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Abstract

This report describes the modeling and generation of realistic sea surfaces using direc-
tional wave number spectra. Model details are explained and a preliminary investigation
into nonlinear, non-Gaussian aspects is carried out. The surfaces so generated can be used
as input in current radar scattering models to accurately predict sea clutter behavior.

Résumé

Le présent rapport décrit la modélisation et la création de surfaces de mer réalistes & I’aide
de techniques de spectres directionnels du nombre d’ondes. Les particularités du modéle sont
expliquées. Le rapport comprend également une étude préliminaire des aspects non-linéaires
et non-gaussiens. Les surfaces créées peuvent fournir des données pour des modales actuels
de diffusion radar afin de prévoir, avec précision, le comportement de fouillis de mer.
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Executive Summary

This report describes a framework for modeling and generating realistic sea surfaces using
directional wave number spectra. The surfaces so generated can be used as input into current
radar scattering models to predict sea clutter behavior more accurately. The final goal of
this work is to improve small target detection in a sea clutter environment.

There are basically two possible ways of characterizing sea clutter. Radar engineers nor-
mally take the practical approach, where empirical distributions of sea clutter are estimated,
under typical radar operating conditions, with a certain category of radars. These “custom”
distributions are then used to estimate radar detection performance.

The other approach is to look into the physics of the actual electromagnetic scattering
mechanism from the sea surface. In the microwave frequency regime, where radar oper-
ates, this is a very complicated problem as the number of factors that affect the return
signal can be prohibitively large and difficult to adequately model. The common route is to
make simplifying approximations which do not always lead to agreement with experimental
observations.

As part of the latter approach, work is underway at DREO to build a scattering model
that describes all the radar significant aspects of microwave scattering from the sea sur-
face. The first step in this task is to build an accurate model of the sea surface, that can
subsequently be used as input to the scattering model. This report describes the necessary
framework for this task.

Starting from basic principles, the linear, Gaussian component of the sea surface is de-
scribed and the need for accurately determining the actual sea surface wavenumber direc-
tional spectrum is pointed out. The description of the sea surface with a simple scalar such
as “sea state” is no longer sufficient. Statistics and model parameters are outlined and some
nonlinear, non-Gaussian aspects are investigated. Finally, a comparison with field data is
made that illuminates the difference between theory and practice.

The most important observation from the work presented, is, that a model of the sea
surface in equilibrium is not adequate for the typical case of a non fully developed sea. It
appears that for radar detection of small targets in sea clutter, there should be an operational
mode that estimates the current sea surface spectrum and utilizes this estimate in a way
that optimizes target detection. Work is underway in developing such an architecture.

PRECEDING PAGE 2L ank
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1 Iritroduction

The advent of high-resolution radars has introduced new problems in the area of target de-
tection in sea clutter. The expectation was that with the smaller sea surface area intercepted
by the narrower radar pulse, the sea clutter would be less, leading to a significant detection
improvement. Indeed, the number of scatterers per resolution cell is less, however, the central.
limit theorem no longer applies and the high-resolution sea clutter statistics are no longer
Gaussian. This has the effect of introducing target-like “spikes” in the radar return signal
that raise the level of false alarms and make small target detection more difficult.

A better understanding of sea clutter is therefore required, in order to properly take it into
account in radar detection system design considerations. There are basically two possible
ways of characterizing sea clutter. Radar engineers normally take the practical approach,
where empirical distributions of sea clutter are estimated, under typical radar operating
conditions, with a certain category of radars. These “custom” distributions are then used
to estimate general radar detection performance.

'The other approach is to look into the physics of the actual electromagnetic scattering
mechanism from the sea surface. In the microwave frequency regime, where radar operates,
this is a very complicated problem as the number of factors that affect the return signal can
be prohibitively large and difficult to adequately model. These are system and environment
factors, such as wind speed and direction, pressure, temperature and salinity of the marine
environment (air and sea interface), wave geometry and dynamics, radar frequency, polar-
ization, and antenna and receiver characteristics. The common route is to make simplifying
approximations which do not always lead to agreement with experimental observations.

For both approaches, the practical and the theoretical, a considerable amount of model
validation with well truthed, real data, is a necessary requirement.

Recent advances in computing capabilities now make possible the construction of more
“complete” physical models of microwave scattering from the sea surface. Work is there-
fore underway at DREO to build a scattering model that describes all the radar significant
aspects of this phenomenon. The first step in this task is to build an accurate picture of
the sea surface (hydrodynamics), that can subsequently be used as input to the scatter-
ing model (electromagnetics). This report describes the framework for such a sea surface
modeling/generation process.

The sea surface boundary is described by a set of non-linear hydrodynamic equations.
'The common procedure used to solve these equations is to linearize them using the theory of
small departures about some equilibrium condition. The original random models of gravity
waves were based on such a linearization and the assumption of Gaussianity seemed to work
“well enough” with the experimental data of the time.



The next two sections follow this approach, focusing mostly on implementation aspects.
Starting from basic principles, the linear, Gaussian component of the sea surface is described
and the framework is outlined of how to use the actual sea surface wave directional spectrum
to generate realistic sea surface samples. The common description of the sea surface with
a scalar such as “sea state” simply gives a rough idea of the size of the sea waves involved.
The wave directional spectrum, on the other hand, gives a clear quantified picture of the
distribution, size and direction of sea waves. As such, it can be more useful. Its use is
definitely appreciated by companies building off-shore structures in the sea. Ordinary marine
radars can be, and are, used as sensors to extract this spectrum. It is time to use this
capability and devise methods to take this spectrum into account to improve radar detection
performance in a marine environment.

Despite its success, the linear, Gaussian model has its shortcomings and a number of
scientists, over the past fifty years, have attempted to tackle some of the nonlinear aspects.
A brief overview of this is given in the nonlinear section of this report, and a simple nonlinear
implementation of a narrow band sea is carried out. Finally, spectra from ground-truthed
.data collected during the MARCOT trials (June 95) are presented, illuminating the difference
between a fully-developed sea at equilibrium (the common case in sea model development)
and a realistic and more typical case of a developing sea (currently an active and challenging
research area). '

The report ends with a summary of conclusions and areas of future work that can improve
this sea surface modeling.




2 Background

The sea surface is the result of a large number of surface waves, mostly wind generated, as
well as being generated through nonlinear wave-wave interactions. Ignoring the nonlinear
interactions and assuming that for practical purposes the water is infinitely deep, Kinsman
[7, pg. 385] claims that the sea wave system, over an area of perhaps 500 miles on a side, can
be represented as a particular realization of a quasi-stationary Gaussian process, completely
characterized in a statistical sense by the sea surface spectrum. Other workers limit this
area to 5-10 square kilometers.

This viewpoint is the simplest to implement in sea surface modeling since the theory of
Gaussian stochastic processes is well developed. The sea surface elevation is written as a
function of position and time,

g(x7 Y, t) = ((x: t)
with covariance function
C(x,t) = E {[¢(x0, to) — m(x0, 0)][C (%0 + x, to + ) — m(x0 + %, 20 + £)]}

where m is the process mean and x is the vector representation of (z,y). It is usually
convenient to measure the displacements, ¢, from the mean free surface level so that the
mean function is set to m(x,t) = 0. The sea surface directional wavenumber-frequency
spectrum is defined as the Fourier transform of [10] C(x, t),

1 oo [e ] o] -
K = — —J(K~x—wt) t
S(K.0) = o f_ _ /_ _ /_ _Clx,t)e dxd
where dx is a shorthand notation for dzdy, with .
. (v o] o0 o .
O(x,t) = / / / S(K, w)elEx—wd gK doy
—co J—o0 J~c0
its inverse, where _ : _
K = (K cosf, K sin §) = (K,, K,,)

is the wavevector, K is the wavenumber, 0 is the angle the direction of wave propagation
makes with the z-axis and w is the angular frequency of the waves in radians per second.

The spectrum can also be defined in terms of the Fourier components of the surface
displacement itself. Assuming that {(x,t) is a stationary random function of both position
and time, it can be represented as a Fourier-Stieltjes integral [10]

Cx,t) = [ [ dA(K,w) exp{j(K - x — wi)}
K Jw
over all K,w space, where dA(K,w) is the Fourier-Stieltjes coefficient. In terms of these

Fourier-Stieltjes coeflicients,

0 if Kw#K, o

E[dA(K, w)dA*(K',o")] = { S(K, w)dKdw if K=K,u=u
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The fact that they are uncorrelated is entirely a consequence of homogeneity and stationarity;
it'does not imply independence. For a stationary and homogeneous wave field, the spectrum
S(K,w) is real and positive for all K,w.

The directional wavenumber spectrum is given by

¥(K) = [

[o,¢]

S(K,w)dw
and the frequency spectrum by
&(w) = /oo /oo S(K,w)dK
—0Q v —00

®(w) is real and symmetric about w = 0 so it is usually convenient to regard frequency as
positive and define the frequency spectrum as

_ [ 206(w) for w>0
q’(“’)_{ 0 for w<0

Finally, the frequency-directional spectrum is defined as
F(w,0)= [ Z S(K,w)KdK
and the surface height variance is given by |
2 =/_°;/_°;/_°;S(K,w)dl<dw=/0°°q>(w)dw

One way to interpret S(K,w) is as the density of contributions to o? per unit volume of
wavenumber-frequency space. Similarly, ®(w), as the density of contributions to o? per
unit frequency interval regardless of the wavenumber magnitude or direction. More simply,
wavenumber and frequency spectra of the sea surface characterize the second order spatial
and temporal properties of the surface.

Most sea surface elevation measurements are taken from a fixed point. Therefore, the
frequency spectrum is the one that is usually obtained. Since electromagnetic wave and sea
surface wave interactions are wavenumber dependent, the wavenumber spectrum is the one
required. The relation between the two is through the dispersion equation, which, to 4th
order, is given by [2]

K?* b5 K*
2
w=gK |14+ —+-—
? ( TRz Kfn)
where K%, = gp/7, g is the gravitational constant, p is the sea water density and 7 is the
water surface tension.

The dispersion equation is important since it encapsulates the linear and non-linear
components of how a sea surface wave system evolves in time. When nonlinear effects
are not considered, and for deep water environments, the linear term is usually considered
sufficient.




3 Linear Modeling

An outline, with examples, is given of how to generate sea surface patches based on the wave
directional spectrum. The development here focuses on two-dimensional images, but can
easily be extended to three dimensions.

3.1 Digital Filtering

Digital filtering is a standard linear signal processing method which generates stochastic
processes with desired properties. A zero-mean Gaussian white noise image, g(i, j), is taken
as input and passed through a filter, w(3, 5), resulting in the output, {(¢, 7):

N M
(i) = (wrg)i) =3 3 wlmmlgli—n,j—m) . (1)

n=1m=1

The autocorrelation of the output is given by

C(u,v)=E{[EZw(n,m)g(i—n,j——m)] [ZZw(k,Z)g(i+u—k,j+v—E)]} =
n m - | k€ : ,
=ZZ%;w(n,m)w(k,f)Elg(i—n,j—.m)g(i+u—k,j+v—£)]=
=Y "> wk,Ow(k —u,f—v)
k€

since

Elg(¢,5)9(n,m)] = 6(i — n,j — m)
From standard properties of two-dimensional Fourier transforms, for a real output ¢ (i, 7) the
filter should be centro-symmetric, i.e.

' ke k€ v
Taking the Fourier transform of the above equation we have
Sk, o) =Wk P
where S(k, £) is the surface spectrum. Therefore, the filter weights can be obtained through

wi, j) = FH{ySk, 0} (2)

and the surface (7, j) can be generated in the space domain through equation (1), or, through
an intermediate step in the frequency/wavenumber domain:

Z(k,0) = W(k,OG(k,0) = g(z',j)=f-1{,/3(k,13)G(k,13)} @)

5



Note that G(k,£) = |G(k, £)] exp(jdre), with |G(k,£)] = 1 if we take the Gaussian image to
have variance o7 = 1.

In order to simulate a surface patch using a model that is determined from a measured
or theoretical sea surface spectrum, the step-by-step implementation is:

1. Generate a Gaussian white noise image g(¢,7) and compute its Fourier transform
G(k,?). :

2. Take the given S(k, £) and form the product /S(k, £)G(k, £).
3. Compute the inverse FFT of the above product. This gives the surface patch ((z, j).

3.2 Linear Superposition

Another approach, valid to first order perturbation, is that of adding together a number of
sinusoidal waves with random amplitudes, phases, directions and frequencies:

N M

€($a Y, t) = Z z Unm COS wnm
. n=1m=1
where
_ 'll)nm = KznZ + Kymy — Wnmt + d’nm'
and

e K.n, K,m are the physical wavenumbers in the x and y directions, respectively, mea- ‘
sured in [rad/m].

® W,y is the angular frequency in [rad/sec]. In the case of infinite depth, and when
nonlinearities are not considered, the following dispersion relation holds:

' szlm =gy Kgn + Kgm = gKnm
with g the gravitational constant in [m/sec?].

® ¢pm are independent random phases in [rad] usually assumed to be uniformly dis-
tributed in [—, 7).

® a,,, are random amplitudes in [m], such that a,m COS Pnm and Apy, sin Ppy are indepen-
dent and normally distributed random variables, i.e. @, is Rayleigh distributed. The
Rayleigh parameter is obtained through

T fm_ g(K,, K,)AKAK, = U(K,0)KAKAG = F(w,0)AwAf
Vn|KneAKz Vm|KmeAKy




¢ Finally, the summation orders N and M, simply indicate the fineness of the model
approximation.

For a practical implementation (ignoring the time dimension), we start with

N M
C@y) =D Y Gnm c0s(KpnT + Kyt + ¢m)
. n=1m=1
which becomés
N M
(1) =2 Y Tamy/25(Kon, Kym) AKonA K ym c08(Kon + Kyt + bum) 5 (4)

n=1m=1

where 7y, designates normalized Rayleigh random variables. This equation states that
we can sample the spectrum, once, within a AK,AK, differential grid element, for each
(Kzn, Kym) pair and add the contributions. If more spectrum samples are taken within the
grid element, two more summations are performed to handle all additional pairs (Kzniy Kymj)-
This is not necessary for a small enough grid.

Some workers make the additional simplification of setting r,,, = 1, i.e. ignoring the
amplitude fluctuations, the reasoning being that, due to the central limit theorem, the orig-
inal process becomes asymptotically Gaussian and the fluctuations are averaged out. This
approach essentially gives a “smoothed” surface description.

Significant computational savings are realized when, instead of performing the summa-
tions directly, we do a two-dimensional inverse FFT on the spectrum matrix multiplied
term-by-term by a phase matrix factor exp(jénm). For example, for identical results, the
direct summation approach can take about six hours for a 512 x 512 patch, while the FFT
approach can be finished in less than a minute.

3.3 Directional Ocean Spectra Examples

"The discussion up to this point indicates that knowledge of the sea surface directional spec-
trum is sufficient to generate Gaussian sea surface patches. Such spectra depend on several
factors, among which are weather conditions, geographical location and wind speed. Prop-
erties common to all ocean spectra are:

e All measured spectra have an upper limit after which any additional input energy to
the wave system from the wind goes to the formation of breaking waves, capillary
waves and other secondary phenomena.

e The spectra do not contain any dc components.

7



e After the peak frequency or peak wavenumber, there is a decay which mainly follows
an w3 or k~* power law.

It should, however, be borne in mind that most spectrum models are usually applicable
to equilibrium conditions only and that, in practice, the sea surface conditions often admit
non-fully developed spectra and multi-modal wave systems. This is still an active research
area.

Due to the difficulty of accurately measuring the full directional spectrum, most models
assume that it can be described as the product of a nondirectional spectrum and a spreading
function as follows:

¥(K,0) = y(K)D(K,0) (5)
where - or
(K) = /_ U(K,0)dd = fo U(K,0)d0
and

/_ " D(K,6)d8 = /0 DK, O)dI=1

T

with D(K, 6) often given in terms of  alone. Note that this separability assumption should
always be used with caution when dealing with real data.

3.3.1 Pierson-Moskowitz Realization

The classic model of a wind generated, wave system is the one developed by Pierson and .
Moskowitz. An example of sea surface synthesis based on this model is described in [9]. The
authors start with the downwind power spectrum for fully developed sea conditions,

- 4(5)]

where f is the frequency in Hz, f,, the peak frequency, a = 0.0081 is the Phillips constant .
and g is the gravitational constant. The peak frequency is directly related to the wind speed
at a height of 10 m above the sea surface, u14, through

_ 0.13g
U10

fm

A two dimensional spectrum is generated through
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where the spreading factor, suggested by Hasselmann, is defined by

D(f,0) = —]\lr— cos®(8)

where
f 14
=9.77 | =— ',
? (f,,,>
_ 4.06 for f<fm
=1 —2.34 for  f> fm
and the normalization constant, A
—op [(2p+1) I'(p+1/2)
N, =212 2~ 2 9 g (2
P TerD V" Tp+1) °

is defined such that [",_ D(f,6)dd = 1.

Modifying their model by transforming to wavenumber space, allows better control of
spatial dimensions. This is done through the dispersion relation, which for simplicity, we
take to be linear (appropriate for deep seas), so that

229K or f=YI%

W= 2

The surface height variance is

o? =f_°:o /_Z \Il(K)dK=/02W/0°°\II(K, 0)KdKdo =

= [T KdK = [T o@)do =2r [Ta()df

where we assume that the separability condition (5) holds. We then obtain the proper
spectral relationship .

o) =N _or o [—1.25 (ﬁ)z] ,

K dK K* K
_ where 0.13 x 2712
A3 x 27
K==
U0

In applying the linear superposition approach with summations performed using a two-
dimensional FFT routine, care must be taken that both the spatial and wavenumber element
grids are of the proper size. For example, in one dimension, from the Nyquist criterion, we

have 5
T
AzAK, = — ,
TAK, N

9



Table 1: Wind speed and AK resolution based on the spatial resolution Az and the grid
= 0.1 m (L-band) and Az = 0.01 m

size N. Spatial resolution values examined are Az

(X-band).
uyo [m/s] | K, [rad/m] | AK (L-band) | N (L-band) | AK (X-band) | N (X-band) m
2 5.125 1.963 32 2.454 256
5 0.820 0.245 256 0.307 2048
10 0.205 0.061 1024 0.077 8192
15 0.091 0.031 2048 0.038 16384
Pierson-Moskowitz wave number specirum
fost0 o iskont spanm & kol :
2 mls —
5 i’ —
10’ -+
B power spactrum [dB]
0- I
5k
A0k
7 / A5F
« / 20F ',«”/ S
{ A0 - 'f::’:'_f:;;j'/r?’/,i
/ 35 "-"%//
| / -4 ¢ o
| /
Ll
B
e
1810 il 1 L L
0.001 001 1 1 10 10 0
K [rad/m] Kx [radlm] . ] -1

‘d.daf —

Ky frad/m]

Figure 1. The Pierson-Moskowitz non-directional wavenumber spectrum for u;p = 2, 5, 10
and 15 m/s on the left, and the directional spectrum for u;o = 10 m/s on the right.
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Figure 3: Correlations in the z and y directions of the three cases in Fig. 2. Solid line is
x direction, dashed line is y. The wind direction is 8,, = 0° for the first two graphs and

0,, = 45° for the third.
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where N is the number of grid cells. Holliday [6], based on Bragg scattering considerations,
recommends a spatial resolution of Az = 0.1 m for L-band and Az = 0.01 m for X-band.
Given Az, the number of grid points NV must be large enough for adequate K-space resolu-
tion. The size AK must be sufficiently small to properly define the ocean wave spectrum at
low wavenumbers. Holliday recommends AK ~ 0.5K, or less, where K, is the wavenumber
where the spectrum attains its peak.

In the Pierson-Moskowitz model, K, is inversely proportional to the square of the wind
speed at a height of 10 m above sea level, uq (Table 1). The non-directional wavenumber
spectrum for some different wind speeds is shown in Fig. 1 together with the directional one
for uzp = 10 m. It is interesting to generate surface patches varying ujg and N and look at
the patch images and histograms of the surface heights. The image histograms are compared
with the Gaussian pdf and Holliday’s recommendations are borne out (Fig. 2). The only
difference between the first and second patch is the wind speed, from 4 m/s to 15 m/s. This
changes the wavenumber resolution for the worse and the histogram reflects this.

It is also of interest to see what the surface autocorrelations look like in the z and Y
directions for the same three cases (Fig. 3). The z direction corresponds to a wind direction
of #, = 0° and the y to 6, = 90°. For the top graph, where 6, = 0°, the solid line is
along the wind direction and the dashed across. The shape of the autocorrelation function
is consistent with a periodic wave structure. The second graph is where the AK resolution
is not fine enough and in the third graph, at 6,, = 45°, again, the autocorrelation function
shape is consistent with a periodic wave structure in both directions.

13



A surface realization
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100

Figure 4: A Trunk surface realization. The surface plot on the left and the grayscale image
of the same surface patch on the right.

3.3.2 Trunk’s Superposition Model

A variation of the linear superposition approach was used in the past by Trunk [14], employ-
ing the parametric equations:

N 2
z(t) =4 — z a; sin [(%‘ (6 cosf; + ysin ;) — wit + 'y,-] ,
i=1
y(t)=y  and
N w2
2(t) = 2 a; cos [-—;— (6 cos 0; + ysin6;) — wit + fy,] ,
i=1
where (z, y, 2) are the coordinates of the sea surface; 8; is the direction of the ith wave crest,
moving with respect to the z-axis and taken from a Gaussian random density with standard

deviation 0.5 rad; «y; are independent uniformly distributed phases between 0 and 27; and
the wave amplitudes a; are assumed zero-mean Gaussian random variables with variance

o%(a;) = %/000 ¢ (w)dw

The N frequencies w; are chosen from

[ & (1) dew = 2= |7 #w)de

- Leoloo(2)]
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Donelan-Pierson wave number spactrum
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Figure 5: The Donelan-Pierson non-directional wavenumber spectrum for u;q = 2, 5, 10 and
15 m/s on the left, and the directional spectrum for ujp = 10 m/s on the right.

where d = 0.0081, b = 0.74, g is the gravitational constant and u is the windspeed. Allowing
the parameter § to vary from 0 to 200 m with a 0.5 m step size, a realization with N = 200
and a 200 x 100 m patch is generated (Fig. 4).

3.3.3 The Donelan-Pierson Model

A more recent wave number spectrum model, based on exhausting and meticulous experi-
ments, is described in [1]. The low-wave number part is given by

1.62 x 10™3uy, ex
K35 /5

Ve 2
F(u30, K) = exp |—1.22 (1/—— — 1) ,
K,

9
(1.2’&10)2

(K, 0) =

_%) 1770 Kb ( K/ K )sech?[h(K/ K,) (6 — 0,)]

where

the spectrum peak is
K, =
and the function 4 is defined as

1.24 0<K/K,<03
h={ 2.61(K/K,)* 031 < K/K, < 0.90
2.28(K,/K)"*®  0.90 < K/K, < 10
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Figure 6: Three surface patches and their histograms based on the Donelan-Pierson spec-
trum. The generating program uses a fixed N = 512 and takes as input the patch size L,
wind speed u1p and wind direction 6,,. From top to bottom: (a) L = 100 m, uip = 4 m/s,
6, = 0°, (b) L = 100 m, uyo = 15 m/s, 6,, = 0°, (c) L = 1000 m, u1o = 10 m/s, 6, = 45°.
The image histograms are compared with the Gaussian pdf.
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Figure 7: Correlations in the z and y directions of the three cases in Fig. 6. Solid line is z
direction, dashed line is y.
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This spectrum is considered to be state-of-the-art for an equilibrium, fully-developed sea
state. There is also a high wavenumber component, not shown here, that indicates where
the drop-off point occurs. From Fig. 5-we see a great deal of similarity with the Pierson-
Moskowitz spectrum. The only difference is a shift of the peak to the left and a sharper
drop-off to the right. It is the directional component that is significantly different. Note that
it is no longer symmetric. The results, however, shown in Fig. 6 and 7 are quite similar to
the Pierson-Moskowitz case. Interestingly enough ¥(0,0) # 0. This difference is explained in
[3] where it is pointed out that the definition used for the sea spectrum, in this development,
requires the spectrum to be non-negative for all wave numbers and azimuth angles and to
be an integrable function over the wave number and azimuth space.

3.3.4 The Fung and Chen Empirical Spectrum

This last example is of a spectrum that cannot be separated into a polar and directional
component [4]. It is instead a single function whose arguments are in terms of K,L,cosf and
KL, sin @, where Ly, L, are the autocorrelation lengths in the z, y directions, respectively.

The form of this spectrum is

U(K,0) = o*L,L,[KA(0)][6* + K*A*(9)]®

where
x2/3 1
b=z o

A(0) = /(Ls cos )2 + (L, oin §)?

Choosing L, = 2 m, L, = 3 m and o? = 1 we get the results seen in Fig. 8.
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4 Non-Linear Modeling

Oceanographers characterize the sea surface as “weakly non-linear”, that is to say the sea
surface, to a first approximation, can be represented as a linear sum of independent random
components. However, quadratic and higher-order interactions between the components
cannot be entirely neglected. Some of the shortcomings of the linear model are:

e Under moderate wind conditions, it is well known that the wave crests are tilted in the
upwind direction (skewness).

e It has been reported, experimentally, that the ocean’s normalized azimuthal radar cross
section signature, ¢°, measured at 180° azimuth is less than at 0°.

e Surf beats, wave breaking and the energy transfer between wave components can only
be explained by the nonlinearity of the wave motion.

e The loss of coherence at two points parallel to the direction of wave propagation and
the existence of secondary peaks at about, but not quite, harmonic frequencies to the
fundamental wave frequency.

The linear approximation, as one would expect, corresponds to the ordinary Gaussian
distribution. The higher order approximations can be described by the Gaussian law multi-
plied by certain polynomials, corresponding in fact, to successive terms in a Gram-Charlier
series expansion.

Longuet-Higgins, one of the pioneers in this area, used the cumulant generating function
to derive an expression for the pdf of a weakly nonlinear ocean surface [8]. Starting from the
moment generating function ¢(t), defined as the Fourier transform of the pdf f(¢), where ¢
is the sea surface elevation,

#() = [ 1) exp(itc)aC

The pdf can be written as
1O =5 [ sy exo(—jcar = o= [~ explie(t) - jciar

where K (t) = In¢(t) is the cumulant generating function. The cumulants are generated

from 8’“K(t)
Ky = (—J)k Btk |t=0

and the moments from P )
. it
my, = (—j)* at,ﬁ le=o
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The first four cumulants are related to the first four moments through

K1 =m,
Ko = Mg — mf A
K3 = Mg — 3mymy -+ 2m3
K4 = my — 3mj — dmam; + 12mym? — 6m?

It can be seen that the first two cumulants are the mean and variance of the process. For
nonlinear investigations, the skewness and kurtosis parameters are useful. The first is a
measure of pdf asymmetry and the second of pdf flatness. Skewness and kurtosis are defined

as
K3

A = o
E

and

respectively.

Replacing K (t) by its Taylor series expansion, the pdf can be rewritten as
1 foo . 1 ., 1 .4
£Q) =g [ o0 |(m1 = Q) + 5ralit) + Zmo(it)* + -+ d
2w —00 2 6
After performing the change of variables given by
z=(C—r)/yR and
t = 3/ Vv K2 3

we have, up to the fourth order moments,

00 2 1
£(Q) = =— [mmmfﬁéﬂgﬁ]xﬁ+§&@@ﬂm§muskw~yw=,

27 /Kg 2
1 2 1 1 1,
= Do exp (_"2—> exp [1 + §A3H3 + (-22/\4H4 + 'ﬁ)‘.'SHG) + .. ] ,

where H,, is the Hermite polynomial of order n defined by

nn=1)a" | n(n—-1)mn-2)(n-3a"*

—_— et
Hy(z) == 1! 2 21 92

Note that when the higher order moments are neglected, the pdf reduces to its Gaussian
form. The higher order terms represent the nonlinearities of the surface distribution.
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The sea surface equation can now be written as the superposition of several perturbation
orders. The first order is the Gaussian linear model, the second order includes the squares
of the amplitudes, the third includes the cubes of the amplitudes, and so on, such that

C(@,y,t) = ¢ +¢D +¢® 4.

To each component (@ corresponds a velocity potential ¢®) which, together with ¢,
describe the boundary conditions of the surface. Longuet-Higgins solved these boundary
conditions [8] for the second order approximation ¢ OF

C(2) _ ZZ a:zaJ B; + B;i]j _ Ki . Kj

+ (K; + K;)4/ KiKj] cos; cos1;
+ [Bz; — B;; m K,;Kj] sin 9; sin ’([)J}

where

o _ (VK E K (K K, F KiK))
9T (VR ) — K K|

A sea surface realization based on this model would require the computation of ¢ M+
¢, Note that the above model is developed for “free” waves in which not only is the
viscous damping neglected, but it is also assumed that the stresses at the free surface are
identically zero. The atmosphere alone is expected to produce wave asymmetry with the
above phenomena as it acts on the sea surface.

Before Longuet-Higgins, Tick [13] followed a similar approach based on third order Stokes
waves. Tayfun [11, 12] employed the same principle based on second order Stokes waves to
apply his results to narrow band random waves. The concept of a narrow band process is
carried over from Rice’s communications theory, where a single dominant carrier wave at
a fixed frequency is assumed, and the wave amplitude is allowed to vary slightly within a
narrow bandwidth centered about the carrier frequency. The applicability of this model is
questionable within the wave generating area where sporadic wave breaking and whitecap-
ping occurs and the narrow band assumption fails. However, as waves propagate out, the
spectral amplitudes fall below the saturation range and the bandwidth becomes progressively
smaller. Tayfun’s narrow band model is then applicable and simpler to implement.

In fact, to second order and expanding Tayfun’s one—dlmensmnal development to two
dimensions, the model becomes:

(=GHz<K>(@-3)
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where < K > is the mean wavenumber defined by

—_ JKY¥(K)dK

<K >= KK

and ¥(K) is the unidirectional spectrum. The (; component is the linear, Gaussian surface
generated as shown in the previous section and (; is its normal. There is another advantage
of using the FFT approach in the previous section. The real part of the FFT is ¢y and the
imaginary part is {;. Fig. 9 shows the implementation for a 1.5 x 1.5 km patch using Fung
and Chen’s empirical spectrum as the Gaussian component.

Tayfun mentions that his model results in a random surface whose crests are narrow and
peaked and whose troughs are long and flat. Such asymmetry is called vertical skewness. On
the other hand, horizontal skewness can also occur in deep water waves. The latter asymme-
try results in tilted crests, an effect which directly influences the surface slope distribution.
A variety of sparse experimental data, over the years, indicates that the slope distribution
is more strongly skewed than the surface elevation.

Finally, general observations of interest to radar analysis of sea clutter data are:

e The wave slopes form the dominant contribution to the radar backscattered signal
since only when they point in the right direction does a significant reflection occur.

e The resonant scatterers for microwaves are the capillary waves (capillary wavelength ~
microwave wavelength) about whom little is known experimentally except for the fact
that they “bunch” more towards the wave peaks and are wind direction dependent.
This is an active research area and in the past few years a variety of new techniques
for measuring their spectra have been developed.
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Figure 9: Tayfun’s narrow-band nonlinear model for a 1.5 x 1.5 km patch, the histogram and
the correlations in the = and y directions. Note the significant departure from Gaussianity
in the histogram.
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5 MARCOT Spectra

Some actual experimentally derived wave directional spectra are presented in Fig. 10 for
comparison with the previous models and examples. The spectra were estimated from
ground-truthed data collected during the MARCOT trials, on June 25 1995. The location
was “The Patch”, a bank offshore Nova Scotia, in the vicinity of 44°18'41.3" N 62°18'12.7"
W in waters of approximately 80 m depth. This is an example where the primary sensor
used was a common marine radar (MACRADAR) refitted with a TITAN board that allowed
data collection directly from the receiver front end, with no dynamic losses due to receiver
preprocessing. The PPI images collected with this radar were used to estimate the relative
directional wave spectrum according to the method described in [15]. A DATAWELL wa-
verider buoy, a YOUNG wind speed and direction sensor, an air temperature sensor and a
Differential Global Positioning System (DGPS) were also deployed. Details of the ground
truthing are given in [5].

It is very interesting to observe the time evolution of the spectrum in five minute interval
steps under strong, wave development conditions. As time went on, a strong “sea” was
developing from two different directions (bimodality of the wave spectrum) and a small craft
warning was being broadcast. '
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Figure 10: Some of the MARCOT spectra. Top left was at 7:45, top right at 7:50, middle left
at 7:55, middle right at 8:00 and bottom one at 8:05. The variability in time and developing
bimodality is clearly evident.
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6 Conclusion

‘The framework developed for generating linear Gaussian wave patches is general enough that
one can use any theoretical or experimental spectrum as input and generate surface patches
of the desired characteristics. These patches can then be used in electromagnetic scattering
models to infer accurate sea clutter behavior.

The FFT technique is excellent for application to this purpose as it not only is computa-
tionally efficient, it also provides the surface normal, related to the slope distribution, which
can be used in some of the simpler nonlinear models. The linear Gaussian model is currently
implemented with a two-dimensional FF'T that still imposes some memory limitations on the
FFT size. This can be improved by more efficient memory allocation, the implementation of
the two-dimensional FFT with one-dimensional FFT’s or perhaps splitting up the spectrum
into short and long wavelength parts, which require a fine and coarse FF'T grid respectively,
and adding up the results [6].

The nonlinear study is also important as it is here that novel and important effects are
expected to appear. Work is currently in progress to implement the full Longuet-Higgins
model. :

‘The most important observation however, is, that an equilibrium model is not adequate
for the typical case of a non fully developed sea surface. Further work is required in this
area and experiments are being planned for an extensive investigation early next year. The
non fully developed sea surface conditions are the ones more commonly encountered during
radar surveillance operations and should therefore be properly accounted for.

It appears that for radar detection of small targets in sea clutter, there should be an
operational mode that estimates the current sea surface spectrum and utilizes this estimate in
a way that optimizes target detection. Work is underway in developing such an architecture.
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