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Small Area Estimation Methodology Using Labour Force Survey Data

by Francois Verret, Braedan Walker, Cynthia Bocci and Jean-Franc¢ois Beaumont

Statistics Canada’s Labour Force Survey (LFS) produces estimates of labour force characteristics for different
levels of geography across Canada. While standard weighted estimates, i.e., direct estimates, can be produced
from the LFS, these estimates are less precise for many small communities and rural areas due to the small
sample size in those areas.

As part of the Disaggregated Data Action Plan (DDAP), a Small Area Estimation (SAE) methodology has been
developed to produce monthly estimates of labour force characteristics for more detailed levels of geography than
are available directly from the LFS, namely Census Metropolitan Areas (CMA), Census Agglomerations (CA), and

a complementary geography called Self-contained Labour Areas (SLA). SLA are functional areas composed of
Census Subdivisions (CSD) grouped according to commuting patterns (OECD, 2020).

1. Introduction

In the Labour Force Survey (LFS), direct estimates for a given area are obtained by using survey data from that
area along with a set of suitable survey weights. Direct estimates are thus reliable if the sample size in the area of
interest is large enough.

Small area estimation (SAE) methods attempt to produce reliable estimates when the sample size in the area is
small. This is achieved by complementing the small amount of survey data with additional information that takes
the form of a model involving auxiliary data. Small area estimates of employment counts and unemployment rates
were produced using an “area-level” model. An area-level model is a set of assumptions about the relationship
between direct estimates and auxiliary data at the area level. In this application, a linear model with normal errors
was considered. The resulting small area estimate for a given area is a linear combination of the direct estimate
for that area and a prediction from the model. The latter is often called a synthetic estimate and involves survey
data from the area of interest as well as from other areas used in the modelling. As a result, small area estimates
are indirect estimates in the sense that they use survey data outside the area of interest. For the areas with the
smallest sample sizes, the direct estimates are not reliable and the small area estimates are driven mostly by the
predictions from the model. However, for the areas with the largest sample sizes, it is the opposite and the small
area estimates tend to be close to the direct estimates.

As mentioned above, the use of an area-level model requires auxiliary data available at the area level. There is no
need to have this information at the unit (person) level. However, it must come from a source independent of the
sampling selection mechanism of the survey. In the LFS, the number of employment insurance beneficiaries in
each area of interest was used as well as demographic projections of the number of persons aged 15 to 64 years
and 65 years and older. The former is obtained from an administrative source and the latter are obtained from the
Centre for Demography at Statistics Canada. The production of small area estimates depends on the availability
of these auxiliary data for the reference period, and as such, the small area estimates are less timely than direct
estimates.

Section 2 of this document describes the area-level model used to produce employment counts and
unemployment rates for the CMA, CA and SLA. In section 3, diagnostics used for model validation and evaluation
of small area estimates are briefly discussed.

The small area estimates are obtained independently each month using the small area estimation module of the
generalized software G-EST version 2.03 (Estevao et al., 2023a, 2023b).
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2. Area-level model

Suppose that we are interested in estimating a certain population parameter for a given area i (and for a given
month), which we denote by 9 For mstance 6 could be the employment count or unemployment rate in area i.
A direct estimator of 6, is denoted by 0 The sampling error is defined as e, = 0 0. . The Fay-Herriot model is
the most common area-level model. It has two components: the sampling model and the linking model.

The sampling model can be expressed as:
0=0+e,

where Ep(ei) =0 and var, (ei) =1l/;. The subscript p indicates that the expectation and variance are taken with
respect to the sampling design (or the sample selection mechanism). The implicit assumption is that the direct
estimator is unbiased under the sampling design. This assumption seems reasonable in the LFS given the types of
parameters considered and estimation methods used. The quantity ¥/; represents the variance of é, with respect
to the sampling design and is typically unknown. A direct estimator of ¥/; is denoted by l/?l. . In the LFS, l/?l. is
obtained using a bootstrap method.

The second component of the Fay-Herriot model is the linking model. A common linking model is:
!
O =zp+v,,

where E, (vl.|Zl.) =0, Varm(vl.|zl.) =02, 1, is a vector of auxiliary variables for area 7, and B and O'V2 are
unknown model parameters. The definition of Z; for the employment count and unemployment rate is provided at
the end of this section. The subscript m indicates that the expectation and variance are taken with respect to the
model.

In addition to the above model assumptions, the errors ¢, and v, i =1,..., M , are usually assumed to be
normally distributed and mutually independent. The quantity M is the number of areas (CMA/CA/SLA) used for
modelling.

By combining the sampling and linking model we obtain the Fay-Herriot model:

A

ei:Z;B—l—a[’

where a, =v, +e,, E, (a[|zi) =0, var,, (ai|zi) =o.+y,and y, =E, (w,|z,) is a smooth variance. The
subscript mp indicates that the expectation and variance are taken with respect to both the model and sampling
design. Assuming l// is known, estimates of the model parameters B and G can be obtained using the
restricted maximum likelihood method and are denoted by [3 and U

The synthetic estimate of Q is simply the predicted value Z,—B . It is called an indirect estimate because ﬁ is
obtained using the direct estimate from area i, é , as well as direct estimates from areas other than i. Because it
uses more data, the synthetic estimate is typically more stable than the direct estimate, particularly for areas with
a small sample size. However, the synthetic estimate relies on the proper formulation of the Fay-Herriot model
and could be significantly biased if the Fay-Herriot model is misspecified. A more robust and even more stable
estimator that was implemented in the LFS is the composite estimator

0 =760, +(1-7)2p
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where 7, = &f / (c%v2 +17,) . This small area estimate is a weighted average of the direct estimate and the synthetic

estimate. When the direct estimate is stable, l/7i tends to be small and the small area estimate is close to the direct
estimate. When the direct estimate is unreliable, ¥/; tends to be large and the small area estimate is closer to the
synthetic estimate.

In practice, the smooth variance l/7i is never known and must be replaced by a suitable estimate, 1/51. . For areas
with a large sample size, the direct estimate l/},» of I/, obtained using standard methods, such as the bootstrap,
is typically an efficient estimate of the smooth variance @&i . This is what was used in the LFS for the large areas.
However, for areas with a small sample size, the direct estimate l,&i is usually unreliable. To address this issue, the
variance estimate l/7,» was modelled and its predicted value was used as the estimate of the smooth variance. This
brought stability in the estimation of l/7i at the expense of introducing another model. Greater detail on estimation

of the smooth variance is given in Beaumont and Bocci (2016).

Three inputs need to be provided to the SAE system for each area in order to obtain small area estimates QSAE,

1= 1,...,M :
. direct estimates &, ;
i smooth variance estimates 1/5,. ;
ii. a vector of auxiliary variables Z; .

We describe below how the vector Z, was defined for the estimation of the unemployment rate and
employment count.

Let N7 and N/"" be the number of individuals employed and unemployed in area i, respectively. The
Niunemp

]Vviunemp + Niemp
6 = N/ . Three auxiliary variables were available: Nf’b , the number of employment insurance beneficiaries

unemployment rate in area i is defined as ¢, = , Whereas the employment count in area i is

in area i, Nils_64 , the number of individuals aged 15 to 64 in area i, and Nl.65+ , the number of individuals aged

eib 15-64

65 or older in area i. Let us define the beneficiary rate as O, = W and the 15to 64 rateas R, = ]\’]— . For

15+
i i

the estimation of the unemployment rate, we used z, = 1, 0, Ri)’ . The first component of the vector represents
the intercept. We also used terms to fit a linear spline in both O, and R,. For the estimation of the employment

count, modelling considerations led us to proceed differently. Instead of modelling Nf""’ directly, we modelled the

emp

proportion of employed individuals, W , using the intercept term, O, and R, in z, asin the unemployzmmpent rate

model, but we also used terms to fit a quadratic spline in both O, and R,. The small area estimate of N is

1

then multiplied by NiIS* to obtain the small area estimate of the employment count N,

Finally, a raking process was applied to the small area estimates of the employment count N to ensure that
when aggregated at the provincial level the total corresponds to the direct provincial estimate of number of people
employed. Note that the areas do not aggregate to the province exactly since some areas overlap two provinces.
In these cases, the combination of areas closest to the geographical definition of the province was used for raking.

Statistics Canada — Catalogue no. 75-005-M n



Small Area Estimation Methodology Using Labour Force Survey Data

3. Evaluation of small area estimates

The accuracy of small area estimates depends on the reliability of the Fay-Herriot model. It is therefore essential to
make a careful assessment of the validity of the model before releasing estimates. For instance, it is important to

verify that a linear relationship holds between 9: and Z, at least approximately. A simple way to verify the linearity
assumption is to graph the standardized residuals:

>

d- — i Z;B

| VG, +,

against the predicted values ' . The linear assumption is reasonable when the graph does not reveal any
particular trend. The standardized residuals are key statistics that can also be used to verify other model
assumptions such as the normality of the model errors. Indeed, a test based on standardized residuals was
developed to identify outlier areas, i.e., areas that do not follow the same model as the other areas. Outlier areas
would typically result in extreme residuals. Our model assessments in the LFS did not reveal any obvious model
misspecification or outlier area. This was reassuring as the quality of small area estimates is highly dependent on
the validity of the Fay-Herriot model.

The Mean Squared Error (MSE) is the usual concept used to evaluate the gains of efficiency resulting from the use
of the small area estimate HSAE over the direct estimate 49

MSE(élSAE) — Emp(éiSAE _Hl )2 .

The MSE is unknown but can be estimated. When no raking is done to the estimates, one can use the formulas
given in Rao and Molina (2015). For the final raked estimates of employment counts, the appropriate MSE formulas
were derived and used (Verret and Walker, 2025). Gains of eff|C|ency over the direct estimate are expected when
the MSE estimate is smaller than the smooth variance estimate 17, or the direct variance estimate l// In general,

the small area estimates in the LFS were significantly more efficient than the direct estimates, especially for the
areas with the smallest sample size.

We also compared direct and small area estimates for May 2016 with Census 2016 labour estimates, which are
based on a much larger sample size. On average, the small area estimates were considerably closer to the Census
estimates than the direct estimates (Beaumont and Bocci, 2016).

To ensure the robustness of the models over time, the small area estimation models were developed and
evaluated using more than two years of monthly data prior to release.
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