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ABSTRACT

A one-dimensional time-dependent PBL model is investigated. The

model is based on the primitive equations with an eddy diffusivity

closure for the turbulent fluxes of heat and momentum. Within the

surface layer the constraints of Monin-Obukhov similarity theory are
imposed. Surface heat flux is specified as the positive half cycle of
& diurnal sinusoid. At the upper boundary, a strong‘inversion,'a down~
ward heat flux with 20% of the surface value is imposed. Predictions
of the model:are compared with observations from the Great Plaiﬁs
Experiment, O'Neill, Nebrﬁska, 25 August 1953. The comparison shows

good general agreement,
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1.  INTRODUCTION

The author was granted a nine month WMO-UNEP fellowship for Air
. Pollution Meteorology Studies at the Atmospheric Environment Service
| ‘ (A.E.S.) Downsview, Ontario, CANADA. The last six months of that
period were dedicated to ; research project on numerical modeling of
N

the Planetary Boundary Layer for use in Air Pollution Meteorology
studies.

The main purpose is to experiment with a simple one-dimensional

time-dependent Planetary Boundary Layer model, suitable for Air Pollution
Meteorology studies.

Most of the sources of air pollutants are confined in the first

tens of meters just above the earth's surface. Once the poliutants
are emitted to the air, their diffusion and tranSport.ié determined by
the atmospheric characteristics inside the PBL.

The a priori limitations imposed by the assumption of horizontal

homogeneity restrict the field of application of such models, although

a good resolution of the vertical structure of the PBL can give a

good estimation of the atmospheric diffusion capacity.

The author interprets that this is a necessary first step toward
more elaborate models capable of studying specific cases like local
A

circulations induced by horizontal inhomogeneity.

P
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IT THE MODEL

2.1 Goverﬁing Equations

Basically, the model consists of the solution of the two

horizontal momentum equations and the thermodynamic equation:

3 u u, ap 2
i 1 37 u.
. uj - -g GSi LV — i - eijk fj Uy (2.1.1)
3t axj p 93X j
36 | ; |
20 3 6
-f uj _ X - (2.1.2)
-9t X, 39X,
J J

where the explanation of the symbols can be found in the appendix.

| Equation (2.1.1) are the three components of the Navier-Stokes
equations, expressed as one equation in tenéor‘form, showing resﬁectively the
net force applied to an element of fluid equal to the pressure and gravity
forces, the molecular diffusivity of momentum. and the coriolis force,
all per unit of mass. Equation (2.1.2), the thermodynamic equation, shoWs
the total variation of fhe potential temperature equal to the molecular
thermal diffusivity.

Alieady neglected in the last equafion is the term involving the

latent heat release, of the form(LvO/cpT)dqs/dt,becausethis model does

not include humidity. Also neglected is the divergence of the radiative

flux, of the form(l/pcp)BRj/ij, because the behaviour of this term

is not well known yet and according to Busch (1973) can be neglected for

heights greater than 2 meters above the earth's surface. ~This .can be



one of the sources of inaccuracy in dealing with the thermodynamic

2
j
because it is important only in the laminar sublayer (thickness ~ 1mm)

. . ' 2
equation. In equation (2.1.1) the term 3 ui/ax will be neglected
and ﬁegligible in the rest of the PBL compafed with the eddy diffusion
that will appear later in the equations. The same argument is applied
in the thermodynamic equation to neglect the term xTaze/ ax§

Then, the set of equations takes the form:

du, ou, 1 9p
R b £ (2.1.3)
b = — -gé6,. -e€... f. u .1.
ot ’ X, p ax, 31 ik 7J Lk
) J i
30 + u. 0  _ o
— J (2.1.4)
ot axj o R

To introduce the eddy diffusivities it is necessary to defelop the
Reynolds equations. This will not be doné in detail here (see Busch
1973), but the basic concepts are the foliowing:

Any time dependant variable, say a, can Be divided into two parts, one
mean falue, a, averaged in a time interval, plus a deviation, a', from
that mean value

a=a+a'

where a represents any instantaneous value and, by definition, a' = 0,
provided a is constant in a time interval at least equal to the time
interval in which it is defined.

Applying this to di’ O, p and p in equations (2.1.3) and (2.1.4)

for the total flow, and averaging both equations leads to:
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The additional terms in the right hand side of bofh equations represent

the eddy transport‘of momentum and heat, respgctively. To get (2.1.5), : _/\
fluctuations in density have been neglected, compared with its meanb |
value. ‘Also, the incompressibility hypotﬂesis has been applied.

The next stage is the closure of the Reynolds equations. In the present

model first-order closure K theory, is applied. This”assumes‘that:

Y kY
1)y = nm 9X.
J .
B (2.1.7)
. EL:)
1 L
uje — Kh-M
0X .
-]

As this is a one-dimensional model, dependent on z, horizontal
homogeneity of the fluid will be assumed. The term ;i/buéﬁigig ’

will be réplaced by eijk fipéi ‘, by invoking the geostrophic.app:oximation.

Rearranging (2.1.5) and (2.1.6), using (2.1.7) the final
expressions for the equations, writing separately both horizontal

momentum equations, are obtained:

du _ f(v-v_ ) + ? (Km du B
at g 9z 9z
oV : 0 oV
_ -fu-u ) + K ")
3t & 3z oz (2.1.8)
26 3 (K 90 )

ot E 9z h 0z
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_where the bar over the single variables has been dropped but it is under—

‘stood that these are the mean valﬁes. The horizontal advection terms,
do‘nbt appear in (2.1.8) because of the horizontal homogeneity. The
vertical advection term also vanisheé because w must be zero at all
levels to satisfy the incompressibility of the fluid, since w = 0
necessarily at surface. Thus the term 2 w Q cbs'f$3;;f ££é“ﬁ:équati6h
also vanishes. The vertical momentum equation is not necessary
because, with the assumptions involved, *it'iéddsnﬁoAthemﬁydfééﬁétic‘

approximation.



2.2 Boundary Layer fbfmuiéiiahs

Two different layefs will be considered in the PBL. The first is the
surface layer where the fluxes of heat and momentum are constant with height
~and equal to théir values at surface, and where the wind does‘not change
direction with height. The second is the Ekman layer where the fluxes of | /\
heat and ﬁomentum decrease with height, reaching iero Qalues tby assuhption) '
at the top of the PBL. The wind shifts with height due to decrease of the
friction foree,. and reaches the diréction of the_geostrophic wind at the'

top of-the PBL.

2.2.1 The constant flux layer

The structure of this layer ‘is relatively well known ndwadays, and
different researchers have found gdod agréement 5etween thé 6bserﬁati6ns
and the formulations of the Monin-Obukhov similarity theory. The théory
establishes that the wind shear and temperature gradient can be expreSsed,

respectively, as:

kz du= ¢ | ‘ : C(2.2.1.1)
u, 9z
z_ 30 = ¢ , (2.2.1.2)
8, 9oz
A
where 0, = -w 'T' /u, }
L

The non-dimensional wind shear, ¢m,'and the non-dimensional temperatute
gradient, q>h, introduce the dependence of u and” © ©n .stability conditions
within the surface layer. These are universal functions and have been

evaluated by Businger et_al. (1971):




on = (1-15;)‘% for z<0
o, = 1+4.7¢C for >0
i (2:2.1.3)
¢h = 0.74 (1-9%) for <0
¢, = 0.74 + 4.7¢ ~ for £>0

where g=z/L, and L, the Monin-Obukhov length is defined by -
L=To u *o
kg w'T!'
Equations (2.2.1.1) and (2.2.1.2) may be integrated using the

expressions (2.2.1.3), (see Paulson, 1970), obtaining the following:

u=u,
X (2n z - wI) for z<0
Z0
u=u (nz 3 4.77) for >0 (2.2.1.4)
k Zo
6—60 =0.74 6, (#4n z_ - wz) for z <0
z0
6-60 = 0.74,(kn z_+ 4.77) for ¢ >0
20 ,
where
. PR S -1 .m
¥y = 2 2nT(1+x)/2] + an[(14x7)/2] -2 tan X+s
¥, = 2n[(1+y)/2]
X = (1%15C)%
y = (1-9p)”

According to the Monin-Obukhov similarity theory the integrated expressions
for u and 6 are valid when 2y the roughness parameter, is much less than

z. In the present model Zg is .01 m and the expressions are integrated up
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to‘the'height of the surface layer which is set equal to 40 m, as will

be explained later.

2.2.2 The PBL above the surface layer

In the present mbdel mixing length theory will be invoked, and the
formulation for the eddy exchangecoefficient of momentum (following Walmsley,

1972} will be:
= fu
m E—*- (2.2.2.1)
m

where £, is thé mixing length, is
L =‘k(z+zo) exp (-z/B) | : (2.2.2.2)
and 8, the height of the maxima in the coefficients, is specified as .30
_ the height of the PBL. |
The turbulent transfer at all levels in the PBL depéﬁds'on the surface
layer characteristics and these are introduced by u, and by the factor ¢m
in the fofmulation of the eddy exchange coefficient. This formulatiop-of Km
is in close agreement Qith the polynomial proposed by O'Brien (1970), in-
creasing rapidly with height until its maximum and then decreasing slowiy
and approaching zero as z tends to infinity. The thermal eddy diffusivity

is proposed in a similar manner:

K, = = - o (2.2.2.3)

These formulations for the eddy exchange coefficients will allow the

heat transfer to be more efficient than the momentum transfer since:

Kh=¢_m>1
K4

The inclusion of ¢m and ¢, in Kﬁ and Kh’ respectively will allow them to

change as the stability changes. It should be mentioned that in both cases

¢m and ¢h are evaluated in the surface laYer.

A




The fluxes of momentum for the u and v wind components and sensible

heat are represented, respectively, by:

_u'w' = K a_u.
m 3z

S o=k (2.2.2.4)
m 92

-w'g' = Kh(g—z - Y)

where the presence of the term Ye permits a counter-gradient heat flux
as explained below.

In a well-mixed planetary boundary layer; for example in the early
afternoon, the vertical profile of potentiai femperature shows an
unstable layer in the lowest levels up to a height about 200 m , induced
by the heating from the ground, and a neutral to slightly stable layer above.
The sensible heat flux is positive (upward) thfoughout the PBL. The
formulation of a turbulent heat flux proportional, through Kh’ to the
potential temperature gradient will predict a zero or downward heat flux -
in the ﬁpper part of the PBL in the above described situation. To allow .
the K-theory to work, it is necessary to introduce a factor Yo that will
allow an upward heat flux throughout the PBL even through iayers which are

. - : -1
slightly stable. Deardorff (1966) suggested Yoo 6.5x10 4 K m".
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2.3 Numerical Techniques

The model is oriented with its x axis pointing toward the east.
The grid consists of 18 points in the vertical. Thé grid spacing waé chosen
following'the suggestions made by Taylor and Delage (1971) who proposgd a
log-~linear sﬁacing of the vertical coordinate. The grid points are located
'at the following levels (in m.): _0,1, 11.8, 40? 99, 186, 291, 408, 531, 660,
792, 926, 1062, 1200, 1340, 1480, 1620, 1760 and 1900. In the lower levelé
the grid spacing follows a logarithmic increment and tends to a constant
increment in the upper levels. The first'level was chosen as zé. Also
Taylor and Delage propdsed the use of a '"wall layer' where the flux of .
mohentum‘is constant. This '"wall layer" avoids errbrs in the wind pfofile
ﬁhich occur when the finite difference scheme is carried right down to the
ground, particulérly wheﬁ the mixing lengtﬁ is pr0porfionél'£6 z, as‘in |
this model.” The height of the "wall layer" ig kept constant and equal to
40 m. during the integration and represents the height of the constant

flux layer. This is somewhat arbitrary since the height of the constant

flux layer chanées dﬁring the day proportionally to the gfowing of thel
planetary boundary layer. This constant height of4the "wall léyer" may
affect the solution. | |
A forward-in-time and centered-in-space finite difference scheme is
used to integrate the model, which is expressed‘by
au 2 Ky (Uiyq=Ug)

'k=f(v_v)+. .
ot et (i) Gy %y)

(2.3.1)

2 Koy GyUyy)

G2 ) G2y
following Estoque and Bhumralkar (1970). A similar expression is used for

v and ¢. The time step was set €qual to 20 seconds according to the com-
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putationallstability criterion K At/Az" < .25, where K represents the

maximum of the eddy exchange coefficients.
The values of u, v and 6 are defined at the grid points, while the
eddy diffusivities, wind shear and temperature gradients are defined at levels

halfway between the levels where the temperature and wind components are defined.

2.4 Initialization and Boundary Conditions

The initial potential temperature profile is specified as neutral in the
lower levels and an inversion is set in the upper levels. Barotropy.is assumed
and the geostrophic wind is kept constant during the whole integratioﬁ period.
The surface heat flux is a specified sinuéoidal function of the time, with the
.positive half of»the cycle starting at sunrise and with amplitude about 15%
the solar constant. The downward heat flux at the top of the PBL is set equal
to -.2 of the surface heat flux. This value is somewhat arbitrary;'although of
the accepted order of magnitude (Deardqrff, 1974). With the specified tem;
perature.profile constant and nélheat flux, the model is integrated until a
quasi-steady state for the u and v wind components is reached settiﬁg ¢ =1"
according to the neutral conditions. Then, the surfacé heat'flux‘is introduced
and the surface layer is adjusted to the new unstable situation. The surface -
heat flux and the former u, defihes-L'and 6, which are introduced in equations
(2.2.1.4) to obtain the new u and 66, which in turn define the new u,. This
process marches forward until the solution converges. The temperature-profile 
above the surface layer is kept constant. The new value of on defines thé new
eddy exchénge coefficients of momentum which are used to reach the fiﬁéi quasi-

the integration of the model

steady state for the wind profile. After this,

starts.
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III . TEST OF THE MODEL

The initial conditions for poténtial temperature is the profile
observed at O'Neill, Nebraska, during the Great Plains Experiment, at
0835 CST 25 August 1953 (see Stull, 1973), as shown in Figure 1;” Tﬁe
geostrophic wind is assumed to he eastwaid (pg = 10m 5'1, vg = Q). The
amplitude of the surface heat flux.that gave the best general agreement
with the observatibns was .20 [Km s-l], which corresponds to 14.4% of -
the solar constant. Busch, Chang and Anthes (1976), ;gihgéfhe same data;
found the best agreement with an amplitude of .25 [K m s‘l]. The potential
.temperature profiles at 1035, 1235 and 1435 CST; obtained by integrating the
model are shown in Figure 2. 1In generél, calculated temperatureé differed |
-from observed valﬁes (Figure 1) by less than one deéfee'Kelyiﬁ. The cal-
éulated'prbfiies show (Figufe 2)-an ﬁnstéble iayer in tﬁe low levels,
changiné to neutral and slightly stable with'height.i The slightiy stable
.layer produced by the model at 1035 CST just below the ihversion, whiéh
doés not appear later,‘suggests that the initialization proéedureiapplied
mﬁst bé revised since a neutral temperature profile is not in gopdragree;ﬂ
ment with an upward heat flux throughoﬁt the PBL and a downward heatqust
on the top. Obviously, when the integration starts, the levels closer
to the upper and lower boundary are ﬁeated faster than the levels half way'

between. Figure 3 shows the observed potential temperature profile compared

with the calculated by Busch, Chang and Anthes (1976), and by this model
at 1235 CST. . ' . ’
The model fails to treat adequately the cooling above the base of the

inversion. The reason may be the somewhat.arbitraty upper boundary condition

for the thermodynamic equation. In earlier experiments with the model, K - -
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Figure 1. Vertlcal prof11es of potentlal temperature ‘
observed at O'Neill,Nebr. 25 AUGUST 1953 (Stull 1973)
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Figure 3. Comparison of the predicted vertical profile-

of potential temperature (; ), with the observed

profile (———), and_the profile predicted by Busch(1976)
. (.....), at 1235 CST.
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theory was employed throughout the vertical domain " producing an unrealistic
cooling in levels just above the base of the inversion. Hence aﬁ unrealistic
warming resulted inside the PBL where temperatures deviated from the
observations about +4 degrees Kelvin at 1435 CST. This situation probébly
resulted from the combinétion of the strong stable lapse rate and slightly
excessive Kh values above the PBL, which have almost the same magnitude of
those values inside the convecti?e layer, as can be seen in Figure 4b. To .

overcome this, a downward heat flux was imposed just above the top of the

'PBL and set equal, in magnitude, to 20% of the surface heat flux while

in the rest of the levels above, the heat flux was set equal'to 2€ero.
Under these assumptions the vertical profiles in Figure 2 were obtained.

This‘assﬁmption is equivalent, from the point of view of thevk—theory,
to having vertical profiles of the eddy exchange coéfficiénts és thdge extra-
polafed by dashed lines in Figure 4b, apprdachingiémalllﬁélﬁéé' above the PBL.
This should produce smaller downward heat flux inside . the ihversioh,'but this
has not be tested. |

The vertical heat flux profiles shown in Figure 5 aré, as expected, -
decreasing and almo#t linear functions of height. The ihpoééd downward
heat flﬁx just above the PBL represents entrainment of warmer air from the
inversion causing local cooling'and a warming of the PBL just below the
inversion. In Figures 4a and 4b are plotted the vertical prbfiles of Km
and Kh respectively. The best agreement between the calculatgd and Qbéervéd
potential temperature profiles was found with B = .5h in equation (2;2.2.2)
(i.e., the maxima in the eddy exchange coefficients are at half the height
of the PBL).

The height of the PBL was defined at every timestep as the height of
the inversion base. In Figure 6 has been plotted the time Qariation of the

height of the PBL (dashed line)while dots represent the observed values
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...Figure 4a.Vertical profiles of the eddy exchange coefficient
of momentum predicted by the model.
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Figure 4b. Vertical profiles of the eddy exchange coefficient
of sensible heat predicted by the model. The dashed lines
represent the idealized profiles approaching small values

just above the top of the PBL.



-18-

height] (m.)
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Figure 5. Vertical profiles of sensible heat flux predicted
by the model.
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(see. Stull, 1973). The rate of growing of the PBL is slower specially
after 1235 CST and may be due to the smaller cpo1ing predicted just above
the PBL. The decaying of the PBL after 1635 CST is not represented by the
model; moreover, it predicts_a constant increasing PBL at a very slow rate
after 1700 CST that i§ not ﬁossible to represent in Figure 6. The reason
for that may be the constant cooliné&bredicted by the model above the
PBL, while the observed profiles in Figure 1 show heating aboVé 900 m and
after 1235 CST, probably due to large scale atmospheric motion.

In Figure 7 are plotted the time variation of the cross isobar flow
angle and the magnitude of the wind, both at 11.8 m. Also shown ‘ére
the results obtained by Busch, Chang and Anthes for the wind at 10 m. As
the instability increases the downward momentum flux incfeases-and‘the wind
accelerates and réduces its cross isobar flaw angie. 'In the late éfternoon
and towards sunset, the instability decreases and the wind decelerates

and veers toward larger cross isobar flow angle due to decreased downward

momentum flux from the upper levels.
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Figure 6. Time variation of the height of the PBL p}edicted
by the model(— — — —). The dots correspond to the observed
values (Stull, 1973)
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Iv CONCLUSIONS AND COMMENTS

The model reproduces reasonably well the vertical profiles of
potential temperature observed during ehe Great Plains Experiment on
25 August 1953. Predicted temperatures differed from the'observed values
by less than one degree Kelvin. The imposed downward heat flux at Fhe base .
of the inversion causes the medel‘to reproduce qualitatively well the
growing of the PBL, 'although it fails to reproduce fhe-decaying. There is
no explicit formulation for the height of the PBL, although this is easily
overcome when, as in the present case, the height of thePBL is physically
determined by an invefsion. The model has not been tested in neutral or
slightly stable situations since in this case it would be necessary to
specify theiheight of the PBL,e.g. through Richardson's nuﬁber cenSiderations
or through more eleborated fermulations as in Deardorff (1974).'

The formulation of fhe eddy exchange coefficient, and especially kh,
will work better in neutral or slightly stable situations, as discussed in
III); In this sense the O'Brien's formulation reproduces better the |
decaying of Kh'élose to the' upper boundafy,‘moreever, its value at the top
of the PBL is specified beforehand and its_intioduction in the present
model is straightforward.

The behaviour of the u and v wind components was not studied in detail,
although their behaviour in the surface layer is‘qualitatively-in agreement
with the observations. |

Finally, it should be mentioned that due to limitations of time
available for this project no sensitivity test was made of the nemefical
techniques and assumptions (e.g. the imposed constant height of the

surface layer).
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APPENDIX

LIST OF SYMBOLS

a arbitrary variable

cp specific heat for the air, at constant pressure

fj each of thecoriolis parameters (j = 2,3)

g gravitational acceleration |
“h ‘height of the PBL

k Von Karman's constant =.35

K degrees Kelvin

Kh eddy exchange coefficient of sensible heat

K, eddy exchange coefficient of mohentum

L Monin-Obukhov length

Lv _ latent heat of evaporation

P atmospheric pressuré

Qg saturated specific humidity

Rj radiative heat flux

t . time

T atmospheric temperature

T, temperature of the reference state

u wind component in fhe x-direction

Uy, uj, uy each of the wihd components (i, j, k = 1,2,3)
ug geostrophic wind component in the x-direction

u, - friction velocity (square root of the friction force per_

unit mass) , : :

'u*o friction velocity in the constant flux layer

v wind component in the y-direction
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LIST OF SYMBOLS (continued)

vg geostrophic wind component in the y—difection
v wind velocity vector
lv] modulus of the wind velocity vector
W wind component in the z-direction | : ﬁ
X4 each of the reétangular coordinates ,
z vertical coordinate
Z roughnes§ parameter
o cross isobar flow angle
8 parameter proportiqnal to the height of the PBL
Y, ' ' magnitude of the counter-gradient sensible heat flux
835 Kronnecker'svdelta (Gij=0 if i#j and =1 if i=j)
55k alternating temsor =1 if (i,j k) = (123), (312) or (231)

=1 if (i,j,k) = (321), (213) or (132)

=0 if i=j or j=k or k=i

) potential temperature
eo potential temperature at Z,
0y temperature scale for the surface layer
Xep molecular exchange coefficien? of sensible heat
g turbulent mixing length " ' » o
v - molecular exchange coefficient of momentum
0 density
b latitude
b non-dimensional wind shear
Jl non-dimensional lapse rate
z - stability paraméter, defined as z/L
1 Yo stability functions

Q angular velocity of the earth's rotation

-
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