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ABSTRACT

Probability points are computed for the sample kurtosis of independent, identically
distributed Gaussian variates when the sample moments are taken about the true mean.
The method of computation allows the accurate determination of the probability points
even for small tail probabilities, and values are tabulated for probabilities as small as
10~%. Moreover, the results suggest that the probability points tabulated here may also
be used when the sample moments are taken about the sample mean.

RESUME

On calcul les points qui donnent des probabilités specifiées pour le kurtosis d’un
échantillon de variables aléatoires gaussiennes, indépendantes et distribuées idenf;ique-
ment. Les moments de ’échantillon sont calculés autour de la vraie moyenne. La méthode
de calculation permet la détermination précise des points de probabilité méme si les prob-
abilités sont petites, et un tableau est présenté pour des probabilités aussi petites que
10™4. Les resultats suggerent d’ailleurs que les points de probabilité tabulés ici peuvent
étre également utilisés quand on prend la moyenne de I’échantillon comme centre des
moments de I’échantillon.
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1. INTRODUCTION

Given a random variable X with probability density function px (), the kth moment
about zero and about the mean are respectively defined by

/J‘;c :/E;:Ekpx(.’r) dz and HE :A($—M£)kpx(m) dZE,

where the support of X is assumed to be the real line, R. The kurtosis of X is defined
by B2 = pa/pi, and is equal to 3 when the distribution is normal. Given a sample of NV
independent observations X, from a population with density px, the kth sample moment
about zero and about the sample mean are defined by

1 1
r_ k _ '"\k
my = NnE an and Mk = El(Xn m7)~.

‘The sample kurtosis is then given by by = m4/mZ. For a normal population the sample
kurtosis is approximately 3, and its deviation from 3 is an indication of whether the parent
population is indeed Gaussian. In signal processing applications, the sample kurtosis
may be computed and compared with a threshold o for hundreds or even thousands of
independent data blocks (e.g., to locate spikes in Gaussian noise). In such applications
the probability Pr(b; > ) for Gaussian data alone must be kept small, typically 10~3 to
10—, in order to prevent an excessive number of false alarms.

In a series of papers’ ~2, Pearson considered the computation of the probability points
for the sample kurtosis, i.e., points « that yield a desired value of the tail probability
Pr(b; > o). The calculation of probability points for b, is difficult, because the exact
sampling density is not known for arbitrary N. Pearson’s approach was to approximate
the unknown density by a standard parametric form, matching the first several moments
to determine the parameters. This standard form was then numerically integrated to
find the probability points. This approach is of limited accuracy, particularly for small
probabilities that require knowledge of the far tails of the density function, and for this
reason Pearson limited himself to tail probabilities of 0.05 and 0.01. The accuracy is also
limited for small NV, and in this case Monte Carlo techniques have been used.*5

In this paper, probability points are computed for the sample kurtosis when the
sample moments are computed about the true mean . Since we can define new random
variables centred about the mean, it may be assumed without loss of generality that
py =0, and we work with b} = m/;/(m5%)2. Unlike the case of by, no approximations need
be made in the analysis of b5, and only numerical processes limit the number of decimal
places that can be obtained in the computation of the probability points. Although
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the assumption that the mean is known is made primarily for reasons of computational
tractability, it can be justified in two ways. First of all, in many physical applications
1} can be considered known a priori. For example, consider the recording of underwater
acoustic noise using a pressure transducer followed by an amplifier. The amplifier will
typically have no DC response, and any DC offset at its output will be accurately known.
Since the system has no DC response, this offset can be taken as the true mean of the
measured pressure data. Secondly, the evidence suggests that the probability points for
by are very close to those for b,. More will be said about this later.

2. METHOD OF COMPUTATION
2.1 Introduction

Throughout the paper, Q(«) will denote the tail probability Pr(b; > o). We define
a vector s = (s1,52), where s; = >_ X2 and s; = 5 X2, and denote by ps the probability
density function of s. For convenience in the subsequent derivation, the sums s; and s
have not been normalized by N. Then b, = Ns;/s%, and the desired tail probability is
given by Q(a) = Pr(s; — &@s% > 0), where & = /N is a normalized probability point.
Setting u = (u1,uz), the tail probability is given in integral form by

Qo) = / ps(u)du = /000 {/5:; ps(uy, u2) dul} dus, (1)

ul-—&ug>0
where in the last step the two-dimensional integral has been written as two iterated

integrals. For future reference we note that the derivative of Q(«) with respect to « is
given by

o<

Qo) = [ el )1 dua. @
The rest of the paper will be devoted to the computation of specified probability points
via the numerical integration of Eq. (1). The difficulty here is that the density function
ps does not appear to be expressible in terms of standard functions. We shall perform
numerically the Fourier inversion of the characteristic function of s, and so now turn to

a consideration of this function.

2.2 The characteristic function

The joint characteristic function ¢g(t) of s is given by ¢s(t) = E{e!®*}, where
t = (t1,t2) and (t,s) is the vector inner product. As the X, are independent and
identically distributed with a normal distribution, we have

N
1 . 2o
¢s(t) = W/RN el®s) T] e7*~/%7" dg; - - - daw. | (3)

n=1




Since b5 is invariant to scale changes, we shall take ¢ = 1 in what follows. It easily follows
from Eq. (3) that ¢s(t) = qf:(t)N , where

o(t) = exp{itiz* — (1 — 2ity)x?} dz (4)

\/—
is the joint characteristic function of any pair (X2, X2). The convenient decomposition
$s(t) = ¢(t)V is made possible by taking the sample moments about the true mean;
when the moments are taken about the sample mean, such a decomposition does not
occur. In the Appendix it is shown that

i
66) = (1 - 2ita) 7 () P ), )

where H(f)(-) is the Hankel function of the second kind and order , and ¢ = (1 —

2ity)2/ (3§t1). Since ¢ is in general complex-valued, consideration must be given to the
domain of definition of the functions in Eq. (5). When the square root and the Hankel
function have their principal values, formula (5) is used for t in the open right-half plane.
The reflection formula ¢(~t) = ¢*(t), where the asterisk denotes complex conjugation, is
then used to compute the characteristic function in the left-half plane. This leaves only
the line ¢; = 0 (the ¢;-axis) for which the characteristic function has not been defined,
but from Eq. (4) it follows that ¢(0,t;) = (1 — 2it2)_%. This last equation is, of course,
the characteristic function for a x? variate, since when t; = 0 we are left with the square
of a Gaussian random variable.

Expansions of the Hankel function can be used to examine the behaviour of the
characteristic function in certain parts of the t-plane. When |¢ | > 1, the asymptotic
expansion of the Hankel function for large argument® leads to the simple result

o(t) ~ (1 — 2ity)~ Z ((242< — 2ity) "% (1 — 3—23—< + - ) (6)

where (v,0) =0 and (v,m) = (4% —1)--- [402 — (2m — 1)?]/22™m! for m > 1. From the
definition of ¢ it follows that || — oo as ¢t; — 0+ for a fixed ¢;, and hence from Eq. (6)
we see that as t; — 0+ the characteristic function approaches its value on the ¢, axis,
¢(0,t2) = (1 — 2it3)~%, as expected. The same behaviour obtains for a fixed t; when
t2 — &oo. On the other hand, when ¢; — co so that ¢ is small, the asymptotic form of
the Hankel function for small argument (see entry 9.1.9 of Ref. 7) yields

B(t) ~ TI‘(%) et /B4,



where I'(-) is the Gamma function. Note the slow decay of the characteristic function at
infinity in the t—plane. This slow decay would make numerical work very difficult, but
fortunately we are interested in ¢s(t) = ¢(t)V, which has a substantial rate of decay even
for moderate values of N. This decay allowed the truncation of integrals over an infinite
range to a finite interval in the subsequent numerical work.

Except for some regions where Eq. (6) was used, the characteristic function was
evaluated in the right-half t—plane directly from Eq. (5). A NAG routine® was used to
compute the scaled Hankel function e* H ?) (¢) in Eq. (5).

2.3 Numerical procedure for computing Q(«)

The probability density function ps is given by Fourier inversion of the characteristic
function ¢s:

1
(2m)? Jgs

There appears to be little hope of performing the integration analytically. An approx-

¢s( ) —i{t,u) dt =

pe() = / B(t)N e 0w gt %

(271'

imate method would be to find an asymptotic expression for the integral (7), but it is
not clear that the long tails of the distribution, resulting from the fourth moment in the
kurtosis, can be represented accurately in this way. For this reason, a purely numerical
approach was adopted. The direct substitution of Eq. (7) into Eq. (1) yields a four-fold
integral to be evaluated numerically, but it is possible to reduce the procedure to the
numerical integration of a three-fold integral as follows. First we introduce the function

Ya(tr, uz) = / pa()e= 2% duy, ®)
which results from performing one of the integrations in Eq. (7). Using a result derived
by Nuttall®, we can write, for any positive u and a,

cosaty dty. (9)

/ pa(t1,u2) duy = = / "~ Im{us (t1, uz)}
a 0

Taking a = &u2 in this equation directly yields the inner integral in the iterated integral
of Eq. (1). Hence, it is not necessary to compute ps(u) explicitly as in Eq. (7), and in
this manner one integration is eliminated. Finally, the outer integral in Eq. (1) must also
be computed via numerical integration, for a total of three nested quadratures.

An overview of the numerical procedure for computing @Q(a) is now given. The
first step is to compute 1s(t1,u2) by the numerical integration of Eq. (8) using the fast
Fourier transform (FFT). The use of the FFT is equivalent to a trapezoidal rule; see
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Ref. 10 for a discussion of this method. The advantage of the FFT is that, for a given ty,
it allows the efficient computation of ¢s(t1,u2) on an equi-spaced grid of us values in a
single calculation. By discretizing ¢, the result is 9s(¢1,u2) evaluated on a rectangular
grid. Next, integral (9) is evaluated numerically for each value of u; on the grid via
the trapezoidal rule. The fast Fourier transform is not used in this case because the
value of the integral is desired only at one point, namely a = au?. Lastly, the outer
integral in Eq. (1) is evaluated using a high-order quadrature rule, a compounded 7-point
Newton-Cotes formula.

The integrand on the right-hand side of Eq. (9) is not defined at ¢; = 0, but its limit
exists for ¢; — 0+4. It is easy to show that, for arbitrary u.,

lim Im{vs(t1,u2)} cosaly _ Im { s
i1 —0+

t E{;(Oauz)} ) (10)

and from Eq. (8) it immediately follows that

O
oty

—_ 1 3¢5 —itguz
(O, ’U,z) = 5; " —8—E(O,t2)e dtz. (11)

Some analysis gives the simple result 0¢s(0,t2)/0t; = 3iN (1 — 2ity) " T (N+4) | whence it
follows that the partial derivative of s required in Eq. (10) is expressible in terms of
the density function of a x% 4+4 variate. Thus: when ¢; > 0, the function ¥s(t1,us) is
computed by FFT quadrature of Eq. (8) and is substituted directly into the integrand
of Eq. (9). When t; = 0, the integrand in Eq. (9) is replaced by the right-hand side of
Eq. (10), which is evaluated from a chi-squared density function.

2.4 Finding the probability points

The final step in the numerical procedure is to compute the probability point, o,
for an assigned value of Q(«). This is a problem in root-finding, and Newton’s method
was employed. The derivative required for Newton’s method was computed by numerical
quadrature of Eq. (2); this numerical quadrature is somewhat simpler than that described
for Eq. (1), and can be performed simultaneously with it. The expected rapid convergence
of Newton’s method was obtained in practice, and at most 15 iterations were required in
all cases.

The development so far has been for the upper tail Q(a) = Pr(b > «), but prob-
ability points on the lower tail were computed as well. If P(a) = Pr(b < ), then
P(a) = 1 —Q(a), but this last relation is inadequate for numerical work due to the high
accuracy that would be required in the values of @Q(a) when P(q) is small. For this
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reason a separate code was written to compute P(a) directly by modifying the integrand
of Eq. (9); see Eq. (5) in Ref. 9.

3. NUMERICAL RESULTS
3.1 Tables of probability points

Probability points were computed by the above procedure on a VAX 9000 computer
using double-precision (16 decimal digit) arithmetic. Table I provides the computed
probability points of b} for the lower tail, and Table II for the upper tail. The values in
the tables have been rounded to 5 figures; the following subsections give some details on
the accuracy of the computations. ,

Since m} — p} almost surely as N — oo, it is expected that the probability points
of by and b} will become close together as N grows large. What is remarkable is the
apparent speed with which this coalescence takes place. A comparison can be made with
Table 34 of the Biometrika Tables'!, which provides probability points for by to three
significant figures for probabilities 0.05 and 0.01. When the values tabulated here are
rounded to three figures, the agreement is good to all three figures at the 5% level and
usually within one unit in the last place at the 1% level. It may be conjectured that,
save perhaps for the smallest probabilities, the probability points tabulated here for b,
will agree with those for b; to several decimal places.

3.2 Accuracy in computing the tail probability

Apart from round-off error, the errors in the numerical computation come primarily
from two sources: from the truncation of the infinite integrals to finite intervals of in-
tegration, and from the application of quadrature rules to the truncated integrals. The
truncation limits were set by examining contour plots of |¢s(t)| in the t—plane. The
significant region of integration is near the origin, where |¢s(t)| ~ 1, and the integrals
were truncated at a point where |¢s(t)] had fallen below 1076. The quadrature errors
were handled by doubling the number of points in the quadrature rules until the result
converged. The result generally stabilized to 9 or 10 decimal digits, suggesting that the
least significant 6 or 7 digits were affected by round-off. As a check, some of the tail
probabilities were re-calculated using quadruple-precision arithmetic (32 decimal digits)
in the numerical integrations, although the Hankel function in Eq. (5) was still computed
using the double-precision NAG routine. The results generally agreed to 9 or 10 deci-
mal places, as expected. Moreover, a check was made in selected cases by doubling the
truncation limits and verifying that the computed values did not change significantly.

It should be pointed out that the smaller values of N required many more points
in the quadrature rules to obtain an accurate result. For example, when N = 50 the
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Table I. Points ¢ for specified values of P(a) = Pr(b} < )

Probability P(«)
N 0.05 0.01 0.005 0.001 0.0005 0.0001
50 2.1479 1.9699 1.9128 1.8061 1.7681 1.6929
100 2.3469 2.1877 2.1354 2.0359 2.0000 1.9279
150 2.4464 2.3008 2.2523 2.1594 2.1256 2.0571
200 2.5095 2.3741 2.3286 2.2410 2.2090 2.1438
300 2.5883 2.4676 2.4266 2.3470 2.3177 2.2577
400 2.6374 2.5270 2.4893 2.4156 2.3883 2.3323
500 2.6720 2.5694 2.5341 2.4650 2.4393 2.3864
600 2.6980 2.6016 2.5683 2.5030 2.4786 2.4282
700 2.7186 2.6272 2.5956 2.5333 2.5101 2.4619
800 2.7353 2.6483 2.6181 2.5584 2.5361 2.4899
900 2.7494 2.6660 2.6370 2.5797 2.5581 2.5136
1000 2.7613 2.6812 2.6533 2.5979 2.5771 2.5340
1250 2.7850 2.7114 2.6856 2.6344 2.6152 2.5750
1500 2.8027 2.7341 2.7101 2.6621 2.6440 2.6063
Table I1. Points o for specified values of @(a) = Pr(b; > )
Probability Q(«a)
N 0.05 0.01 0.005 0.001 0.0005 0.0001
50 3.9908 4.8817 5.3033 6.3812 6.8874 8.1495
100 3.7727 4.3824 4.6649 5.3848 5.7257 6.5930
150 3.6518 4.1283 4.3445 4.8894 5.1461 5.8001
200 3.5733 3.9708 4.1484 4.5904 4.7971 5.3226
300 3.4747 3.7813 3.9149 4.2409 4.3911 4.7701
400 3.4135 3.6682 3.7772 4.0390 4.1581 4.4559
500 3.3709 3.5915 3.6846 3.9054 4.0048 4.2511
600 3.3390 3.5353 3.6172 3.8095 3.8952 4.1059
700 3.3141 3.4920 3.5656 3.7368 3.8124 3.9970
800 3.2939 3.4573 3.5244 3.6794 3.7473 3.9120
900 3.2771 3.4288 3.4907 3.6327 3.6946 3.8435
1000 3.2628 3.4049 3.4625 3.5939 3.6508 3.7870
1250 3.2349 3.3585 3.4081 3.5199 3.5677 3.6808
1500 3.2142 3.3248 3.3687 3.4669 3.5085 3.6060
7




characteristic function ¢(t) had to be evaluated at approximately 16 million points; in
contrast, for N = 500 the required number of function evaluations was reduced by a
factor of 32. Thus the computations were much more rapid for the larger sample sizes.

3.3 Sensitivity of the tail probability to perturbations in «

We define the error amplification of a function f at = by A(f;z) = = f'(z)/f(z).
Letting é¢(z) be the relative error in f(z) caused by a relative error § in z, it may easily
be shown from the Taylor expansion of f(z(1+6)) about z that é7(z) = A(f;z) . Hence
if |A(f;z)| > 1, the relative error in z is amplified in computing f(z); if |A(f;z)| < 1,
the relative error is damped. In the case at hand, we of course take f to be either P(c) or
Q(a). Since the derivative was already computed in order to use Newton’s method, the
error amplification could be evaluated with negligible effort. In all cases it was found that
the error amplification exceeded unity, meaning that 5 decimal places in a corresponds
to fewer than 5 decimal places in the tail probability. Since the tail probabilities were
computed to 9 or 10 decimal places, the values of a tabulated in Tables I and II should
be correct to the number of decimals given.

In general, the sensitivity to perturbations in « increases as N increases. The error
amplification resulting from the steepness of the lower tail can be severe, approaching
120 in the case N = 1500 and P(a) = 0.0001. The error amplification for the upper tail
is less severe, usually being in the range 10-50 in absolute value.

4. SUMMARY

In this paper, a numerical method was developed for computing probability points
for the sample kurtosis of independent and identically distributed Gaussian variates. The
method makes no approximations and allows the determination of the probability points
for small values of the tail probability. However, it was assumed that the true mean of
the input data is known and that the sample moments are computed about this mean.
In practice, the true mean is unknown and must be estimated by the sample mean.
However, comparison with published tables for probabilities 0.05 and 0.01 suggests that
the probability points are little affected by the choice of center (true mean or sample
mean) when computing the sample kurtosis, even for sample sizes as small as 50.

APPENDIX

In this Appendix, Eq. (5) for the joint characteristic function ¢(t) is examined. We
start with the function -

e (z) = (2> ' /000 exp(—3z? + izz?) de, (A1)

™
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which is the characteristic function of the fourth power of a standardized Gaussian variate.
When 2 is complex, the integral (A1) exists for Im(z) > 0 and defines an analytic function
of z in Im(z) > 0. It follows from a result derived in Ref. 12 that ¢,4(2) has a Laurent
expansion in powers of z% that is convergent for |z| > 0. Thus ¢,4(2) can be continued
analytically onto a four-sheeted Riemann surface, and has a branch point at the origin.
The principal branch of ¢,«(2) is taken to be the branch in |arg z| < m that is real-valued
on the upper imaginary axis. The principal branch of ¢,« (z) then agrees with the value
of the integral in Eq. (A1) in 0 < argz < . Another expression for ¢.4(z) is given by!3

$ot(2) = (%ﬂ) e-a/n g3 ) (A2)

where H (2 )( *) is a Hankel function and 8 = (322)~!. This equation holds on the whole
Riemann' surface, excluding the branch point at 2 = 0. For computational purposes,
however, it is desirable that the square root and Hankel functions in Eq. (A2) should
have their principal values, as these are usually what is available in existing software
packages. It can be shown that if the principal branches of these functions are chosen,
then formula (A2) will assign ¢4(2) its principal value. (Note that if |argz| < , then
|arg 8| < 7 as well.)
Now, the joint characteristic function in Eq. (5) is

é(t) = (%) ’ /Ooo exp(—iwz?® + it z*) dz, (A3)

where w =1 — 2it5. It is desired to transform the integral (A3) into the form of integral
(Al) in order that formula (A2) may be applied. Although w is complex, we temporarily
assume that w is real and positive; analytic continuation will later be used to extend the
results back into the complex domain. With the change of variable y = w3z, it follows
from Eq. (Al) that

2\? [
(—) / exp(—jwz® + it1z*) dz = w™
0

™

2\# [ 1,2 2,4
d 12 4 itiw 2yt d
(71-) /o‘ exp(—3y* +itiw™*y*) dy, (Ad)

= w"%¢x4 (tlw_z).

[V

This holds for w real and positive. However, the integral on the left-hand side of Eq. (A4)
defines an analytic function of w in Re(w) > 0, and w™ ¥ ¢e(t1w™2) is a (multi-valued)
analytic function in the complex w-plane. It thus follows that @(t) = w™ % ¢ (t;w™2),
with the appropriate choice of branch on the right-hand side. For the rest of discussion,
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we restrict w to the values w = 1 — 2it, for ¢ € R, as required for computing ¢(t). From
the derivation of Eq. (A4) it is seen that w™% should be real when w is real, and so the
principal branch of w™% may be used. In addition, it is found that | arg(tiw™2)| < m for
t; > 0, and so the principal branch of ¢« (t;w™2%) may be used when ¢; > 0. On the
other hand, 0 < arg(t;w™?) < 2 for ¢; < 0. Thus in numerical computations, where the
principal branch is desired, the formula ¢(t) = w3 P (tiw™2) is used only for t; > 0,
the reflection formula ¢(—t) = ¢*(t) being used when ¢; < 0. The case ¢; = 0 represents
a special case; since ¢54(0) = 1, it follows that ¢(0,t2) = w™d = (1 —2ity) "%

Finally, when ¢; > 0 and ¢4 (tiw™2) has its principal value, formula (A2) may be
used to write

B(t) = w (%C’) a0,

where ¢ = w?/(32t1) = (1 — 2itz)?/(32t1), and the square root and the Hankel function
have their principal values. This is just Eq. (5) of the paper.
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