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TECHNICAL MEMORANDUM NO. 2

VOLUME OF LIQUID CONTAINED IN ELLIPTICAL TANKS .
~ FILIED, PARTIALLY FILLED AND INCLINED °

by

G. E. Anderson -

INTRODUCTION:

This memorandum is intended to serve four main purposes:

(1) to derive formulae for establishing the volume of liquid contained in
elliptical tanks (with plane ends) of various sizes and shapes -
(a) when the liquid completely fills the tank
(b) when the liquid only partially fills the tank
(4) if the longitudinal axis of the tank is horizontal
([3) if the longitudinal axis of the tank is inclined to
the horizontal;

(i1) to derive tables from these formulae for typical cases, from which
close approximations to the volume of contained liquid can be made in
actual cases, using simple interpolation;

(iii) to establish the percentage error which might be expected if a tank-
truck is calibrated to a fixed-marker setting, when the tank is not
truly horizontal in the longitudinal (fore-and-aft) direction; and

(iv) to serve as the basis for recommendations regarding closer control of
the permissible "% offset" of calibration-markers from the mid-plane
of tanks.

DEFINITIONS:

Throughout this memorandum, the term "elliptical eylinder" will
be used to describe a right cylinder of constant elliptic cross-section
and will. include as a particular case a right circular cylinder. Note that
the ends of the elliptical cylinder will be assumed to be plane in all cases,
not "dished" (for rigidity) as is usually the case in practice.

Also, by the term "longitudinal axis™ is meant the line joining the
centres of all the elliptic sections, and by the term "longitudinal plane" is
meant the plane containing the major axes of all the elliptic sections.
(Since the shapes of the tanks can in practice be expected to vary widely,
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the formulae derived will cover cases where the vertical diameter of the
ellipse, denoted by 2b, will be greater than the horizontal diameter,
denoted by 2a. Howvever, even in these cases, the horizontal axis will

be referred to as the "major axis" and the vertical axis will be referred
to ag the "minor axis".)

Further, when the longitudinal axis is stated to be inclined to
the horizontal, it will be assumed that "pitching" only is involved about
some major axis and that there is no "rolling" about the longitudinal axis.
Hence it is assumed that inclination of the longitudinal axis to the hori-
zontal continues to leave the major axes of the various cross-sections
horizontal.

Thus, when an elliptical tank partially filled with liquid is
"inclined to the horizontal', the liquid-level at one plane end of the
tank will be at a greater distance from the bottom of the tank than will
be the liquid-level at the other plane end of the tank -~ but the liquid
will stand at the same distance from the bottom on each curved side of the
same elliptic cross-section.

The use of the words "complete ungula" and "partial ungula"
should be noted. By a "complete ungula" we mean a wedge~shaped slice of
the cylinder bounded by the curved surface of the cylinder and only two
planes - the "cutting plane" (or air-liquid interface) and one plane end
of the eylinder. By a "partial ungula" we mean a wedge-shaped slice
bounded by the curved surface and three planes - the "cutting plane" and
the two plane ends of the cylinder.

Other terms, such as "fractional height", "fractional length",
"offsett, "% offset", "k-factor", etc. are defined below in the course of
this memorandum.

Area of a segment of an ellipse

vesess/3
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The area of the segment of an ellipse, which is shown Gcross-
hatched in the preceding diagram, is given by the equation:

x=afl - %2 y=bjl - EQ
Area = A =2 § S odx e g dy
x=0 y=h
2 2 x, 2 2 a2 -1/x
Using| /a™= X" dx = S[a-x + 3 sin (;)
2 2

we obtain A = ab sin -ll"%z - ah l-%z oooo-ooo;ooe»o(‘)o

!

Volume of a "complete" ungula of an elliptical cylinder:

Let us consider a complete ungula of an elliptical cylinder
of length "1", with major (horizontal) semi-diameter "a", and with minor
(vertical) semi-diameter "b",

Assume that the "trace“ of the longitudinal or "cutting" plane
of the ungula on one of the plane ends of the cylinder is ‘parallel to the
major (horizontal) axis, at a héight"n" above this axis.

The dlagram below illustrates the complete ungula as described
above and which is shown shaded.

/ o |

h
y

. |
< - * , s (1) ) |

Consider an elementary slab of thickness "dx", shown double~

hatched above,

Let the vertical distance of. thie slab from the longitudinal
axis of the cylinder be "h" when the horizontal distance from the left-
hand end is "x",

vereos/l
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Then h(x) = %{bl - (b7'.n) Sx

[y b5 _ (ben) f2m1x _ 2
e b bl b-n

Now volupe of complete ungula

‘ , 2 2
=V =] {absin "1/1-%2 -Vah/l—%Z'ldx
i . . 3

X=0

| .
. i, - ' ,
. ' 2 : 2
.. V=ab | sin '1/{-%2.dx-a h 1-%2
"0 ‘ ' o
= gy - 2(b-n)
p1°

Then first integral on R.H.S. is:

1
I, =f sin -1{(%9-) /S._t:_r_‘b_c_ - }dx
°

‘ (b-n) /2b1x 2

Put y =(ET)/'T>-_n - X

. b-n ' 2 b—n 2
"(bl X 'z(bl)'x+y °

‘og=Dbl o, oBL A2
oox—b_nib-nly,

whence we obtain

bl Ly dy (use + sign only)

;-
}/ bl=(b-n)x

o
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Ifx=0,y=0

and 38 x =2, v = (52 /622
.=(1_>.-,11) (G
b
Hence, Iq= bl _ ¥ sin =l y.dy !

b-n "l_yz | : J

'

Jo o Ig= éﬁ b2 - n® - { 1 [t? - }

The second integral on R.H.S. of equation for V is:
)

{ , - { Boix 2 '
I, j{bl-(b-n)xj\b_n-x.dx

3

°1 - g -
ﬁl l'(b-n) x - (ba.n)2 2, dx - \/Zbl (b-n)x-(b-n)zx . X . dx

(o} (o]

g
Now J— \ﬁbl(b-n)x-(b-n)z-xz. x « dx

: ' 372
5 [{?bl (b-n)x- (b-n)?xzx / '

{
' ﬁl(b—n)x—(b—-n)fx‘d . dx

-1
3(o=n)

o

(cf. G, Petit-Bois, "Table of Indefir)xite Integrals"
) po 57.

Ce L =55 .(Zblz(b-n) - (bn)?12 Y
3/2

(e
b- .

* a (b-n
..V==ab.I_l--—-él—2—)-.1‘2

e/t



\ . -6"
. o 2,2 _ abln 2| 3/2
v wP e B )

Volume of a "partial® ungula of an elliptical cylinder

Consider the case of a partial ungula cu£ from an elliptical
cylinder, which is shown cross~hatched in the illustration belows:

<— (L -1) > 1
\l, Partiol Unquig—————
(b=m) - T .
s 2’2‘&’:‘0’:‘:‘:‘ (b-..)l
m AV/ER}
| |
1
le A ~ L - \

Note that the “trace" of the longitudinal or "cutting" plane of the
partial ungula on the plane ends of cylinder is at a height "m" above the axis
of cylinder at one end and at a height “n" at' the other end.

We have: L= (ﬂ).{!

m=-n

.. L- ’2-()";:‘!‘1‘){.

Let volume of partial ungula' (of length “«t") be Vy
Let volume of complete ungula (of length L) be v,
Let volume of complet.e‘ungula (of length L—E) be V3

Then V. =V, =1V

1 2 3
But from equation given above for volume of a complete ungula, we
have: .
v = 8BL (252 _al (bz-nz) 3/2_ gpin sin~lp2-n?
2 b-n ’Bbe-nS : ben b

T A
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ang V. = 2bIe2) ,’bz-mz -
3 b-m

3b(b=m) \

Hence, volume of partial ungula (of length.)

=V, = :E {,[bz-nz -Jbz-mzl- 2, {sz-nz) 32 _(xPen?) 3/ 2}

o D) (JT )]

Therefore, the volume of the portion of the cylinder exclusive of
the ungula (i.e. beneath the longitudinal plane of the ungula)

= Ve, = Tiabl - v

(bz-m2)3/ 2. _g__jat;-:;-l. n ain'{bz-mzj

We will call this volume, VcT, the “volume of the contents = tilted",

since it is the volume of the liquid in the tank, if the tank is tilted to the
horizontal in a fore-and~aft direction so that the liquid level stands at one end
at a height "m" above the longitudinal axis of the cylinder and at a height "n"

at the other end.

Let us express'b, m and n a8 fractions of a, b and m respectively,

i.e. let b = pa | ¢ o<p)
m = 'qb = pga YL (< q=<1)
n = rm = pqra o (=] r 1)

Then we have for the "volume of the contents - tilted",

, _ .1 - , ' - 4 : A

ceenee/B
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For the purposes of electronic data processing, let us use the

relation:
-1 - x
sin x = tan
\Il-xi )

!

e « Volume of éontents -~ tilted
’{T‘bl 1- _Cm._r)[ {(

)]

q

If we express'the volume of the contents as a fraction of the total
volume (mabl) of the cylinder, we have: :

Volume of contents - tilted

Fractional volume of tilted tank = Total volume of tank

1

T = "wapl ° Ve

T

= {(i-qzr%l/"' (14 )1/?»1 {(1-q P2 2}
-q {.rtan '1(‘1—'9——1 qirz )— tan _l(l—_g-—lq 2 )}

~==-=- Equation (A)

It will be noted that the preceding equations for the volume of a
partial ungula, volume of contents and fractional volume become indeterminate
when r=1 or m=n, i.e. when the tank is horizontal, so that the level of the
liquid stands at the same height at each end of the tank.

However, in this case we can easily derive the equations for volume
and fractional volume, using the formula for the area of a segment of an ellipse.

Put b

pa A (0<p)
m ' '.

(o= Qe 1) '

W
=
[
)
!
e

»

ceeess/9
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We obtain the following expression for the "volume of the
contents = horizontal®

Ve =a1p£mq\fl_-sin'(-q2)}

As before, set sin lx = tan (

=)

« o Volume of contents = horizontal

= Ve, = Wabl{l% \Il-q - 1% tan —'—CL-)}

« « Fractional volume of horizontal tank = Volume of contents-horizontal
: ! * Total volume of tank

~————==FEquation -(B-)

Calculations and Graf)hg_l and 2:

A FORTRAN II progrémne (given in an appendix)was set up to
calculate values of FV corresponding tﬁ various values of r = = from
r = 0,0 to 1.0. for each value of q = b from q = 0.05 to 1.0.

This table of fractional volumes (FV) is given in the appendix
as Table I.

Using the values of FV from Table I, the family of curves of FV
versus r or (l-r) was -drawn, each individual curve being given for a constant
value of q. These curves are shown in Graph No. 1 below.

By cross=plotting from Graph No. 1, pairs of values of q and r
were obtained for values of constant FV. The family of curves of q versus
r and (l-r) was drawn, each individual curve being given for a constant value
of FV. These curves are shown in Graph No. 2, below. ‘

‘esseesf10
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Also on Graph No, 2 is drawn a family of hyperbolae., Each
curve of this family has the equation:

q _(l -r)=%, ( aconstant)

The family is obtained by setting in turn k = 0,025,0,05,...0.90,

The significance of the k-factor (or "tilt factor") can be seen by
reference to the diagram below, This diagram represents a tilted tank in which
the liquid surface is at a height "m" above the longitudinal axis at one end
and at a height "n" at the other end. : :

—  —

e N

3

C —— o —>

. When the liquid stands at the heights m and n as shown, the
tank will be tilted.to the horizontal (in the fore-and-aft direction) through-
an angle O , such that

t.ane =.n_%r_x.

Nowk=q(l-r)=%(l-§). =n% = %. (n__%g)

o k= q (Q-r) = -‘-g.tane, teessesseeses.Bquation (C)

Hence the curves of constant value of *k"™ on Graph No. 2 represent
constant values of { . tan@ . ‘

b

GRAPH No.
By making use of data derived from Graph No. 2, we can obtain

Graph No. 3 which is useful in estimating the effect of "tilt® on the error
of calibration, when a tank is calibrated to a fixed marker setting, =~

cevase/1l
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Suppose the tank is horizontal and a definite volume of
liquid is measured into the tank. This volume of liquid will be a
definite fraction of the total capacity of the tank, say FV=2, Since
the tank is horizontal, the liquid will stand at the same height at each
end and r = 1.0, The intercept of the curve of FV=7Z. with the axis of
"q" on Graph No. 2 (for which r = 1.0) gives a definite value cf q.

£ Suppose now the tank is tilted through some angle s s BO
that = tanB = k has a definite value, say k = K. Now the liquid surface
will Pemain horizontal in space, but will have a different position relative
to the tank, and the liquid surface will stand at different heights above

the longitudinal plane at the two ends of the tank. Since the fractional
volume in the tank will remain as before, FV =7, the new value of g will be
given by the intercept of FV = Zand k = K. 'This intercept defines an unique
pair ofmvalues.of qQ ang r, whence we can obtain the unique pair of values

of q= 5 and of rqg = b *

We shall call q ==§5, and rq =2 the “fractional heights'" at the two ends
b b hy
of the tank.

Let us construct a figure in which the abscissa represents the
“"fractional length" from the end of the tank and the ordinate represents the
“"fractional height" above the longitudinal plane of the tank.

The "fractional length™ will be defined as the ratio
distance from left-hand end of tank _. x
total lengt? of tank ¢

If aistraight line is drawn to join q and rq, then this line
will represent the surface of the liquid in the tank, for the chosen values
of the k-~factor and of FV. By choosing different values of k for the fixed
value of FV, we obtain a "pencil® of lines. Again, by choosing different
values of FV (with a series .of values of k for ‘each value of FV), we obtain
a family_pf'"pencils"a'in non-dimensional form, . . o

. This is shown in Graph No. 3 (which is given for illustrative
pugp;ses Snég) where three "pencils" have been drawn for FV = 0,75, FV = 0,95,
an A = Me ‘-\ . ) ' ' ' . l" » .

T
¢

- NOTE: S E -

It will be seen from Graph No. 3 that the use of the word "pencil®
is not strictly correct, for the lines representing the surface levels for a
constant value of FV and various values of k do not all pass exactly through
one point, This is particularly apparent in the case of FV = 0,99,

ceness/12



Estimate of “"Double Error" Due to Tilt of a Tank-Truck

Suppose a tank-truck is standing upon a sloping roadway

. during initial calibration, with its front-end down. Let the angle of

slope of the roadway be B » let the length and minor semi-diameter ' of

the tank be éf, and b respectively, so that the k = factor is

k=3%+tan O =K. | /’\

. P | // t ——
Liquid \level

| ) "

__._F
aT Morker/q \,-—Mid,-plone

. ;’J"Off.s;:-\:’—
R

Horizontal

If the tank is filled to a definite fractional volume, (F‘V)l
the fractional liquid levels will be qjand ryqq

Suppose a marker which is offset by a distance "w® from the
mid-plane of the tank ( the mid-plane being the élliptical section which is
mid-way between the ends of the tank) is so positioned as to touch the surface
of the liquid.

Now if on each subsequent occasion on which the tank-truck is filled
to the level indicated by the marker, the truck stands front-end down on a slope
having the same angle of slope, 9‘, then the marker will indicate the same
fractional volume (FV’)l,p, as during the initial calibration.

However, if the tank is filled to the level indicated by the maricer
when the truck is standing front-end up on the same slope (with anglee ), the
marker will not indicate the same value of FV as before. N

1 /T
\"/ Marker b
L 5 St e
R iy (I

b q .
[ [ e ——’\noﬂvsle'u \‘-_

e le ~ Horizontal ) : /13




ends will be
(for w # o).

q2 and r,q,

!
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In this case, the fractional heights of the liquid at the two
which will not be the same as q, and r, q,

The level of the liquid relative to the tank for these two
cases can be illustrated as below: ,

!

y :;)

.is fil

Og :
Q, Marker ' ?
(05+ % )-(qu=ran) |
H, 2] H,
| M. =
Q= NGy M e
IR, | (05+% - (qy=rsa)
I_ R, o
Q. i
) w
< LN P
Qe ‘ (0.5+ 1 ) K -
G
5 Frochonol .
| Offset= T
1 Midyplane. \
(o) 0.5 1.0

In this diagram, the line Q

Fractional Length (-—) e

MRl represents the liquid level
The

(relative to the tank) when the tank 1% cilibrated front-end down,
line Q&MR represents the liquid level (relative to the tank) when the tank

ed“to the same marker sett.:.ng,

on the same slope, front-end up.

Since the angle e is not altered and the dimensions ‘t and b
are unchanged, then the k - factor is k = K as before.

A
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For given values of (FV) and k=K, the initial values of
and r, (and hence of r,q,) can be 'read from Graph No 2. Note
t%at llné-segment MRl lies at an angle below "horizontal',

When the tank is loaded front-end up on the same slope,
the position of q, is determined by drawing a line MQ, through the marker-
position so that %he line-~segment MQ, lies at an equal angle 6 above the
"horizontal."

Hence,  Hydp = il

. w : ‘

| ' distance w of marker from mid-plane
n " =3 ——
where w/0 is the "fractional offset total lenpth of tank.

(N.B. w/l 1is considered “positive" if the marker is offset towards the
"high end" of the tank and "“negative" if offset towards the "low end".)

In the above equation, g, and r, areobtained from a knowledge
of (FV), and k, using Graph No. 2 an% there}ore Q, can be obtained. Now
for constant k, it can be shown graphically that %o a close approximation
FV is linear with q.

ki »- : '
Thus if the, alues (FV 5 (¥V),, (FV)",(FV) = correspond
respectlvely to q, qz,q and 't for the same k), C

(Fv)z - (Fv)l x 100
(FV)l

then . % "double-error® =
! , _

‘\

- ), gy -y

: - x 100, (for positive offsets)
(FV), qQ=~-q -

: . |
or = (FV); - (FV) xq -9 x 100 (for negative offsets)

(FV)]_ . .' ql"'q‘ ' . ) \

....../15
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Under Canadian Regulations, the lowest marker cannot be set
below the 75% capacity level. Accordingly, calculations were made for a
marker setting at (FV)= 0.75, with (FV% = 0,80 and (Fv)'"= 0,70 and -
corresponding values of q' and g'' being determined from Graph No, 2 for
a series of values of k., “ ‘ ST

N
.

The results of these calculations are shown in Graph No. L,
for both positive and negative offsets,

(Notes If instead of elliptical tanks, we had a tank of rectangular
section (ie. a right-rectangular prism), then the error due to an offset
of the marker from the mid-plane can be shown to be less than one-half
of the corresponding error for an elliptical tank. Thus, a calculation
for a rectangular tank, with a marker at the 75% level, offset by 10%
from the mid-plane and with k = 0.1, would have a "double-error“ of only
0.67% instead of over 1.5% for the elliptical tank.)

It will be noted that a horizontal line has been drawn at
0.25% error, which represents the tolerance in Canada for the calibration
of tank-trucks with markers.

From Graph No. 4, it will be seen that if the dﬂmensions.{ and b
of the tank and the angle()of the slope are such that the k-factor is 0,05,
then an offset of the marker of 3% could be permitted. Again, if the k-factor
is O.4, then the offset should not exceed 0.3%. .

Agplication of Analysis to Typical Tank-Trucks:

Te estimate the magnitude of these "double errors" in actual
practice, a quick survey of the dimensions of typical tank-trucks was made.

It was found that in many cases, the tanks were approximately
elliptical in cross-section, with a width of 8 ft., so that a = 4 ft.
Typically, the height of the tank was 6 ft., so that b =3 ft. The lengths
of tanks varied from 3 ft. (for a single compartment of 700 gallons), to
30 ft. (for a single compartment of 7,000 gallons)," .,

Using the formula, volume = fabl cu. ft. = 6, 229 mabl Canadian i
gallons, we: have the ‘followihg data for typical tanks: v

=4 ft.,

=3 ft.,
=3 ft,, for 705 gals.
=5 ft., for 1175 gals.
= 10 ft., for 2350 gals. ,
= 30 ft., for 7050 gals..

Y AT
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If we assume that a roadway slope of 1 in 20 (or 3°) might
be considered by the average inspector or truck operator as being
"horizontal" for all practical purposes, then the following k=factors

.might be expected:

For a 700 gal. tank, k = 1{ .tan 3¢ = 0,05

For a 7000 gal.tank, k = % .tan 3° = 0.4
By referring to Graph No. 4 and limiting the "double errorh®
to the tolerance of 0.25%, we see that for a 700 gal. tank, with
k = 0,05, the . .% offset should not, exceed 3%, or approximately 1 inch

on a length of 36 inches, in the case of a marker set at the 75% capacity
position. .

Again, for a 7000 gal. tank, with k = O, the £ offset should
not exceed 0.3%, or approximately 1 inch on a length of 360 inches, for a
75% marker.

Official Regulations and Specifications:

It is of interest now to refer to the various official regulations
governing the use of markers in tank-trucks: -

The present Canadian Weights and Measures Regulations (passed
in 1952), Schedule V, Section 7, state that the marker shall be located
adjacent to the inspection opening of each compartment, and that such opening
"shall be located approximately mid-way between the ends of the compartment®,
However, the significance of the word "approximately" is nowhere defined.

The recommended practice for the United States, as defined in
N.B.S. Handbook 44 (1965 edition) is more specific. Section S.2.4 (p. 109)
under "Vehicle Tanks" reads as follows: -

"An indicator shall be positioned ‘as nearly as practicable

(a) midway between the sides of its compartment and
(b) midway between the ends of its campartment.

——— In no case shall an indicator (marker) be offset from a position
midway between the ends of the compartment by more than 10% of the compartment
length.®

By referring to Graph 4, it can be seen that for a marker set at
75% of capacity, the "double error® would be approximately 0.75% on a 700 gal.
compartment and approximately 6.0% on a 7000 gal. compartment, if the 10%
offset were permitted.

W
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~ Now it is possible to exercise some control over conditions
prevailing ‘at the time a tank-truck is calibrated, in so far as permissible
slope of road surface is concerned, but no such control is possible over
the slope of the road surface at loading racks in daily service. Again,
with a multi-compartment truck, it is possible that the slope of the truck
during service loading will differ from that which existed during cali~
bration, due to the fact that the order of loading of compartments may not
always be the same (i.e. the front compartment may be the first one loaded
on one occasion and the last one loaded on another). This may cause the.
front-end to be low at one time and the back-end to be low at another time.
Further, the springs of the vehicle may gradually weaken in service and thus
alter the slope of the tank relative to the ground.

Recommendations:

For the foregoing reasons it would seem advisable to tighten
the Canadian Regulations so that markers may not be offset from the mid-
plane by more than a small amount - and it is suggested that this be
limited to _an offset (w) of + 1 inch. . \

It will be noted in the foregoing analysis of the problem that
it has been implicitly assumed that the marker is p031t10ned midway between
the sides of the tank (as is the recommended practice in the United States).
It is felt that this requirement should be rigorously enforced, since it
should not pose any particular problem in service. The case with respect
to tight control of offset may not be as easy to enforce, but if the claim
of + 0.25% error on initial calibration is to have any real significance,
then it would appear necessary to control the permissible offset much more
closely than is done at. the present time.
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EFFECT OF TILT FACTOR (k) UPON LEVEL OF LIQUID
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