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/ [{7@ ABSTRACT

In 1986, a propagation loss experiment was conducted in which a narrowband source
moved away from two widely separated hydrophones located in shallow water. It was
found that the relative phase between the signals received at the two hydrophones under-
went rapid swings near the nulls of the pressure field. In this paper, a simple two-mode
propagation model is derived that explains the source of these phase swings. In order to
produce phase swings as large as those observed in the experimental data, it was necessary
to introduce different bathymetries along the propagation paths to the two hydrophones. //

RESUME

En 1986, on a effectué une expérience acoustique dans laquelle une source a bande
étroite s'éloignait de deux capteurs situés en eau peu profonde, la séparation entre les
capteurs étant grande. On a constaté que la phase relative entre les signaux requs aux
capteurs subissait une fluctuation rapide aux points ol le champ de pression atteignait
ses minima. Dans cet article, nous développons un modele basé sur deux modes normaux
qui explique la source de ces fluctuations de phase. Pour produire des fluctuations qui
sont aussi grandes que celles observées dans les données expérimentales, il était nécessaire
d’introduire profondeurs différentes le long des trajets de propagation aux deux capteurs.




1. INTRODUCTION

In 1986, an acoustic experiment was carried out in which a narrowband source moved
away from an array of hydrophones located in shallow water. As part of the analysis of the
data collected during the experiment, the pressure magnitudes and relative phases along
the array were computed. It was found that when the hydrophone separation was large, the
relative phase periodically underwent a substantial perturbation, or swing. Furthermore,
it was observed that these swings occurred when the pressure amplitudes went through a
minimum. In this paper, a simple model is derived that elucidates the source of the phase
swing.

In the next section, the acoustic experiment is described in detail and the experimental
data are presented. In Sec. 3, the model is derived and the experimental results are
compared with those produced by this theoretical model. Finally, a summary is provided
in Sec. 4.

2. THE EXPERIMENTAL DATA

The acoustic data presented in this paper were obtained from a propagation loss
experiment that was carried out in a continental shelf environment. During the experiment,
a receiving system was located in about 500 m of water on the shelf. Figure 1 shows a
schematic of the postions for two of the hydrophones in that system. For this analysis, they
will be referred to as hydrophones z and y. These hydrophones were fixed at a depth of
100 m and separated horizontally by a distance of 1500 m. The source was towed outward
from the receivers into the deeper waters of the continental slope along a bearing that was
parallel to the broadside direction for the two hydrophones. It generated a continuous-
wave signal at a frequency of 24 Hz. Because of the horizontal offset between the tow and
broadside directions, the angle of incidence 8 for the sound arriving at the hydrophones
ranged between 4° and 3° for source ranges between 110 and 163 km respectively. That
is, the source appeared to move closer to broadside as the range increased. In the figure,
1500 sin 3 is a measure of the distance between hydrophone y and the plane wavefront
(dashed line) along the direction of the propagation.

Figure 2(a) shows a plot of the received level vs source range for the two hydrophones.
To aid in clarity, the results for hydrophone y are indicated with a dashed line. Because of
the small variations in the Doppler-shifted frequencies due to changes in the source speed,
the signal at each hydrophone was “tracked” in frequency throughout the range interval
by determining its peak level over a number of adjacent frequency bins. It should be
noted that the signal-to-noise ratios for these data were sufficiently large that this tracking
routine never lost the signal in the ambient noise. The results for both hydrophones show
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Fig. 1. Schematic showing the hydrophone positions and the direction to the acoustic
source.

the familiar interference pattern with range that is generally associated with the interaction
between two dominant modes in a shallow water waveguide.! Simulations with the normal-
mode propagation model SNAP? using the measured environment for the experimental
site revealed that this modal interference was due to the two lowest-order modes (modes 1
and 2). It is believed that the higher-order modes were rapidly attenuated by the increased
interaction with the bottom during the propagation up the continental slope. From the
figure, it is seen that the period of the interference patterns is about 9.5 km and that there
is a shift in range of about 1.8 km between the patterns for the two hydrophones.

The relative phase between the signal received on hydrophone y and that on hy-
drophone z is plotted in Fig. 2(b), also as a function of source range. In these results, the
relative phase has been “unwrapped”. That is, multiples of 360° have been subtracted
from the measured (wrapped) phase difference so that the result represénts the total dis-
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Fig. 2. (a) Received level vs source range for hydrophones z and y (solid and dashed
curves respectively). (b) The phase at hydrophone y relative to that at hydrophone z.
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tance (360° of phase equals one wavelength of distance) between hydrophone y and the
- signal wavefront in the direction of the source. From Fig. 1, this unwrapped relative phase

9=_(1500 sinﬁ) 360°. )

would be

A

In this equation, the wavelength A is equal to ¢, /f where ¢, is the reference sound speed in
the water and f is the signal frequency. For example, in the environment of this continental
shelf site where ¢, = 1440 m/s, the 24-Hz signal had a wavelength of A = 1440/24 = 60 m.
In addition, at a source range of 110 km, the angle of incidence was 8 = 4°. Therefore,
from Eq. (1), the relative phase at hydrophone y would have been be close to 8 = —627.8°.
Hence, it was necessary to subtract 720° from the measured phase difference to get the
correct unwrapped relative phase shown in Fig. 2(b).

‘Two observations can be made from the phase results of this figure. First, the mag-
nitude of the relative phase generally decreases with increasing range. This is because
the source appeared to move closer to broadside with range (5 decreased), which in turn
caused the relative phase at hydrophone y to approach zero. Second, there are six negative
“phase swings” in the relative phase, and these occur roughly at the six interference nulls
of the received signals shown in Fig. 2(a). The magnitude for the swing at a range of
115 km is about 80°. This latter effect, which was not expected, could seriously degrade
the performance of a horizontal line array in this shallow-water environment. For exam-
ple, working from Eq. (1), a swing of —80° in the relative phase can cause an error in the
apparent direction of the source of +0.5°. Although small, this bearing error amounts to
a lateral range error of 0.96 km at a source range of 110 km. Therefore, it is important to
understand fully the cause of this phase swing phenomenon and be able to predict with
some degree of accuracy the magnitude of the swings.

3. DEVELOPMENT OF A MODEL

A simple model that explains the basic features of the data will now be developed.
The main objective is to derive a model that accounts for the phase variation with sufficient
accuracy to explain the phase swings; at the same time, however, we desire a sufficiently
simple model that it is possible to obtain analytical insight into the phenomenon.

Given a time-harmonic source of angular frequency w and depth z, in the ocean, the
resulting pressure observed at a range and depth (r, z) can be expressed as p(r, z) e ™.
Here p(r, z) is the solution to the time-harmonic (Helmholtz) wave equation, and is referred
to as the time-harmonic pressure field, or simply the pressure. A standard representation




for p(r,z) in a range-independent ocean is given by the modal sum

Z)'Z)n(ZS)eik"r, (2)

g
p(r,z) = A Z - T
n=1 n

where A is a normalization constant. As seen in Eq. (2), the pressure field is decomposed
into a sum of N modes, which are characterized by the wavenumbers k, and mode func-
tions ¢n(2). The number and values of these modal quantities depend on such parameters
of the waveguide as the sound speed and the density of the media. The modes are tradi-
tionally numbered so that the wavenumbers k,, are decreasing; i.e., k1 > ko > -+ > kx.

3.1 The case of two modes

As indicated in the previous section, the simple beating pattern present in the data
of Fig. 2(a) suggests that modes 1 and 2 were dominant. Therefore, we shall examine the
case of two modes, writing the pressure as

p(r) = —j—r-(ale

1’611' +a2€

ikgr). (3)
The dependence on z is not shown explicitly in Eq. (3) because the depth is fixed. The
coefficients a; and ap are allowed to be complex-valued, and we write a; = |a,—|e¢f for
j =1, 2. The first step in the analysis is to re-write Eq. (3) in a form that separates the
main linear trend of the phase from the local phase fluctations. To this end, define

k= 1(ki+ ko) and Ak = Lk - k2), (4a)
and similarly set
p=3@W1+v) and Ay =@ - ¢a). (4b)
In terms of these new quantities, Eq. (3) becomes
i(kr+9) . .
p(r) = 67 [|a |efrak+ae) | ‘azle—t(rAk+A¢)] ) (5)

The next step is to examine the magnitude and phase of the pressure. We write p(r) =
|p(r)|e**("); then from Eq. (5) it can be shown that

()l = wfﬁ"’-‘ [o? + (1 - 0?) cos? (rAk + Ag)] (6)

and
0(r) =kr+7¢ +tan”" (o tan(rAk + Av)), (7)




where
_lay] = Jas]

" Tl F Jaal )
It can be shown that |a] < 1. When a = £1 only one mode is present and the pressure
magnitude exhibits cylindrical spreading (decay proportional to r~!/2). In the general
case of two modes, Eq. (6) shows that the peaks in the propagation loss occur at ranges
corresponding to rAk + Ay = mm for an integer m, and the nulls at ranges for which
rAk + Ay = (m + L.
Equation (7) shows the phase separated into a linear term %k r, a fixed offset ¥, and
a perturbation term. Now, the phase swings must occur in those regions where the phase
undergoes rapid change with range. This comment leads us to examine the derivative of
the phase with range, which is given by

alk

=k .
* cos? (rAk + Ay) + a?sin’(rAk + Av)

(9)

SIS

The dominant behaviour of the derivative can be found by examining it at the peaks and
nulls of the pressure field. The results are

dé =k+aAk and — =k+—.
dr peak drlnun 64

(10)

Now, when the magnitudes of the two modes are approximately the same, |ai| ~ |ay]|, the
magnitude of « is small. In this case it follows from Eq. (10) that the perturbation from
a linear phase change is small near the peaks of the pressure field, but can be very large
in the vicinity of a null. Moreover, the smaller the value of «, the greater the effect.

Another way of arriving at the same conclusion is to consider the perturbation term
in Eq. (7) directly. For the purpose of explanation we set Ay = 0. When « is small, the
argument atan(rAk) of the arctangent function in Eq. (7) will in general change slowly
with r. However, atan(rAk) becomes unbounded at the points rAk = (m+1)r, and as r
increases through one of these points the phase 8(r) will either increase or decrease rapidly
by 7 (depending on whether « is positive or negative). The points of this form correspond
to the nulls in the pressure field, as noted above. Figure 3 is a plot of tan™! (a tan(rAk))
as a function of range r for different values of a. Here Ak was set to give a 10 km cycle
distance to the pressure field; i.e., rAk increases by = for a 10-km increase in range. As
expected, the phase undergoes a rapid increase near points of the form rAk = (m + %)ﬂ,
the effect becoming more dramatic as a becomes smaller. It is important to note that only
the perturbation term in Eq. (7) has been plotted in Fig. 3; the linear part of the phase,
kr, may vary by tens of cycles over the distance shown in the figure.
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Fig. 3. Perturbation of the phase from a linear trend in a two-mode model. Curves are
shown for three values of «.

3.2 Relative phase between two hydrophones

So far we have examined the behaviour of the phase at a single point in the wave-
guide as the range to the source varies. In practice it is the relative phase between two
hydrophones that is important, and we now turn to an examination of this topic. At this
point the discussion remains general, and will be related to the experimental data later.

Let the range from the source to hydrophone z be denoted by r and the range to
hydrophone y by r + Ar. If Ar > 0 hydrophone y is farther from the source than
hydrophone x, and if Ar < 0 it is closer. Our model assumes azimuthal symmetry, so that
it is not required that the two hydrophones lie on a radial line from the source. The phase
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at hydrophone y relative to that at x is given by
8,(r + Ar) — 6.(r), (11)

where 6, and 6, are the phases at hydrophones = and y respectively. For the two-mode
model with azimuthal symmetry, Eq. (11) is simply the phase difference 8(r + Ar) — 8(r),
where 6(-) is given in Eq. (7). This difference has a constant offset kAr and a fluctuating
component due to the last term in Eq. (7). The result of the previous section then makes
clear the origin of the observed phase swings, as illustrated in Fig. 4. As above, Ak
was adjusted to give a 10 km cycle distance and A was set to zero. Furthermore, we set
laz| = }|a1|, which by Eq. (8) yields a = 4, and chose Ar = —2 km. The abscissa in Fig. 4
is the range r to hydrophone z, and the upper solid line shows the term tan™! (a tan(rAk))
at that hydrophone. The dashed line shows the term tan™' [a tan ((r + Ar)Ak)] at
hydrophone y. Subtracting the upper solid line from the dashed line yields the relative
phase (ignoring the constant phase offset kAr). It is seen that the phase swings occur
because the phase at hydrophone = “jumps” by 180° a distance Ar before the phase at y
makes a similar jump. For a fixed range offset Ar, the size of the phase swing is determined
by the value of a. For smaller values of «, the magnitude of the phase swing is larger.
This is illustrated in Fig. 5, where a was set to 0.1.

3.3 The complete model

Although the origin of the phase swings has now been clarified, the size of range shift
between nulls in the real data of Fig. 2(a) cannot be attributed solely to a range offset
Ar between hydrophones. Whereas the range offset between the hydrophones was on the
order of —1500 sin4° = —105 m for the experimental geometry, the real data show a range
shift of approximately —1.8 km between nulls. This is shown more clearly in Fig. 6, which
reproduces part of the data from Fig. 2 on a larger scale. Thus the shift in the curves must
be explained through some other mechanism.

One possible mechanism that has been identified as the cause for the range shift is
differing bathymetries near the receivers. Therefore we relax the constraint of azimuthal
symmetry in the model and introduce a difference in bottom depth near the two receivers,
as shown in Fig. 7. It should be noted that in reality the source was in deep water over the
continental slope. However, in order to keep the model simple, we shall retain the range-
independence of the bathymetry near the source. How this affects the modelled results
will be discussed later. As seen in the figure, the bottom over which the signal travels to
hydrophone z is taken to be flat, with depth d. The pressure at r is then given by the
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Fig. 7. Diagram of the waveguide, showing the propagation path to (a) hydrophone z and

(b) hydrophone y.
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expression in Eq. (3),
1 1 tkqr
pe(r) = _ﬁ(alet’w + agetkamy, (12)

On the other hand, the bottom over which the signal travels to hydrophone y is initially
of depth d but then deepens to d + Ad over a range interval r,, where the depth change
Ad is assumed to be small. In the real bathymetry, the bottom would make a gradual
transition from depth d to d+ Ad, but for simplicity this has been modelled by the sudden
change in Fig. 7. As shown in the figure, the wavenumbers k; and ky will be associated
with the water depth d, and the wavenumbers k; and kg with the water depth d + Ad.
We shall put k; = k; + ¢;, where ¢; is the perturbation in the wavenumber caused by the
depth change. Also, because the depth change Ad is small, the adiabatic approximation?
will be used to derive an expression for the pressure at hydrophone y. It can be shown
that this leads to the expression

1 ) )
py(T) - _\/?(blezku' + ertkzr), (13)
where
b; = a; exp(ie;To), forj=1, 2. (14)

Equation (13) is valid only for » > r,. In deriving Eq. (13), it was further assumed that
the mode functions are negligibly affected in the upper portion of the water column by the
depth change.

The phases 6. and 6, of Eq. (11) will still have the form shown in Eq. (7), but now
the propagation constants differ for the two cases. The constants will be distinguished by
subscripts = and y, although when the constants are the same for both cases, the subscript
will be omitted. We consider the constants one by one:

i) A comparison of Eqs. (12) and (13) shows that k, = k, = k, and similarly for Ak.
Hence, the distance between nulls as measured by the two hydrophones will be the same,
as it depends on the depth of the water in which the source moves, not on the depth of
the water in which the receivers are located.

ii) Equation (14) shows that the coefficients b; differ from the a; by only a phase shift,
so that |a;| = |b;|. It then follows from Eq. (8) that a; = ay = a.

iii) Because we are interested in relative effects, we may take the modal coefficients a;
to be real-valued. (The absolute range of the nulls from the source may then be incorrect,
but for relative effects between hydrophones z and y this does not matter.) Then ¢, =0
and Ay, = 0. From Eq. (14) it is easily shown that Ey =¢r, and A1, = r,Ae, where €
and Ae are defined from Eq. (4) in an obvious way.
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In summary, the phases at hydrophones r and y are given by

0:(r) =kr+tan™! (a tan(rAk)), (15a)
0y(r) =K1 +&r, +tan™" (a tan(rAk + roAe)). (15b)

The relative phase of Eq. (11) will therefore have a constant phase offset kAr +&r, and
a fluctuating component arising from the subtraction of the last terms in Egs. (15a) and
(15b). The only difference from the case illustrated in Fig. 4 is that the term r,Ac¢ is present
in the argument of Eq. (15b). This term causes a shift of the pressure field in addition to
that caused by the hydrophone offset Ar. This additional range shift is equivalent to a
range offset Ar., defined by

role = Ar. Ak,

This yields the result

Ae
A'I‘cq =To -A—k (16)

for the apparent range shift caused by the depth change in Fig. 7. The total range shift is
then given by Ar + Are,.

3.4 Comparison of the model with the data

This completes the derivation of the propagation model, and it remains only to com-
pare the predicted results with the real data. Based on the knowledge of the experimental
site, the values d = 500 m and Ad = 100 m were chosen. That is, hydrophones = and y
are in 500 m and 600 m of water respectively. The program SNAP was used to compute
the wavenumbers for the two modes for the measured sound-speed profile. The wavenum-
ber values are given in Table I. In this table, the k; are the wavenumbers for the 500 m
depth and the ¢; are the perturbations for the 600 m depth. The last line in the table
gives the differences k; — k2 and €; — €;; the values Ak and Ae follow upon division by
2. Recall that the total range shift between the interference patterns of the real data was
—1.8 km. Based on a hydrophone offset Ar = —0.1 km as described earlier, this requires
an equivalent range offset of —1.7 km due to the depth change. It is found that the ratio
Ae/Ak = —0.1398, and hence from Eq. (16) that a value r, = 12 km yields an equiva.lent‘
range offset of the desired —1.7 km. As mentioned in the last section, it should be noted
that the range shift in the experimental data would be due to a gradual depth transition
over a range interval larger than 12 km.

Figure 8 shows the results produced by the analytic model, both for the pressure mag-
nitudes and for the relative phase. This figure should be compared with the experimental
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Table I. Propagation parameters.

ki (m~!) & (m™1)
=1 0.1040942018 0.0000013126
j=2 0.1033364705 0.0001072282
Difference 0.0007577313 —0.0001059156

data in Fig. 6. In producing Fig. 8, the value of «, which determines the abruptness and
extent of the phase swing, was adjusted until the modelled results agreed well with the
experimental data. The final value of o was set to %, as used in Fig. 4. It is clear that the
broad features of the experimental data are reproduced quite well by the simple two-mode
model with an abrupt depth change in the waveguide.

Note from the two figures that the model does not accurately predict the distance
between the nulls in the pressure field. As discussed earlier, the source was in fact located
in deeper water over the continental slope, whereas we have modelled only that part of
the propagation that takes place on the continental shelf. Since the distance between the
nulls in the pressure field is determined by the depth of the water in which the source
moves, our simple model does not adequately predict this distance. For this same reason,
the value of o could not be computed from the mode functions given by SNAP for a
range-independent environment. However, incorporating the continental slope into the
mode! would preclude the simple analytical treatment that has provided insight into the
phase-swing phenomenon.

4. SUMMARY

A propagation-loss experiment was conducted in which a narrowband source moved
away from an array of hydrophones located in shallow water. It was found that the
relative phase between the signals received at two widely separated hydrophones underwent
rapid swings near the nulls of the pressure field. It was shown that a simple two-mode
propagation model could explain the source of these phase swings, but that the range
offset of the two hydrophones was insufficient to account for the observed magnitude of
the swings. However, it was demonstrated that the experimental data could be fit quite
well with the two-mode model by introducing different bathymetries along the prbpagation
paths to the two hydrophones. The effect of differing bathymetries is to produce a relative
shift between the pressure fields observed at the two hydrophones, similar to what would
be observed if the range offset between hydrophones were increased.
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