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By N. s . cooxs

Pa cifi c Fi s h eri e s Experimental Station,

Sev era l hy potheses of the mechanism of sto rage and utiliz­

ation of vitamin A are developed from fundamental postulates .

The s e hyp o t he ses a re co mpa red with experimental da ta ob tained

f rom t he brill (b:o ps e t t a [o r-da ni }, Al though eno ugh experimental

data a re n ot a va i labl e t o pr-ove s tat isti ca l ly the mechanism fo r

this f is h, t h e mos t pr o ba ble r e s ul t i s ob tained f rom the hy pothe sis

wh i c h i s a lso th e most proba bl e from!!~ r e a so ns . From t he

da t a Ilt ha nd the s i z e of a fur ther e xpe r i men t i s outline d which

will de te r mi ne the true r ela t i on s hip with a pr oba bi li t y of 0 . 95 .

Eve r s i nce the discovery t h a t vitami n A was s tored in the

Iiver of a n imals, i nv estigation s ha ve been ca r r ied out to de termine

th e mechanism whe re by t he vi tamin A was s to red there and eventually

used . Some of the more r e c e n t impo r tant i nv e s t i ga t i on s i n this

fi e l d ha ve been ca r r ied out by Lemley, Brown, Bird and Emmet t,

(1 947 ) , Cal dwell, Macleod, and Sherman (1945), Campbell , Udiljak,

Varmolins ky and Sherman (1945) and Roh rer an d Sherman (1943) .

Some earli e r investigations were made by Shermen and Storms

( 1925) , Sh e rman and Boyn ton (1925) and Sherman and Cammac k (1926) .



The fact that some fish livers are so very potent in vitamin

A ha s been a source of wonderment for man y workers and consider-

ab l e inv estiga t i on ha s been done on the vitamin A content of fish

livers. Th e question is : Is a fish capable of synthesizing vitamin A

in i t s organism or does it only ingest vitamin A or a closely

r elate d pr ov i t ami n A in its food? has puzzled the minds of worke r s

in t his fi eld . Bo t h hy pothe s e s have been supported by more or less

i nd i re c t proof . The case for ingestion a lone has been up held by

Macphe rson (1 9 37 ) , Drummond, Zilva and Coward (1922 ) add Jameson ,

Dr ummond an d Coward (1 922 ) . Drummond, Zilva and Cowa r d state the

case for inges t i on i n t he r emar-k , " There appear to be no adequate

grounds for doubting t hat the ult i ma t e origin of t he vitamin A in

the mar i ne oils a nd liver oils is represented by the marine plant s

pos s es s i ng phot oc a t alytic pi gmen t s . .. ..

On the other h a nd , the case fo r synthesis is presented by

Mor ton ( 194 0) who , a lt ho ugh he states, "Animals have the power of

c on ve rting ce r tain carotenoids into vitamin A, but there is no

ev idence that vertebrate s can synthesize either carotene or

vi t ami n A ~ !!2Y£" , says, in reference to the work of Wald and

Zus sma n (1 937) wh o s howe d a close r el at i on s h i p be tween as taxan­

thin an d v i t ami n A, "Th e st ruc ture (of astaxanthin) does not lead

t o the s uppositi on that a staxanthin is a provitamin A but Wald 's

findi ng s i ndi c a t e a close connexion with vitamin A and if it t urns

out t ha t fish e s possess a pec u liar power of utilizing the pigment ,

i t mig ht be po s s I ble to account for the huge reserves of vitamin

present i n so many fishes, because they consume vast quanti ties

of mi nut e c rusta c ea ns , the predominant pigments of which belong

t o t h e a s t a xanth in series" . Th i s view is echoed by Rosenberg
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(1 942 , pp . 7 3-74 ) who a lso po i nts ou t that th e mecha ni s m fo r the

ac c umul a t i on of vitamin A in fish livers i s certainl y diffe r en t

amin A2 in f ish liver s . Thi s i s no t the case in land an i mal s

whi ch on ly get vitamin A2 by di rect i nges tion from f ish . (E di s­

bu ry. Mor ton , Si mpki ns a nd Lovern 19 38 ; Lov e r n and Mor ton 1 939 ;

Lov ern, Morton a nd Irela nd 1 9 39 ) .

Wh i l e thi s pa p er doe s not prove or dispr ove a ny theory so

f ar present ed , it is h op e d that it wi l l point t h e way fo r further

experimental work whic h wi l l a nsw er th e problem.

Rec ently Swain a nd Barrac lough ( 1946 ) a nd Ba rra c l ou gh and

Swai n (1 94 7) pu b.Lds he d da ta s h owing, among other thing s , that t he

total vit amin A i n t h e l i v e r of t h e bril l (Eo pse t t a Jordani) i n­

creased a s the wei gh t of t he fi s h inc reased . The inc rease was

slow at f i rs t bu t as th e fi sh matured i t be came more rap id .

Figure 1 sh ows th i s r ela t i on s h i p (more wil l be s a id l a t e r a bo ut

the data u s ed i n pl otting f igu re 1 1. Other wor ke rs ha d a l so not i ced

the sam e r elat i on ship wi t h ot he r fi s h . The mos t imp ortant re s e a rc hes

in this line were mad e by Ri pley an d Bolomey ( 1946 ) on the soupfin

shark (Galcorhen us zyopterus ) , Lov ern , .&di sb u r y a nd Mor t on (1 93 3 )

on t he hali bu t ( Hippog lussus . hippo glossus) , Pug s ley (1 939a) on

the Pa cific ha li but (Hi ppogl ossus stenol ep i s ) , Pug s ley (1 939b )

on the grey co d (Gad US mac ro c ephalus ) , Pugsley (1939c) on the

do gf i s h (Sg ua l us suck l ii ) , Pugsley , Mo r re ll and Kelly (19 45) on

the Atlantic cod (Ga du s morrhua ) , Swain a nd Ba r r a c lo ug h (1 947 )
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on the Lon g jaw flounder (Atheresthes stomias) , and Ed i s bur y ,

Lovern and Morto n (19 37 ) on the e els (Angui lla vUlgaris and A

au ck .Landf, l .

Although most of the abov e ment i on ed au t hor s s e em to hav e

reali ze d t ha t some fundamental r ea so n e x i s ted for this variation ,

mos t of them were satisfied mer ely to r e port this r elationship

an d no one prese nted a sa tisfactory explanation . Perhaps the

ba sic ch an g e, i.e . t he continual inc rease in the total vitamin A

content wh i ch t ak e s place in the system , wa s obscured by the

purelyseas onal one , i. e . th e fluctuati o n of the oi l~ of

th e liver, which of co urse ca uses t he pot ency of the oil to va ry

seasonally , t oo . Lovern , i!:disbury and Mor t on (1 933) tri ed to

link thi s se asonal change to some change in the nature of the

diet or ea t i ng ha bit s of the fish , but, since they could not

find a ny de fini te r e l at i ons h i p , th ey sa tisfi ed themselves wi t h

"ten t a tiv e explanations" .

That the change in the total vitamin A wi t h inc r ea s i ng

si z e of t he fi s h is t h e more fundamental change a nd als o that the

total vitamin co n tent do es not fluctuate seasonally but increases

stea dily i s s hown by several pap ers . McKe rc he r (1 94 6) follo wed

pot en cy of t h e livers of three species of flat fish ; the brill ,

the r o ck so le (Lepidopsetta bilineata) and the l emon sole

(Parophrys vetalus ) . Barraclough an d Swain (1 947 ) de t e rmi ned the

vi tamin and t he oil content of t wo s ets of brill ca ug h t a t the

extremes of the fluctuation ; on e se t in Oct ober whe n the oil

co n tent was h i gh and the potency l ow a nd t he ot he r set i n April

when the co nverse was true . Th e ve ry s igni f i ca n t fact which they
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concluded is i n their words , "They (the data presented) show that

th e a c t ua l amount of v it ami n in the brill livers did not vary

wi t h the s easons s ince there wa s as much present in April-caught

fish as i n Oc t obe r -caught fish of the same length" . This same

fact wa s also sh own fo r entirely unrelated fish , L e . the soupfin

shark by Ripley and Bolomey (1 94 6 ) a nd the Atlantic co d by Pugsley ,

Morrel l , a nd Kel l y (1945) .

t wo columns of t a ble I. To avoid any variations d ue to s exual diff ­

erences only f emal e f i sh were considered . I t might hav e been better

to have considere d only ma le f ish but t h e necessa ry data were not

availa ble . Any variation s because of d ifferent loc a l i ty were kep t

to a minimum since a l l the f i sh wer e caught in the same area off

Port San Juan on the west c oas t of Van c ouv er is la nd .

The method us e d to o bta i n a smoo t h cu r ve which appr oximates

the most probable one can be desc r ibed best by r e f e r en c e t o table

I. The first coJ,umn contai n s the values of the weight in ounces

from 0 to 64 . Th e sec on d column contains t h e r a w da ta . As is

se en, for c ertai n value s of w there is no value of R, and f or

column contains data adjusted from those of column 2 . If only

one value appears i n c olumn 2 it is mere l y reproduced in column 3 .

If t wo or mor e value s oc cur in the , second co l umn the ad justed

value is an a ve rage . I f no va lue oc curs in th e second column

then the adjus ted va lue was obtained by interpolating gr a ph ic a lly

from an approxi ma te curve drawn throu gh the original da ta . The

average value s are marked wi t h a su per "a" an d th e g r a ph i ca l
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values with a su per " g" . The fourth column , he a de d gr a dua t e d

data, was calculat e d by t he Whittaker-Henderson gradua tion

method . The pa rt icular scheme used was that described by

Mac a ul ay (1 9 31 ) . The values from 61 to 64 in the adjus ted

data column we re ne cessa r y for the proper calculation of t he

last column . If thes e value s are not i ncluded the third .di f f -

erences of the point s needed f or t h e start of the sec ond half

of the calculati on become negative and the cu rve be gins to ope n

downward . The c au se f or th i s phenomenon is t he f a c t t hat one

of the highe st value s i s a t w = 57 and t he f ollowi ng values are

slightly l ower. Since it is obv iou s t ha t th e c u rve keeps open­

i ng up war d the ex t r a da t a ob tained by graphical ex trapolat io n

are necessary to as s ist in o bt aini ng a val i d ap proximation t o

the true r elati on shi p . The s e ex t ra adj us ted data mean , of

course , that t he g r ad ua ted data were ca lculated beyond the

point w = 60 . These ex t r a va l ues a re not shown , however ,

bec ause they are only a ids i n t he ca l culation and hav e no

physical significanc e . It is unfo r tunate tha t this rather ,

cumbersone pr oce du re ha d t o be us e d . Wi t h suff icient data as

outlined in t he Di s cussion below much s imple r methods involv-

ing groups of da ta co uld be used .



R a Vitamin A in the 11ver in
USP Units x 10-5

.73

.68
1.10

.89
1.60

1.00;1.32
1.17;1.22
1.33;1.70

.94;2.17
1.07;1.27
4.27

3.65
1.44;3.86
2.02
3.01
2.77;7.69
4.86;7.05
2.67
~:~Z;4.10
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.68
1.10

.89
1.60
1.16a

1.36a
1.56a

2.20a
2.208
3.65
2.65a
2.02
3.01
5.23a
5.96a
2.67

3.74a
4.25g

0.000

I 0.047
0.094
0.143
0.193

g:~;
0.351
0.407
0.463
0.521

~:*~~0.766
0.842
0.938
1.057
1.203
1.378

1.582
1. 812
2.069
2.335
2.605
2.873
3.140
3.409
3.679
3.952
4.242

4.582
4.977

7 -

R = Vitamin A in the liver in
USP Un! ts x 10- 5

Data Adjusted Graduated
data data

5.419
5.880
6.314
6.675
6.957
7.204
7.469

7.804
8.241
8.779
9.402

10.079
10.780
11.484
12.167

12.824
13.471
14.147
14.906
15.808
16.917
18.231
19.712
21.312
22.929
24.481
25.989
27.528



MATHEMATICAL THEORY

The r e are s eve ral me cha ni sms wh ere by the ac cumu lation of

reserve of vitamin A i n fi sh' s liver may occur . By postulating

these me chani sms, by de ve l oping r elationships from these postu­

lates in terms of t he we ight of the fish a nd the amount of

vitamin A in the liver , a nd th e n by c ompa ring the d e r i ve d r ela ­

tionships wi t h those f ound by experiment s , a n hyp othesis can be

constructed wh i ch ca n be ch ec ked agai ns t fur ther experimenta l wor k .

Probably t he best a ppr oa ch to this problem is to conside r

th e ov erall a spec t o f so me s ubsta nce , c a ll it compound X f o r lack

of a better name, whi c h occ ur s in the fish's food an d i s event uall y

converted to vitami n A and stored i n the liver . Compound X may be

vitamin A itself , a pro vitami n A like ca r o tene (Nei lands 1947 •.

Morto~ and Creed 193 9) , a caroten o i d su ch as a s taxa nthi n wh i c A is

not consi dered a provitamin A (Morton 1 94 0) , or s ome enti ra ly

unrelat ed compound. s uch as starch .

Figure 2 represents the mechanism diagrammat i cally .

Ingestion of Convers i on of
compound X compound X
in f ood by enzyme

Compound X ') Vi t amin A

Fi gure 2

It was f i r s t t h ou ght t ha t thi s enzyme s y s t em oc cur r e d in

the liver itself (Moore , 1931 , Olcott and McCann 1 931 ) but no w

it has bee n shown that the i ntes t inal wa l l is the true site (Wie s e ,

Meh l an d Deuel 1947 ; Mattson Meh l and Deuel 1 947 ; Glo ver , Good win

and Morton 1947 ; Ahmad 1 9 31 ) .
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That the l iver is no t the only storage place for vitamin A

in fi sh has been s hown by Lovern, Edisbury and Mor ton (1937 ) a nd

Edisbury , Mor to n, Simpki ns and Lovern (1938) . It i s unfor t unate

fish, but it is pro bab le that what can be sa id i n regard to vitami n

A storage i n the live r co uld a lso be s aid wi t h minor modifications

in re gard t o the total vitamin A i n the fish .

In this sy s tem there are t wo ra tes which might act as t he

"master" rate a nd co nt r o l th e who le s ys tem . If the rate of inges-

tion is slower than t he r ate of co nve rsion i t will, of co urse , be

the controlling one . This would pr ob a bl y be the case i f compo und X

wer e vitamin A itself . On t he other hand , if co mpound X occ urred

in large amo un t s i n t he f ood , t he ra te of co nve r s ion wo ul d be t he

slower . It woul d be qu i t e pos sibl e , of course , fo r t wo co mpound

X's to exist and both mechanisms t o ex i s t side by s ide .

Consi der the ov er-all materi al balance of vi tamin A in t he

liver . Let R be the r esidue f oun d the re , S be the t ot a l amount

stored, a nd U be t he total amount util i z e d , t hen

(1 ) .

If the rat e of inge stion i s the c ontrolli ng one , we may

con sider that the amoun t of compound X i nges te d i s propor t ional

to th e amount of f ood inge s t e d ; t his wi l l va ry directly with the

size of the fi sh a nd a lso a t t he r ate a t which the f i s h is growing .

By taking the uni ts of t im e t o be years , any seasonal changes

(SUCh a s chenge s in t h e ea ting habits of t he fish , the seasonal

variati on in compo un d X, and so fo rth) will be averaged and of no



conseq u ence i n this d i sc u s sion .

Ex pr essi ng the a bove postulate mathematic al l y , we hav e

di/dt = klw + k2 dWjdt __ (2)

Wh er e i i s the total amount of f ood inge ste d

w i s th e weight of the fish

di jdt is t h e r ate of ing e s tion

dW/dt i s t he r ate of growt h

If the rat e of conversion i s the co nt r oll ing on e , i t wou ld

se em plau sible to as sume tha t t h i s r at e would be pr o portional t o

the s ize of t he or gan in whi ch t he co nve r s i on is taking place

wh i ch , in turn , woul d be proportiona l to t h e size of t he fish .

Mat hema tical ly thi s becomes

,J)

wh e re s = the t o tal a mou nt of vit ami n A mad e an d d s / dt = t he r at e

of sy nthesis .

The utiliz ati on of v i t ami n A by t he animal organism ha s be e n

the SUbj ect of c onsi dera ble r e s e a r ch . The mini mum r e qui r ement has

bee n s h own fo r a ll sp e cies of mamma l s investiga t e d to be pr op o r tiona l

to th e bod y wei gh t . Gui lbert and Hart (1 935 ) sh owe d thi s fo r ca t t l e ,

GUilbert , Miller a nd Hugh es (1937) f or she e p a nd swine , Irvi ng and

Richards (1 9 39 ) f or r a t s , Le wi s , Bodan sky , Falk an d McGu i r e ( 19 42)

for r ats , Goss a nd Guilbe r t (1939 ) for r at s , Phillips and Bohstedt

(1 938) f or r abbit s a nd Gui l be r t, Howell and Har t (1940) for hors es .

The wor k of Gui l bert and h i s co -wo r ke rs places t he r e qu iremen t s fo r

mammals a t 4- 6 p.g of vitamin A pe r k i l og r am of bo dy weigh t per da y .

The vitamin A r e quirements of f ish seem to ·be l ower t han this value

as sho wn by Tunison , Bro c kway , Maxwel l , Dor r and McCay (19 42) , but



t h e as sumpt i on tha t the dai l y re quirement in fi sh is pr op or t i ona l

t o the body we ight app ea rs t o be a va l id on e . J!:xpres s i ng t h i s

r elati on ship ma t hematical ly , we hav e

dr ;dt = k
4w

, (4)

where r i s th e total r equirement an d dr /dt is th e r equ i r ement with

respect to time or t he dai ly r e quirement .

Although it has been quite well s h own t ha t the mi nimum

requirements of vit amin a are a s g i ven above, e v idence ha s a lso

accumulated tha t the animal or gan ism util i ze s t he vi tamin A r e s erve s

in the liver in di re c t pr o por t i on t o the amount of vitami n stored

there. This wa s no ticed by Baumann , Riising a nd Ste en bo ck (1 934) fo r

rats, Davies and Moore (1 935) for rats , Br enne r , He s sle r , Br ooks a nd

Roberts (1 94 2 ) for rat s , and Frey a nd Je nsen (1946, 1 94 7 ) f or ca t tl e .

If this i s the case it c an be expressed mathema t i cally as

dU/dt = k
5R

, ( 5)

Wher e u is the t otal amount us e d and dU/ dt is the rat e of ut ili z a t i on .

To derive the d esired r-eLat.L onahfp betwe en t h e r e s erve in t he

liver and the weight of the fi sh , it is a lso ne c e s s ary t o know t he

relationship between the a ge an d the s i z e of t he fish . This is

given by th e wel l-kn own a u t o ca t a l y t i c e quation (Ro berts on 1 92 3 pa ge 6 ) .

dw/ dt = k6 wl a-w} , __( 6 )

There are s ix po ss ible c a se s which a rise from t he foregoing

equations . The y wi l l be discuss ed . i n orde r of the complexi t y of

the equation .



The storage comes f ro m i nges tion only, and the utilization

is the same as the requiraments. The f ollowi ng postulates are

(1)

di /dt a klW + k2 dW/dt (2)

dr /dt = k4W (4)

dW/dt a k6w(a-w) (6)

Equation 1 becomes

By definition, i a Sand r = U

.". R• klw + k2 ~ - k4w

dR • (k l - ~ )wdt + k2dw

From (6) dt = k6wf:-w)

• dR.~~ + k 2dw

Integrating,

R. - klJt(j kit. Loge(a-w) + k2w + C (I)

which is the desired relationship for case I.

The storage comes trom synthesis only and the utilization

is the same as the requiraments. The following postulates are

(1)

ds/dt • k3w (3)

dr/dt • k4w (4)

dW/dt • k6w(a-w) (6)
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Equation 1 becomes

By definition,

s-S and r-U

~ = k3w - kltw

dR - (k 3 - klt)wdt

From (6) dt - k6WI:~wj

.". dR - k1
6

- k4 ~

Integrating,

R - - k Jx6 kJt Loge (a-w) + C (II)

which is the desired relationship for case II

Both DIllchanisms for storage exist simultaneously and the

utilization is equal to the requirements. The postu1e:,t,es needed

(1)

di/dt - k1w + ~dw/dt (2)

ds/dt • k 3w (3)

dr/dt - kltw (It)

dw/dt - k6w(a-w) (6)

Equation 1 becomes

By definition,

i + S - S, r • U

• ". ~ - k1w + k~ + k3w - kJtw

dR = (k1 + kJ - klt)w dt + k2dw.
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From (6)

dt ·~(a-w)

dR.~dW +k2dw
~ (iH)

IntegratiDg,

R • _(kl +k:3 - k4) Loge (a-w) + k2w + C (III)

whioh is the desired relationship for case III.

The storage comes from iDgestion onlY' and the utilization is

proportional to the reserYe present.

The postulates neoessary are:

tt· klw+ k~

~. k5 R

~. ~w(a-w)

Equation 1 becomes

BY'definition,

i • S, u. U... *.k,}.w + k2~ - k5R

dR • klw dt + k2dw - k 5R dt

(1)

(2)

(5)

(6)

From (6)

dt • k6wf:-wl

."" dR=~~+k2dW-$~

~+l£i_R_=~+k2 (IVa)
dw k6 w(a-w) k6(a-w)
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Since this differential eq uat ion is of the torm

~ + f(x)y = g(x) reduction to quadratures ,is acoomplished by

means ot the wel l k nown tormula

r .. e-!f(X)dx {Sg(X) Jt(x)dx dx + ~

... R .. e -~j'~{I(k6fL\Tr) e~S~ dw + ~

:.R·(...)~t+~r ~h-+l ..+r~k ..1 (IV]
(a_wf6a (a-w)$ J

whioh is the desired relationship for oase IV. The integrals

oannot be evaluated in tems of known funotions tor non-rational

exponents. As will be seen later this is no serious handioap.

The storage oomes trom synthesis only and the utilization is

proportional to the reserve present.

The postulates neoessary are:

R-S-U

~ .. k3w

~. k 5R

~ .. k6w(a-w)

Equation 1 beoomes

By datinition.

a .. S. u = U

. ' . ~ = k3w - k5R

dR .. (k3w - k5R)dt

(1)

(3)

(5)

(6)
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From (6) dt a k
6
t:-w)

.' . ~ a 4:( ~_~~R

• ' . ~ + k
6wftw)

a ~6(a-w) (Va)

This equation is ot the same t orm as equation (I Va ) a nd,

th.r.<:~. (;)~'{O:~d; th.:~ ~...}It boO~:l
(a-w)X'be:

which is the desired relationship tor case V.

Both meohanisms tor storage e:r::l.st simultaneously and the

utilization is proportional to the reserve presant.

The postulates neoessary are:

R. S - u

it. klw + k~

~. kJw

~·l/:5R

~. ~w(a-w)

Equation 1 beoomes

(1)

(2)

(3)

(5)

(6)

By detin1 tion,

i + s a s , U = U

.". ~ a klw + k~ + kJw - k5R

dR a (kl + k3) w dt + k2 dw - k5 Rdt
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From (6) dt =~
k6w( a -w )

.", !! + %~fa-w) - ~(:-~T + kZ (VIa)

.A.sbetore ~

< R ~ (~) $ (c + k\+kJ~ dw + kz f Jtaijii' dW} (VI), t 6 J(a-w)Jqj1f + 1 ~~a-w) a

which is the desired relal;ionship tor case VI.

Determinations ot the Constants ot the Equations

Now, atter hanng developed six d1:t'terent possibilities tor

the meohanism ot vitamin A metabolism, it is desirable to determine

the oonstants by the method ot least squares am see how well the

equations tit the data and also to see i:f the cons tant s so deter­

mined are oanpatible in sign and order ot magnitude with those given

in the postulates. From the data ot Swain and Barraclough (1946)

and Barraclough and Swain (1947) a growth ourve was constructed

which had the equation:-

Undoubtedly. these constants would be changed by a small amount

it more data were available to determine th Em.

In order to lessen the computation involved in determining

the oonstants ot the equations, only every t1:t'th value as given

in the graduated oolumn o:f table I was used. This device, while

lessening the work by about tour tirths. did not materiallY change

the accuracy ot the results. Since when the weight o:f the tish is

zero the amount or vitamin A i n the liver is also zero, the constants

or all the equations were adjusted to tul:fill this condition. Although



EXPERIMENTAL CURVE
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it might appear at first gl an ce th at th e s l ope of th e curv e at

t he or igin s hould be ze ro, there i s no reaso n why it should be

and co nsequently this r e s tri c t i on was not plac ed on the constants .

The equa t ion for Ca s e I is :

R = - k \6 kit Loge (6l- wl + k 2W + C

or, since i t pas s es throu gh the origin ,

R = - k
t 6

- k4 Loge~ + k
2

W.

Solving for t he con sta nt s of thi ~ e quation by the method of least

squares it bec omes

R= -2 0. 840 Log (~) - 0 .06680 W

R = -9 . 0508 Loge (6;;:w) _ 0 .0 6680 W

This equation is plott ed in fi gure 3 as i s the expe r imental curve .

The sum of the s quares of the differenc e s betwe e n the points on

th e equation and th e corr es po nding poi nts on the e xperimental

curve is 47 .4.

The e quation f or Cas e II is :

R= -~LOge ( a - w l+ C .

Similarly, pas sing ·t h e c urve t h ro ug h the or igin , i t becom es

R = - ¥ Loge J.Wl

Solving for the constants as before

R =-16 .4 l3 Log{W l

R= -7 .l27 LOge (~)

Thi s equation i s plot ted in fi gure 4 as is the exp er i me n tal curve .

The s um of the s quares of the di fferences betwe en the po i nt s on

th e equati on a nd th os e on t he experimental curve is 23 . 45 .
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The e qua ti on for Case III is:

R • - kl :6k 3 - k4 Loge (a-w) + k2 W + C

which fo r purpos es of least -squa re -fitting is identical with the

equation for Case I. The constants are. there fore, the same and

the equation is

R • -9.0508 Loge ~ - 0.06680 W

The equati:: f{or Case IV i~a ~}

R - (~)~ C+~ r~dW+k2J~dW
(a-w)Jt61i (a-w)$

This equation as it stands is not integrable and is not linear

in the constants to be solved for. To simplify the equation,

let v.; ~a· n ; ~ • P and kz&· q.

Now, assuming that n • 1 and integrating we have,

Now, since when R • 0 , v - 0 we have

C • -(p + q)

and

R • 7{p [Pi: + Loge(l-v:il-q G+ Loge(l-V;J}



Solving for p and q by the met hod of lea s t squares, the equation

whioh, when changed to the variable w, becomes

R - 6;-w {31.0982 [oI::w +Loge ~]+26.26l[~ +Loge ~]}
This equation gives an amazingly close fit to the experimental

curve with the difference in the sum of the squares being only

0.9237. The equation is plotted in figure 5. Because of the

very close agreeme nt it was felt that any attanpt to get a better

value of n would be fruitless.

The equat ion ro r Case V is:

R- (~)*{c+~f·~~n J
(a_w)k6a 1

S1:npl1fying as before and letting ~ ~ n; ~. p
k6a k6

and w ~ av, the equation becomes

This equation cannot be solved as such for the least­

square-set of constants because it is not linear in the constants .

It oan, hmvever, be made linear in the followin g manner :

Let (~)n Ic + pI Vi
n

n ~. fi (n,p)
, (l-Vi) +L)

Eaoh Vi is a comtant, one fo r eaoh vallle of v given by the da ta.



A s et of equat ions resul ts .

Now, if an a,ppro xima te set of values can b~ found for

n and p, sa y n an d p, then se t

p • p + fl ,

where It and fl may be considered as correction factors.

Now,

Now, th e equations of conditions are

where RD • the value of R fran the data.

This equation is linear in It and fl and can be solved by the

method of least squares.

Now, since,

Then, when n. 1 , p = 28.375 and C. -p , we have
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The i ntegral~ Loge ~ dv can be eValua t ed by Simpson's

rule and is given in table II. Also in table II are given the values

of the integ r al Jl l~V ) Loge ~ dv which is nec es s ary if t~e e quation

for Case IV or Cas e VI is to be treate d in a similar manne r t o Case V.

J~Lo~~dV J~LOge~dV

.08197 - .010 31 -.01089

.16 393 - . 03267 -.03648

15 .24590 -.06112 -.07234

20 .32787 -.09091 -.11415

25 .40984 -.11631 -.15431

30 .49180 -.12905 -.17715

30.5 .50000 -.12918 - . 17741

35 .57377 -.11584 -.14768

40 .65574 - .05286 +.019 62

45 .73770 +.10804 +.5 6404

50 .81967 +.48366 2. 32977

55 .90164 +1.46968 10.08239

60 .98361 +7.6 1661 77. 17315

When n a 1

R • P(¥{~ + LOgell-Tt
. '. c)fi~;'P) • ~f~(r) ~ ~¥) I:v+ Lo~ll-V )
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and, th ere f or e, t he equat i ons of cond Itdon t bec cme

28.375(~ILOge1;!{d + Loge(l-vl} + 28.J75(¥1

Solving for a. and II, they are found to be

a. - -0.23157

11 --8.6106

n .O.7684

p • 19.764

and R - 19.764(¥lO.76
84

(1 - r(l:~;i~~i84 dV)

The equation is plotted in figure 6.

squares of the differences is 106.51.

The equationfor Case VI is

R- (71 $ tc + klki k3 S..1t-- dw + ~r w~ d'}
(a-wl~ + 1 J(a-..)~"

whi ch for purposes of l east-square-titting is identioal with the

equation for Case IV. The cons tants and form of the f inal equation



10 ~

.71 8 4 (J .768 4 J
R .11.714[~ I- [-T.=w] ~

FIGUR E f?

FIGURE 7

t
I
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Of all th e equ~tions pre s ented, t h e one de r i ved f or Cas e IV

and Case VI gives by far t he best f i t . Case IV , th e mechanism

with storage by ingestion a l one a nd t he ut i l ization i n proport i on

t o t he reserve present in t he liv e r , i s the c a s e whi c h seems to

have the most support in the li tera ture t o da te fo r a ll an i mal s

inv e s t i g a t e d . I t woul d seem th en that fish in ge ne ra l and t h e

brill i n pa r t icular are no exception to this rule . At t his poi n t ,

h owev e r , it woul d be hazar uo us t o s ta t e that e i ther Cas e IV or

Ca s e VI was the mechanism in preference t o the ot he r ca ses . As it

stan ds , there are no t enough data to prove th is conclus i v e l y .

I n orde r t o ascertain the number of fi sh necessary to de te r -

mi ne t he true mea n cur ve t o wi t hi n 10,000 USP Units throughout the

e nt i re l e ng t h of t he curve with a probability of a t l ea s t 95%, it

is ne cessa r y to kno.w approximate ly ho w the d evi a ti on from th e mean

vari es wi th the age of t he f ish . Figure 7 s hows t h e absolute value

of t he de viations plot ted against increasing weight . The li ne

mark ed ) a- was arbitrari l y d r awn to ju st include the grea tes t de via­

t i on s f rom the mean . That this as sumption is approx i mate l y co r rect

i s shown by Table III.

Deviation Normal Distribution Gra h
No . of. from 'fo of No. of '}IJO

points poin t s po i n t s po i nt s

ean-1IT 68 .)
1~

77 .6 45
leJ- 2cr 27 .2 17 .2 10
2 eJ - ) a- 4 .) 2 5 .2 )
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'I'a n.Le III sh ows that the a rbitrary aa s umpt .ion made fo rces a

larger proportion of the data closer to the mean t ha n would be

expected . For purposes of e s t.Lmat.Lng the numbe r of fish necessary

for a further e xpe r i ment th i s f act wi l l resul t in t he number of

fish being too high , in other wor ds the es timate will be a con-

Now, sett i ng 1 unit on the gr ap h (10 ,000 USP Units ) to be

t wice the standard de viation of the sam ple mean at any pa rticular

wei ght, we have

l=~

-il

wh e r e CSi s th e estima ted sta ndard deviation of the po pulation

obtained from the graph and n is t h e sample si ze to be t aken at

th e g i ve n weight.

(2crj2

60 16 .0 256
55 14 . 5 210
50 1 2 .7 162
4 5 11.1 124
40 9 .5 91
35 8 .0 64
30 6 .3 40
25 4 .6 21
20 3 .0 9
1 5 1.5 2

Table IV shows t h e number of fish necessary to establish the

mean wi t hin 10 ,0 00 USP Unit s with a probability of 95% for the

corres pon ding we i ght . The numce r of fi sh "n" i s highe r than

actually ne e de d be ca use each value obtained at a ny partic ular weight

exerts an i nfluenc e on the values o btained at the other we i gh t s



-26 -

a nd , t he r e by , should deorease the sample size neoessary .

problem of the e xao t size of sample needed is bey ond t he scope

of this pre sent paper. The oonditions outlined a bov e may be

oon sidered s uf fioient oonditi ons but they a re stronger t han

Statistioal treatme nt a lone is not t he only met hod of fur­

t he r attaok on this pr oblem . Most of the oonstants in t he or ig i na l

pos t ul a tes are oa pa bl e of independent de termina t ion . I deally , t he

problem oould be s ol ve d by de termi ni ng all of t he s e oons tan t s from

the postulates a nd oompa r ing t hem wi t h oonstants obtaine d from a

statistioal exp er i ment with e nough fi sh a s outline d ab ove .

(1 ) Si x diffe re nt hy po theses fo r t he mecne ru sm of vitamin A.

metabolism have been de ve l oped from t heore t i oa l po s tulat es .

(2) The se hyp ot h es e s ha ve been oompare d with exper i me ntal

results an d the cas e whi oh is s uppo r ted mos t . str ong ly by inde pen dent

literature l.e . vit!imin A s t o rage by inges tion and util i za tion

proportional t o r es erve present , is the oase wh i oh gives the best

(3) Sino e t here a re no t s uffioient d a ta t o make the a rgume nt

. statistioally so und s uffio i ent oonditions f or a f u r ther expe r imen t

I wish to express my t hanks and app reo iation f i rs t of all

to Dr. Lyl e Swa i n and Mr . W. E . Barrao lough for the use of the

resul t s of their experiments whi oh they so g ene r ous l y lent to me .
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I al s o wo ul d expres s, my a ppre c ia t ion t o Mr . O. C. Youn g of t he

staff of t h i s Station a nd t o Dr . J . L . Hart of t h e Pa cifi c

Biological Station , Nana i mo , for t he i r constructive, c r i t i c i sm

and he lpful su ggesti ons , e nd t o Dr . S . A. J en ni ng s of t he

Depa rtment of Ma t he mat i c s a t the Unfv e r-s Lt y of Bri tish Columbia
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