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1. The Problem

As man-made structures have been made larger and more flexible, it has
become imperative that the effects of the wind, both as a static and fluctuat-

ing force, be incorporated in structural and economic designs. In addition,

~in response to increasing concern for the quality of the environment, the need

to understand the wind-driven diffusion mechanism distributing air-borne
pdllutants through the atmospheric environment has increased. An important
difficulty lies in incorporating the wealth of information abeut the statistical
structure of the Qind, particularly near the ground into applications in a
manner that is at once practicél and realistic as it conveys important aspects

of the metecorological dynamics of the problem.

0f course, not all requirements for simulating the statistical structure
of the wind field can be met by developing a particular model. For example,.
the methods ﬁséd to simulate the dynamics of turbulence (Kraichnam, 1965;
Herying, 1966; Deardorff, 1972a); while useful in testing the consequences
of the approximations characterizing each model, are either not theoretically
compatible with the inhcmogeneous struéture of turbulence in the atmospheric

boundary layer or else are impractical to implement,

The method found most suitable by engineers for simulating turbulence is

the so-called spectral filtering, or forcing, technique pioneered by Liepmann

{1954) . The spectral filtering model essentially characterizes the response

of an aircraft or étructure, or any process driven by turbulence, as a signal .
derived by filtering a sequence of pulses uncorrelated sequentially whose
amplitudes are derived probabilistically from a Gaussian distribution. The
desi;able property of the latter process is the constant spectrum, which, from
optics, is referred to as a white spectrum. Because of the wide variety of
applications (Houbolt, 1973), the method remains a useful technique. Its

success to a considerable degree is attributable to its simplicity.
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The iinear spectral representation of turbulence has provided a useful
interface between the meteorologist and the engineer. Consequently, its
‘properties, successes and failures are well known to both. The interest of
the meteorologist has been generally centered on providing the best possiblé
estimates about the structure of the wind field, both as they relate to the
vertical distribution of the averaged wind and to the spectral distribution of

the fluctuating wind.

Models to simulate turbulence which require the specification of the mean
wind with height and thermal stratification vary in their sophistication and
reliance on the principles of boundary layer similarity. As a result, the
description of the vertical profile of. wind haé tended to be a potpourri of-
empirical relationships and approximations. Because the numerous parameters
which characterize turbulence in the atmospheric boundary layer have often not
been measured simultaneously, the applicability of some empirical results is

unknown,

Accordingly, there is a need to consolidate aspects of the vertical
structure of the wind, in order to have them consistent with known similarity
properties of the flow, and co be able to incorporate further results as they

become available.

Another crucial feature of simulation models of turbulence near the ground
is the approximation used for the spectral distribution of the variance in the .
fluctuating components of the wind, particularly, in the range of scales of
size equal to or less than the distance, z, from -the ground., Simulation models
which lead to modeled realizations of the turbulence have required the so-called
Dryden spectral form, which for sufficiently small scales varies as k"z, where
k is the wave number. This spectrdl form has no basis in theory or observa-
tions and has been chosen primarily for its analyticallproperties. Other
applications not requiring modeled realizéfions have been based on the von Karmén
spectral form which tends to k‘5/3, for kz >> 1, in accordance with the well-
known properties of the Kolmogorov inertial subrange. However, the von Kirmin
Spectrum requires the specification of a length with which to characterize the
bandwidth of the spectrum, but this length parameter bears no known dynamical
relationship to the structural properties of the turbulence in the atmospheric

boundary layer. It remains to determine alternative spectral forms which are
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dynamically consistent with, say, the vertical profile of wind and dissipation

determined by similarity arguments.,

It is also well known that the concept of a linear representation of
turbulence in terms of a Caussian, white noilse process is inconsistent with the
observed non-Gaussian and non—linear-structure of the turbulence. In particular,
linear Gaussian models are inadequate for the simulation of the large gust
structure. An extension of the representation of turbulence is considered a
companion paper (Kerman, 1977) which systematically incorporétes some basic
properties of the non-linear and non-Gaussian probabilistic structure of the

turbulence. The mathematical formulation of this extension is most conveniently

‘based on a functional series expansion.in terms of the simple and convenient

Gaussian, white noise process ~- the same as is used in linear modeling.

The method of functional representation will be shown to lead naturally to
a concept of a discrete gust form. As such, the method of the representation
is superior to other discrete gust models vhere mathematically convenient, ad hoc -~
forms are specified. Because the discreie gust form is here a derived property
of the process, a consistent formulation for the statistical structure of the
turbulence in the boundary layer allows for a systematic analysis of this

discrete gust form for various meteorological effects.

In summary,.it is the purpose of this study to consolidate the simulation
modeling of turbulence in the boundary layer in terms of boundary layer similarity
principles and empirical results. It is also the intention of this work to |
identify some properties of the discrete gust form structure of the modeled

turbulence.



2. Structure of the Atmosphéric Boundary Layer

For a steady, horizontally homogeneous mean flow in the boundary layer,
sufficiently near the ground, the vertical variation of the turbulence fluxes

is negligible (Blackadar and Tennekes, 1968); in pgrticular

T(2) /o, = - W = v, | | (1)
and

I{(z)/pocP =wd = ~u, T | : | ‘n(z)

are independent of height. In (1) and (2), 'r/po and H(z)/pocp are the specific -
momentum and heat fluxes respeﬁtively; R is the density of the air and Cp the
specific heat at constant pressure. Equations (1) and (2) also serve as
definitions for the characteristic velocity; ﬁ*, and temperature T,. According to
the hypothesis of Monin and Oboukhov (3195%4) the structure of the mean wind. shear .
and temperature gradient (sufficiently near the ground so that inertial effects
due to the earth's rotation are unimportant) can be derived on the basis of

dimensional arguments. That is, the mean shear and temperature gradient are’

given by
3y _ x | | | ,
fgg - EE.¢m(Z/L> , . )
and
— T - : ‘ ‘
22 -2y (2/1) (4)

where L, the Monin--Oboukhov length, is

u, 2T :
* .

& K T;‘r
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In (3) to (5), U is the mean wind speed, 6 the mean potential temperature,
T0 the depth averaged boundary temperature, K_(a similarity parameter) is von K@rmdn's
constant, and ¢ and ¢} are the similarity functions for the shear and the
m 1

temperature gradient., Tt is convenient in what follows to define z/L by
r = z/L - , : : _ (6)

In fact, the Monin-Oboukhov hypothesis states that all statistics of the
turbulence sufficiently near the ground, in thermally étratified'steady,
horizontally homogeneous flows, become functions of r only, if velocities are
scaled with ug, temperatures by T,

and lengths by kz. Accordingly the moments
' Lt .
M;, of the probabilistic density function of the i ' turbulence velocity com-

ponents dre also functions of r,

ol = MTi‘(l;) . , . D

The spectral distribution, ¢,,, of variance or covariance over the range of wave
1]

numbers, «, for which there is any shear or buoyantly induced turbulence, becomes,

. under the appropriate scaling,-

k.,
— 1] = : -
SiSj Gij(f,é) . (8)

In (8), Si represents the appropriate scaling variable, u, or T,, and f, where

f=xz k , . R (9

represents a normalized wave number. The use of subscripts 1 through 3 assumés
the standard meteorological usage (Lumley and Panofsky, 1964) and a subscript 6

refers to temperature.

.
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For scales, f >> 1, such that the turbulence becomes asymptotically
independent of the details of the mechanisms generating the turbulence (Tennekes
and Lumley, 1972, Chapter 8), the spectra, Gij are similar, in the sense of

dimensional analysis, under the hypotheses of Kolmogorov (1941), so that
Y = ~2/3 ' '
G () = o 0, (1) & (10)
Specifically, for a sufficiently large Reynolds number, defined by

Ry = xz u,/v : (11)

-where v is the kinematic viscosity,

b =0 =¢ =023 | | (1.2)
11 22 33 € : : _

and

il

boo = 4. (©) 4.71/3(@) ,‘ - (13)

The functions ¢ and ¢€ represent the similarity functions under Monin-

" Oboukhov scaling, for the dissipation rates of kinetic energy, e, and temperature

variance, - x, and are defined by

¢€(C) K-zr:/u_k3 ‘ ' : : | - (18)

and

¢X(C) KZX/U:‘:T*Z . o - : ) . - (15)



A considerable effort has been made by many investigators to identify the
similarity structure, both of the low order moments of turbulence near the
ground, under thermally stratified conditions, and of the spectral and co-spectral
forms. An excelleﬁt summary and review is provided by several authors in a mono-
graph edited by Haugen (1973), and will not be duplicated here. A summary of '
. empirical forms for ¢m’ ¢h; ¢£, ¢X, and M;, as functions of L, are given in
Kerman (1975, Appendix A), as well as empirical spectra and co-spectra, Gij’ as

functions of ¢ and f,

In order to utilize the similarity relationships of Monin and Oboukhov, it
is necessary to estimate the factors ﬁ* and T, by an independent method. TFor a
steady, horizontally homogeneous boundary layer, Kazanski and Monin (1961)

derived the so-called resistance laws

In(6/fz ) = B+ In (6/uy) + (k2 62/u2 - a)1/2 : (16)
and
| |
ing =42 : |
51§ o = e | , a7

In (16) and (17), G is the geostrophic wind modulus and f is the Coriqlisrpara»
meter (= 29 sin ¢ where @ is the earth's angular velocity and Y is latitude),

o Is the angle between the direction of the surface stresé and the geostrophic
velocity, and z is the surface roughnessf The functions, 4 and B, are similarity
functions, which for diabapic conditions are Hypothesized to be'universal'in the

stability parameter, u, given by
" u = h/L S B I - (18)
where h is the so-called LFkman height

h =« u*/f ‘ (19)
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characteristic of the depth of the boundary layer under neutral stratification.
An analopgous development by Zilitinkevich and Chalikov (1968) for the transfer

of heat across a turbulent boundary layer is given by
=Pl - (20
AG/T* 1OLln(u*/f ZO) _C(u)] (20)

where A0 is defined as the potential temperature difference between the surface
and the level where the flow is geostrophic, Po is the turbulent Prandtl number
(= 0.7) under near-neutral conditions and C is a universal function of pw. From
embirical formulations for A(u), B(p) and C(u), Arya, 1972), it is possible to
" construct algorithms for Fhe momentum drag coefficient, u*/G»and the fthermal
drag' coefficient, T*/AO, as functioné of the dimensionless parameters, Ro and

Sg,-given by

Ro = G/fz0 : (21
and
Sg = g/TO(AO/Gf) B . | (22)
Accordingly, u, and T, can be deri§ed immediately given the external, con-
trolling variables of. the problem -- G, s and A6. Refinements to resistance

law formulations to include the actual boundary layer depth are discussed by

Zilintinkevich (1975).

It is emphasized here that since the basic meteorologicai dynamics, as con-
veyed by the similarity theories, are. self-consistent with the empirical rep-
resentations (such as given in Kerman, 1975), it 1s pelntless to introduce
additional variables through ad hoc models of the spectra. . That is, in models
such as von Kérmans's (Teunnissen, 1970, p. 40) the scaling lengths there are
not linked dynamically to similarity theories. In fact, it is often observed
that a form other than the von Kdrmdn spectral form, may be appropriate for
representing the large scale structure of the spectrum. TFor these reasons,

only spectra based on direct observations are considered in the models developed

. here.

Feh s O AR A S Ty b



3. Formulation of the Simulation Model

In order to extend the methods of simulating turbulence to processes with
rather general spectral and non-Caussian characteristics, it is necessary to
develop a suitable mathematical structure and explore some of its properties.

We now outline a particular functional representation for turbulence that allows

for a systematic development based on a Gaussian process,
a) A Tunctional Representation of Turbulence

Volterra (1930) showed that a continuous functional (transformapion) could
be uniquely approximated by a polynomial series of functionals given by

@

K)(tse ) £t Yde + J J
1 1 1 w

00 —

y(t) = k° + J

w

K?(tst ,t ) £(t ) £(t )dt . dt
12 1 2. 1 2 (23)

, +.J J J .K3(t;t',t ,t ) E(r ) E(t ) £(t )
| e ) 1727 3 1 2 3

[s¢] -—00

dt dt dt + ...
1 2 3

(A1l integrals hereafter will have a range (-», ») unless otherwise specified).
. i : . .

The functions, K”, are referred to as the kernals of the representation. A

physically realizable situation, in which the transformation of any signal can

act only on the past of an input, requires that
g ' | _ . | _
K7(tst ,t ,...t.) (e, > t) . (24)
1 2 1 i . T
“For a horizontally homogeneous turbulent flow whose statistics are advected
according to Taylor's hypothesis, the turbulent process is also temporally

invariant, or stationary, so that

Kl(t;t oL et ) = Kl(t—t yt=t ..., 0=t ) (25)
12 i ] 2 i
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In-addition to determining the transformation of the input to the output
functions, the kernels also determine the statistics of the output from those:

of the input. A simple, linear, temporally invariant system is represented by

il

; _
y(t) = | K} (t-1) g(x) dv .. S (26)

J

For convenience,. . we take the input to have zero mean (g‘~ 0).

Formation of statistical averages of the input and output leads to

1
it

R (1)

t t+7)
Y( ) y(t+r) vy

JJ KI(T ) R_ (141 +1 ) dr dTt , (27)
,1g51212__

and

Il
—
=
~
=)
~

|

= J K! (1 ) R (r—l ) dr , (28)

RORIG] 1

In (27), the output variaunce, Ry’; is represented as a transformation of the input

_variance, R The utility of using a white-noise input process, dL[LﬂLd by

EE'

REE(T) = §(1) ' ’ (29)

(6 is. the Dirac delta function) is shown by substituting (29) in (27) and (28)

to form

R (1)
yy

il

J Kl(rl) Kl(r—Tl) dTl . v ' _ | -(30)

K | (31)

=

—~
-

R
1]

yE
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The kernel, K!, is therefore derivable by cross-correlating the input and
output, and the kernels for the functional transformation of the white noise

process share variance properties with the output.

Tt is dimportant to note that while the above technique of determining the
kernel of a linear system is used in mahy fields of engineering, here the
supposition that both the input pulse and output response are available for
correlation is not valid. The input forcing mechanism, as represented by the
functional transformation (23), is internal to the fluid and not measurable.
This makes the problem of determining the kernels in practice more complicated

than the usual situation where both input and output are available simultaneously.

The significance of (30) is better seen in a spectral representation.

Consider a Fourier transform defined by
£Qt) = ]?EJ F(w)e ™" du _ (32)
applied to (26). The result is given by

y(@) = K W) £w) o - (33)

which for the white-noise property

!
=

(34)

|£]2
becomes

ly]?

Ii&l!Z ' : ' (35)

Thus the spectrum of the kernel is equal to that of the output for a linear
System. Equation 35 forms the basis for many of the applications of the linear
simulation of turbulence. A major question remaining, then, is how to determine
K1, given that its spectrum is that of the turbulence. A recent computational
development is explored later to determine K! for a relatively genefdl class of

spectra.
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An important consideration in developing a simulation model is the ease of
application. Parente (1970) has outlined the method of treating interacting
systems. In most applications of turbulence models, the simulated turbulence is
used in turn to stimulate a system repreéenting a structure or perhaps another
geophysical process. By the algebra of functionals‘(Parente), the final response
statistics are derivable from those of the turbulence without recourse to actually
generating simulaﬁed realizations. Of course, such a consideration is basic to
linear filtering, but it is useful to note that its application is also valid
with non-linear simulations such as discussed in the companion paper (Kerman,

1977).

As shown by Barrett (1963), the functional expansion of (23) can be made
more efficient by an orthogonalization of the basis, or input process, £{t).
The question is what process to use for maximum efficiency. To this end, it is

useful to consider the probabilistiec structure of boundary layer turbulence.
b)' Probabilistic Structure of Surface Turbulence

For many years (Batchelor, 1953) the one-point turbulent velocity probability
density function (p.d.f.) was observed to be indistinguishable from a Gaussian
ldistribution. Stewart (1951) was the first to establish the pronounced‘non?
Gaussian structure of turbulence with decreasing scale. Further investigations
of the moment distributions over scale (Frenkiel and Klebanoff, 1967) confirm the
converse of Stewart's work -- that there is a quasi-Gaussian structure at scales

commensurate with the energy containing sizes.

Arguments concerning Gaussian structare are not extendable to the joint

p.d.f. of two velocities at neighboring points because of the non-linear effects

~ (Batchelor, Chapter VIII) whichlead to an inertial transfer of energy across wave-~

numbers. Because non-linear interactions within the turbulence increase with
decreasing scale up to the viscous limit, a resulting increase of non-Gaussian
characteristics with decreasing scale is to be expected. The probability dis-

tribution of the dissipation rate

€ = 15v [QE)Z : (36)
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for isotropic turbulence (or equivalentiy local accelerations) is a convenient
measure of the non-linear (and non-Caussian) structure over a wide wavenumber
region of engineering concern. According to Kolmogorov (1962), Oboukhov (1962)
and Grant et al. (1962), the equilibrium structure implied in Kolmogorov's
oritginal similarity result required a refinecment to a more local, volume-
averaged dissipation rate, < ¢ >. It has been suggested (Gurvich and Yagldm,
1967) that < g > has a log-normal distribution. This prediction has been

" disputed by Tenneckes and Wyngaard (1972) and Cibson and Masiello (1971) on

the basis of experimental data taken at a very large Reynolds number. At present,
the only workable hypotheses on the probability structure appear to be empirical

(Tennekes and Wyngaard, 1972; Trenkiel and Kelbanoff, 1967).

Thérefore, it is reasonable to attempt a simulation of the energy containing
structufe of surface layer turbulence in terms of a quasi-Gaussian process. The
fact that the observed structure of the surface layer turbulent velocity field
is-neérly Gaussian (Kerman, 1975, Appendix A); as expected by the preceding dis-

cussion, is encouraging for modeling purposes.
c) Wiener-Hermite Functional Representation

The orthogonal functiunal polynomials based on input realizations, E(t),
drawn from a white, Gaussian, stationary process are (Barrett, 1963) the Hermite

polynomials given by

H (D) =1 - , (37)
o : : T
B (t 3€) = E(t) o 8
11 10 :
. H (6 ,t 3€) = (e ) ECt ) - 8Ct -t ) : ' o (39)
2517 2 1 2 1 2 ,

H (t .t ,t 38) = £(c ) E(c) E(t ) - £(r ) &(c -t )
31 2 3 1 2 3 1 2 3
(40)

-~ E(t ) &(t -t ) - &t ) &(t -t )
2 3 1 3 1 2

A LRV ST
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The Wiener-Hermite (hereafter referred to W-H) representation of a velocity

component, u(t), by a white, Gaussian, stationary process is given by

( _
u(t) = | K}(e-t ) H (L ) dr
: J
] o+ JJ K2 (- t ,t-t ) H (t t ) dt dt (41)
2 1 2 ‘
i + JJJ K3 (-t ,t—t ,b-t ) H (¢t ,t ,t ) dt dt dt + ...
27 3 31

2 2 1 2 3

where both input, £(t), and ouLput, u(t), are understood to have a mean of zero.

An Lqu1va]ent representation follows from a Fourier transformation (32) of (41)

u(w) = K (w) H (w) + J K2 (w ,w-w ) H (» ,w-w ) dw
‘ 1 , 1 17 201 1 1

(42)
IS
The orthogonality conditions for the Hermite-pclynomials given by
Ho(tl;g)'no(tz;g) =1 (43)
U (t ;&) H (t 58) = 86(t -t ) (44)
1 1 2 2 1 2
B (t ,t 36) H (t,t38) = 8(t -t ) 6(t -t )
2 1 2 2 3 04 1 3 2 4
(45)
' + 6(t -t ) §(t -t ) '
1 4 2 3
¢ or, their Fourier transformed equivalent,
H (o) H(w)=6(+w ) = _ (46)
1 1 1 2 1 2 ]
H(w ,0 ) H (w ,0 ) = 6w +tw ) 8w +u )
2 1 2 2 3 4 1 3 % 2 4
(47)

+ 6w tw ) S(w +uw )
1 4 2 3
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considerably reduce the complexity of cowpuling the output statistics. TFor
example,: by utilizing the orthogonality conditions, the expression for the

spectral density of the u-process, ¢u, defined by
u(w ) u(w ) = ¢ () 8w 4w ) (48)
1 2 g 1 2 : )

is given by

1

¢u(w) = Iﬁl(w)lz + =

[ | k2 (wl,wal)IZ dw1 + ... ' .(49>

Equation (49) expresses the decomposition of the spectrum of the process into

a sequence of positive definite contributions. The positive definiteness of the
W-H representation is a desirable feature of the method. Not every mément
expansion scheme (Ogura, 1963; Deardorff, 1972b) can guarantee such a property,
and in this respect these other methods contain basic inconsistencies. The
implicit assumption made in using the W~H representation as :a representation of
nearly Gaussian process is that the contributions to the spectrum will tend to
’vconcentrate the variance in the low order terms of (49). Because the Hermite
polynomials, and hence individual Hermite.functionals of the expansion (41) and

(42) are orthogonal, the truncation
K =0 i _>_ 1 - R (50)
is consisﬁent with the well-~known result for linear-white, Gaqssian_forcing o
ow = KWz . 6D
Successive moment‘expansions arising from (41) or (42) become pfogressively

more complicated. For example, the skewness (or bi-spectrum) -- truncated to

second order terms is given by
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x
~ ~ A* ~ A ~
ulw ) wlo ) u (w ) =4 Kl ) (K1) X2 (u.,0)
1 2 1 2 : 2 172

*

+ K ) K (wAw ) K (~w L0 tw )
1 1 2 1 1 2

Ja
«

+ K2 (- o0 4w ) Kl () K1 - (y 4w )
o1 1 2 1 1 2

- (52)

4
f ~ A A
J [K2(w -p,p) K2(w o ~p,p-w ) K2 (p,» +w -p)
1 1 2 1 1 2 .
%

+ K2 (w -p,p) K2(w +w -p,p~0 ) K2  (p,u 4w -p) J}dp + ...
2 1 2 2 1 2

[

+

=

Equation 52 indicates several other features of the W-H representation.
In general, a description of turbulence with an infinity of moments is equivalent
to a description with an infinity of kernels. Also higher moments representing

) . . . .
the non-Gaussian structure are characterized by interactions between the K, or

equivalently among a hierarchy of non-linearities. It is possible, at least iu

principle, to recover one set of statistics from another by solving the (infinite).

set of coupled integral equations.

Some simplification is obviously needed. The truncation of the W-H expansion
is yet another case in which the closure problem of turbulence must be faced.
Attempts to determine the kernels dynamically (Meecham and Siegel, 1964) have been
shown to be inappropriate (Orszag and Bissonnette, 1967). Attempts to produce
the equivalent of a stimulation technique (George, 1959; Dutton, 1970) and
correlate the input and output are not applicable. The method of Robinson
(1967a,b) based on Wiener's original work as a method of determining the kernels
Jof a linear (or equivalent 1inear).system, by predictive decomposition is
unvieldly and time consuming.. The next section outlines a method of solving

for k! for a generalized class of spectra which is compact and computationally

efficient.




17,

4, Spectral Tactorization

As a demonstration of the basic features of spectral factorization, con-
sider the first order linear system driven by white noise defined by the

differential equation

D 11y = g0 (53)

where y(t) is the response to the white noise £(t), and T characterizes the
response time. TFor convenience, let us scale the problem so that T = 1. This
equation is often employed (for example, Skelton, 1968) to describe aircraft

response to turbulence. The solution of (53) is given by
@ -t : S _
y(t) = J e ! g(t-t ) dt v : (54)
Jo . 1 1

w1 . . -t ,
The kernel, K, is given by e » for t > 0. The Fourier transform of (53)

is

A

y(iu-1) = ¢ . sy
or, from (335 '
Kl (w) = (iw-1)71 ) | I ¢ 191

The spectrum follows from (56) -

: —_—— *
*ZE o~ -
b ) =y y =x!K!

1l

(ip1) 71 (_—im+l);1 | .(575

(0w2+1) 7!

i e e = ey e e
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"The spectral factorization problem is the inverse problem. Given the
spectrum, ¢ , and the fact it was derived from a white, Gaussian stationary
pfocess, find ﬁl and K. In the above example the spectral factors, l+iw and
1-1w, are well-known and derivable analytically in several ways. In fact,
applications with this spectrum (often referred to as a Dryden spectrum) have
been made simply to utilize the known spectral factors and simple form of the
kernel (even though it is known that the turbulence spectrum varies as w"5/3.
Such an assumption is useful because the analytical determination of the factors

of other spectra, such as von Kdrmédn's spectrum, is analytically prohibitive.

The determination of K! from ¢y is not a unique process, as the problem is
stated above. There are an infinity of functions, y(t), which one could find

which would have the property

yy =kxlkl = 4y | (58)

~

It is necessary therefore to distinguish K! from any other y which has the same

spectrum,

The definining characteristics of K! and K! can be seen by considering a

simpler problem where the input is a single pulse,
g(t) = 8(t). ‘ -,v : - _ ‘ 7(55)
From (54) the output response is
Y(£5-='K1(t) | '(t >70) : ' o | : (60)

that is, the kernel function is the response for a single pulse, (Consequently,
K! is referred to, in what follows, as a kernel or a response function.) The
function, K (t), of (60) ié, from (54)
kM) = et t >0
(61)
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so that for a pulse (G(t)) at t = 0, the response is instantaneously at its
maximum after the impulse begins. This property is referred to as the minimum
phase or delay characteristic, because the modeled physical system respondé

with the minimum possible delay to a Qhange in the input. Physically, of course,
a finite delay would be required before the system achieved its maximum
response. It is noted that the modeled process (53) is free from frictional and

inertial effects which we would expect intuitively to delay the initial response.

The spectral factorization process using the minimum delay criterion WéS
also shown by Bode and Shannon (1950) to be equivalent to determining a function
with a given modulus (spectrum) wiﬁh zeroes confined to one half of the complex
plane. The general factorization problem was solved by Kolmogorov and is

discussed in detail by Doob (1953).

In what follows, the development is heuristic. Also, because the remaining
development and computations will necessarily be in discrete, tabulated form,
the formulation is given in an equivalent, discrete representation. That is,

-~

K (dropping the super-script 1 for cdnvenienqe) is redefined as
R : , : (62)

where kj is the kernel tabulated over the index t-and the summation limits

- reflect the condition that
k. =0  1i<0 o R '-(63)H‘

The phase characteristic, ¢{w), of the Fourier trahsform of the kernal, is
defined by '

t

K(w) = ¢1/2(0) V(@ o | (64)
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~

Consider a Fourier transformation of the logarithm of K, given by

iwt

In K L e

[}

o) (2] ) (65)
) Lt cos wt + 4 L Lt sin wt
t=1 t=1

l
p—
C

.

T
>

The one-sided nature of (65) results from the equivalence of the physical
realizability condition on K (63) and the lack of poles in the lower half plane
(complex) of frequency (Robinson, 1967a). The integration (65) is equivaleht'
to evaluating singularities in the upper half plane only. The Fourier trans-

form of In ¢1/2 is given by

o . .
1n ¢1/2 =a_ +2 T o coswt : (66)
0 t .
t=1
where the symmetric nature of the spectrum alters the range of summation.
Accordingly, the ccefficients, o, are derived from the inverse transform of

In ¢1/2,-

1 n : / _ .
1at = 5;—[ cos wt 1n ¢! 2(w)_dw , _ - (67)

-

From (67), by forming logarithms of both sides, we have

P < o)
In K(w) =L + I L coswt+ i I L sin ot
9 gy g=1 o - f
. ' (68)
=0 +2 L a cos wt+ ifp(w) |
o t
4 t=1
By equating coefficients in cos wt and sin wt we are led to
Lo = a : : ‘ (69)
L. = 2 for t > 0 - _ (70)
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The phase y(w) in (64) essentially selects a function K with no singularities

in the lower half plane. The particular phése relatiohship is given by

L sin wt

P (w) .
1 - | | D

!
™ 8

t

= 2
t

n o~ 8

a, sin wt
¢ w
1
Equation 71 is the essential result of spectral factorization. It states that
the phase characteristic that distinguishes the kernel from any other function
with ‘spectrum ¢ can be computed in terms of the spectrum itself. This result

is clear if we substitute (67) into (71) to produce
2 o " 1/2 '
P(w) = o I sin wt cos w £ 1In ¢4 (0 ) dw (72)

The class of spectra to which such an operation will apply depends on whether

the spectrum obeys the Paley-Wiener condition

(73)

This constraint is discussed in (Kerman, 1965, Appendix B) as it relates to

numerical approximations.
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5. Model of the Vertical Velocity

" The importance of the vertical velocity spectra, both in modeling the

response of aircraft to turbulence and in studying the vertical flux of
momentum and heat near the earth's surface, is indicated by the availability
of empirical estimates of its spectral form. Busch and Panofsky (1968) have

approximated the w spectra (normalized by u*2) by a form

Af

Y =
EG,0) W £o73

(74)

based on data drawn from several sites (f is defined in (9)). They note that }
at low wave numbers, f < 1, their empirical form is an improvement over that

suggested by Pasquill and Butler (1964),

A f
v

- 5
£ Gw(f) (14 £y573 (75)

Confirmation of the Busch~Panofsky form is supplied by Kaimal et al., (1972)
based on the Kansas data. However, the estimates for (Aw’Bw)’ for neutral
stability, vary between the estimates of Kaimal (1.0,1.5) and Busch and Panofsky
(1.5,2.7). The variation in these coefficients is indicative of the accuracy
that can be expected in estimating characteristics associated with spectra, such
as-variance,:length scale, dissipation, and response functions. -All empirical

spectra behave asymptotically as f'5/3, which is characteristic of the Kolmogorov

).

-region (1.<<,f <<_fKOL

Another spectral form

2/3 2/3
' (76)

_w e
£G,£) = T CRORIE

is convenient mathematically but does not have the usual front slope of +1
found by observations. The convenience of (76) lies in its form after a

transformation of variables

£' o £2/3 (77)
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Trom the invariance of energy with a change of variables

fG = £ G‘j] ' ' (78)

we are led to

f 1
TR 57

oo :
W

which is a form familiar in filtering problems and which has a well-defined

kernel for a linear response to white noise given by

KN(x') = exp - x‘/B& x' >0 o
(80)
=0 x'' <0
Because (77) is related to a transformation of the space variables
) x' a X2/3 o (81)'
the general form of the response function is éxﬁected to be
Ay = o 1/2 oo _iorp 1273 4 i | (82
‘h (%) Y, exp (x/Bw) | n(x/Bw) _ | . (82)

where ;he function H carries the effect of the linear Fourier transfqrmation
involved in factoring (79) to obtain (82). The coefficient‘yw'can be shown

to be

=
|

= A ¢ 2/3 B —2/3
w SN W .
(83)

L
-'31_[\\
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The response function of any empirical formulation for w spectra, to the
extent that it approximates (76), can be expected to vary according to (82).
Therefore, it is useful to examine the basic structure of response functions

in (82) for H = 1.
a) = Analytical Characteristics of Response Structure

The form of the approximate analytical kernel is shown in Figure 1, both
as a function of scale distance and of stability, where the parameter ¢ is
defined in (6). The variation of i 1//(5) and B (C) ig based on the cmp17lcal
rcldLLOHS drawn from the Kansas flcld experiment and is given in Figure 2.
" The general feature of the solution for K! is a4 monotonic decrease. of the
response with distance (inithe direction from which the turbulence is advected).
The kernel for separations less than 2(X < 1) decrease faster than exp (- %)
but decreases less rapidly than the reqponse of a Smele llncarly damped
syotum for X > 1. That is, the approximate analytical solution, exp(—x2/3),
indicates a decrecase in the response for small time lags (relative to E/u*),
or equivalently, indicates that the filter will give less weight to the more
immediéte past. On the other hand, the response for large largs will be greater

than that for the common first order linear model.

The effects of stratification on the kernel, also given in Figure 1 are
two--fold. First, the initial response (X = 0) varies with stability and is a
minimum in neutral conditions. Second, . the rate of decay of response decreases :
with decreasing stability. The mlnlmum initial 1L9ponqe4;s a reflert]on of _ ;
- the minimum in %2 at ¢ = 0. The rate of decrease of K! is determined by B .

For increasing 1nstab111ty (Figure 2), w increases as more energy is 1nLroduced
at larger f (Lumley and Panofsky, Chapter 5) and from (82), the response at a

given %X also increases.
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Another concept which can be demonstrated for the simple analytical
approximation is the memory of the system, Intuitively, memory may be con-
sidered as the integrated effect of past stimuli. For convenience, it is
desirable to compare the memory of the process representing turbulence with
that of a simple linear first order process with the same variance. Memory ié
defined tentatively as

o] o

. ' (

Mem = {| K!(y) dy} / {K1(0) | exp(- y)dy}

Jo ) 0 | (84)

1 .1 ’ '
KT 0y Ki(y) dy

0
It is noted that this definition is only useful if K} (0) # 0. For the kernel
(82), Mem = 1.33, which indicates a net increase in memory of about 0,33

relative to a simple first order process. For a slightly different version of

b

the memory concept, given by
" Mem(R) = l_m * s1 ) -
em (%) KT 00) K'(y) dy | _ - (85)
0 .
the memory as a function df distance or time from a stimulus is itself a function
of scale. From Figure 1, Mem(%X) < 1, for % > 1. Therefore the increased total
memory which isrgreater than unity [Hem(m) = 1.33), results from the large scale

structure of K!,
b) Kernels of Empirical Spectra

The spectral factorization procedure was applied numerically to some of the

empirical spectral representations of Busch and Panofsky, Kaimal et al., and

Pasquill and Butler as well as the spectrum in the previous section. The objective

was to determine the range of response estimates which could be expected from
variations in empirical representations of the w spectra. This variability
provides a realistic estimate of accuracy against which to contrast other
sources of variability, such as arise in the parameterization 6f the thermal

stability.
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"The kernel K! obtained by factorization of some of the empirical spectra
are given in Figure 3. Also shown are the results for K! arising from the
common spectral form used by Busch and Panofsky and Kaimal et al., but with
Aw and Bw altered for compatability with the variance and Kolmogorov range
structure. The final kernel plotted in Figure 3, and termed "model", cdrrespohds

to the spectral form f-1/3(1+Bw f)“/3)‘1, with coefficients chosen for com-

patability with the variance and inertial range structure.

The response function, as expected, is monotonic and similar to the basic
exp (- 22/3) form of the previous section. It is noted that estimates of K!
using the. Busch-Panofsky formulation differ Significantiy with increasing scale
from either cof the formulétions based on the Kansas data. The response baséd on
the Kansas data for % > 1 is not as large as the kernel derived from the Busch-
.PanofSky data. The variance compatible spectrum, based on the commou mathematical
form used by both Kaimal et al. and Busch and Panofsky, results in a response
structure markedly different from the Busch~Panofsky form alone. It is con-
cluded that the normalized variance characteristics of the data set drawn from

the Kansas experiment and that used by Busch and Panofsky differ significantly.

The underlying reasons for this disparity aré not clear, but may be
attributed to some degree to the larger roughmess characteristic of the Busch-
Panofsky data set, or perhaps a diffetence in similarity involving the average
structure of the large scale flows (Kerman, 1974b). Whatever the cause of the
disparity in the form of Kl, the results indicate that a significant‘difference
exists in the response representation at scales, % > 1, resulting from various
experiments.. From Figure 1, the estimated errors between the function forms
afe about equivalent to an error of‘i 0.25 in an estimate of ¢. The numerical
estimate of the kernel corresponding to the model spectrum underestimates the
small scale response and overestimates the large scale response."An,examination
of the different spectra factored to produce the Tesponse estimates (Figure 4)
.reyeals the close relationship that exists between the relative distributions of
-variance of the spectra and the relative response structures. For spectra with
additional variance at scales, f < 1, (for example, the analytical moedel spectrum)
the result is an increased response at scales, X > 1, and vice versé.

i
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c) Stratification LEffects on Kernels

71

Alternatively, the function, K', can he described by two of its characteristics

-- its initial response at % = 0, and its integral, or memory. The function
K1(0) and its memory is displayed in Figure 5 as a function of-g, for the
particular model described in Section b. The calculations in the spectral
factorization are performed with 128 points in the Fast Fourier Traﬁsform (FTFT)
algorithm. The response at % = 0 differs from that of Figure 2 because of the

" approximations made near fm (Kerman, 1975, Appendix B).

a
In Figure 5, the inifial response increases with IQI and the memory
increases monotonically with inecreasing instability. The response function
implied in Figure 5 is equivalent to-that shown in Figure 1. The response for
~a given % > 0 is less for stable stratification than for unstable stratification
and a minimum for neutral stability. The structure of the response function,
normalized by its iﬁitial value, also followsvfrom‘qualitative consideration of
the change in the spectra with stratification. : While the variance, 57-(which in .
(83) determines the initial responsé) increases in both stratifications, the |
spéctral bandwidth, Bw’ (which determines the decay rate of response) increases
monotonically with decreasing stability. -Accordingly, the excitement -of more

large-scale energy results in an increased response at scales ¥ > 1,

It follows from the scaling of the spectra that the response for an arbitrary
stability, scaled by its initial response, is only‘é.function of R/Bw. For a
constant flux layer in which the Monin-Oboukhov length, L, is also constant with
height, one may equate changes in ¢(= z/L) with changes in height. Thérefore,
for a given x, S{/Bw will decrease with height, both because %(= x/2) decreases
with height and because Bw~1 decreases with height (Figure 2). Accordingly, the
response will increase as a result of an increase in w? with height and a
decrease in R/Bh with height. Undeo stable conditions, Bw increases approxi-

. mately 1ineérly with height, as does ywl/z, so that from (82), for a given X,

)

Kl(2) ~ z exp(- z—”/3) - (86)
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Under stable conditions, Bw is approximately constant, while Yw1/2 again
varies linearly with height, so that for a given x,

Kl(z) ~ 2z exp(- 2_2/3) ' : (87)

For neutral conditions, both ywl/z and Bw are constants in height, and the

.. response function has a form
S KE(z) v oexp(- 2'2/3) ' ' : (88)

For large enough z, assuming kz/? is still nearly unity, the response, for a
given x, will vary linearly with height in stratified cases and approach a

constant in neutral cases,
d) Predictive Structure of the Model

In the development of control systems it is advantageous to be able to predict
the turbulentvelocity field at some future time, on the basis of past observatibns.
In»order to‘be able to apply some properties of linear stochastic processes to
the linear, Gaussian model of the vertical velocity component, it is necessary
to examine another property of response functidns. An inverse linear functional,

K™l is defined by
( _ X . .
J K(tl) KD (t-t ) dt = &(t) . o . (89)
1 1 '
A Fourier- transformation of (89) produces an equivalent definition

ﬁ(m) ﬁ—l(w) = 1 o | (90)

Accordingly, the inverse linear functional is derivable from the kernel, K, by
the method implied in (89) or (90). TFor a perfect system, without noise, the
inverse functional generates a white, Gaussian process, £, from a shaped spectral

process, w, in the manner

£(e) = J K71 (t) w(t-1) dt ' ‘ (91)
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Let us consider a prediction of w in terms of its filtered past. The filter
is determined so as to minimize the least squares error between the predlctlon
and verification (koblnson, 1967b). The linearly predicted value wp(L+a),

at a time o in the future is given by
wp(t+a) = J M(t;a) w(t-1) dt (92)

For a linear W-H representation of w (Robinson, 1967b), the prediction kernel,

M, is given in terms of K and K~! by the expression
f - ' ' .
M(tia) = J K(pta) K 1(r-p) dt (93)

From (89) or (90), Equation 93 can be considered as a relationship between

M and K.

The inverse filter X! computed from the kernel of the analytical spectral
model, under neutral, inviscid conditions, is given in Figure 6. The physical
effect of K™} is to filter a correlated time series to produce a white noise
process. In Figure 6, this decoupling of the time series is accomplished by
the alternate oscillating weights near ¥ = 0 in what amounts to a shredding
action. A measure of the effect of an inverse filter therefore lies in the
difference K'l(O) - K71(A%), where A% is the resolution for the white noise
process which will be generated. Theﬁlarger the difference, the more the
necessary shredding action to destroy the turbulent correlations. Accordingly,
for situations with different spectra] bandwidth in different thermal SLdblllLlGS

the oscillations in K™l pear & = O will increase for decrcased stability.

The results for the prediction kernel, M, are given in Figure 7 for several
values of aA%. The most distinctive featﬁre of the structre of M is the very
rapid decrease in predictive weighting even for % < 0.25. The implication iQ
that the best estimate (in the 1eést squares sense) of w at a distance aA% ahead
1s given effectively as a multiple of its present value. The error of a pre-

diction aA% units ahead is given by
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2

i

22 (aA%) V(X + ad®) - w)(z + ah®

(94)

i1

1 - [ M(rA%, ad%) @2 ((atr) A%) d(rAX)
J
Intuitively, the rate of growth of error L2, with distance into the future, is
a measure of the predictability of the turbulent process simulated by the linear

representation.

The error of prediction of the analytical model is given in Figure 8. The
deterjioration of the prediction at even short distances is apparent. TFor
example, at aA% = 0.5, £2(0.5) = 0.6, or £ = 0.8.. That is, at a distance of

about £/2, the root mean ?7uare error in estimating the vertical velocity will

be about 80 percent of w2 . For_cbﬁparison, a test was conducted on the

common first order linear process, with comparable bandwith.  The results are
shown also in Figure 8. A comparison of the mean square error %% of the turbulent
spectral model (f"5/3) and the common first order model (£f~2) indicates a

modest improvement in predictability at scales comparable to f. It is concluded -
on the basis of this comparison that modeled turbulence is the more predictable
process. This result is also in agreement with the previous discussion of the

memory of the simulated turbulence.
e) Empirical Formulae for Simulation.

In the discussion on analytical characteristics, the filter for simulation

purposes was represented in the form
KL =y V2 exp-(x/8 )23 ny , (95)

For the purpose of application of the model, it is convenient to summarize the =

forms Y, Bw and H.

The factor H(%) was computed from numerical results for K! for various
stabilities, r, using the following empirical formulae for Yy and Bw-
W

Y 12 = g.75 (1 + 0.75|z|) - : ' (96)

B = 0.7 (1+0.75 ¢ +3.0 ¢?) 97
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over the range - 1.5 < ¢ < 0.5. The results from H(X) for the extremes of the

stability range,.are shown in Figure 9. Apparently, H is only a weak function
. of the bandwidth, Bw, of the spectrum used. Accordingly, stability effects

are ignored in approximately H. The form chosen to represent I empirically

is given by
H(%).= 0.5 (1 + exp[- 2.5.22/3]) (98)

The specification‘(95) of the first order kernel of the linear, Gaussian
vertical velocity model is now complete. The application of these formulae
reQuires establishing estimates of u, and T, for a given height, roughness

and geostrophic wind speed to denormalize the tabulated functions. An example

using the resistance law formulations is given by Kerman (1974a).
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6. Implementation of Model

Standard computer sub-routines exist for the generation of randomly

ordered, Gaussian series. The difficulty with. using these random number

generators lies in their small but significant deviations from a Gaussian

Al LY

distribution for moments of order greater than 2. The white spectrum condition d

is improved iteratively by several random order shufflings of the input series.

The problem of non-Gaussianity was overcome by generating random values
from the cumulative probability density function of a Gaussian process. TFor
a Gaussian process with mean 0 and variance 1, the probability, p, that a

“sampled value, s, will be less than x,

p = Pr(s < x) . (99)

is given by

erf (x) - | © (100)

-
1

-The range of p is (0,1) for a domain of x (-«,2). Conversely, the Gaussian j

distributed variable x, which occurs with probability p is given by

X = erf_l(p) ’ 7 ) (101)

The generation of N values of x from (10l) was achieved for an equispaced
partition of the range of probability, p, into N .dincrements. . The limit of
accuracy of the routine for the inverse error function (Abramowitz and Stégun,
'1964) of 5 1075 for single precision computations limits the length of genera%ed
time series to about 2 10" points. Conversely, because the approximation to
Gaussian moments of order greater than Z_becomes increasingly dependent on

several rare large deviations, it is necessary to generate a minimum number

of points to achieve approximate Gaussianity in the higher moments. The
minimum then depends on the degree of accuracy desired in the moments of the
filtered series. The conditions on the length of the series are less stringent :

for linear simulations because of a lack of interaction among moments.
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Several methods are available for the evaluation of the transformation
y(t) = [ KL(v) £(c - 1) dt (102)

where K} is the filter and £ and y are the whité and filtered series res-
spectively. The direct evaluation of (102) by either a discrete analog or a
quadrature schcme results in an additional shaping of the input spectrum in
addition to phe filtering by IKIIZ. Therefore, it is advantageous to utilize

the Fourier transform equivalent of (102) given by
y(@) = Kl (w) £(w) | . o (103)

-The evaluation of Kl in (103) may be made in either of several ways. The
first method is the direct evaluation of ﬁl from K. However, this method was
found to be inexact in specifying the low frequency (wave number) spectral
content. This error in filtering the large scales arises from the recursion
involved in estimating the Laguerre coefficients (Kerman, Appendix B). A

second method which is more exact involves by-passing the redundant step of

“computing K! and its Fourier transform. The method of spectral factorization

results in an exact estimate of K! directly from the given input spectrum.

However, in order to accommodate the fast Fourier transFform techniques it is

necessary to interpolate the estimate of K!, or more correctly, its regularized

3

spectral equivalent to equal increments of w (or f). As a result of the specha]

factorization Kl is tabulated at equal increments of u where

w = tan u/2 ' | (104)

The procedure used to estimate Kl(w) was to interpolate the regularized spectral

factors for the u derived from the inverse of (104) and then to transform the:
w-space using the relationship (Rino, 1970)
o+l

K1 (w) = glw) [271/2 (14 exp(-iw)) ] (105)

P,
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where # is the so-called regularized spectral factér (Kerman, 1975, Appéndix B).
The interpolation scheme used to. interpolate § was a third-order spline function
routine. The success of this second method is guaranteed by the fact that the
regularized spectral density functions are smooth, slowly varying functions

of scale.

The combined error of spectral factorization to estimate § and its inter-
.polation to estimate K! was found by computations to be less than 1073 of the
modulus at a given scale. Therefore in estimating a spectrum the only discernible
disparity between an input spectrum of turbulence and its simulation lies in the
deviation of the white noise spectrum from unity or in its statistical variability.
This non-whiteness can be eliminated in spectral comparisons by normalization of
the output spectrum by the input specﬁrum. Figure 10 presents a comparison of
the empirical and simulated spéctra of vertical velocity for a total length of
simulation equivalent to about 103 integral séales. The empirical form chosen
for the spectrum of w was discussed earlier. It can be seen from Figure 10
that the Kolmogorov spectral form for f >> 1 has been faithfully reproduced.

It is concluded that within the extremes of statistical variability expected .
in a single finite length of record, the spectrum of the simulated turbulence
normalized by the sawple white gpectrum is identical to the prescribed empirical

spectrum.




7. In Conclusion

We have examined the method of simulating turbulence by filtering a white
noise process. The calculation of filters by digital spectral factorization of
empirical spectra of surface layer turbulence eliminates the need to use spectra

with known spectral factors.

A comparigon of several empirical formulations, for surface layer spectra

e e,

and the kernels derived from them, showed that the response Structure,
particularly for large scales, was sensitive to the original empiricism. A

definitive formulation for the energy containing sizes of the turbulence awaits :

further experimentation and theoretical consolidation.

The initial response and width of appreciable response were also examined

relative te the thermal stratification. Initial response of velocity, normalized
iby surface stress, was shown to increase in any stratification. Algo, the range
of respouse broadened with decreased stability. The simulated turbulence has a :
somewhat larger memory than the more common first order linear model —- a : ;
property of interest for control problems. The initial response was shown to
increase with height under all stratifications, but to increase mofe rapidly in
unstable stratifications. The predictive function of the turbulence is
essentially a single "now'" value, and the mean square error if prediction grows

rapidly with prediction distance.

A empirical formulation of the filter for various stratifications was
given which will facilitate applications with the vertical velocity component.
Excellent comparison was demonstrated between empirical and simulated spectra

for a carefully generated white, Gaussian input.
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Figure Captions
Figure 1. Comparison of response function (r = 1 and r = 2/3) for neutral
stability.
Figure 2. Variation with thermal stability of parameters of analytical
. approximation to linear response function.
Figure 3. Response functions for various empirical spectra.
13 . ) )
Figure 4. Comparison of various empirical spectra.
Figure 5. Initial response and memory for model spectrum.
Figure 0. Comparison of response and inverse response functions.
Figure 7. Prediction function for several prediction distances.
Figure ©&. Comparison of mean square error of prediction for the model and
Dryden form of spectrum.
Figure 9. Correction to anmalytical approximation of response function to
model spectrum. ;
Figure 10.- Comparison of w-component spectra for empirically specified model

AL LT
e A e L T

and simulated turbulence.




1.0

K (X)

Figure 1.

Comparison of response function (r

r

X

2/3) for neutral stability.

1 and




. . ‘uorjounj osuodsal IeaUTT 03 uoT3zewIxoadde
TeoT34TRUR JO siojswexed JOo ATTIQeIS TewIayi Yiim UOTIBTIBA . .°7 2an813

. , . ¥
0L . - 0 , 0L : - oz-




15 —_— ,
"X KAIMAL et al
o0 BUSCH-PANOFSKY
1 © BUSCH-PANOFSKY-KAIMAL
[ (VARIANCE COMPATIBLE)
— MODEL (SPECTRUM) (§ = 0}
1.0}~

K1 (X)

0.0 ]

-Figure 3.  Response

~

X

functions for various empirical spectra.



*ei13d9ds Tedtardws snotraea jo uwostaedwo) ‘4 2anBTg

i =

201 101 _ , 00l _ : , -0l
mﬁ_ﬁ.ﬁ__ﬂ T S S B AR T N N S B R | T 1-0L

(3781LVdINOD ONVIEVA)
AVALIYI ANSIONVYSHOSNE — - —-—

WNY123dS 13C0W — — — ——
1218 TYWIVYM .

o0l

I
]

TT1 1
I

[ T T ) ! ! | i
. .__ _._ i l :_._._ 1 | 0L

()yMoy



K1 (0)

¢

Initial response and memory for model spectrum.

N

AHOW3IW

vt se B o te




1.0

K’(j(“
)/"\’(O)
—\-
0.0
KR kT o)

-1.0 ! 1

0. 1 2.

X
Figure 6. Comparison of response and inverse r

functions.

esponse




L
%3
<
e}
x
=

100_—_' — T , 1
r 1
SO _
) : :
. v n
i |
1071y —
- - aAX=1 1
L aAX=2/3 1
aAX=1/3 ﬂv
10‘7”_—‘*
1073 [~
1074 I - 1
0 1 2. 3

X

Figure 7. Prediction function for several prediction
distances. :




100 T T ‘ ot

- .
- —
[ | t
% -
Q :

1071

1072

1073

1o : ' :
0 1 2. 3 |

’)\(".

Figure 7. Prediction function for several prediction
distances.



1.0

e (14£2)
Th 05

f-1/3 (1+(Bf) 4/3)-1

0.0

aAX

Figure 8. Comparison of mean square error of prediction for the

model and Dryden form of spectrum.



od

L1

) BN B

Ai Illll

o
>
x?
i
N
S~
w
!

— aAX=1/3

lrliTll

1073

1074 ’ i

-

X

Figure 7. Prediction function for several prediction
distances.




0.0

Figure 9.

X

Correction to analytical approximation of
response function to model spectrum.

L L S

e e e e am e



: *20ULlTNqanyl pIIBTNULS
pue Topow parjyroads AyTeorardwe 103 eBijzoads jusuodwod-m jo uostardwo)d *0T 2an8tl

(-

10! - ‘ - o0 . _ , .01
_ L] B i I 1 _ 1 B R ] 1 ] 1 N.OP

E:b_omam jeorndwy

[

—, 0

ORI

wnuoedg paiejnuiig

|
!
!
|
,
|
,

-
2

. A e




‘Acknowledgments

The author would like to express his profound gratitude to all his thesis
advisors at the Pennsylvania State University, and in particular to Dr. John
A. Dutton, Dr. H.A. Panofsky and Dr. H. Tennekes, for their guidance and

encouragement during the course of their research.




NNNNNNNNNNNNNNNNNNNNNN EW

MBI | | Sy %%
R
156%
3T
. 3
X



