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ABSTRACT

The traditional one-way parabolic equation (PE) formulation for range-dependent lay-
ered acoustic media is modified to include effects associated with interfaces internal to
the computational grid. Both first- and second-order approximations are derived which
effectively translate the effects of internal boundary conditions onto nearby grid points.
The approximations-are based on a procedure presented by Collins [J. Acoust. Soc. Am.,
86 (1989) 1459-1464] in which auxiliary field variables are defined above and below the
interface. Consideration of second-order conditions also allows sloping internal inter-
faces to be accommodated. Numerical results obtained for standard test cases are used
to demonstrate the application of the analysis. In shallow water, particularly at ranges
greater than 20 km, there is an indication that precise definition of the interface depth is
required in order to miminize errors that could negatively affect matched field processing
applications. Alternatively, imprecision in interface location to within one computa-
tional grid width does not significantly affect the field prediction in oceans with water

depths greater than 500 m or so.
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1.0 Introduction

Parabolic Equation (PE) approximations to the acoustic wave equation [1] are rou-
tinely used to compute field predictions in range-dependent ocean environments.
Typically, the oceanic waveguide is comprised of a finite number of horizontally-layered
media separated by well defined interfaces. For example, an Arctic application might
involve an ice layer floating on top of a water column which is in turn bounded below by
one or more sediment layers and, finally, the basement layer. The ice/water and the water/
sediment interfaces are important features and it is essential therefore that a propagation
model be capable of treating these interfaces properly. Coupled-Mode [2] and Fast-Field
[3] algorithms account for the exact positions of the interfaces. Finite-difference PE algo-
rithms for layered media [4] are, in principle, also well suited to such problems.
However, PE algorithms require that the field be calculated on a spatial grid of values, the
simplest of which is regular in range and depth. Generally speaking, it is not possible to
choose a numerically-efficient depth-grid interval which always locates a grid point

exactly at the position of a physical interface.

In this paper, we describe a procedure whereby the effect of interfaces, internal to
the PE computational grid, can be translated to the nearest grid points. Essentially, using
a method presented by Collins [5], it is possible to derive "auxiliary" field values at grid
points above and below an internal interface; proper choice of these "auxiliary" fields
ensures that the boundary conditions at the internal interface are satisfied and when
inserted directly into the PE algorithm serve effectively to distribute the effect of the
internal interface onto the computational grid. Moreover, it is possible to extend the anal-
ysis to include higher-order terms to accommodate sloping interfaces which are internal
to the computational grid. Inclusion of higher-order terms causes the tridiagonal form
of the matrices, associated with the PE solution, to be altered locally in the two rows that
correspond to the position of the interface. Fortunately, it is a simple matter to transform
these matrices back to the preferred tridiagonal form. Consequently, range-dependence
can be handled using standard range-updating procedures. As such, the efficiency of the
PE calculations is not significantly affected. Computations using an Implicit Finite Dif-

ference PE algorithm, GHBPE [6], modified to account for the exact position of internal



interfaces indicate, not surprisingly, that in deep water the propagation is not very sensi-

tive to the position of the interface. In shallow water, the effects can be more significant.

The manuscript is organized in the following manner. Initially, a brief description
of the GHBPE algorithm used for range-independent acoustic media is presented. Then,
both first- and second-order internal interface conditions are derived and an anlaysis is
presented which indicates how the conditions translate onto the PE grid. Second-order
conditions allow sloping interfaces to be accommodated, thus a brief description is given
of the associated mathematical development. Finally, the resultant algorithms are applied

to some simple test cases in order to illustrate the effects.

2.0 GHBPE: Range-Independent Layered Media

Consider the two-dimensional layered acoustic structure bounded above and below
by perfect reflecting surfaces illustrated in Figure 1. We define the three major compo-
nents of the waveguide to be (i) a water column, (ii) an ocean bottom and (iii) a bottom
absorbing region. Initially, for analysis purposes, we do not allow range-dependence
within the waveguide; subsequently, we allow the medium to change at each range step.
Generally speaking, PE algorithms are derived by discretizing the governing equations

in terms of field quantities defined on a grid of points overlaying the waveguide (here we

Perfect Reflector (Free)

WATER

Perfect Reflector (Rigid)

FIGURE 1, Layered acoustic structure.
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consider a two-dimensional grid in range and depth). GHBPE accomplishes this using
a Crank-Nicolson [7] discretization scheme for the range-coordinate and a layered
waveguide approach [4] to the depth discretization in which the water column, the ocean
bottom and the bottom absorbing region are each subdivided into many homogeneous
layers. As is common to most acoustic PE algorithms, the field quantities on the grid

can be marched in range by solving a tridiagonal matrix at each range step.

2.1 Basic Equations

Within each homogeneous layer comprising the discretized waveguide, we require

that the acoustic pressure, p(x,z), satisfy the Helmholtz equation

2 2
{% +—§§-+k3n2(z)}p(x,z) =0. ¢))
ax 0z
In the following analysis, we restrict our attention to a two-dimensional (2-D)

waveguide in a Cartesian coordinate system. In equation (1), k, is a reference wave-

number and nz( z), the refractive index profile for the medium, is constant within each of
the PE grid layers. For range-independent media, equation (1) can be factored into two
first-order parabolic equations in the range coordinate representing forward and back-

ward propagation. Here we restrict the discussion to the forward propagating field com-

ponent, ?(x, z), which satisfies

B0 = ik,0" P (x,2) @
where
2 172
0" () = {é—a%mz(z)}
%% 3)

is a pseudo-differential square-root operator. For numerical purposes we define a PE

computational field, y (x, z), which is proportional to the forward-going pressure (for
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convenience we drop the arrow notation with the understanding that v and p represent

forward propagating fields) but with rapidly oscillating phase component removed (i.e.,

K5z =e® wxz) ). Then

-E%-qf(x,z) = ik, {0"*(@) -1}y (x2) . @

The GHBPE algorithm is concerned with the numerical solution of equation (4). One
problem encountered is the representation of the square-root operator. Here, in this

analysis, we use a rational-linear approximation given by

a,{1-0(2)}

172
¢ @O=1*T3 00

= 1+F,(Q(2))
(5)

In practise, an n'P-order Padé expansion (a sum of "n" rational linear terms) with complex

coefficients is used in the numerical implementation of GHBPE.

2.2 Range Discretization
Consider the Taylor approximation for the forward propagating field given by
V(x+Ax,z) = eAxax\y (x,2) . 6)

Let us substitute from equation (4) and (5) to obtain

ik,AxF
Y(x+Ax,z) = e’ 1(Q(z))\;l(x,z) . Q)
Following the usual Crank-Nicolson procedure, equation (7) can be cast in the following

implicit form

% o?
{Aza—7+Bz}W(x+Ax, z) = {Al__2'+Bl}W(x’ 2) ®
V4

oz
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where

ik Ax
A2 = bl + —2—-(11

ik Ax
A, = b—%—a,

) ik, Ax 2
B, =k, 1—-——5——a1+A2n (2)

2 ik,Ax 2
Bl=ko{ L+ —5—a; +An" (2) }
®

Equation (8) represents the basic propagation equation for the PE fields.

2.3 Depth Discretization

As mentioned previously, discretization in depth is realized by dividing the
waveguide into many horizontally stratified homogeneous layers. Having defined the

layers, the boundary conditions at the interfaces between those layers must be satisfied.

Consider the layered medium shown in Figure 2. The boundary conditions at the j™

interface are (superscripts "F" refer to "above/below" the interface respectively)

Vi = Vi, (10)
and
13001 300
pj'éz(“’l,j) BENCE L2, 1

at the advanced range step, x=x,=x;+Ax. The PE fields may be expanded using the sec-

ond-order accurate, first-order difference formulas [4] as

3 - -+
af . - Vi i—Viio1 Az) 8° 2 - )
g(\m) == +'§{_(azz W"I,,-_x)”—(azz V1,j 12
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zj-l

Zj
Pi+12Ci+1

Zj+1

% %
FIGURE 2. Layered waveguide system.
and

- +
0 Vy,iv1— VY, Az) 0
x(wif) = 2 J+Az j_ { (W1’1+1)+2——l v, j)} (13)

9z

at x=x, and, similarly at x=x,. Now substituting these expansions into the boundary con-

ditions and making use of equation (8) to eliminate the second-derivative terms yields

the following relationship for the ™ interface (i.e., the & grid point)

1 ! ! r r r
MV 1 ¥ MoiWa j+MaWy oy = My oy H Iy MW e (14)

where (for j=2,..,N-1)

1 A2 AZB"Z
my; = —Pjiy Z_z+—5_

! A2 Ang Ang+1
my; = {Pj+1+Pj}B—z—Pj+1 3 —Pj 3

; {A AzB), ”}
M= PilazT 6

(15)

and
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, A, AzB
M= Pi+1|a; T T

, A, AzB]  AzB!
my; = {pj+1+Pj}A—z—Pj+1 3~ ~PiT3

j+1
- {A1+AZB’l }
T3 = Pila T "6

Note that in equation (14), we have dropped the superscripts on the PE fields due to their

16)

continuity across layer interfaces.

Equation (14) can be written for every grid point in depth (i.e., at every interface)
in the waveguide. An implicit assumption here is that all interfaces lie on grid points -
as such, equation (14) applies equally well to the water/bottom interface. Of course,
some slight modifications take effect at the grid points on or near a waveguide boundary.
Specifically, at the free surface, z=0, we do not specify a grid point at this depth but
rather use a zero-value of the field. Therefore, the equation for the uppermost grid point

(., j=1) is

i ! r r
Mo Wa 1+ M3\ Wy o = My Yy | tmy Y,y 5 . an

Conversely, at the lower rigid boundary, z=zy, we do locate a grid point. Moreover, we

enforce the boundary condition that the normal derivative must vanish by making the
field and the medium even about the rigid surface. Thus, the equation for the lowermost

grid point (i.e., j=N) is given by

l I r r
MiNVYa, N1 TN Vo v = MyNVy vy Y N (18)

where

(19
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and

N
ro A, AzB,
MmN = —Py Z—Z+ 6 -

N
. A, AzBy|
M = PN{A,~ 3 . -

20

The result of combining equation (14) at all of the layer interfaces (including equations
(17) and (18) at the top and bottom grid points) is aitridiagonal matrix system of equa-
tions for the fields at the advanced range step in terms of the fields at the current range

step. In matrix form, the forward propagating fields satisfy

MY, (x+Ax) = MRy (x) 1)

where M and Mg, are tridiagonal marching matrices with elements defined by

My my 0 0 0 0 0 0 0
mymymy, 0 0 0 0 0 0
o - . . 0 0 0 0 0
0 O 0 0 0 0
- I ! !
My 0 0 0 my my my O 0 o0 22)
i 11
0 0 0 0 Mije1 Moj1 M3jen Y
0O 0 0 O 0 . 0
00 0 0 0 0 )
‘ { {
(000 0 0 0 0 . 0 my ,my
and
8
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mymy; 0 O O 0 O 0 o0
mppmymy, 0 0 0 0 0 0
0 - 0 0 0 0 o0
0 0 0o 0 0 0
- r r r
Mp=|0 0 0 mj; my my O 0 0 @3)
r r r
0 0 0 myjymyimy; 00
0 0 0 0 0 0
0 0 0 0 0 O
r r
i 0 0 0 O 0 0 0 myy_,y map|

In equation (21), y_f; (x+Ax) and \l’: (x) are vectors whose elements are the PE field

values on the grid points in depth at the advanced range step and at the current range step

respectively.

In this section we have outlined the basic analysis associated with the marching
scheme used in GHBPE for range-independent acoustic waveguides. That is, the PE field
is marched by successively solving the tridiagonal matrix system in equation (21) at each
range step. The starting field (i.e., at x=0) may be any one of a number of straightforward
choices ranging from a simple Gaussian function of depth [8] to a state-of-the-art Collins

starter [9].

2.4 Interface between grid points (first-order approximation)

The finite-difference analysis presented thus far assumes that all horizontal inter-
faces lie directly on the discretization grid. This may be adequate for those layers within
the water column or within the bottom because we are able to choose the depth grid to
be a specific value independent of water depth or bottom thickness. A problem occurs

when the water-bottom interface lies between grid points. The current version of



GHBPE adjusts the interface depth such that it lies on the closest grid point - a simple
but restrictive solution. Recently, Collins [5] showed that it was possible to mimic the
effect of an internal interface by defining auxiliary field values above and below the
interface. These values reflect approximately the boundary conditions found at the
internal interface and allow the usual matrix equations to be applied at each grid point.
Here we show that the same analysis can be extended to layered problems where for-
ward/backward differences are used in the discretization procedure. Consider the inter-
nal interface at z=zy, (zj<z,<zj,1) illustrated in the central portion of Figure 3. Note that
we have continued medium "j" down to the internal interface from above and continued

medium "j+1" up to the internal interface from below. In the left hand configuration, we
define an auxiliary field value \|f;.z .1 atthe grid point below the interface. This auxil-
iary field value is treated as is if it were contained wholly within medium "j" (i.e., effec-

tively we have continued medium " down to the j+I% grid level as if the internal

interface did not exist). Then, in terms of the value of the field just above the interface,

\y; , we can write Taylor expansions to first order as

Ll - * . o -
Auxiliary Field Internal Auxiliary Field
a b
Vi Interface \7

FIGURE 3. Auxiliary field definition for an internal interface (first-order). The range subscript
has been suppressed.

10
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- Vy
Vi, = V5~ A% @)
and
a - 16
Vij+1 = ‘Vl,b*‘Azzg @5)

in which case,

(26)
and

s a
a_‘Vl,b _Vijs1 7V @n
0z Az )
where Az = Az, + Az, (note that subscript "1" on the PE field quantities refers to the

range x, ). Similarly, we define (see the configuration on the right hand side of Figure

3) an auxiliary field value \yll’ j at the grid point above the interface. We treat this aux-

iliary value as if the interface did not exist and as if the medium were wholly comprised

of medium "j+I". Then

+
b + a\VI, b
Vi, = Vi~ Azla_z- (28)
and
+
-+ a\lll, b
Viyji+1 = Vst Azzg 29)
in which case,
Az Az
+ 2 b 1
Ve = ZVLit A Vii+t (30)

and

11
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+ b
a_VI’b - \Vl,j+1.—wl,i ) 31
0z Az

The boundary conditions at the internal interface require continuity of pressure and nor-

mal displacement. Thus,

Vib = Vi 62 :

and

l{i"ib} - L{a_“'zb} (33)
p; Loz Pj+1 02 )

Using equations (26), (27), (30) and (31) we can write the following system for the aux-

ilary fields, namely

b a
Azyyy ;= Az o = Az - Az Gy

b a
PVt Pjs1Vi,ju1 = PjaVWy ;¥ PV, 50y

(34)
in which case .
a
Vije1 = 0¥ i+ 0G0V 54 (35) -
and
b —
V1. = By i+ BV 36)
where
% = g iPin =P A%
1
ocj+1 = ﬁijZ
1 §
Bj = ﬁpj+1Az
1 ‘
Bj+1 = 0 {pj+1_pj}‘A21
37

12
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and Q = Pj+1825+ PjAz;.

Similarly, at the advanced range step (i.e., x = x,) we have

a
Vo, jr1 = W i+ 0 W) 50y (38)

and

b
Vo, = BV i+ B Vs 41 - (39)

These expressions for the auxiliary fields can be substituted directly into equation (14)
to yield "auxiliary" equations for the grid points just above and just below the interface.

That is, just above the internal interface (i.e., at the j& grid point) we have

l l 4 a _ r r r a 4
MV, j-1 T MW j ¥ M3 sy = MWy j oy H W i+ My e 40)

or using equations (35) and (38)

! " !
My, j1+ Mg+ my 0 Yy 4+ m,05 1Y 5o =

r r r r
MWyt Ay +my oLy A my o Y
iV,j j LW Tl v an

Similarly, just below the internal interface (i.e. at the j+1% grid point) we use equations

(36) and (39) to obtain

! b !
Myjie1Wa, it My (Vs i1 M3V, 2 =

r b r r
My VW, j T My 1V je1 T M350V, 42

42)
and hence
! I ! ! N
my; By i+ Iy vmy 1B 3V, ¥ Mg, W a0 =
r r r r
my;p By Iy +my 1By 3V s Ve -

13
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Equations (41) and (43) can be used directly to mddify the f‘h and j+1 % rows of the
marching matrices in equations (22) and (23). Thus, with only a few slight modifications
to the marching matrix elements (corresponding to the grid points nearest the internal
interface) the effect of an internal interface can be incorporated straightforwardly into the

basic GHBPE algorithm.

2.5 Interface between grid points (second-order approximation)

The analysis of the pi'evious section provides a means of incorporating the bound-
ary conditions at an interface which lies between grid points while maintaining the tradi-
tional tridiagonal form of the matrices used in the PE marching algorithm. It is
important to note that the tridiagonal form is assured only if first-order approximations
are used in defining the field and its depth derivative on the interface. If we are prepared
to relax the constraint that the matrices be tridiagonal, we can achieve a formulation
which is second-order accurate (as will be apparent, however, it will be extremely easy
to retridiagonalize the matrices). Second-order accuracy for the internal interface is
considered here for two reasons, namely (i) it seems reasonable to make the internal
interface computations more consistent with the second-order accurate forward/back-
ward differences associated with all other layer interfaces, and (ii) it leads naturally to a
formulation which allows sloping interface conditions to be accommodated (discussed
in the next section). Consider the section of waveguide illustrated in Figure 4 with an
interface which lies between the PE grid. We again define auxiliary fields, w‘lx’ i+t and
\yll” i but we are going to demand that second-order accuracy be maintained. Proceed-

ing as before, we define the following relationships (at x = x,):

- 2.2 -
- oy, , {Az;} oy,
Wl,j = Wl,b_Azl-a_z ! +-T—-a——2— T, “44)
z
] - {ar+anY o'y,
Vi1 = Vo~ {Az+Azl}3; g 3 3 ’ @5)

oz

and

14




. 2 2 .
a‘Vl,b+ {Az,} il_lfl,b

2 -
Vij+1 = Vi,pt+ AZps- Z 52 (46)
V4

Equations (44-46) represent three equations in three unknown field quantities at the

interface, namely \y;' be a\y; »/ 9z and 82\4!; o’ dz°. Note that the second-order accu-

racy implicit in the expansions (44-46) is slightly different than that found in equations
(12-13) because third-order adjustments (contained in equations (12-13)) have been
excluded.

j+

Ziy2

Auxilliary Field Internal Auxilliary Field
b
W;: . Interface v

FIGURE 4. Auxilliary PE field definition for an internal interface (second-order). Note that the
range subscript has been suppressed.

15
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Thus,
- 1 —_— a —
Yy = 2-———A22 A21A31W1,,~+ 1t 2A22A21\y1’j— AzzAzl\yl’j_ 1 “7n
a\i’-l b 1 Ao, a Az
3; P = ;Z-\-? {Az) + Az} 40z - Ay oy 48)
and
2 1
Vi,» a
g_i_ = zAzz { 2W1,j+ 1—4\],’1’1- + 2\;!1,1._1 } “49)
z

where Az, = Az + Az, and Az = Az, — Az, .

Similarly, we can define Taylor expansions below the interface as

2.2
a_‘f;,b {Az,} i_\i’;,b

+
Vije1 = Vi p T Az —— ", 0
dz
8\y+ {Az+ Az }2 82\|f+
, b
Vi jez = V1 p+ {82+ Az}t ——2 8221 61
and
i, fAn)av;
b vt 1,b 1 1,b
Vi = VieAng T 52)

As before, we can solve equations (50-52) for the three unknown field quantities on the

boundary
+ 1 b e
Vie = 2A22{ AzyAzyyy ;+282A25, ., —ARAZNVY ;g } ’ ©3)
16
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oy 1 — b —
é—zl’b = E—A—z—z —{A22+A22} Wl,j+4AZZW1,j+1_AzW1:f+2 (54)
and
2 5
d Wl b 1 b
a—f = ‘Izz 29, AV et 2V s (3)
V4

where Az, = Az +Az,.

We now proceed by taking equations (47-48) and equations (53-54) in conjunction with

equations (32-33) to obtain two equations in the two auxiliary fields

—_—a — b
A21A21W1,j+1_A22A22‘I’1,j = A22A21\|’1,j-1

—2A2)Az )y, ;+2A2,A2,y, ;- AzAZY G, 6
and

— —_— b _—
pj+114z) +AZ1}\V£1I,,‘+1 +pj 1Az + Az} ¥y ;= Py A2y

4Pj + 1A21W1,j + 4ij22w1,i + l_pfz-zwl’f*' 2 . &)

Solving for the auxiliary fields yields

a
Vi1 = O qVWe,j P OW 0 Wy i T 00V e G8)
and
b
Vi = BioaVy, o P BVt BV F BjeaVy, a2 (39)

where

17
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1 _— —_— e
1 —_ — _—
a; = R {—2pj {Az, +Az,} Az, Az, + 4pj+ 1Az,Az,Az,}
1 — e —

1 — —_
%2 = {-p;j{Az;, +Az,} AzyAz\—p;AzAz, Az, }

(60)
and
1 — —
Bj_l = & {pj“AzAzlAz1 —Pjs1 {Az; + Az} Az Az}
1 — — —
Bj = K {4pj+ Az, Az Az, + ij+1 {Az; +Az,}Az,Az,}
1 — — —
ﬁjﬂ = & {d,pj.AzzAzlAzf—ij+1 {Az; +Az;} Az Az}
1 — — —
Bj+2 = x {—ijzAzlAz1 +Pjs1 {Az; + Az } Az,Az,}
©61)
and where
R = pj{A22+A_zZ}AZIZ7;+pj+1{Az1+A_zz1}AzzA_z2 . 62)

Following a similar procedure, we can obtain the equivalent expressions for the auxiliary

fields at the advanced range step x=x,. Thus,

a
Vo1 = O W j 1 T OV, ;+ 0 W) 1 ¥ 0, 5Ws jt0 (63)

and

b
Vo = BV 1 BV i+ B Vo i1 T B2V e (64)

We have derived expressions for the auxiliary fields which depend on the unknown grid

point field values. As before, we can substitute equations (58) and (63) directly into

18
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equation (14) (i.e., into equation (40)) to obtain the finite-difference equation for the j

grid point

Lo IPIA -
{myj+my05 o} WZ,j—l Lyt my 0} Wy j+ a0 W oy +
1 _ r + r r r
m3i% W, j 42 = {my; m3jaj—1}w1’j_l + {my+myjout g+

r r
M3i% 1V i1 T3 % 2V jen s

Similarly, we can substitute equations (59) and (64) into equation (42) to get the finite-

difference equation for the j+/0 grid point

i

l I l
yPj-1 bV, my By, 4 m

!
{my;+m 3iBj s 1V i1t

l r r r r
maPjra¥a ez = Uy rmyy by o+ dmytmy iy i+

r r
myB W e B oWy g .66

The preceeding analysis has clearly indicated that it is possible to modify the inter-
nal interface corrections to include second-order accurate effects. However, we notice
that equations (65) and (66) alter the tridiagonal nature of our marching matrices. Fortu-
nately, it is straightforward to rearrange these two equations to read

i T T
mljwlf— 1+ mzﬂ’z,j + m3j\y2,j+ 1=

r r r r
MWy, j1 TMoVWy jrmaVy i Mmoo

©7)
and
T T _
My Vo, j ¥ My Vo i1 T M3 1 Wo jin =
r r r + r
My 1V, j—1 T MV, i ¥ MWy, je1 Y401V, 42 68)

19
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where
T 11 T
my; = {my+my0  }ms;,
T .01 T - T
my; = {my;+my 0} ma; g —ma0 omy;
T 1 T 1 T
my; = My;Q M3y —M3;0G, oMy;
r _ r r 1 1 r
myj = {my+my0y  }my; g —maoh omy;
r r r ] 1 r
my; = {myj+myi0uk my; ) —my omy; g
T r 1 1 r
M3; = M0 \M3jy g —M30 o35
N . 1 i r
Myj = M3 oMsjy 1 —M30G oMyj 0y 9)
and
—_

R
I

! ! ! ! [ 1 I

T _ 1 ! ! 1
Majpr = MyBy g Imyy+my 3 —myon ) {my;+my B, 3}
I ! 11 ! o
Majyy = My o Imyy+myey (Y —my0p o {myj+myB; 1}

r r ! l r r i I
Myjey = {my+myP, Hmj+myoe, (b = {myj+myo,_ Hm,+my B}

1

r r r I ! r r l
myiq = {m2j+m3ij}{m1j+m3jaj_1} = {my; + my;0} {m;+myB;_}
r r { i r 1 )
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r r 1 i r { I
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(70)
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Thus, it is possible to maintain the tridiagonal form of the left-hand marching matrix, M,
but not the right-hand matrix, M. Since the right-hand matrix is multiplied directly onto

a known vector quantity, this fact does not significantly impact on the efficiency of the

. marching algorithm.

g _ 2.6 Sloping Interface Boundary Conditions

Traditionally, the PE is derived on the basis that the waveguide is range indepen-
dent over each range step. Recently, a procedure has been presented [10] which allows
the boundary conditions along a sloping interface to be incorporated into a range-inde-
pendent PE grid step. Here we demonstrate that the second-order accurate internal
interface procedure outlined in the previous section can be used to include effects due to
sloping internal interfaces in a straightforward manner. Consider the single range step
equivalence shown in Figure 5. The left hand illustration depicts the true sloping inter-
face relative to the PE grid. The right hand illustration indicates how the sloping inter-

face is replaced by a horizontal interface on which modified boundary conditions are

applied. The sloping interface conditions are [10] (at x = X,

Vi = Vi an
and
1 aw- aZ -
1 1,b Vi - -
pl{a YAz Y BV b} =
1 a‘!’:b ‘V;.b + + }
pz{g'g AB? +Bpvy,

(72)

A corresponding set of conditions hold at x = x,. We define auxiliary field values

{ \yll’ j,\y‘; j+1 \yg P w;, i+ 1 1 such that the sloping boundary conditions (equations (71)

and (72)) are satisfied along the equivalent horizontal interface. Following the analysis

presented previously, the solutions for the auxiliary field values may be written as
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FIGURE 8§, Relationship of sloping interface, associated horizontal interface with modifed
boundary condition and the PE computational grid points.

a A - ~ a
Vijer = &V 1 POV + 0V g H 850V g s 3
b _ a ~ A ~ 4
Vi = By By BV e F B2V jaa s 74
a ~ A a ~
Vo je1 = W ja ¥ W j+ & qWa, 1 ¥ G542V 42 (75)
and
b _ ~ A ~ ~
V¥, = Bj—l\lfz,j_l+Bj\V2,j+Bj+1W2,j+1+Bj+2‘lf2,j+2 . (76) .

In equations (73-76) we have
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and

A

1 b —
a;, , = —é(‘ﬁaj_ 1P {24, + BpAz,Az,} Az, Az, —

P+ 182,82, {24,-BpAz Az, } )

- 1 b, o —
a; = @(%aj+2pj{2AB+BBAzzAz2} Az,Az; +
P+ 182,87, {4A;—2B Az, A7} )
N 1 b, o—, —
&g = @(%aj“+2pj{2AB+BBAz2Az2} Az,Az, ~

pAzyAz, {4A,-2B5R7,Az,} )

N 1 b —_—
O, o = @(EKOLHZ +p; {245 +BgAz,Az,} Az, Az -

— b
ijzzAz2 {2Ap-BpAz,Az,} )

an
~ 1 P
Bi-1 = 5(9?[3j_1—pj+1AzlAzl {2AB—A21AZZB;} -
P; 182,82, {245 + Az Az Bp} )
~ 1 — -
Bj = 5(93Bj+pj+1AzlAzl {2AB—AzlAzzB;} +
2p; 182,82, {2A5 + Az\Az Bp} )
A 1 — U
Biv1 = @(%Bj+1—ijzlAzl {4Ap-2Az,Az,Bp} -
2p; 182,87, {24, + Az Az By} )
A 1 — b
Bjso = -é(gi[ij+2+ijzlAzl {245 - Az;Az,Bp} +
2p; . 1A2,Az, {24, + Az Az By} )
8)
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where

@ = R—p, {24, + ByAz)Az,} Az Bz, +p;, | {24, + BgAz,A7,} A7, . (19)

From this point we can proceed by substituting equations (73-76) directly into equations
(40) and (42) and then carry out the identical retridiagonalization procedure defined by
equations (67-70).

In summary, we have approximated the effect of a sloping internal interface by
incorporating a modified boundary condition along an associated horizontal internal
interface. The second-order accurate internal interface analysis has been used to derive

a set of straightforward modifications to the existing PE marching matrices.

3.0 Numerical Results

In this section we apply the preceding analysis to three numerical test cases. First,
we use a relatively shallow-water range-independent application [11] to test both the first
and second-order internal interface analysis. This application also demonstrates the
potential sensitivity of matched-field processing to bathymetry in shallow water, and
hence, the significance of internal interfaces to modelling applications. Second, we con-
sider an Arctic application involving bathymetries typical of the continental-shelf edge
(~500 m) - in this problem, internal interfaces are a relatively insignificant problem.
Third, we use the ASA Benchmark Wedge problem [12] to demonstate the application of

the range-dependent internal interface analysis.

3.1 A Shallow Water Example

Consider the waveguide configuration shown in Figure 6(a). An isospeed water col-
umn, 120 m deep, with a sound speed of 1.494 km/s overlays an isospeed sedimentary
basement with a sound speed of 1.600 km/s. A source is placed at mid-depth at 60 m.
Propagation loss as a function of range to a shallow receiver at a depth of 30 m is shown
as the solid curve in Figure 6(b) for a source frequenéy of 30 Hz. For comparison, prop-

agation loss to the same receiver but for a water depth of 119 m is shown as the
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FIGURE 6. (a) Shallow water waveguide configuration R=30 m, (b) propagation loss ( f=30 Hz)
for water depth of 120 m( and I9m ( —em .= ), and (c) same for f=100 Hz.
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dot-dashed curve. The 1 m discrepancy in water depth effectively translates to a 500m
discrepancy in range as indicated by Figures 6(b) and (c); bathymetry can have a signif-
icant effect on the phase of the received signal as was noted previously [11] for a related
problem. Identical results are shown for a higher frequency of 100 Hz in Figure 6(c).
Once again, the 1 m shift in bathymetry causes significant phase shifting over a 25 km
range. Not surprisingly, Reference 11 noted that bathymetry was a very significant
parameter in matched field applications which employed this waveguide configuration.
This example can also be used to demonstrate the numerical application of the internal
interface procedure. Propagation loss to the receiver at a depth of 30 m is plotted as a
function of range in Figure 7 for a water depth of 119.6 m. Three results, computed at a
frequency of 30 Hz, are displayed in this figure. The solid curve is the reference solution
provided by the Fast-Field program SAFARI [3]. The dot-dash result was obtained by
using the first-order internal interface procedure described earlier. The second-order
internal interface results are given as the dotted curve. Good agreement with the refer-
ence solutions would indicate that the internal interface procedures yield accurate results

(the second-order solution is more accurate as expected).
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1 l I 1 \
23 24 25
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FIGURE 7. Comparison of first ( —.—.- ) and second( ------ ) order internal interface solutions
with SAFARI result( ). Shallow water application with water depth equal to 119.6 m.
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3.2 An Arctic Example

Consider the Arctic waveguide configuration (shown in Figure 8(a)) consisting of
an upward refracting ocean, 520 m deep, over a 60 m sediment layer, over an upward-
refracting basement. Propagation loss between a source (25 Hz) at 60m and a receiver

located at a depth of 100 m is shown as the solid curve in Figure 8(b). For comparison,

0km 25km km/sec
144 1.70

0m : 1

60m

520m

Ydepth

@)

Ee
2 2 7
B .
-
S .
z=-
= 4
Sg-
5 -
g < T I T I T I T 1 T 1
20 21 22 23 24 25
RANGE &km)
)

FIGURE 8. Arctic application: (a) waveguide configuration (R=60 m) and (b) propagation loss
versus range for water depths of 520 m ( Yand 518 m ( ---«-- ).
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the same characteristic for a water depth of 518 m is shown as the dotted curve. A range-
depth grid of 10 m to 2 m, respectively, was employed in the PE calculations. Note that,
in contrast to the previous example, the change in water depth does not seriously alter the
propagation loss characteristic (i.e., the 2 m bathymetry change resulted in only a 250 m
discrepancy in range). The same behaviour is observed at higher frequencies as well
(results not shown here) - thus, it is expected that in water depths greater than roughly
500 m, extremely long-range propagation would be necessary in order for an uncertainty

in water-bottom interface position (to within a grid width) to have a significant effect.

3.3 A Range-Dependent Example

In this section we use the internal interface analysis for sloping interfaces to exam-
ine the sensitivity of the acoustic field in the ASA Benchmark Wedge problem to the
manner in which the sloping interface is approximated in the range-updating procedure.
The waveguide configuration is shown in Figure 9(a). The staircase approximation to the
sloping water/bottom interface is shown in Figure 9(5) relative to the PE range and depth
grid for both (i) the standard application of ran gc-hpdating whereby the staircase is
assigned to the nearest grid depth (dashed), and (ii) the internal sloping interface approx-
imation (dotted) described earlier in this paper. Clearly, the internal interface
representation is closer to the true interface. Propagation loss results for the Benchmark
wedge are shown in Figure 9(c) for a shallow receiver at 30 m. The solid curve is the
reference solution generated by Two-Way PE [6], the dashed curve corresponds to the
propagation loss obtained when the internal interface approximation described in this
paper is used, and finally, the dotted curve is a result obtained using an internal-interface
procedure whereby the sloping interface conditions are applied along the standard stair-
case (SLOPE PE [10]). The dashed and the dottcd‘ curves are indistiguishable on the
scale chosen. This indicates that the wedge problem is not very sensitive to the nature of
the staircase approximation - at least, at a frequency of 25 Hz. This finding also is con-
sistent with the range-independent results shown previously which indicated that at short
ranges, the position of the interface internal to the PE grid had negligible effect (i.e., only

at longer ranges of 20-25 km were we able to see significant phase shifts).
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FIGURE 9. ASA Benchmark Wedge: (a) waveguide configuration, (b) staircase approximations,
and (c) propagation loss versus range for Two-Way PE ( ), Slope PE ( --...- ), and
Internal-Interface PE ( —.—.— ).

29



4.0 Summary

An analysis has been presented which outlines how layer interfaces internal to the
PE computational grid may be accounted for within the context of a Finite-Difference PE
algorithm. Both first- and second-order approximations have been considered. Essen-
tially, the internal interface boundary conditions are satisfied by defining auxiliary field
quantities at the regular PE grid points just above and below the interface. Numerically,
the procedure is efficient because additional computations added to the PE numerical
algorithm are local to the internal interface position. Furthermore, consideration of sec-
ond-order conditions allows sloping internal interfaces to be easily accomodated.
Numerical test cases are used to demonstrate the significance of the analysis - only at
ranges greater than 10-20 km in shallow water are internal interfaces likely to be signifi-
cant in practical applications. It is worth commenting further that the range shift in the
acoustic field caused by imprecision in the depth of the ocean bottom (as shown in the
numerical examples) is really an upper bound on potential mismatch in MFP applica-
tions. In other words, MFP is designed to find the best match according to a criteria
involving several parameters; thus, inaccuracy in one of the parameters (i.e., range) can
be compensated for, artificially, by allowing slight adjustments in other parameter values

that may also be accurate only to within some specified tolerance.
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