)
te(0,T]

teTle

= P(weQ:sup|M(Na(w,.),t)—-Ba(w,t)]}e)

< glgE {fgfglM(Na (w,"),t) = Ba (w,t)l}]
< ;iz B [{M (Na(w,"),T) — Ba (w, T)}’] =O0.

g.e.d.
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52 THE CONDITIONAL LAW OF B, GIVEN N,

When the one-to-one correspondence between the filtered and unfiltered processes
holds in Ly[P], it is possible to express the relationship between B, and N,. In
the Proposition 18 this relationship will be expressed in terms of the conditional
probability law of the unfiltered process B, when the filtered process N, is given.

Proposition 18

The assumptions are those of Section 3.1. Then B, has, with respect to Ny, a
regular conditional law which is a point mass located at M.

Proof: Let F C D[0,T], and G C Ls [0,T] be measurable subsets. Then

PweQ : By(w,)€F Ny(w,") €q)
= PweN: M(Ny(w,),)€F, Nylw, ) €QG).

In Ly [P], for t € [0, T fixed but arbitrary,

B, (')t) = M(Na (1) 7t)'

This equality is obviously true whenever
0t <o <t £T,
B; € BIR], 1 <i<p,
F={feD[0,T): ev, (f) € By, ... ,ev;, (f) € B},

{917 7gq}gL2[0)T]7
BjeB[R], 1<j<q,

G= {g € Ly [0,T7]: (g:gl)Lz[o,T] €bBy, ..., (g’gq)Lg[o,T] € J§q} :
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As such sets generate the correspondihg o-algebras, the equality is true in general.
But then

PweQ : M(Ny(w,-),)€F, Ny(w,-) €G)
/CJPNa(dg)P(MoNaeFINa=g)

/GPNa (dg)E[IF (MONa) | N, =g]
= /G Py, (dg) Ir (M (9)) .

g.e.d.

Corollary 17

dPy, dPy.
B, | S | e = o] = 472 (1 5).

5.3 EXISTENCE AND FORM OF THE LIKELIHOOD

The objective of the calculus undertaken so far is reached in Theorem 2. In few
words, the content of this theorem is:

a. The absolute continuity of the probability law of the signal-plus-noise with
respect to the probability law of the noise holds under minimal assumptions.

b. When, with respect to the probability law of the noise, the norm of the trans-
mitted signal in the reproducing kernel Hilbert space of the noise is finite, the
mutual absolute continuity holds. Then the likelihood ratio exists and is ex-
pressed in explicit form.
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Theorem 2

Fiz o = % and write B for By, N for N, and Y for Y,. Other notation is as
already encountered. Assume then that

N(w,t)=/OTF(t,m)B(w,dz)

where

L assumptions A0 and Al are valid for B with §, = B2 = (3,

II. F' is a non-anticipative (F (t,x) = 0, for > t), measurable function, defined
on [0,T] x [0, T, whose equivalence classes generate Ly [6],

III. S (w,-) € H(N), almost surely, with respect to P.

The following statements are then valid.

a. Psyn is absolutely continuous with respect to Py.

b.

ipe () =RoM(f) ()

where, for f € Lo[0,T), M is the process

o0

M(f,t)=) )\—L<UI[°’t]’ €k) 1,011 €k Lofo,1y- |
Py

=1

c. With respect to Py, and for f € D[0,T], A has the representation
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» T
m(R(H)] = [ s(fa) e (f,do)
1 T
i/ s*(f,z) B (dz)
T

1 .
-5 )} 5 (a) BY (f,d0) ©

with BY , a Poisson martingale, independent of BY | and s, the predictable process
resulting from the RKHS condition of assumption III

d. With respect to Pp, A can be approzimated by the sequence Ic, ®,, where C, =
{feD[0,T]: T.(f) =T}, Ty is the stopping time of Proposition 11, and ®,,
is given by the following expression, which must be interpreted as that of (c)

n[®, (f)] = /(,Tgn (f, ) ev™ (f, dw)

1 T
_Z 0 gi(f’w)ﬁ(dw)

| _% /OTgn(f,m)B;’fB.

e. If it can be assumed that

Py (feD[O,T]: /OT32(M(f,.),m)ﬁ(dm) <oo) =1,

then Ps.n and Py are mutually absolutely continuous, and mutatis mutandis,
the likelihood formula of (c) holds with respect to Pp = Pyopy-1. A sufficient
condition for that, in terms of S, is

5 [exp {515 ¢, M }] < o0

Proof: In order to prove (a) and (b) it is enough to note the following. Assumption
II1, in conjunction with [12, Thm 3, Step 3, p.170] means that, for some appropriate
37

P(wGQ: /0T52(w,w),6(dw)<oo) —1,
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The Corollary to Proposition 7 then yields that Py is absolutely continuous with
respect to Pp, and then, from Proposition 15, it follows that Y has a stochastic integral
representation. The specific form of the likelihood follows then from Proposition 12.

Now, as mutatis mutandis [12, Thm 1, p.163]

N=PoBand S+ N=3%oY

for any Borel set A of Ly [0,7],

P5+N(A) = Py (@—1(1‘1)) |

P
= fom A @) 55 () B (&)

4P

= /QIA(ﬂ(w))d—PZ(E(W))P(dw)
AP

= B |G- o] petan.

But, because (Proposition 18) the law of B given N is a regular conditional proba-
bility, with mass concentrated at M,

dPy

dPy ol é& _dPy
B [E N = f} = /D[O,T] iPp (9) Ppin=y (dg) = iPs (M (f))-

Point (c) was derived in Theorem 1 but it is relevant here. Also, the convergence

result in point (d) was proven in Proposition 12. Finally, (e) is arrived at by the
direct application of the corollary of Proposition 11. g.e.d.

6.0 CONCLUDING DISCUSSION

A summary description of the results as well as the relevance of the proposed sig-
nal and noise models to sonar techniques are presented in this section. It is also
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noted that there are similarities between the underwater acoustic channel and the
mobile communication channel, which may enable these results to be applied in that
environment, as well.

6.1 CONTEXT OF APPLICABILITY

The detection problem of interest was formulated in the Introduction by means of the
hypotheses test given by relation (1). Fig. 1.1 gives a general picture of the approach
to the problem. In fact, when the detector is chosen to be based on a likelihood
ratio, in order to obtain a rigorous solution the following four operations have to be
successfully accomplished.

A. Establish the existence of the likelihood ratio. Technically this means that the
absolute continuity of Psyy with respect to Py has to be proved.

B. Derive explicitly the likelihood ratio, when it exists, as a functional A, com-
putable for each received signal and without knowing which of the Pgs,y or Py
regimes are applicable.

C. Determine the threshold Ag required for decision (see fig. 1.1), when the func-
tional A is available. A Ag is associated with every predefined probability of
false alarm 4 and can be obtained from the equation

0 =Py (f € Ly[0,T] : A(f) > Ao) . (4)
Also, for every Ag the probability of detection 1 —n is obtained from the relation

1= Psyn (f € Lo[0,T] : A(f) < Ao). (5)

The quality of detection is quaﬁtiﬁed then by the receiver operating charac-
teristic obtained by plotting the probabilities of detection 1 = 7 versus the
probabilities of false alarm 4.

D. Find a discretisation for which the likelihood ratio satisfies (4) and (5). Assum-
ing that the received signal is observed in discrete form, for example f(t1), f(£2), - . . £ (ts),
it has to be checked that approximations A, of A provide

Pu (F € Lal0, 71 : A (F(0), F(82), -, F(tn)) > AP) w6
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and

Poyn (f € Lo[0,T] 2 An (f(82), f(B2), -, F(tn)) > AG) = 1 =17

where A((J") is the value of the threshold obtained when A is replaced by its
approximation A, in relation (4).

While the results of points (C) and (D) in the previous description may be strongly
dependent on the particular features of the detection problem, the answers to the
points (A) and (B) require a theoretical approach only. The objective of this report
was to provide the mathematical tools in order to be able to fulfill operations (A)
and (B). In this context, Theorem 2 says that when the noise is modeled as the
superposition of filtered Gaussian and Poisson components, then

a. P,y is absolutely continuous with respect to Py if the signal’s finite energy
condition

P(weﬂifg%mMMMO<m):l (6)

holds, where B(t) is the variance of the noise °.

b. The functional A having the required properties from (B) above is obtained by
means of the relations (2) and (3) if, in addition, Py is absolutely continuous
with respect to Psyy. A sufficient condition for that is

Py (f € D[0,T] :/OT s2(M(f,), )6 (dz) < oo) =1

where M is the inversion process defined in section 5.1 2°. This condition is
satisfied if

19Tn most practical situations (6) reduces to

T
P(weﬂ:/ sz(w,m)dm<oo) =1
0

20Which can be thought of as a whitening filter.
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Condition (6) is generally satisfied for the common types of signals met in practice.
The main steps of the algorithm to perform for the computation of the functional A
are described below. Note that this algorithm requires knowledge of

a. the span of time T available for observation, i.e. the number of discrete samples;
b. the unfiltered noise variance g : [0,T] — IR4;

c. the causal filter F': [0,T] x [0,T] — IR;

d. the signal s : 2 x [0,T] — IR. %

The received signal is assumed to be a continuous waveform f(¢) such that
T
/ f(z)dz < 0.
0
The algorithm consists of the following steps:
Step 1. Compute the noise covariance

Cn(t, 1) = /OtAT F(t,z)F(r,z)8(dz).

Step 2. Compute the eigenvalues \;, 1 < m, and the orthonormal eigenvectors e;, 1 <

m, (m can be finite or infinite) of the covariance operator associated with
C N(t, T ) .

Step 3. Approximate the inversion process M(f,t) by

My(f,t) = i MO(f,1)
i=1

21Tn some applications the general parameters given by the type of modulation are known and the
specific information may be estimated in parallel with the detection.
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where n < m,

. 1
]V[(z) (f: t) = /\_<UI[0,t]: ez’)Lz[o,l] (f, ez’)Lz[O,l]

%

and

IAT
Uljoy(r) = /0 F(r,z)dz.

Step 4. Check that
T
E [exp{% /0 52(.,x)ﬁ(dzp)}]

Step 5. If the answer at the previous step is positive then compute the functional A
giving the likelihood ratio for the unfiltered processes

is finite.

3] = el [ st (s

1T,
~ 4 & (0 B(da)

T
8

1
vl (f,z) (B2 (f, dz) —,B(da;))}

Numerical implementation of this algorithm has to be performed in conjunction
with solutions for the operations (C) and (D).

6.2 CONNECTION BETWEEN THE THEORY OF LIKE-
LIHOOD RATIO DETECTION ON FILTERED GAUS-
SIAN PLUS POISSON NOISE AND APPLICATIONS
FROM SONAR

The present model was developed as an approach to the requirements met in active
sonar. The active sonar is a bistatic system: the source and the receiver are located
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at separate points®?(see fig. 6.1). Basically, active sonar works as follows: the source

injects an acoustic signal into the underwater channel with the objective of detecting
the existence of a target by observing the signal at the receiver. Independent of the
target’s presence, the injected signal is distorted by the underwater channel. This
consists of surface, bottom and volume scatterers. The velocities of the surface and
volume scatterers are assumed to be random variables, as are the amplitude of their

returns. The distribution of volume scatterers is assumed to be inhomogeneous. .

Volume scattering is produced by thermal layers, biological sources and suspended
particles. As a result of these scatterers, the channel produces spreading in time,

frequency and angle. The Doppler effect is present because of the relative motions .

among the source, the target and the medium [32]. The large values of the time delay
spread give rise to a frequency selective fading channel. In addition to the fading,
the signal is distorted by the echoes due to returns from surface, volume and bottom
scatterers. These form an additional component of the noise, called reverberation
noise. In fig. 6.1 the fading effect, the reverberation and the background noise at
the receiver are represented. The transmitted pulse is spread by the channel and
may undergo other changes as a result of the interaction with a contact, an object
which represents in fact the potential target to be detected. The reverberation and
the fading are coexisting phenomena.

The active sonar system is said to be a reverberation limited environment because
the reverberation component dominates the background noise. Since the background

noise exists equally in the presence or absence of the target, the detection model does
not consider if.

As a consequence of the random fluctuations in the submarine environment de-
scribed above, the signal observed at the receiver may be modeled as an oscillation
process defined as

§(t) = Xk: ekt . (7)

where <, are random variables. Hence, this is the superposition of oscillations with
frequency 3%. The parameters of the transmitted signal may be components of ~, and

%2In a monostatic system, as is the case for passive sonar, the transmitter and the receiver share
the same sensors.
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Figure 6.1: Active sonar diagram: reverberation limited environment when reverber-
ation noise surpasses the bottom noise.

WUp .

For underwater propagation of the acoustic wave the scatterers are not homoge-
neous, rather they are close enough together to interact [33]. This fact, associated
with the reverberation aspect, leads to the assumption that in relation (7) giving the
oscillation process, the random variables (i), are correlated, i.e.

E(;) = 9kj < 00.

Then £(t) is not a stationary process and cannot be studied by means of the linear
theory of random processes, as Fourier transforms of an orthogonal stochastic measure
[34]. &(t) is then a particular case of an harmonizable process [35](36]. As a second
order process, the signal observed at the receiver and modeled by means of the oscil-
lation process &£(t) can be represented by means of the Cramér-Hida decomposition
(10]. That means that it can be seen as a superposition of stochastic integrals with
respect to stochastic processes with orthogonal increments By(t),1 < k < K 23 in the

23K is called the Cramér-Hida multiplicity of £(t)
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form given by

K
§t) =Y [ Fi(t,)dBu(a) ®)
k=1

where [(t,s) are applications satisfying the same type of conditions as F(t,s) in
Theorem 2.

A particular class of stochastic processes with orthogonal increments is the set
of processes with independent increments. It6 [37] proved that the processes with

independent increments are generated essentially by the sum of Gaussian and Poisson

processes. Hence, if we assume K = 1 is the multiplicity of the oscillation process
&(t) then £(t) may be represented in the form

60 = [ F(t,2)dB() | ()

where the right side of the previous relation is exactly the process N(t) considered in
this report. This is a kind of non-message bearing or “non-intelligent” noise.

If a target is present on the channel then one of the fluctuations modeled by the
oscillation process has a particular behaviour. It is smoother than the other oscilla-
tions: it has an “intelligent” [38] character. Then the signal observed at the receiver
has one component outstanding in the oscillation process model. This component is
modeled by a stochastic process s(t) which includes the information carried by the
target, in the form ‘

£0) = [ F(t,2)[s(2)8(de) + dB(@)] (10)

The same factor F(t,z) multiplies both the noise and the “signal” s(t) as a conse-
quence of the fact that the injected signal is their common root.

Hence, the detection problem consists of determining for a given observed signal
at the receiver which one of the relation (9) or (10) applies. As emphasized in the
Introduction, the Neyman-Pearson criterion is suitable for sonar detection because
of its optimality (the probability of detection is maximized for a fixed probability:of
false alarm). Hence, the likelihood approach proposed in this report is relevant for
underwater detection problems.
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Now £(t) can replace X (t) in the hypotheses test (1) in the Introduction and the
theory presented here can be used to derive an appropriate detector.

The channel modeling used for sonar applications does not differ in essence from
that used in mobile communications [39] because whenever a narrowband signal is
received from a scattering medium a fading phenomenon occurs. In addition to
the distortion produced by fading, signals on a wireless channel may be affected by -
interference, a phenomenon for which the uncorrelation assumption is not appropriate.
This situation can be modelled, as for the case of the reverberation phenomenon, by
the model proposed here.

6.3 MAIN CONTRIBUTIONS

As the title emphasizes, this document is a theoretical development of likelihood
ratio detection. From mathematical point of view the new part consists of tailoring
stochastic calculus for second order processes as they arise from the Cramér-Hida
decomposition, when a jump process component is present. Continuing the ideas of
[12],[8],[13],{7], instead of working on an abstract underlying probability space the
problem here is modeled directly on the space of simple paths. This aspect brings
valuable results but at the same time involves restrictions which were avoided with
the expense of a significant amount of technicalities.

The main result of the calculus developed here is the derivation of explicit formulae
for the likelihood ratios for filtered signals and noise, expressed by relations (2) and
(3) in Theorem 2. The usefulness of this is as follows:

a. The effect of the communication channel is modeled by the Cramér-Hida frame-
work, as a causal transformation corresponding to the time variant systems
arising in real applications.

b. The new feature of the model is the impulsive noise component, represented by
a filtered Poisson process. This fits some types of “non-intelligent” noise [38]
arising in communication systems as interference which is incoherent relative to
the transmitted signal.

¢. The “noise” may not be statistically independent from the transmitted signal.
Thus the model can be used to describe phenomena such as reverberation or
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interference.

d. The mathematical derivation leads to a likelihood ratio formula with no depen-
dence on the noise paths. The detector based on %}\}ﬁ is a functional on the
received path only. This point is crucial for the applicability of the theory.

Some auxiliary results obtained here also deserve attention:

- a. The inversion process M, defined in section 5.1, enables the effect of the channel

to be removed, in a statistical sense. Its original construction comes from [12].

b. When the likelihood ratio does not exist, an approximation is provided in The-
orem 2 d.

c. Proposition 14 and 15 may be applied for an inverse problem: when the likeli-
hood ratio is known, they yield a method for extracting the transmitted signal
from noise.

d. The likelihood ratio computation may serve to solve further estimation problems
by Bayesian or maximum likelihood methods, as described in [40].
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