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ABSTRACT
Forecasts of predictand values based on linear regression equa-
tions do notnecessarily meet requirements ofindividual consumers.
But suchforecasts carryimplications which permit their modification

and/orinterpretationin terms ofprobab1l1ty, and which cons equently'_ ‘
may enhance their value.

These implications, and the possible use of an inflation factor
(or constant multiplier) for modification, are explored.

PROBABILITE D'EVENEMENTS ASSOCIEE AVEG LA PREDICTION._
D'UNE VARIABLE AU MOYEN DE REGRESSION LINEAIRE

par
‘ R. Robinson
RESUME

Lesprévisions des valeurs de prédiction basées sur les équations

de régression linéaire ne rencontrent pas nécessairement les exi-

- gences des consommateurs individuels. Mais de telles prévisions

comportent des implications qui permettent leur modification et/ou

interprétation en termes de probabilité et qui, conséquemment,
' peuvent rehausser leur valuer, '

Ces implications et I!litjlisa-tion possible d'un facteur d'inflation
(ou multiplicateur constant) & fin de modification. sont explorées.
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1. Introduction o

Regression equations linking a variable Y with one or more
othervariables X; (i = 1, 2,.. .)areoftenused todefinea predictand-
predictor relationship with which observed values of X; are used
to provide forecast values of Y. As a consequence of this pro-
cedure, the consumer receives forecasts which will have the pro-
perty that the e.xpected value of the squared error is minimized.
If this suits his purpose, the consumer will obtain optimum results
from the forecasts by using predicted values of Y without modifi- -
cation, and may be given an estimate of average forecast worth in
terms of the mean square error computed as a function of the
correlation coefficient between Y and X;j,

~ For many consumers, however, losses stemming from incor-
rect forecastsare notat allproportional to the square of the error,
and the maximization of the benefits obtained from regression-
based predictions may require either systematic modification of
the forecasts and/or interpretation of forecast skill which goes
beyond the estimate of mean square error,

A One such consumer, for example, may be subject to aloss L~
whenever a certainthreshold value of the predictand Yis exceeded,
unless prior action at cost C has been taken, If action is based on
_ forecast values of Y, even large errors in the forecast carryno

penalty provided that forecast and observed values are bothabove

or both belowthe threshold. On the other hand, even small errors
will be costly if forecastand observed valuesare on opposite sides

of the threshold,

1f, for a given forecast, P represents the probability of the
threshold being subsequently exceeded, the action should be taken
if P > C/L, and to achieve optimum results from the forecast
service, this consumer must be given either:

i) an amended version of the predictions in which the thres-
hold value will be exceeded when and only when P » C/L, or

ii) an estimate of P,
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Advance estimates of the ‘worth of the forecast service for this
application, whether ornotthe regressionpredictions are modified,
will involve the expected frequency of occurrence of values above :

the threshold, and the conditional probability that observation of
above the threshold will be '"correctly' forecast,

In the following sections, conditional probabilities of the occur-
rence of forecast and observed values in specified ranges are
developed as functions of the. correlation coefficient linking the
predictand Y with the set of predlctors Xi. Mu1t1p11cat10n of re-
gression-based forecasts by a constant, or "inflation factor' 'is
examined as one possible method of providing forecasts to better
- serve specific consumers, and its 1mpact on mean square error
and probability "distributions noted. ' Other procedures, such as
application of a discriminant functlon for categorlcal pred1ct10n,'
are not considered in this paper. ' '

2. Linear Reg're’ssi on

For any variables Y, X;(i=1,2,...), alinear correlation ¢o-
efficient R may be defined between Y and X;. For the sake of
- simplicity of the following derivation, only oneindependent variable
X is considered, and both it and the predictand Y are assumed to
be normalized and standardized, i.e. with means X =Y =0 and
standard deviations OX = 0Y =1, The generality of t_he results
is not affected, B ' S ‘

If Y¥(X) is the value of Y obtamed from the regression of Y on
X, then: '

Y#(X) = Ryy.X, where Ryy =XY .~ = (1)
By subshtutlon, Y*(X) =0, and O’ZY*(X) R . The 1nc1us1on .
of an 1nflat10n factor 'm' as an arbitrary metf?od of altering the
characteristics of Y*(X) may be done by redefining the pred1cted
value as :
Y% = m.Ryy.X o (2)
If erroris defined as E = Y* -IVY, then

E:O

and - ' G2E=E2:=T - RZX;Y(Zm -m2)  (Fig. 10).
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Regreesion of Eon Y or Y* now provid‘es apredicted.error E*x
as a function of either the observed predictand Y or the forecast
predictand Y¥*, RS L

EXY) = (mR%yy - )Y * - (3)
Ex(Y#) =m -1, vx | (4)
m

And as the d1fference between predicted and observed values
of the predictand defined E, sothe differences between E and E*(Y),
and between E and E*(Y*), define variables Fy = E¥*(Y) - E .and
Fy% = E¥*(Y*) - E. By using previous definitions, and averaging
over all values of Y and Y¥x, ‘

and o

3. Event Probabilities

Fy is uncorrelated to Y and Fyy uncorrelated to Y*, Pro-
vided that the means and variances given above apply not only to.
the total sample of observations but to the hypothetical subsets-of
Fy defined by Y = constant, and to the subsets of Fyx with-Y*'=. -
constant, and assuming that the probability density distribution of -
such subsets follows the normal curve,

, ' 72
—(F -
PD(F) = ——————. € —(?-er—)-

the variables E* and F may be used to assess event probabilities,
where "event" is defined as the co-occurrence of forecast and ob-
servation within specified ranges,

If the transformation Z = Fy/ 6 Fy is made, the variable Z will
have. a probability density distribution given by the standard normal

curve, PD(Z) =‘/_L e’_ZZ; . The probab111ty that FY 11es be-
2m _

tween limits L] and L, is identical to the probability that Z lies

between Lj/o Fy and La/6 Fy. For any event which can be trans-

latedinto a restriction on FY.(orfFY*), tables for the standard normal

curve willthen yield theassociated probability, Three such events

are considered below,
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Event I -

For a large class of consumers, ‘the most useful forecast on - —‘
any given occasionis not the simple quantity Y* (evenif this is the
~most probable value) but the probability of the subsequent observ- -

ationlying below (orabove)a particular threshold. Thisprobability

may beassessed byconsidering the event: "With a given prediction.

Y#, the observedvalue is less than a constant, K", (K, like Y and

Y*, is measured in standard deviations of Y,) ; .

The probability of Y< K is equivalent to that of -

*_E <K,
or ' FY*_E*(Y*)+Y* <K,
or ‘ Fyx< K--'Y*/m, :

which in turn is equivalent to the probability that the standard nor-
mal distribution has values less than (K - Y*/m)/ / (1 - RZXY).
The dependence of this probability on K, Y*, m, and RXY is shown - -
in Figures 1-3, for selected values of Y*, '

When m = 1, the probability of a given error is linearly: un- X
correlated with Y*, In-the caseof m=1, and for fixed correlation "
coefficient, comparison of Figures'l and 2.thus shows equalprob-

abilities for pairs of Y*, K having identical differences Y* - K,

When Y* - K is near zero in absolute value, the probability of ob--

servations less (or greater) than K is relatively unaffected by .

changing correlation coefficient, except as R approaches unity and

probabilities change rapidly from near 50% to eithér zero or one.

Even for values of Y* - K as large as one standard deviation, the

probability of observation less than K decreases from a value of

about 16% with-R-= 0 by onlya fewpercentage pointsas R increases

‘to ..5,and a value of 1% is not -attained until R is over',9. '

If m is greater than unity, the systematic error of m-1, vy«

_increases the probability -of ‘errors having the same signrgs Y*. o
In a comparison- of Figure 3 -with Figure 2, this shows as a shift
of the family of probability curves toward higher probability values.

Event II:

- A simple measure of forecast success on any one occasion is

- the error, or difference between forecast and obseérvation. The

economic consequence.of a’given'error is not, however, necessar-
“ily (or evenusually)a constant over the whole range of possible ' .
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forecasts and/or observations, Errors whichmay be t,oié'f_éi‘;gd when
the observed value turns out to be at one level may carfy large
penalties when they occur with observations at a second level.
(c.f. consequences to the public of an unforecasted occurrence of
"bad' weather compared to the consequences of an unforecasted
occurrence of ”good" weather)

‘Under these conditions,A a more pertinent measure of success
on a single occasion willbe a functionnotonly of error size but also
of the observed value Y, and the prior evaluation of the success to
be expected from a series of forecasts will require the conditional
probabilities of given errors occurring with given values of the
observation. Examples of such probabilities may be developed by
cons1der1ng the event: "For a given observation Y, a prediction
Y#* will have been made such that the absolute error |E| is less

- than a pos1t1ve constant K",

The probability of |[E| (K is equxvalent to that of
|E*(Y) - FY,< K, or

i) if EX(Y) and Fy have opposite sign,

| | [Pyl ¥ - [Ex(v)|

ii) if E¥(Y) and F have same sign,
IFe] SlEHn)| -k for  [Fy| < JEHY
[Fel € &+ [exn)| for |Fyl D [Exn)|

" Figures 4-8 1nd1cate the dependence of this event probab111ty(
on Y, K, m and R ’

Thevariation ofprobab1l1ty with correlatlon coefficient reflects
both the effect of changing the expected mean error and of altering
the scatter aboutthat mean, When- R is near zero, the forecasts
are concentrated in a narrow range’ agout zero, and the error is
essentially equivalent to the observed value. Errors will thus
always be less, or always greater, than a given K, depending only
on wether K is greater or less than the observation Y. As Ry
increases, forecasts will be made with higher absolute values,
increasing the chance that some forecasts will be wrong for small
observed values of the predictand and that some forecasts will be
correct for large observed values of the predictand. Reversal in
the downward trend for probability of error withina specified limit,
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when the observed value is small, occurs as R reaches approx-
XY

imately O, 1. As RXY approaches unity(and if m = 1) forecast and

observed values become identical, and errors are always less than X

-an arbitrarily small constant. :

The effect of a magmﬁcatmn factor less than unity is, broadly '
speaking, to reduce the probability of any absolute-value error
when the obs erved value islow (in terms of distance from the mean),
and to increase it when the observed value is hlgh For m greater
than one, this trend is reversed..

~ In both cases the amount of change is dependent on, the cor-.
relation coefficient. With Ryy near unity, error is essentnally
equal to (m-1) Y and the probab1l1ty of absolute error less thanK'
is either zero or one depending on whether K is less or greater
than (m-1)Y. For m = 1/R2 v’ the probability of any specified .
error is independent of the observed value Y. ;

Event III

Another - possible * measurement of success comes from the
- comparison of forecast error with the error made by aprediction
always equal tothe mean value of the predictand. The latter error
will of course be equal in magnitude to the observed value of the
predictand: the ''prediction" yielding it may be considered to be no
prediction at all, but merely the bestvalue to assumein the absence
of a forecast, '

For some purposes, it may be sufficient to classify a single
forecast as successful if it yields an error smaller in magnitude
than that given by this non-forecast, without regard to the.size.of
the difference. Foraseries of forecasts, success will be measured
by the percentage of occasions on which the forecast produces at
least a little better result than the assumption of mean value. A
prior-estimate of this measure may be made by defining an event
not limited to specific values of forecast or observation, Thus we ‘
consider Event III: "The absolutevalue of the error of the forecast
is less than the absolute value of the observation',

If, for a specified Y, the probahilitv of error ie_ss than Y is .
U(Y), then the probability over the whole range of Y is equal.to

fU(Y) P(Y) dy, where P(Y) is the probab111ty dens1ty func-.
tion of Y .
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Using values of U(Y) determined similarly to the probabilities
discussed earlier, and assuming that Y is normally distributed,
a finite difference approximation to the above integral yields the
probabilities given ih Figure 9 as functions of Ryy and m.

The percentage offorecasts better than noforecasts increases
slowly from the 50% expected with Ryy near zero until correlation
coefficients of about 0.7 are reached, Without inflation, a corre-
lation of 0.9 provides improvementabout 75% of the time, Deflation
(m less than one) increases the percentage of successful forecasts,
except at the limiting values Ryy ® 0 and Ryy = 1.

4, Conclusion

The families of probabilities derived in the preceding sections
are not rigourously true for predictand/predictors which have non-
normal distributions or which have a non-linear interdependence,
or when the assumption of a joint probability distribution of random
variables is inappropriate, Nevertheless, these probabilities can .
be used for the translation of regression-based forecastsinto prob-
abilistic terms which fnay be moreuseful to some consumers, and.
a means for estimating the success of the forecasts in meeting
objectives other than the minimization of mean squareerror, They"
show morevoer that the success of regression-based forecasts in
meeting such other objectives can be enhanced by the use of an in-
flation factor, and that for some consumers the modified forecasts
can be used as an alternative to explicit statements of probability,

1f, for instance, it is essential that very few occurrences of
extreme values be unpredicted (i. e. that the ratio of protection cost
to potentialloss is small) then an inflation factor greater than unity
can in general raisetheincidence of forecastsat and over the thres-
hold level, and by so doing proﬁde acriterion for consumer action
equivalent to the statement that the probability of occurrenceis
greater than C/L, Conversely, if cost/loss ratios are large, or
if importance is attached to the frequency rather than the amount
of improvement that the forecasts give relative to a prediction of
the mean value, then inflation factorsless than unity (deflation, or
hedging) will produce appropriate results. '

In sum, regression-based forecasts, basicallydesigned to. min-
imize mean square error, can be modified and/or interpreted to
suit the requirements of specific consumers. Properly exploited,
this ability can lead to an increasein thevalue of a "customized'
forecast service,




Acknowledgements

The d1agrams used to 111ustrate th1s article were prepared by’_A

Mr. Andre Jacques, ExtendedForecastUmt Canadian Meteorolog-
ical Centre, Montreal.

'APPROVED,

J.R.H, Noble, :
_Assistant Deputy Minister, .
Atmospheric Environment Serv1ce.




PROBABILITY

—

P

1.0

0.0

k=0.0

e 0 — e —— —  — - — - —— - — T > S—  — - —

-------- k=_.5
L k=-1.0
~.~‘\.\.
-~
—~—
\..\
. k=-15 "~
e —————— S
—_—— - ~.
Tt e—al ..

CORRELATION COEFFICIENT -

Figure 1.

Probability of Observation (Y) Less than Constant (K)

when Y* = 0 (m = 1)

PROBABILITY

——

1.0

—,
- e
- /./.
o - /
—_—— s/
//
8 ~
/./

K=10 ___’//
70
6

K=,

K =0.1
4

CORRELATION COEFFICIENT

Figure 2,
Probability of Observation (Y) Less than Constant (K)
when Y* = ,4(m = 1) ’



1.0 — : ————
K=15 "7 = T
I - L~
9 L~
o /‘/
K=10.__.—" '
8 [— —— + — b — —"
7 K=5
6 )
T K =0.0 = f
% a 2 a
) 4 |
D (@)
c o
- a
-3 K=-5
—--—--_—---‘--\_§
\~
2 ~..
N
_ K=-1.0 ~
1T T T~ \\
K=-15 T —, N\
e e e ~. .
_\“\__\ \.
0.0 ¢ == .
. 2 3 4 b 6 7 8 9 1.0 ‘
R — : R —
CORRELATION COEFFICIENT . » CORRELATION COEFFICIENT
Figure 3. : F1gure 4, R
Probab1l1ty of Observatlon (Y) Less than Constant (K) Probability of Absolute Error Less than 44 for n
‘when Y* =,4(m = 4. 0) "~ Observation (Y) and Forecast Y¥= mRX (m = 1)

by
u R




PROBABILITY

—

1.0

0.0

PROBABILITY

R —.
CORRELATION COEFFICIENT

Figure 5.
Probability of Absolute Error Less than . 4 for.
Observation(Y) and Forecast Y*=mRX(m=.7)

—

1.0.

- '['[_

R —

CORRELATION COEFFICIENT

Figure 6.
Probability of Absolute Error Less than .4 for
Observation(Y) and Forecast Y¥= mRX (m =1, 6)



- PROBABILITY

—

1.0

00 . 1 2 3 4 5 6 7 8 9 10
R — '
CORRELATION COEFFICIENT
Figure 7.

Probability of Absolute Error Less than . 8 for
Observation Y = 0 and Forecast Y¥*= mRX

>-
=
=
@
<
@
@)
o<
a

1.0
| M= 1.0/ J/
9 !
/ .
//,/»-/ [
8 M=13 /'// I
/1
-/
’ AT j
ey :
6 / // !
iy '
5 S / 1'/
m=16. ;/ '
o/
4 ;.' // ’ /l .l_‘
/ / - M=.7, o
3 S /
2 i/ /
i /
/ // //
Sy -
0.0 win?” -

R —

CORRELATION COEFFICIENT

Figure 8.
Probability of Absolute Error Less than .8 for
Observation Y = 2,0 and Forecast Y* = mRX

X |




PROBABILITY

1.0

4

/I

71

/,’ M

/1

//’/ :

e ,//.
m=.7 /
P //r'n=1.(j/.
/////f/‘/'//m=1.3“_
//__/"././‘ ....... m=1.6
/__://_:':_’-/ ...........

CORRELATION COEFFICIENT

Figure 9.

Probability of Absolute Error Less than the Absolute
Value of the Observation(Y) for Predictions Y*=mRX

MEAN SQUARE ERROR —

1.0

0.0

[m=-1[=1

R —

CORRELATION COEFFICIENT

Figure 10.
Mean Square Error as Function of Correlation
Coefficieng (R) and Inflation Factor (m)

-E‘[-



TEC-788 : UDC: 551.509.313
7 June 1973
CANADA
Environment - Atmospheric Environment Service
4905 Dufferin Street, Downsview, Ontario

Event Probabilities Associated with Regression
Estimates of Predictand Values
by R. Robinson

8 pps. 10 figs.
Subject Reference: 1. Probability Forecasting

TEC-788 UDC: 551.509.313
7 June 1973 -
CANADA
Environment - Atmospheric Environment Service
4905 Dufferin Street, Downsview, Ontario

Event Probabilities Associated with Regression

Estimates of Predictand Values
by R. Robinson .

8 pps. 10 figs,

Subject Reference: 1, Probability Forecasting

TEC-788 - UDC: 551.509.313
7 June 1973
CANADA
Environment - Atmospheric Environment Service
4905 Dufferin Street, Downsview, Ontario

Event Probabilities Associated with Regression
Estimates of Predictand Values
by R. Robinson

8 pps. 10 figs.
Subject Reference: 1. Probability Forecasting

TEC-788 UDC: 551.509.313

7 June. 1973 : :

) CANADA

Environment - Atmospheric Environment Service
4905 Dufferin Street, Downsview, Ontario

Event Probabilities Associated with Regression
Estimates of Predictand Values
by R. Robinson

8 pps. 10 figs. .
Subject Reference: 1, Probability Forecasting



ABSTRACT:

ABSTRACT:

Forecasts of predictand values based on
linear regression equations do not neces-

sarily meet requirements of individual con- !

sumers, But such forecasts carry implic-
ations which permit their modification and/
or interpretation in terms of probability,
and which consequently may enhance their
value,

These implications,
an inflation factor (or constant multiplier)

for modification, are explored.

Forecasts of predictand values based on
linear regression equations do not neces-

sarily meet requirements of individual con- :

sumers, But such forecasts carry implic-

‘ations which permit their modification and/

or interpretation in terms of probability,
and which consequently may enhance their
value,

These implications,
an inflation factor (or constant mu1t1p11er)
for modification, are explored

and the possible use of

and the possible use of

 ABSTRACT:

. ABSTRACT:

Forecasts of predictand values based ¢n
linear regression equations do not neces-
sarily meet requirements of individual con- : :
sumers, But such forecasts carry implic- |
ations which permit their modification and/ :
or interpretation in terms of probability,
and which consequently may enhance their
value,

These implications, and the possible use of
an inflation factor (or constant multiplier)
for modification, are explored.

Forecasts of predictand values based on
linear regression equations do not neces-
sarily meet requirements of individual con- -
sumers, But such forecasts carry implic-

"ations which permit their modification and/

or interpretation in terms of probability,
and which consequently may enhance their
value, : ‘
These 1mp11cat10ns and the possible use of :
an inflation factor (or constant multiplier) ‘
for modification, are explored.



