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AN EXPLANATION FOR THE OBSERVED ICE GROWTH AT POR'r HARRISON

by

D. M. Leahey

ABSTRACT

An analysis of ice m.easurem.ents at Port Harrison has led to
the following conclusions.

(1) At the m.ouths of rivers em.ptying into bodies
6ffreezing saltwater, ice growth will be in-

I

creased by losses of heat from. the fresh to'
the salt water.

, \

( 2) A study of ice thickness at Port Harrison
can determ.ine the tim.e at which fr.esh water
ceased,to flow past the m.easuring site. This
knowledge should be useful in estim.afing the
winter' discharge of the Innuksuak River.

, ,
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, . / .....
EXPLICATION DE LA CROISSANCE DE LA GLACE OBSERVEE A PORT HARRISON

par

D. M. Leahey

,/ ,/

RESUME

Une analyse desm.esures des glaces a Port Harrtson a perm.is
de tirer les conclusions suivantes:

(1) A I' em.bouchure des rivi~res qui se deversent
dans des ~tendues d 'eau sale e au point de
congelation, la croissance de la glace est
accrue par la transm.ission de chaleur de
l"eau douce a 11 eau salee.

'e
"

(2)· Un~ etude de Ii e'pais s eur de la glace a Port
:Har ris on peut perm.ettrede determ.iner Ie
m.om.ent oul'eau douce 'a cesse de couler au

. poste de m.esure. Cette co:qnaissance devrait
aider a l'evaluation du debit hivernal de la

> riviere Innuksuak.
/
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AN, EXPLANATION FQR THE OBSERVED ICE GROWTH AT POR T HARRISON'

by
\

D. M. Leahey

(Manuscript Received February 17. 1967)

1 . Intr oduc ti'on

BothPort Harrison(58° 27'N, 78° 09'W) and Baker Lake (640

18'N, 96 0 09' W) are beside bodies of fresh water. Reported ice
thicknesses at the fonner -station have been consis~antly 20 to 25

. \, \
em. greater than those at the latter.

:i ; 'L

Thi sdifferenceis,surprising as Port Har rison is warm.er and
has m.ore snow cover than Baker Lake.

A m.odified version of Stefan's growth equation is used in this
paper to explain the, anom.aly. Additional ice-growth at Port
Harrison is shown to result from. the presence of salt water which
intrudes up the m.outl}. of Innuksuak River from. Hudson Bay. An
analysis of the ,ice m.easurem.ents also shows that the winter dis­
charge of the Innuksuak River c eases before the onset of the m.elt
season.'.e,

I' 2. Stefan's Equation, Modified to take into Ace ount Variable Snow
Cover

....

";:.

The question of ice, growth due to heat transfer was treated
theoretically by Stefan (189.1). The heat conducted by a unit area
of ice from. the water in a period of tim.e dt is:

dtlk-
dZ

where dt! is the vertical tem.perature gradient at the ice-water
dZ , \

interface. k is the coefficient of therm.al conductivity of ice. dt!
, , ' , dZ

m.ay be approxim.ated by 13 where 1 is the thickness of the ice'

(em.) andj.3 is the difference\n tem.perature(oC) between the lower
and upper surfaces of the ice.

This heat loss results in the form.ation of an additional layer
of ic e. In thi s m.anner:

k,13 = ~ Ldl
1
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where L is the heat ,of fusion and, t: is the density of the ice. 1£
we as sume·that k, Land t; are independent oftime and ice thick-

.......
ness.

or k Z-(.3

k~: /.3dt = f L Cldl

Here, the integral has been approximated by the summation over
the growing period ofthe daily mean values of(3. This -is Stefan's
equation. As b~ankets of snow usually cover the ice one cannot
as sume that the temperature of the ice surf ac e equals the air
temperature. Stefan's equation can, however, be modified to take
into account variable snow' cover .. Assuming that there is not
heat storage in the snow:-

-- - ---------- ---- -- - -

(Q. - 9 ) .
K. 1 S=_Q

s (""'
,--- ~- --._-j- ·---0----- - -- ----".--

(1 )

whereK = thethermalconductivityoithesnow(cal/day. cm.oC).
s.

9i = temp~rature of the ice surface 0 G

9 .- temperature of the snow surface C C
s

b .- depth of the snow (cm)

2
Q = heat absorbed at the snow surface (cal/cm.. day.)

Solving equation (1) for Q. we have
1

Q. = 9 -9.£
1 s K

s

( 2)

1£ we take the freezing point of fresh water to be 0
0

G, (3 = - Q •

U~ing this r~sult togethe r with the relation expres sed in equatio~ .
(2) we h~ve

2
1 = - 2k/ r L L: (Q' - Q d /K )

. s s
(3)

This is the modified version of Stefan's equation applicable Jo
fresh water ic e.

/ .
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3. Valu,es of K and 2k/ fLs

- 3

" ,
'(4) ,

".

A formula has been pr~sented by Abels (1892) whic,h relates
th,e heat conductivity 6f snow to its ,density It'' o.

, , 2)
o

K ,= .0068 ~ ,cal/cm. sec. C.
s ~ ,

, 0

Bilello (1964),' has published weekly ;valu,es of snow densities­
measured at northern stations for the period 1960- 61. The aver,­
age of his values for) , is :380g/cm3 , Substituting, this value ­
i~to'Abell sequation and gonverting from seconds to days we find'
K

s
= 85 ~al/cm. day. ~ C. With this K s equation (3) becomes:,

1 2 = - 2k/ f L Z( 9 -6 d / 85 )
s '

An effective value ?f 2k/.f L for fresh water ice was found
froIJl Baker. Lake da'ta by the method of least squares. Le. equa":
ti on (4) wa s adjusted so that

,.

o k/ {'L l: 1(1
2

11) = 0 ( 5)

/ '

'.

. '

here I' the observed value of ice' thickness

1 the ice thickness predicted by equation (4)

1: I summation over the number of observations

Solving equation, (5) for 2k/ f L we get:
1

2k /f L ~~Z' 1'(- I: (Gs - Q J' /85»')'
, ~,I ~(Q - Q cr/8S)' ,

~ ~ s '

(6)

For this equation, 9 s was a'S sumed equal to the air. temperature.
Ice thickness and snow depth data were obtain,ed from an annual
circular publi shed by the Canadian Meteorological Service entitled
"Ice thicknes sData from Canadian Selected Stations"., Q was

, as sumed to equal the climatic values of the net radiation as pub-,...
lished by Vowinckel and Orvig, (1964).

1 -

"



~ 4
I

2k/ ~L from 4 ye_ar's dataA value of 10. 8was calculated for
(1960-61). - Equation ('4) now becomes

I 2',
,1 = '-10.8""(9

, U s Q' 6/ 85 ) (7)

The substantial Slice es S ofthis equation c'an be seen in Figure l.
'-The correlation between the observed and predicted vaiu~s of 1
was. 996. ,Further tests o{the accuracy of equation ( 7),with ice'

, growth data from Knob Lake and Norman Wel)s yielded correla- '
tion coefficients ,in excess of .97. A variation of the modified

, " ' ,
Stefan equation suitable to the growth of sea wate.:r ic~::.~1;las been
tested with similar results (Leahey. 1966). ' ./

4. AdditionaliceGrowth atPortHarrison Due to the Pre-sen'ce
of Saltwater

Figure 2 shows the observation site at Port Harrison. The
. -' -Innuksuak- Rive·r·f1ows-past -the -stationin_s_urnm~r~t_ a_ sp~e~_'?f_ .~. ~

about 4 knots. (Hudson Bay Pilot). It is shallow with an average
width of less than 100 feet.

At Port Harris~mthe ave rag e snow depth over the_ period to
be treat,ed never exceeded 13 cm. Under this circumstance of
light 'snow cover, the modified Stefan's equation willnotbe'sen­
sitive to values of Q. (Leahey, 1966). In working with Port
Harrison, data Q will be assumed equal to the radiation loss at
Knob Lake (50 0 48'N, 60 c> 49' W). This was the nearest station'
at which estimates of Q were readily available.

Ice measurements at Port Harrison were, 'consistently
greater than at other stations with comparable climates. Cer­
tai~ly, as illustrated in figure 3, ice at the main measuring site,
grows faster than one would expect from the simple theory of
equation (7).

, \

To account for the extra ice growth.: it was 'necessary to ­
postulate a heat sink other than the atmosphere. As salt water
freezes at a lower temperature than fresh it can provide such a

sink.

Let us assume that the fresh water loses heat at a rate q
up through the ic e to the atmosphere and at a, rate qb down to th~

salt water. This is illustrated in figure 3. The thickness of the
layer of brackish water will vary with tide and turbulence.

/
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Figure 4: Showing fresh water at a ITlouth of a river losing
" ,heat to two sinks; -through the ic e to the atITlosphert::

and to the sea water.

Now, water at 0° e loses heat in the fonn of latent heat.

--- ~-L--cll-::~-- +~--

dt a b

here, k
w

dt>
dY

heat conductivity of the brackish water

the effective teITlperature gradient at the fresh water ­
brackish water interface. The other quantities have
been previously defined.

- i

By assuITling that there is· a linear teITlperature gradient
through the ice we obtain.

- \

2 [l ,e .
1 = 2) k/ f L Qi d t + 2) k w

. 0 O.'('L
dt>
dY

ldt

2
or 1 = -10. 8 ~ (Q

.s

k'
- Q d /85) + 2 l:~~ 1

) fL dY
, (8)

In the above equatior; use has been ITlade of the results of sec­
tion 2.



2k' dt> .
If ..pw - is assumed constant·with ti.me, it.s value proper to

. ) L dY . . . ..
I Port Harrison can be foun9 by having resort again to the method

of least ~quares. We ob.tain:

a= L' ~lO. 8

(1' L t

10. 8
I U .

(

, l'

, 10.8(9
s

2_ilit;
85))

(9 )

a·=
2k dt>

w

rL dY
(as sumed co~stant)

equation (9) may be calculated by making theThe quanti ty '" III. ,wI. ,

following assumptions:

(1) 1=1'

(2), There is a constant rate of growth between observations ,

. ,

With these two approximations an average value for a of 1. 26
, I

cm was calculated. Figure 5 shows the accuracy to which the
equation

. \

2
1 = -10.8E(9

, s
','.

fits the observed data.

- 9.£) + 1. 26 El85 . .

. There is,an apparent divergenc e of the observed from-the pre -
dicted ·ice thickness as the ice grows beyond 150 cm.

'5. Ice Growth After the Exhaustion ·of the Fresh Water Source

. As shown in Figure 4, the "two heat sink", theory of the pre,...
vious section ov~restimates i~e growth at th~ end of the. growing
.season. Maybe the observed growth"can be explained if we assume
that at some stage tile second heat sink is removed.



i
, !

i /
640 .--~,..----.-----.,.....-----.----,--.,.....--....,.--.-----.,....."",;,,----.-----.,...-....,.-""":-'----....

\ .

! '

I j

12=_I?'8~ (8s - ~)+1'26~1
. \

80

560

I,

480

N
E~ X WINTER 1959-60u

N 0 WINTER 1961 -'62
~ 1 WINTER 1962-63,x 400

r----o C WINTER 1965-66
H

H
Ul
.N

+ 320
,..-:--...~IIOa CD

COl/) ......
~

0

H 240
CD

Q
I

L...--.-J

160

ooL-e~;,;;SiE2~~!@~~5:0:--""'"7~5~---1~0~0-~--1+2~5-~--1.J.5Jq~.~--..J.17-5---,-2..J.0-0.....:..-~-2..J.2-5----2J50
-I (em)

•
Figtire 5.

Plot of Observ.ed Ice Thickness I, at Port Harrison against ,- 10.8-
I

\
i,

( Q - QS) + 1. 26
S 85



" .

11

J'
".. Let us .suppose that when the ice reaches a thicknes s 1 " the

.' 0,

fresh water in Figure 4is exhausted. Employing the simple theory
of the previous section, it is easily shown that ice will continue
to grow acco'rding to the formula

'he,re, 1 - 1 = the thickness of sea ice.
" 0

..
,/

2 2
1 = 1

o 6B (9
o s

Q[
- 85 C) ( 10)

, 6
0

=

B =

I

e.

...,

./ I:

s,ummation over the relevant period, beginning with
the exhaustion of the fresh water.

an effective constant involving the he.?-t 'cond~ctiv­
ity, density and latent heat of fusion appropriate"
to the enti re layer of fresh water - sea water' ice..

1 - 1
It will be a function of 0

1
0

C = freezing temperature of the salt water.

Lacking information about the values of Band C, the author took
them to havec onstant values equal to thos e for fresh w?-ter, (i. e.

'.2 . 0 " - ..

10.8 CrI;l / day and 0 C respectively. )

Values of 1 were found by the method of trial and er rOt:. An
o

1
0

was assumed. Equation (10) was 't~en employed to predict the

succeeding ice growth. The value of 1 that gave the most satis-o . .
factory result was accepted. 192~ 210, 169, and 163 cmwere,
the values of 1 cak~lated for the winters, 1959-60, 1961-62, .".o ".
1962-63, and 1965-66 respectively'. One should be able to relate
these to the winter discharge of the 'river. Such a study is, how­
ever, beyond the sc ope of this paper.

Equation (9) was next applied onlytc? data collected from the
. beginning of the growing season' to. the time 1 = 1. A new value

. 0
of ~ equal to 1.45 ern was ,calculated.

The very good agreement between the subsequently predicted
and -obs erved ice growth is shown in Figure 6. The correlation
coeffiCients were in excess of .995 .
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6. Additi onal Verifying Measurem.ents

/, Ice thickness m.easurem.ents were m.ade at auxili~ry stations
, on April 21, 1966. (See Figure 2). The findings were In agree- "

m.en t wi th the ory.

At station A , the ice thicknes s w'as 210 cm.. This is an in-
2

crease of 12 cm.over the value rel?orted on April 22 at the m.ain
site. Such a difference can be expected- as the layer of.fresh
water shou.ld persist longer at_ station-A

2
than' at the m.ain site.

Furt~ercredence is given to the theory by the ice m.easure­
m.ents at site A 3 . Here, the i<;:: e was only 160 em. thick. This
com.pares v.ery favourably to the value of 159 cm which equation
(7) predicts for sim.ple fresh water growth.', It appears then that
salt wa~er does not reach up river to the third m.easuring site.

--- -- -It -snould-15e -stres s-e-d that th-e-re-are-no-actua-l-m:ea-su-rernents - -- ­

to show that salt water penetrates up river _past the first bend or
that fresh water ceases to flow downstream. through the m.ain
m.easuring site.

7. Conclusion
\'

When the only heat sink'is the atm.osphere, fresh water ice
grows according to the equation

2 Or
1 =-10.8'~(Q-~)

. s 85

But at the mouth of the Innuksuak River, fresh water com.es in'
contact 'with colder sea water from. Hudson Bay. The salt water

. provides an -additional h~at sink, v:hich precipitates faster ice
growth described by the equation

1
2 = -1 Q. 8 ~(Q .Q.£.) + 1. 45 ~ 1

~ s:- 85

'If 1 is the thicknes s ofthe ice at the t,im.e fresh water ceas es
o

to flow-past the m.easuring si te further ice growth proceeds ln a
m.anner described by the ~quation

2 2 ~ Od"
1 =10~10.8L:(Qs-85)' ,

r-

The difference 1
I

lOis the thickness of sea ice.
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A study of ice thickn es s at Port Har ris on
can determine the time at which fresh
water ceased to flow past the measuring
site. This knowledge should. be useful.
in estimating the winter discharge of
the Innuksuak River.

At the mouths of rivers emptying into
bodies of freezing salt water, ice
growth will be increased by losses of
heat from the fresh to the salt water.

A study ofice thickness at PortHarrison
can determine the time at which fresh
water ceas ed to flow past the measuring
si teo This knowledge should. be useful
in estimating t4e winter discharge of
the Innuksuak River.

At the mouths of rivers emptying into
bodies Of freezing salt water, 'ice
growth w,ill be increased by losses of

. ,. . 9
heat from the fresh to the salt water.

( 2)

(.1)

( 2)

( 1 )
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. ABSTRACT: An analysis of ice measurements at P~rt. ,IABSTRACT: An analysis of ice measurements at Port
Harrison has led to the following conc1:Usions:: Harrisonhasledtothefollowingconc1usions:

I I

(1) At the mouths ofrivers emptyirigint!o :
bodies' of freezing salt water, ice: :
growth will be increased by lossesl of \ .
heat from the fresh to the salt water.. I

(2) A studyofice thickness at PortHar~ison
can determine the time at which fre~h

I
water ceased to flow past the meaisuring
site. This knowledge shoulq be use~ul

in es~imating the winter discharg~ of
the Innuksuak River. I

1

I .
------------------_._-----------------,-----~-------------------------------------------------
ABSTRACT:' An Analysis of ice measurements at IJort IABSTRACT: An analysis of ice measurements at 'Port '

Harrison has led to the following conc~usions: Harrisonhas led to the following conclusions:
. i

(1) At the mouths of rivers emptyingiinto
bodies of freezing salt water, ice!
growth will be increased by losse:s of
heat from the fresh to the salt waiter,

I
(2) A study of ice thickness atPort H~rrison

can determine the time at which fresh
I

water ceased to flow past the me~suring

site. This knowledge should be u~eful

in estimating the winter discharg1e of
I

the Innuksuak River. I
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