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ABSTRACT

Available basin precipitation and lake level data fo r
Lake Michigan/Huron are analysed statistically. Smoothed,
grouped yearly data indicated a two to three foot decline in the
level of Lake Michigan/Huron since 1863, with a superimposed
75-year fluctuation of about 1 1/4 feet. The total annual basin
precipitation has declined two to three inches since 1873 and it
appears to have undergone a 75-year osCillation of amplitude 3
inches.

Spectrum and cross spectrum analysis, ;,show that
96.3% of the variance of lake level is accounted for by £luctua- .
tions of 12 months and longer, and that there is a very high
coherence- squared ( about O. 70) between basin precipitation and
lake level in the frequency range of zero to 1 cycle/ 12 mo•. For
all cycles in this range, except for fluctuations longer than 20
years' and for the yearly cycle, the lake level lags the precipita­
tion by approximately aquart~r cycle. Longer fluctuations are
more nearly ·in phase, and the yearly cycle has an apparent lag
of one year. The potential of a prediction scheme, suggested by
the results of this study, is discussed.
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L'EFFET DE LA PRECIPITATION DE BASSIN SUR LE NIVEAU

DES LACS MICHIGAN/HURON

par

F. B. Muller,
J. G. Ge rvais,

_et
R. W. Shaw

/ /
RESUME

Le s auteurs pr~sentent une analyse statistique des
donnees disponibles sur la pr~cipitationde bassin et Ie niveau des
lacs Michigan/Huron. _Les donncfes annulles groupE;es et liss~es

indiquent qu'il ya eu depuis 1863 une diITlinution de deux -a:- trois
pieds du niveau des lacs -Michigan/Huron, ainsi qu'une fluctuation

-superposee d' environ 1 1/4 pied en 75 ans. La pr~cipitation an­
nuell.e totale de bassin a diITlinu~ de deux a trois pouces depuis
1873 et elle seITlble avoir ~tl souITlise ~ une oscillation d'aITlplitude
de 3 pounce s en 75 ans.

Les analyses spectrales et spectrales crois~es ITlon-:­
trent que 96. 3 p. 100 dela variance du niveau de ces lacs s'explique
par de s fluctuations de 12 ITlois et plus, et qu'il y- a une trE!s haute
coherence carree (environ 0.70) entre la precipitation de bassin
et Ie niveau des lacs dans la gaITlITle de fre'quences cOITlprises
entre z~ro et un cyc:le/12 ITlois. _Pour tous les cycles dans cette
gaITlITle, sauf pour les fluctuations s"etendant sur plus de 20 ans
et pour Ie cycle annuel, Ie niveau des lac s est en -retard sur la
precipitation d'environ un quart de cycle. Les fluctuations plus
longues sontplus pr~s de la concordance des phases, et Ie cycle
-annual a un retard apparent d_'uneann~e. Les auteurscoITlITlentent
Ie potential d'un scheITla de previson, decoulant-des resultats de
cette ~tude.
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1. INTRODUCTION

The extreITlely low levels of the Great·Lakes In
recent years have been of gener!a(cC>~cern. These levels are
affected by influences in two broad categories: first, geological
or ITlan ITlade and second, :r:elating to hydrology and ITleteorology.
In this latter category, precipitation clearly plays a ITlajor part.
Since an eighty-year record of precipitation onto Lake Huron­
Michigan watershed is available, a-s well as a hundred-year
record of their levels, this study was undertaken to exaITline the
re sponse of lake level to surrounding precipitation change s using
ITlethods of power spectruITl and c ro s s- spectruITl analysis and
statistical filtration. Lake Huron-Lake Michigan (one body of
water) was selected because it is still effectively uncontrolled
and subject to large changes in level.

The scope of the study, the procedure followed and
organization of this report are indicated in the table of contents.
Briefly, the data are described in section 2, section 3 provides
inforITlation on the ITlethods and procedures followed, while
sections 4 and 5 describe the results of applying the procedures
outlined in 3. The iITlplications of the results for a poss"ible
forecast scheITle are discus sed in'secti~n 6.

2.DATA

Mean ITlonthly values of lake levels frOITl 1860 to 1963
inclusive at Harbour Beach; Michigan were available froITl the
U . .S. ArITlY Corp of Engineers. The level is given to the nearest
tenth of a foot above the datuITl at Father Point, Quebec.

The monthly basin pyecipitation data in hundredths of
inches frOITl 1873.to 1963 inc,lusive were calculated frOITl raingauge

....

This study was undertaken during the SUITlITler of 1964 when
Mr. Gervais an undergraduate of Assumption University of
Windsor was eITlpioy'ed as 'aStudent Assf~tan't by the Meteoro­
logical Branch. Mr. Shaw was a graduate student of Queen's
University enrolled in the School of Gra,duate Studies of the
University of Toronto.
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readings of the Meteorological Service of Canada and the Do So
Weather Bureau. The total num.be r of raingauge s on both side s
of the ~order varied from 12 in 1,873 to 283 in 1964, rem.aining
m.ore or less steady iIi the-last 10 years. 'The com.bined data
for the Michigan/Huron watershed were calculated using data
from. two sour~es. Fro,m. 1873 to 1933 inclusive the Meteorolo­
gicalSe'rviceof Canac:iacpm.btned the data for the two system.s
using the weighting factors of 0.477 for .the precipitation on the
Lake Michigan basin(a:rl~a 67,,900 sq. m.i. ) and- 0.523 .for that on
the Lake Huron basin (area 72,600 sq. mi.). From. 1900 to 1963
inclusive, dataJor the individual watersheds, were'computed
separately bythe Do So Arm.Y Co rps of Enginee rs o The se were

, ; , I

com.bined using the 'above weighting factor s. In the ove rlapping
years (1900 to 1933) there were small discrepancies between
the two sets of data; the se w~re' re solved by taking the m.ean of
the two,..values.. "

, Precipitation directly onto the lake was not taken
intoacc.ount, since very little data on this are available. ·Rathel',
the surrounding land records were exam.ined for·anyinform.ation
they by them.selve s m.ight contain concerning lake levels.

3. METHOD

Single spectral aI).alysis, using the' m.ethod of Blackrrlan
and Tukey(l9 58) was perform.ed ,on the raw serie s,- calculating
108 spectral estim.ates in the frequency range'of zero to 1/2

months-
1

,-thus giving a resolution of 1/216 m.onths-
l

.. AnIBM
7090 com.puterprograiri available in the Atm.ospheric R'esearch
Sectio~6f the Meteorologic.al Branch was used to obtain ali
spectral analyses in thisstudyo For anadClitional description of
the m.ethod, see Panofskyand Brier (1958).

The individual spectra of the raw data (Figs .. 1 and 2)
indicated that, for;furthe r 'analysls, supp're s sian bfc-e rtai'n pro­
minent peaks in the spectra was desirable, as these powerful
frequencie s would tend to oblite rate detail in and spread powe r to
neighbo'uring parts of the spectra. 'Thus, the three stati stical
filters described below were designed,using the IBM 7044 c~m.­

.pute',r and' a' program. described by McCulloch ( 1965). - Explana­
tions of statistical filteringrnay be found in Panofsky and B'rier
( 1958) and Holloway ( 1957).
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The filters designed were.: . , .

a) A low.,pass filter (Fig. 1a) with lcutoff frequency
(response 10%) at 1/16 rponths-. ... ...

b) A band- suppress filter for the l.ake level data (Fig.
5). This was to "prewhitenl' the raw lake level
series, i. e. to pass all frequencies in the raw
series at a roughly equal amplitude,level.

.. ".

c) A hand- suppress filter for the basin pr.ecipitation
data (see Fig. 6).' This was used in ,a manner
similar to above to prewhiten the raw basin pre­
cipitation values.

-1 The low-pas s filter with cutoff frequency 1/16' man,..
ths was used to smooth the monthly values of lake 'level and
basin preCipitation. 'The smoothed monthly values were then
grouped into mean annual lake levels and total annual basin pre:­
cipitation values. The pre-smoothing was done to eliminate·
fluctuations of period somewhat less than twelve months, variance
from which might be passed by the equally-weighted grouping
mean ordinarily used to find th'e annual values.

After applying each pre-whitening filter to its re­
spective series, single spectrum and cross-spectral analysis was
done on the resulting filtered series. The purpose of the 'latter
was to find, as a function of frequency, the relationship betwe,en
basin precipitation, and lake level; in other words, how much of a
given fluctuation at a given frequency in precipitation manife,sts
itself in' a similar fluctuation in lake level? Coherence (and co­
herence- squared) is the frequency:-dependent quantity corresponding
to correlation coefficient, and was chosen as the statistic to mea­
sure this relationship. The c ros s- spectral an,alysis program also
calculated the phase relationship between precipitation and lake
level at each frequency.

On the basis of broad maxima in the coherence spec;.
trum (Fig. 9) four statistical band"':pass filters were designed for
application to the raw data. Fig. 16 shows the response chacter­
istics of these,filters.

'.
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A sample plot of the low-passed series and the
series containing the yearly fluctuations is shown in Figures 25
and 26. For each band-8ass filtered series, with the exception
of the 0 to 1/40 :months- ,now-pass), the following analyses were
made:

a) The mea~ line, was dravyJ:? on the graph. ,Since
the zero .freque~cy respciri~e of'the three band-pass,
filte rs was ze ro (Fig. 16) none of the tre:r:d,
which would be 'analogousto DC voltage in an
electrical w'ave, was pas sed. Consequently it
was pos sible to draw a mean lin~ since fluctuations'
in the band-passed series were. deviations from a,
'mean of zero (allalogous to A.Y,Yoltage). A cycle'
was considered.to be the portion of the series
betweensucces~iveupward'c:rossings of the mean
line, and the period ~f each~~cillationwas
measured in this manner.' Pe;riods of fluctuations'
were plotte~aga:inst real timeJFig. 18, 19, 20), the
date of the oscillation being ta~en as the beginning
of· the oscillation•. This plot, was made as an attempt
to find a patte ruin the fluctuatiOIls. in each frequency
band throughout the years. This patt~rn,if existent,
would be an aid in a prediction scheme.

b) Histograms were drawn for p~riods of oscillation,
L e. the elapsed time be~weep succes'sive'upward
crossings of the mean line (see Fig.' 17)'-

i
c) The envelope of the fluctuations (see Fig. 26 for an

example) }Nas 'also plottedagai:qst real time in Figs.
,21, 22 and'23, tosee if a FJatte'rn eXist.ed. The,
envelope was dett=rmined by 'measuring the departure
o! positive peaks from. the mean line, taking the "
date as the date of the.'peak." Such a graph would
give a condensed view of the behavio~r of the lake

.levels and precipitation in each frequency band.

d) In each bancl-p~s~ed s'eries, the correiation ~oef­
ficient for a lag of zero was calculated between the
envelope of precipitation fluctuation and that of the
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lake level. Similarly -the correlation coefficient
. (lag ze ro) was found between the plot of pe riod
against real time for .the precipitation and -that of
the lak~. lev~l. .

For all four filtered series (including the 'low-pass)
the correlation; coefficient between_ basin. precipitation and lake
level was calculated, using appropriate lags determined .from the
eros s- spectral analysis by the following formula:

L=~Y
.360

whe re L is lag used (months),

'~is phase lag in degrees of the frequency of highest
coherence in the band, determined from the cross
spectral analysis, and

is pe riod (months) of the frequency of highe st
-coherence.

4. RESULTS OF SPECTRAL ANALYSE'S

Spectra 'ofrawdata:-

_Lake levels·'

The spectrum found for the lake ~evel (Fig. 1) is
dominated by the zero frequency estimate, the long period flu­
ctuations' and the annual cycle. Fig. 3 was plotted by integrating
the area under the spectral curve s of lake level and of precipi­
tation,' sin:ce these curves are expressions of variance per .
frequencyinterval. Thus,Fig~ 3 shows for a given frequency the
accumulated pe rcent of the total. variance accounted for from zero
frequency to the given frequency. From this figure it can be seen
that 96.3% (if the variarice in lake levels is account~dfor by the
yearly cycle and longer period fluctuations; the yearly cycle itself
accounts'for 6.4% and the band f;om zero frequency to 1 'in 9 years
accounts for 77.3% of the variance. In other words, 3/4 of the
variance in lake levels is explained by fluctuations lasting 9 years
or longer.
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, The peak betwee~ the frequencies 1/20' months

and 1/14 months- l is not considered significant at th:e'5% level.'
Panofsky. and Brie r{ 5) provide an explanation of the Chi- square
test used to reqch this conclusion.. Briefly;. the particular
record chosen is a sample frq:rn a very much longer record
stretching into the past aij.d future. The. flpectrtiIn measured from:.
this sample maydiffe.r cOIlsid.e.rably fro;mthis much longer
record. The Chi- square test ~ilows one to'accept or reject the
hypothesis that the long-term spectral power at this frequency ­
would correspond toa smootlj.:/;pectrurn.wifh no local peak. To
rej ect this hypothe sis is to conclude that a peak is significant at
for instance the 5% level. The probability that this conclusion is
false is given by the figur~q'q,qted.for tb,e significance'level.

: .: - ".- 1 . • ." ..

the 5% level.
The annual pe·a,k:j.s the onlyon'e that is significant at

. . ~ ,

Precipitation
,

.•.• 'j

'The spectrUm. iqr the raw precipitation data (Fig. 2)
appears much less smooth tha;B that of the r~w lake levels. This
is partly because of the exp~~¢ed vertical. scale made possible by
the relatively larger variance density in higher frequencies, but
it is probably also to be explained by the local effects of each
station in the network.' Each.,station has its own individual varia­
tiondependingonposition, topogr'aphy and wind direction. The..
total of all stations ~ill cont-a'inthis variability, although it may
not be present in the true areal total of precipitation. In particu­
lar, relatively large and spur}ous fluctuations may be observed
in the .'Qasin tot~lson short, tiIT1;esc.ales -~ o~lo.nger .time scales
the se might beexpeeted to c'a!:ricelout soITle~hat. A furthe r re sul t
of the 'additionClf local effects ~~ll be that spectral estimates from
a given length record shot+ldbe le.ss stable compared to those
from lake level·measllrerrient~~

The actual basin preCipitation spectrum, shows long.., .
term fluctuations to be rel~tivelyIe s s important, but t'he annual
cycle is still we'll-marked. In additon, there are four peaks
which a.resignificant at the5o/~level as explaIned earlier. These

. . . - 1
are at: 1/216;,1/7.5,1/6,1/4, months' .'
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The small peak at 1/26 mo~ths-l is of borderline
significance. Figure 3 shows that fluctuations of 12 months and
longer account for only 32. 6% of the variance in the precipitation,
indicating the greater prominence of fluctuations shorter than 12.
months and possibly also the effects of sampling difficulties. The
yearly cycle itself accounted for 20% of the total variance. Thus,
while on the scale of the annual cycle and longer, 50% of the
variance is in changes longer than 12 months, the corresponding
figure for the lakes is 900/0.

It is of some general interest that the precipitation
record shows a peak near 1/26 months -1 in view of the discove'ry
a few years ago that a complete 26-mQnth cycle 'apparently domi­
nates wind changes in the equatorial stratosphere. Otherworkers
(e. g. Godson 1963, Angell and Korshover 1962) have identified
spectral peaks near this frequency in time se rie s of many othe r.
meteorological variable s in high latitude s as well as equato rial.
In this case the variable represents an average over a sizeable"
geographical area, but Gargett (1965) reports a similar peak in
the spectrum of precipitation recorded at the Toronto Meteoro­
logical Obse rvatory:

Spectra of Pre-whitened Data:

Lake levels

The spectrum of' the pre-whitened lake levels (Fig.
7) appears much less smooth than the spectrum of the raw data,
since the long-term and annual fluctuations have been reduced 'in
amplitude by the pre-whitening filter (Fig. 4) to values comparable
to the remainder of the spectrum, thereby allowing the use of a
more expanded 'vertical' scale. The long-term and annual fluctua-

tions 'have been. greatly reduced. The peak at 1 months - 1 is now
significant by tne 5% Chi-·square test, whereas it did not appear
in the spectrum of the raw data., There is also a possible peak at

1 months-I. The'dep;essi;ns ~t either side of the annual cycle
are solely the result of the filtratiol'l, since the pre-whitening
filter (Fig. 5) reduced notonly the 'annual·cycle, . but the neighbour­
ing frequencies a~ ~ell. N~te' the d~crease of p~wer with increas­
ing frequency.

.. -....
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Pre cipitation

The spectrum of the 'pre-whitened' basin precipi­
t'ation (Fig. 8) is quite llwhite ll (see 3); the l(;mg period fluctuations,
the. annual cycle and the 6-month cycle have been greatly reduced.
The peak at 1/7. 5 months - 1, still appears, but the filter (Fig. 5)
reduced the peaks at 1 cycle/ 216 'and 1 cycle in26 months, and
caused depressions on either side of. the annual and 6-month cycle .

. Since the high-frequency oscillations repre sented
only a small variance fraction of the lake level record, they were
not of intere st at this time and we re not studied in detail. In
particular, one might inquire as to the portion of the high-fre­
quency variance which is 'due to the shape of the 'annual cycle and
the extent to which it also ·aCCOlL'1.ts for the details in .this spectral
region. This is re'adily done by petforminga spectral analysis
on the mean annual curve (Fig. ,24) replicated a large number of
times. For each frequency, the difference in power between this
spectrum and t~at of the original record would represent fluctua-'
tions that are independent of the annual cycle.

Relationship between Lake Leve'l and Precipitation

Coherence

Figure 9 displays the coherence- squared spectrum
for the pre-wh~tenedlake Ie vel and precipitation, giving 108 esti-

- .. . ,-1·
mates in the frequency range of zero to O. 5- months • ,Upon
examination, one feature is readily apparent: there is a very
high level of coherence- squared (averaging 0.69.) between lake
levels and precipitation in the.lovi frequency range of ~ero to 1/6

1 . . . ' .
months - • in contrast to the mean cohe rence- squared. of O. 39 for
the entire frequency range. The relatively low coherence- squared
of O. 44 and O. 28 at and near 'ze-ro£:i'equency -is' artificial and due to
the lake level pre-whitening filter which has zero response at zero
frequency, preventing any determination of ~ohe rence at that fre­
quency. However, from the cross- spectral analy~is of the grouped
annual data (di'scussed below) it can be seen that its :coherence­
squared at zero frequency is 0.78, as the zero frequency component
is entirely present. Hence, coherence- squared values at and near
zero frequency from the analysis of the an;nual data have been
added as a correction to Figure 8 (see dashed line).



1.00

LOO

0.90

0.80

o.
AMPLITUDE

o.

PRE WHITENER F~R L~VELS

.;
CONTINUES AT 0.1.

TO .F CO.DO

0)0

o

17.1'.1'.I!.12.11-'0
(CYCLES 11A0.J

.08 ~2' .08.07.06

FREQUENCY

.0'.04.03.02.01
·0.01~-----+----+-----'---+---+---+-'-'-"""'r--"""'--+-~-+--"""'--""'--+---+---+---1--­

o

Figure 5
Frequency Response of Filter to Prewhiten the Raw Lake-Level Series

FAlLS GRADUALLY TO 0.91

AT ·F=0.50

PREWHITEN~R FOR I?RECI~ITATION

'.

0.10

. QO,g...-+_........,.....---<_.....-+_-+-.,.....r-t---+--+~_-+- ........-'-.......,.,+--+-,-........-+......._ .....-+--+--+-.................._ .......4-1--..............-r.......-4-+-........-.
o 01 02 03 04 015 06 07 0 09 10 II 12 15 14 U5 16 17 IS 19 20 21 22 23 242 26 27 28 28 30 31 32 33 34 3S 36 37 38

1112 1/6 1/4 1/3

FREQUENCY (CYCLES / MO)

Figure 6
Frequency Response of Filter to Prewhiten the Raw Basin Precipitation Series



eo8010

~ ~
FREQUENCY (CYCLES I MO,I

ESTIMATE NO.

SPECTRUIo4 OF

PRE WHIT ENED LEVELS

804080ao10

o.a

0

-o,a

-0.4

LOG
-0.'

POWER
-0.'

-1,0

-,.a

-',4

-I.'

-I.'

Figure 7
Logarithmic Spectrum of Prewhitened Lake-Level Series

:u
SPECTRUM OF PRE WHITENED PRECIPITATION

3,0

LOG

2,8

POWER

2.6 '

2.4

'2,2
ESTIMATE NO.

'FREQUENCY (CYCLES I MO.)

Figure 8 '
Logarithmic, Spectrum of Prewhitened Precipitation Series



- 14 -

If the corrected values are taken into account, the
ave rage value of cohe rence- squared fo r the entire frequency. range
is now 0.40, and for the range of 0 to 1/6 months- J is O. 70.
Figure 9 shows the average coherence- square,d from zero fre­
quency to a given frequency, using th,e corrected v'ery-low-fre­
quency value s in Fig. 9. In Fig. 9 the re, appear to be pe~fs of.
coherence- squared at 1/26" 1/18, 1/12, 'and'l/6 months but it
should be noted again that coherence is high for all frequencies'
betwee~ te ro and 1/6 months ..,1. .,Figure 10 ~hows that above 1/6
months ,the ave rage coherence- squared !rom ze ro frequency
falls steadily.

Phase Relationship

The correlation coefficient (zero lag) between the two
pre-whitened series is 0.098, and for the annual grouped values it
is still lower at 1. in x 10- 5. These correlation coefficients are
very low because they do not take into account phase differences
between precipitation and lake level which, as it will be seen, are
very im.portant~ Thus, the two series which at first glance seem
unrelated, are, infact, highly correlated if phase lag is accounted
for.

The graph of the lag angle of lake level behind precip­
itation for the frequency range of zero to 1/3 months - 1 (fig. 11)
shows that, with the exception of the trend (very low frequency)
and the annual cycle, the lake level lags the precipitation by approx­
imately 100 ,or a quarter cycle, th,roughout. Thus" the time lag
between lake le;el and precipitatio'n is not ~ons~ant, but inc reases
with the length of the 0 s cillation. At;ve ry low frequenc ie s the.
angle,becomes smaller - - at zero fr'equency, phase has no meaning.
By contrast, the annual cyc:le in Hike level appears to be either in
p,hase o'r a multiple of cycle s (po ssibly one year) behind the annup.l
c'y.cle inprecipitatio~•. Examination of the series filtered to show
the annua~ cycle only (F'ig. 26) i:il.dica.tes that lake':levels apparently
lag precipitation by one year in the annual cycle.

The constancy of phase angle, apart ~rom the annual
cycle would have been unexpected on the basis of a constant run-off
time for precipitation; it is, however, suggestive of a model in
which long-term storage with longer transit time comes more .into
playas the duration of a £l"..lctuation in precipitation become s l()nger.
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The annual cycle behaves very differently fora
nwnber of reasons which deserve further study; howeyer, there
are some obvious in£luenceswhich may be consideredqualitively.
Firstly, one is reminded that estimates of lake evaporation (e. g.
Richards 1965) suggest itto be comparable in magnitude to basin
precipitation arid, of course, opposite in sign. ,It may well be that
much of the power (variance) of evaporation, which acts:without
lag, is concentrated In the annual cycle, and that the component
in the lake-level cycle due to evaporation acts to e rode what
wouldotherwise'bea lagged crest in the 'annual march of lake
level. Secondly, the annual cycle and shorter accounts for 67% of
the precipitation variance. ,In this time- scale preCipitation may
well be 'quite strongly negatively' correlated with evaporation, so
that again the effect is to increase the inphase peak in lake levels.
Thil'dly, spring, snow melt clearly precedes the annual precipi­
tationmaximum and again the, effect is t~ advance the phase of the
lake levels. Finally, influence of inflow from LakeSupe rior
would have to be expre s sed mainly in the annual cycle since
longer time scale fluctuations would require:mani:[:mlation of the
annual cycle of storageinLakeS:upe rior~

Re1ationshipsasshown by Annual Data

Fig. 12 shows the results of smoothirigthe monthly
data with the low pass filter (Fig.' 4) and then forming non-overlap­
ping l2-month totals and averages. The preliminary smoothing
was performed in order to give a better overall picture of the
behaviour of the lci.kelevels and basin precipitation. The reason
for this is that an equally-weighted moving mean usually used to
find ,yearly values will let through some power of'frequency greater,
than once in 12 months. Thus, if higher frequency components are
filtered out of the monthly values to begin with, this cannot o~cur

and the yearly values represent onlyfluctllationson time scales
longer than once per year. For purposes of cOITlparison, yearly
values from unsmoothed data are:also displayed in Fig. 12. In
the case of lake level data, the smoothing of the monthly value s
reduced the variance by as little as 1% since 96.4% of the variance
in lake levels is caused by fluctuations of 12 months or'longer; thus,
the smoothing filter could not affect the variance appreciably. In
precipitation, however, the smoothing of monthly data reduced the
variance of yearly totals bY,2. 3%, a somewhat larger value because
of the great~r importan,ce of,shorteJ; pe~.i.od flu,ctuations inprecipi­
tation.

...... . ....'
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Figure 13 shows the spectrum. for the annual
grouped lake 'levels with a linear scale for variance. With: 10
estimates in ,a frequency range of 0 to 1/2 years- 1.' it provides
more resolution at the low end of the spectrum than may be ob­
tained with the monthly values (Pig. 1). Most of the po.;ver~is:in

the low end of the spectnim•. with a broad peak in the ba!l.d from

1/40 years-
1

to 1/13 years-I. The power- .. then·falls off rapidly
with inc reas'ing Jrequenc.y.

The spectrum of the total annual precipitation in
Fig. 14. which covers the siime frequency range'asthat for the
annua11ake levels, also displays' a peak in the band from I·cycle
in 40 to 1 in 13 years. However, the power does not fall quite so
rapidly with increasing frequency. and there is a smaller broad
maximum. at 9/20 years •. i. e., about lcyc1e in 26 months .. ·

The coherencespectruc..lTI between' annual ITlean
lake levels and tota.1·annual precipitation (Fig. 15) shows very
high coherence from zero £requencyup to 9 cycles in 20 years.
where there is a peak•.. As mentioned above, this supplements the
coherence findings based on monthly data which were limited in
their resolution 'at very low frequency. This high c9herence is
obvious from the graphs of the mean anrmal lake levels ( Fig. 12)
one may note that the level of Lake Michigan/Huron has gradually
fallen from two to three feet over thepe:dod of the record. There
also appears to have been a superimposed fluctuati?n of period 75
years determined from the peaks at approximately 1878 and 1953 ..
Thearriplitude of this very long period fluctuation is about 1. 25
ft. The plot of the smoothed total annual precipitation in Fig. 12
shows a decline as well. the magnitude of which is estimated at
two to three inches since 1873. Gargett{ 1965J found a 2.6 inch
drop in annual precipitation at the Toronto City Observatory over
a period of 72 years 'from 1869 to 1940. This is 'in spite of the'
fact that changes ininstnunentation should have tended to increas~

the precipitation amm.mts recorded. That a similar decline was
observed over an area as large 'asa Great Lake basin increases
the. significance of the Toro:"to finding. In addition; around 1885
there was a relatively sharp decline of 5 inches per year in pre­
cipitation which wasa-Iso found by Gargett in her study. Precipi­
tationalso appears to have traced out a 7 5 ye~rfluctuation of

.amplitude -amounting to 3 inches in annual precipitation. The
-:'



b} 1/40

- 21 -

ratio of trend to the amplitude of the 75 year cycle is greate r for
the lake levels than for the precipitation. For a better look at
the long term behaviour of lake levels and precipitation, it would
be profitable to apply an extreme low-pas s filter to the raw data
to get a verysrnpoth curve with only linear trend-and very long
term fluctuations in it.

5. EXAMlNA TION OF THE DA TA AF_TER BAND-PASS FILTERING
i.

Since 96.4% of the variance inJlake levels<is found­
in the frequency band of 0 to 1 cycle/12 months, it was believed
that filtration -in the band9 :

/
-1a} 0 - 1 40 months - low pass

- 1
1/20 months - band-pass

c} 1/20 - 1/ 14m:onths -1 - band-pass

would represent fairlycompletely the behaviour of precipitation
and lake level, and their relationships, in this frequency range.
See Figure 16 for the frequency r~sponsesof the-filters. _The
meaning of the high coherence found in the cross spectra is il­
lustrated by correlation computations performed between the
filtered series. The resulting correlation coefficie-ntstogether
with the lag used for each frequency band is listed in Table 1.

TABLE 1

Freq. Band Lag Correlation -Coeff.

1-o to 1/40 months - - 20 months 0~748

1/40 - 1/20 months- 1 8 months 0.620

1/20 to 1/14 - 1 6 months 0.755months

1/14 to 1/10
- 1

12 months O. 816-months -
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Sample Plots of'the Filtered Series'

': ~amples of the plot of the output from the low-pass
and the band-pass hear 1/ 12 ~6nths- 1 are shown in Figs.' 25 and
26. Tb'-e geIi'eral'd"ownward drift of 'the 'lake levels, would ,be ap':'
parent if the 'plot of the whole low pass s~ri~s were ~ade from
the listed data. In ,the complete low-passed series, the lake
levels generally f6llowthe fluctuations of precipitation with a
lag of about a quarter of the currently do~inant'cyc1e~ lnac-,'
cordance with the lag shownbythe cross' spectrum in Fig. 10~
The same lag appeared cori~isten't1y in the output of the band-pass
filters near 1/.26 months-I, andn'earl/16. 5 months-I., Thus,
the average lag calculated in the cross-spectral analy~is represents
a rather' consistent phenomeIlon rather t~anthe mean of widely
·scatte red values. "

Phase consistency' of the Band-passed Series

, ,The histograms for occurrences of fluctuations of
specified length (Fig. 17) 'in both serie s shows that, ~ith the
exception of the band containing the annual cycle, ther~ is no
dominant frequency in any band. ,A histogr~mwas not drawn for

1 ',' ,,'
0- J/40months - band because the number of ~yc1es occurring
over the:length of record wa's,sp small that ,such a diagram. would
have little meaning.

For the band from 1/14 to 1/10 months -1 the 12­
month cycle in lake levels was very sharply-tuned, indicating that
there was littl~, phase s,hifting ,and that the ,minima and maxima
'occur at almost the same time each year. This is illustrated in
the sample plot of-the band-passed record containing the 12-month
cycle in'Fig. '26. The mi;nimurn occurs in February just before
the spring thaw while the maximum is in Augu_sf. It shoUld,be noted
that the band-passed .ser.iesnearl/ 12 months does :qot show all
of the annual cycle but qn1y the 12-month 'component of it. The
total annual cycle contains components' of sho rte r period as men­
tioned before; a portion of the high-frequency variance found in
the spectra of the raw data could probably be accounted for by the
shape of the annual cycle. Fig. 24 displays the mean annual cycle
in lake level and precipitation" which was calculated by taking the
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month by month mean of the raw data listed.in Appendix A.For
precipitation the mean annual cycle is ·obvio·usly non- sinusoidal,
with two maxima (May and September), and a minimum in Feb­
ruary~ For l~ke level the mean~:rinuaicyci~ is· slightly non­
sinusoi<;ialj· this is eviqentwhen, comp~red with a. superimposed
sine wave (dashed lin·e) in F.ig. 44. ...

The histog;am in Fig. 17 .shows ·that the 12-m~nth

precipitation cycle is also s·harply-tuned, but to a lesser extent
than in the lake levels~ This may be partly due to the rando~
fluctu.ations pr~ sent in precipitationmeCl;surements, ahd partly
due to the fact that each of the many stations that contribute to
the mean baSIn precipitation would have its own individ:ual yearly
precipitation cycle. Certain stations, due to high precipitation
in their locality will corne into prominence in a certain year and
will influence the ·areal-averageannual cycle with their individual
station cycle, thus causing phase and period shifting in the total.
basin precipitation.

Time Variations of Frequency and Amplitude within a Frequency
Band ~- Comparison between ·Level and Precipitation

The results of the previous section make it evident
that except for the· annual cycle, arnplitudeand phase vary. almost
continuously over frequency. Nevertheless, there is interest in .
examining whether the changes in amplitude and phase that occur
in one series are associated with corresponding changes in the
other.

Table 2 shows the·correlafions found between:

a) the real - time plots of pe riod fo·rprecipitation
and levels and

b) the real..,time plots of amplitude. The calculations
were done for each of the frequency bands.
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T,ABLE2

Band
No:minal Frequency

. Correlation Coefficients
for

(1) Period (11) A:mplitude

near 1/26 :months-
l

. - 1
near 1/16 :months

near 1/12 ·months.,.l

o. 37

0.43

0.07 .

O. 10

O. 07

- ~ 54

Generally these valuesi:mply no relationship or only weak rela­
tionship, which :may at first appear surprising. However, one
:must note again that with suitable constant lag the correlation of
the band-pas sed series itself is high. This :means:.

a) the reis a tendency to :maintain a constant phase
angle between the series in the frequency band
conside red, and

b) that there is sufficient power in both series at
ti:mes when the average lag angle prevails that
the re is an i:mportant contributi<:>,n to the su:m of
lagged .cross-products.

Co:mparison of phase ·and power para:meters as perfor:med above
deals with departures fro:m the average :made co:mparable by use
of the frequency do:main or by nor:malization of the a:mplitude.
Any relationship that :might appear fro:m this procedure would be
thus a higher order effect. 11:s absence could not weaken the over­
all conclusion: .(i) that power exists in these frequency bands

in both series and
(ii) that, particularly when it is high, there is·a

characteristic phase difference.

. Correlation is:moderatefor the 'periods of the
1/16.5 and 1/26:months- I bands and virtually. absent for the
annual cycle.. For a:mplitude the reverse situation obtains.

Dealing first with period, note that the definition
of period depends upon the application of arbitrary criteria. Ina
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filtered series, for instance; how small must a fluctuation be to
be disregarded, if its 'period' is markedly different from the
ave rage? That wide limits we re used is evident from the histo­
gram of pt::riods~ In spite of this in the bands lacking any obvious

forcing mechanism ( 1/ 16. 5 and 1/26 months - 1) there rem~ined a
noticeable correlation of the periods. He re the longer fluctua­
tions carry greater weight in the period correlation than do the
shorter. Sfnce the-longer ones 'tend also to have larger amplitude
(where a real relation exists), the correlation in period depar­
turesis under-standable. However, in the annual frequency band

. . .'

a deviation in the time of alL"'1.ual maximum or minimum of pre-
cipitation estimated over the basin would not be expected to have
a simple effect on the timing of the maximUm or minimum of lake
level. This is apparent in view of the more complicated phase
re1ationshipin tre annual cycle discussed in section 4. In partic­
ular a deviation ,in the phase of basin precipitation would not
necessa:t;"ily beaccornpanied by a corresponding shift iri the other
major forcing functions of the anr.uallake level cycle -- namely
evaporation and spring run in.

Dealing, secondly, with amplitude, the problem is
to -interpret the negative correlation observedfbr the annual cycle
(with forcing present) and the lack of correlation in the bands"
where forcing'is absent. Again one notes that the definition of
aITlplitude involve s arbitrary c rHeria which are siITlilar to those
for the definition of phase; for exaITlple, how much does a fluctua-

tion in the 'lrl6~ 5 and 1/26 months -1 frequency bands have to­
depart in period from the average in order" that a crest in the

" .

series be disregarded in drawing the envelope? "Duration alone
is the criterion, and small :t1uctuations have equal w;~ight with
large in determining the envelope; thus, a wea},: relationship
results. - For the-annual cycle there is no such arbitrari"ness since
there is always a clearly definable lluctuation of large ·amplitude
in every-9-l5 months. "Thus, the difference in the degree of
relationship ob se rved is unde r standable.

There remains the negative sign for the correlation
of variations in amplitude in the annual cycle. To interpret this
finding one must recall that the amplitude of the annual cycle
repre sents qualitatively only the difference between surnme rand
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winter precipitation, or between summer and winter lake level.
Thus, when th~ precipitation is relatively steady throughout the
year levels have their largest fluctuation; when there is an abnor-_
mal summer winter variation in precipitation the lake levels are
relatively constant. The steady precipitation case corresponds
to a relatively high accumulation of show;and a relatively high
peak in the early surnmer-maxiinurn of level resulting therefrom.

-Conversely, a large summer-winter difference represents a
reduction in the spring run-in contribution to the summe r maxi­
mum in level and a correspondi:!lg reduction in the amplitude of- ,
the annual cycle.

6. IMPLICA. 'rIQNS' FOR FORECASTING LEVELS FROM PRE­
CIPITATION

This study'makes it clear that most of the infor­
mation coricerninglevels-for this lake system is contained in the
record of basin precipifation. The phase lag of approximately
one quarter cycle in any frequency band (except for ve ry low fre­
quency and the annual cycle) has the following implication.
Future lake level changes with steadily decreasing detail appro­
priate to inc reasing time scales, are mostly decided by the pre­
cipitation up to the present; the quarter cycle into the future of

<.:

any time scale provide s the constraint; on the variation of the
next smailer time scale. Thus, for example, the end of a well­
marked positive half cycle in the range 20 to 40 months must be
followed almost inevitably by an overall declirie in levels lasting
about 5 to 10 months. -Smaller times- scale changes will tend to
remain within the framework set by the larger time scale. An
attempt to work out a sch-eme, based on .this principle, for the
forecast of the meteorological-hydrological component of level
changes will encounter two main problems. -Firstly, there is the ­
difficulty that i;n any time sc~le one may corne·no closer to the
pre sent than about one tiine unit _of perhaps half a time unit. For
instance, on the time scale of a year and somewhat longer one
may only know at best the phase and amplitude of an o.scillation
applicable at a point in time 6 months ago. Thus, to specify the
present ona range of time scales involves an extrapolation of at
least half a time unit on each time scale.· Thepos sibility of doing
this successfully on the average requires special investigation
but the relative continuity of features of the band-passed series



- 34 -

give sorne basis for optirnisrn. The second difficulty is that there
are clearly long terrn.chil.llgesinia:kele~~lwhich hav'enothing to
do with long terrn changes in pre'cipitatio·n•. These include' the
effects of diversions, chang'es in'tle capacity of the'out£lo'w
chann.els, and geological c'hanges in attItude. The effects of
the se onernayhope to e stirnate, and to supe rirnpo.se thern upon a
forecast based on preci:pitati<;)ll' alone~

. .

7. SUMMAR Y AND CONCLUSIONS

The level of Lake Hur~n-'Michiganove~ the bst 100
years has been examined in relation to the record of bas·in.pre':'
cipitation. The spectra of both, and the c ros s- spectrUITl of
coherence and phase have been estirnated; the results o~ applying
statistical band-pass filters in frequencies of rnaxirnurn relation­
ship were studied, and th~ potential discussed for a forecast
scherne based on precipitation up to the present. The rnain
findings are:

I} . 96. 3% of the variance of the lake level is in
frequencies up to and including the annual
cycle•. The annual cycle accounts for only
6. 4% of the ·variance. '

2}' Fluctuations in level lag behind tho'se of pre­
cipitation by a nearly constant angle of about
100 degree s for all frequency bands except
that of the annual cycle a~d between a and 1/18

-1years

3} The relationship is high on all tirne scales
longer than oP.ce in 6 rnonths; for these tirne
scales, an average of 70% of the variance of
la]<e level is to be explain~dbyvariationin
precipitation. This corresponds to a cor­
relation coefficiento£ O. 84.

4} Both level and precipitation .records· show
downward linear. trend as well as a£luctua­
tion of approxirnately 7 5 years I duration.
';I'he level of the lake has dropped about.3 ft.
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in,lOO years and precipitation has declined,
about 2-3 inches in annual precipitation.
The 7 5 year fluctuation ~asanamplitude

of about 1 if 4 ft. inlake.level and ,about
3 inches in precipita~ion.

5) The high information 'content of precipita­
tion for 'future lake levels would justify
expe riments to attempt the development of

'a, forecast procedure based solely on the
precipitation record up to the' present.
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