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ABSTRACT·

Forec.asts ofpredi€tandvalues based on linear regression equa­
tions do notnecessarilymeet requirements ofindividual consumers.
But suchforecasts carry implications which permit their modification
and/ or interpretation in terms of probability, and which consequently
may enhance their value.

These implications, and the possible use of an inflation factor
tor constant multiplier) for modification, are explored.

PROBABILITt D' E:VENEMENTS ASSOCItE AVEC LA PRfDICTION
D'UNE VARIABLE AU MOYEN DE RtGRESSION LINtAIRE

par

R. Robinson

Les previsions des valeurs de pr~dictionbasees sur les equations
de regression lineaire ne rencontrent pas necessairement les exi­
gences des consommateurs individuels. Mais de telles previsions
comportent des implications qui permettent leur modification et/ou
interpretation en termes de probabilite et qui, consequemment,
peuvent rehausser leur valuer.

Ces implicationset l' utilisation possible d l un facteur d'inflation
(oumultiplicateur constant) ~ fin de modification sont explorees.
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1. Introduc tion

Regression equations linking a variable Y with one or more
other variables Xi (i = 1,2, ••• ) are often used to define a predictand­
predictor relationship with which observed values of Xi are used
to provide forecast values of Y. As a consequence of this pro-··
cedure, the consumer receives forecasts which will have the pro­
perty· that the expected value of the squared error is minimized.
If this suits his purpose, the consumer will obtain optimum results
from the forecasts by using predicted values of Y without modifi­
cation, and may be given an estimate of average forecast worth in
terms of the mean square error computed as a function of the
correlation coefficient between Y and Xi.

For many consumers, however, losses stemming from incor-·
rect forecasts are notat all proportional to the square of the error,
and the maximization of. the benefits obtained from regression­
based predictions may require either systematic modification of
the forecasts and/ or interpretation of forecast skill which goes
beyond the estimate of mean square error.

One such consumer, for example, may be subject to a loss L
whenever a certain threshold value of the predictand Y is exceeded,
unless prior action at cost C has been taken. If action is based on
forecast values of Y, even large errors in the forecast carryno
penalty provided that forecast and observed values are both above
or both below the threshold. On the other hand, even small errors·
will be costly if forecast and observed values are on opposite sides
of the threshold.

If, for a given forecast, P represents the probability of the
threshold being subsequently exceeded, the action should be taken
if P >C/ L, and to achieve optimum results from the forecast
service, this consumer must be given either:

i) an amended version of the predictions in which the thres­
hold value will be exceeded when and only when P .> C/ L, or

ii) an estimate of P.
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Advance estimates ofthe 'w~'rtho(the iore~ast service for this
application, whether or not the regression predictions are modified,
will involve the expected frequency of occurrence of values above
the threshold,and the conditional probability that observation of
above the threshold will be "correctly" forecast.

In the following sections, conditional probabi'lities ofthe occ ur­
rence of forecast and observed values in specified ranges are
developed as functions of the, correlation coefficient linking the
predic'tand Y with the set of'predicfors Xi. M~ltipllcationof re~'
gressi'on-based forecasts by a constant, or l'inflation factor"is
examined as one pos sible rriethod of providing fore'7asts to be'tter
serve" specific consumers, and its'impact on mean square e,rror
and probability' distributions rioted•..Other. proce~u'res, such 'as
application of a discriminant function for categorical prediction,
are not considered in this paper." '

2. Linear Regression

For any variabl~s y, Xi (i =I, 2, ••• ), 'a linear correlation co­
efficient R may be defined between Y and Xi. For the sake of
simplicity of the following derivation, only one ind,ependent variable
Xis considered, and both it and the predictand Yare as surned to
be normalized and standardized, i. e. with means X= y .~. O· and
standard deviations dX = d"Y = 1. The 'generality of the results
is not affected. '

If Y*(X) is the value of Y obtained from the regression of Y on
X, then: '

Y*(X) =R XY • X, where R XY =XY ( 1 )

By substitution, y*(X) = 0, and O-2Y *(X) = R 2 y. The inclusion
of an inflation factor 1nil as an arbitrary metffod of altering the
characteristics of y*(X) may be done by redefining the predicted
value as

y* = m.RXY·X

If error is defined as E = y* - Y, then

-E=O

,',

and (Fig. 10)



- 3 -

Regression of Eon Y or y* now provides a predicted: error E*
as a function of either the observed predictand Y or the forecast
predictand y*. ' .. ': "

,E*(Y) = (rnRZXY - 1) Y \ (3)

( 4)E*(Y*) = m - 1 . y*
m

And as the difference between predicted and observed values
of the predictanddefined E. so the differences between E and E*(Y).
and between E and E*(Y*>. define, variables F y = E*(Y) - Eand
Fy* = E*(Y*) - E. By using previous definitions. and averaging
over all values of Y and Y*.

and

Fy =Fy *= 0

,Z '2 Z Z Z
() F y = F Y = m R XY( 1 - R, Xy)

() ZF * = F Z = 1 _ R Z ,
Y y* XY

3. Event Probabilities
.~ if '.

Fy is uncorrelated to Y and F y * uncorrelated to y*. Pro­
vided that the means and variances given above apply not only to
the total sample of observations but to the hypothetical subsets'of
Fy defined by Y = constant. and to the subsets of F y * with"y>:<:=,
constant. and assuming that the probability densitydistribution of
such subsets follows the normal curve.

PD(F) =
1

c:f F

e
- Z-(F - F)

Z (J" Z
F

the variables E* and F may be used to assess event probabilities.
where "event" is defined as the co-occurrence of forecast and ob­
servation within specified ranges.

IfthetransformationZ = Fyi (5Fy ismade. the variable Z will
have a probability density distribution given by the standard normal

lies be-The probability that Fy
" I - Z2

curve. PD(Z) = --- e -'-'-"
../2tr Z

tween limits Ll and LZ is identical to the probability that Z lies
between' Ll /a- Fy and L2/6'Fy. For any event which can be trans­
lated into a restriction on Fy ( or· F y*). tables for the standard normal
curve willthen yield the associated,probability. Three such events
are considered below.
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Event 1

For a large class of consumers, the most useful forecast on
any given occasion is not the simple quantity y* (even if this is the
most probable value) but the probability of the subsequent observ­
ation lying below (or above) a particular threshold.' This probability
maybeassessed by considering the event: "With a given prediction
Y*, the observed value is less than a constant, K". (K, like Y and
Y*, is measured in standard deviations of Y.)

The probability of Y< K is equivalent to that of

y* - E <K,

•

or

or

F y *_ E*(Y*)+Y* <K,

F y * <K-Y~/m,

which in turn is equivalent to 'the probabiHty that the standard nor­
mal distribution has values less than (K - Y*/m)/ if (1 - R2XY )'
The dependence of this probability 6n'~, Y*, m, and R

XY
is shown

in Figures 1-3, for selected values of Y*.

When m = 1, the probability of a given error is linearly, un­
correlated with Y*. In the case ofm = 1, and for fixed correlation
coefficient, comparison 6f Figures 1 and 2 thus shows equalprob­
abilitie's for pairs of Y*, K having -identical differences y* - K.
When y* - K is near zero in absolute value, the probability of ob-­
servations less (or greater) than K is relatively unaffected by
changing correlation coefficient, except as R approaches unity and
probabilities change rapidly from near 50% to either zero or one.
Even for values of y* -K as large as one standard deviation, the
probability of observation les s than K decreases from a value of
about l6%withR'= O'by'onlya few percentage points as R increases
'to. •. 5, and a value of 1% is not attained until R is over. 9.

If m is greater than unity, the systematic error of m-l. y*
inc reases the probability ,of 'errors having the same sign~s y*.
In a comparison-of Figure 3 with Figure 2, this shows as a shift
of the family of probability curves towardhigl}erprobability values.

Event II:

. A simple measure of forecast success on anyone occasion is
the error, or difference between forecast and observation. The
economic'consequence.ofagiven-error is not, however; necessar­

, ily (or even usually) a constant over the whole range of' possible



- 5 -

forecasts and/or observations. Errors which may be t,oief.£t~d when
the observed value turns out to be at one level may carry large
penalties when they occur with observations ata second level.
(c. f. consequences to the public of an unforecastedoccurrence of
"bad" weather compared to the consequences of (inunforecasted
occurrence of "good" weather)~

Under these conditions, a more pertinent measure of success
on a' singie oc'casi on will be aftmcHonnotonly of error size but also
of the observed value Y, and the prior evaluation of the success·to
be expected from a series of forecasts will require the conditional
probabilities of given errors occurring with given values of the
observ:ation. Examples of such probabilities may be developed by
con~idering the event: "For a given observation Y, a prediction
y* will have been made such that the ab.solute error IEr is less
than a positive constant K".

The probability of lEI' (K is equivalent to that of

'E*(Y) - FyI< K, or

i) ifE*(Y) and F y have opposite sign,

. J. ;.

ii) if E*(Y) and F Y have same sign,

IFYI >IE*(Y)I -K for

IFYI< K + IE*(Y)I for

IFY I < 'E*(Y)I
IFy I>'E*(Y)/'

Figures 4- 8 indicate the dependence of this event probability
on Y, K, m and R

XY
•

T he varia ti on of probabilH y wi th cor rela ti on c oeffic i ent r eflec ts
both the effect of changing the expected mean error and of altering
the scatter about t~at mean. When R XY is near zero, the forecas~s

are concentrated 1n a narrow range about zero, and the error 1S
essentially equivalent to the observed value. Errors will thus
always be less, or always greater, than a given K, depending only
on wether K is greater or less than the observation Y. As R XY
increases, forecasts will be made with higher absolute values,
increasing the chance that some forecasts will be wrong for small
observed values of the predictand and that some forecasts will be
correct for large observed values of thepredictand. Reversal in
the downward trend for probability of er ror within a specified limit,
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~hen the pbserved value is small,. occurs as R XY reache's app.r~?,:~

Imately 0.7. As R XY appr<;>aches unity (and if m := 1) forec?ist..and .
observed values become identical, and'errors arealways.l~.s.s·'than.
an arbitrarily small constant..

The effect of a magnification factor less than unity is,' broadly
speaking, to reduce the probability of any absolute-value error
wllen the qbservedvalue islow (in terms of distance from the mean),
and to increase it when th~ observ:ed value is high. For m greater
than one, this trend is reve!-"s ed. . ,

In b.oth cases, the amount of change is d~pehdent on. the.:~or-·
relation coefficient. With R XY ~ear ~ity, error is esseri.tial~y

equal to (m.;.l) Y and the probabili'ty of absolute error less tha!1 K'
is either zero or one depending on wh~ther'K is les s or greater
than (m-l)Y. For ~ = I/R2XY ' the probability of any s~ecifi~d
error is independent of the observed value Y.

Event III

Another' possible' measurement of success comes from the
comparison of forecast error with the error made by aprediction
always equal to the mean value of the predictand. The latter error
will of course be equal in magnitude to the observed value cifthe
predictand: the "prediction" yielding it may be considered to be no
prediction at all, but merely thebestvalue to assl:lmeintheabsence
of a forecas t. '

For some purposes, it may be sufficient to classify a single
forecast as successful ifit yields an error smaller in: magnitude
than that given by this non-forecast, without regard to the.size .of
the, differenc e. For a series. qf forecasts', succes.s will be measured
by the percentage of occasions on which the forecast produces a~
least a little better result than the assumption of mean value. A
prior'estimate of this measure may be made. by defining an event
not limited to specific values of foreca~t or observation. Thus we
consider -Event III: liThe absolute value of the error of the forecast
isless than the absolute value of the observation".

If, for a specified Y, the probability of error le.ss than Y is
U(Y), then the probability over. the whole' range of Y is equal to

. .

_::JU( Y). P(Y). dY, where P(Y) is the probability density func-
tion of Y. '.

•
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Using values of U( Y) determined similarly to the 'probabilities
discus sed earlier, and as suming that Y is normally distributed,
a finite difference approximatiOn to the above integral yields the
probabilities given in Figure 9 as functions of R XY and m.

The percentage offorecasts better than noforecasts increases
slowly from the 50% expected with R XY near zero until correlation
coefficients of about 0.7 are reached. Without inflation, a corre­
lation of 0.9 provides improvement about 75% ofthe time. Deflation
(m less than one) increases the percentage of successful forecasts,
except at the limiting values R XY :: 0 and R XY = 1.

4. Conclusion

The families of probabilities derived in the preceding sections
are not rigourously true for predictand/predictors which have non­
normal distributions or which have a non-linear interdependence,
or when the assumption of a joint probability distribution of random
variables is inappropriate. Nevertheless, these probabilities can
be used for the translati on of reg res sion- bas ed forecas ts into prob­
abilistic terms which ~ay be more,useful to some consumers, and,
a means for estimating the success of the forecasts in meeting
objectives other than the minimization of mean square error. They
show morevoer that the success of regression- based forecasts in
meeting such other objectives can be enhanced by the use of an in­
flation factor, and that for some consumers the modified forecasts
can be used as an alternative to explicit statements of probability.

If, for instance, it is essential that very few occurrences of
extreme values be unpredicted (i. e. that the ratio of protection cost
to potentialloss is small) then an inflation factor greater than unity
can in general raise the incidence of forecasts at and over the thres­
hold level, and by so doing provide a criterion for consumer action
equivalent to the' statement that the probability of occurrence is
greater than C/ L. Conversely, if cost/loss ratios are large, or
if importance is attached to the frequency rather than the amount
of improvement that the forecasts give relative to a prediction of
the mean value, then inflation factors less than unity (deflation, or
hedging) will produce appropriate results.

In sum, regression- based forecasts, basically designed to. min­

imize mean square error, can be modified and/ or interpreted to
suit the requirements of specific consumers. Properly exploited,
this ability can lead to an increasein the value of a "customized"
forecast service.
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