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Improved small area inference from data
integration using global-local priors

Dexter Cahoy and Joseph Sedransk’

Abstract

We present and apply methodology to improve inference for small area parameters by using data from several
sources. This work extends Cahoy and Sedransk (2023) who showed how to integrate summary statistics from
several sources. Our methodology uses hierarchical global-local prior distributions to make inferences for the
proportion of individuals in Florida’s counties who do not have health insurance. Results from an extensive
simulation study show that this methodology will provide improved inference by using several data sources.
Among the five model variants evaluated the ones using horseshoe priors for all variances have better perfor-
mance than the ones using lasso priors for the local variances.

Key Words: Aberrant observations; Combining data; Health insurance; Horseshoe prior; Lasso prior; Pooling data;
Shrinkage.

1. Introduction and background

Significant changes in survey sampling such as greatly reduced response rates and budgets have in-
creased attention to developing and using new methodology to improve inferences. One promising approach
is to add data from other sources to the data from a single, probability-based survey. Cahoy and Sedransk
(2023) presented two methods for combining summary statistics from several sample surveys and applied
them to data from the Behavioral Risk Factor Surveillance System (BRFSS) and the Small Area Health
Insurance Estimates (SAHIE) Program at the US Census Bureau. These methods have more structure than
those commonly used in survey sampling, and Cahoy and Sedransk (2023) showed the value of these
methods in pooling such data. They also noted the potential value of this methodology in combining data
from traditional sample surveys as well as non-probability surveys and, perhaps, administrative data. Cahoy
and Sedransk (2023) made inference for each (Florida) county using the data only from that county, so may
have lost the opportunity for further improvements in inference by combining the data across the counties.
In the current paper we extend this work by providing methodology to make simultaneous inference for all
counties when there are several data sources. However, the primary methodology in Cahoy and Sedransk
(2023), Uncertain Pooling (Evans and Sedransk, 2001; Malec and Sedransk, 1992) cannot, at present,
accommodate the computational demands of inference for many small areas together with several data
sources. Thus, we use global-local (GL) models, a promising alternative with an extensive literature. There
is a thorough summary in the review paper, Bhadra, Datta, Polson and Willard (2019). There are two papers
in the survey sampling literature, Tang, Ghosh, Ha and Sedransk (2018) and Tang and Ghosh (2023). Results
in Tang et al. (2018) motivated our choice to use GL models. Since both papers address a simpler case than

we do, i.e., a single data source, we have extended the model in Tang et al. (2018).

1. Dexter Cahoy, University of Houston System, Houston, Texas, 77002. E-mail: cahoyd@uhd.edu; Joseph Sedransk, University of Maryland,
College Park, Maryland, 20742. E-mail: jxs123@cwru.edu.
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A simplified version of the Fay-Herriot model that Tang et al. (2018) use is
y,=0.+e, 0 =n+u, i=1,.,1 (1.1)

where y, is the direct estimate for small area i and n is a constant. Here, e=(e,,...,¢,) and u =
(uy,...,u,) are assumed to be independent. The elements of e are independent with e, ~ N(0, ;). Tang
et al. (2018) note that ¥, is assumed to be known to avoid problems with identifiability. The GL shrinkage

prior for the u, is
u | A2, 7% ~ N0, A’7%). (1.2)

Instead of (1.1) and (1.2) Tang et al. (2018) replace n with a linear regression. They assume a locally
uniform prior on the regression parameter, and consider several priors for the variances; see their Table 1.
As seen in (1.2) there are two levels for the prior variances. The global variance, 7°, provides shrinkage for
all of the random effects while the local variances, ﬂ,f , provide adjustments for the individual areas. If the
priors are heavy-tailed, effective inference for both small and large random effects can be made. Tang and
Ghosh (2023) extend Tang et al. (2018) by replacing (1.2) with a normal distribution with spatial structure.
Another alternative to (1.2) is a spike-and-slab prior (Datta and Mandal, 2015), compared with the GL prior
in Tang et al. (2018). That is, u, = &,v, where ¢,,...,&, arei.i.d. Bernoulli random variables with P(§, =1) =
y and v, ~N(0,& %) independently. A recent paper, Smith and Griffin (2023), has several features that are
similar to our extension of Tang et al. (2018) to inference on small areas when there are several sources.

See Section 2 for details.

The rest of the paper is structured as follows. Section 2 describes our models and gives an explanation
of our point estimator, the posterior mean for each FL county. Our first analysis, in Section 3, uses the data
from SAHIE and BRFSS that Cahoy and Sedransk (2023) used to make inference about the proportion of
adults without health insurance in the Florida counties. There are brief descriptions of the BRFSS survey
and SAHIE program in Section 3.1. Credible intervals for the Florida county means are in Section 3.2 while
the results of a comparison of several models using the SAHIE and BRFSS data are in Section 3.3. Section 3.4
is about the gains from using data from two sources rather than a single source. Section 4 has the results
from an extensive simulation study based, in part, on the observed data set. There is also discussion of
literature concerning the use of horseshoe and (Bayesian) lasso prior distributions. Section 5 has a discussion
about the sampling variances, use of a larger number of data sources, model comparison and robustness,

concluding with a summary.

2. Models and inference

Consideration of the two-source data for each of the counties in Florida suggested the following natural
extension of the model in Tang et al. (2018). Let ¥; denote the value of ¥ for the j-th source in the 7 -th

county. For a fixed V,,
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ind

Y, 10,V ~ N0, V,): j=1,ds i=1,.1,

i l/
ind

9,']‘ | )up/lyz’/lz ~ N(ﬂp/’tzyz‘/’tizflz):

ind

ﬂ,-|'7;l,-25722 ~ N(T]’ﬂ'izrzz)a

f(n) = constant. 2.1

As in Cahoy and Sedransk (2023), Y is an estimate of the population proportion without health insur-
ance. Note that the data available from BRFSS and SAHIE are only ¥ and the estimated standard error of

Y. Here, inference for the county means, p,, is of primary interest.

Defining /l=({/l;: j=1,..,J,i=1,..,I; A i=1,...,1}) and T =(z],7;), the joint prior density is
1 1) [H 1G; } T170D] sy e,

To choose the priors for the local and two global variances we have relied on discussion in the literature.
Tang et al. (2018) note that Gelman (2006) and Polson and Scott (2012) prefer horseshoe priors for top level
scale parameters, and there seems to be substantial additional support for this choice: for more details see

Section 4.3.

A recent paper by Smith and Griffin (2023) uses a somewhat similar model in a different context,
estimating demand for large assortments of differentiated goods. Their model is structured around a graphi-
cal representation of a product classification tree. In this tree, the lowest level represents the most detailed
definition of product groups, while the highest level corresponds to the broadest categories. Using this tree
as a framework, the authors develop hierarchical models that directly shrink product-level elasticities
towards higher-level price elasticities. The structure in our problem is quite different, i.e., nesting of sources
() within counties (7). Another assumption indicates that the objectives of the two papers are different. In
the context of small area inference taking n to have a locally uniform distribution is the natural choice
while Smith and Griffin (2023) assume a standard normal distribution at the highest level. Another
difference is that Smith and Griffin (2023) only consider hierarchical structure for the local variances, i.e.,
/l;./lf in (2.1), a limitation since we have found better performance for our problem using the non-
hierarchical /l;. in the conditional variance of 6;. However, we have used ideas in Smith and Griffin (2023)

in designing our simulation study, and clarifying some features of our approach.

Let v denote a generic variance and k ~C'(0,1), the half-Cauchy distribution with pdf f(y)=
2/”(14‘)/2),)/20. Then v =’ has the horseshoe distribution with pdf f(t))<>c[(1+02)\/U_ZI1

v > 0. The lasso distribution has pdf f(v) o« exp(-v) for v >0.
Our choices are
Mlla: A}, A%, 77,72 have horseshoe distributions.

ijo 7Moo

M11b is the same as M1 1a, except that /l;. and /'ti2 have lasso distributions.
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Mla is the same as M11a, except that 6, ~ N (u,, A;77).
M1b is the same as M 1a, except that /1;. and A’ have lasso distributions.

M12 has /l;. =2 =1. This is the usual hierarchical model.

The first models that we chose were Mla and M1b with 6, ~ N(u,, l;.rf ). We added the more general
M11a and M11b (with variance A;A’z), after reading Smith and Griffin (2023).

To investigate the posterior mean of 4, g}ven the observed data and variances assume M11a and define
A =08 =V, a0 =(367) and ¢ =4 /(4 ).

J=1

Defining y, = ijl(yij /55) / z;l(l/g‘;), the posterior mean of i, is

E(u |y, =9y, +(1-¢) 7, (22)

where Q= (A7, j=lJsi=ls 1)), y={y: j=lenJsi=l.. ]} and 7, = > (3,/(4 +
1
) 2 (A +m).
The within county weight, &> / Z'jl_zl &;?, reduces to V,” / Z'jl_zl V2, if 2;A%t = 0. If not, the local and

global variance components will accommodate observed values that do not conform to the standard
hierarchical model M12. (Hereafter, we refer to such observations as “aberrant”.) Increasing V;,

aberrant source (large /”t; ), or an aberrant county (large l,z) will reduce the weight on y;. If V; is small

relative to A_A’t], £ = 274t which implies that y, = ijl(yif / /l;. ) / Z'jl_zl(l / /ll.]z. ). A 1is a measure of

/] ij /]

being an

variability across counties while 77,.2 is a measure of variability within counties (sum of sampling variance
and variance across sources within counties). So, ¢, = A4, / (4 +77i2) is the standard overall shrinkage factor.
Finally, v, is a weighted average of the y, where the weights include the adjustments based on the local

. 2 2
variances 4 and 7.

3. Analysis of data from Florida counties

3.1 Background

One data source is the Small Area Health Insurance Estimates Program. (The data can be obtained from
https://www.census.gov/data/datasets/time-series/demo/sahie/estimates-acs.html.) The SAHIE program uses
point estimates from the American Community Survey (ACS) together with administrative data such as Federal
income tax returns and Medicaid/Children’s Health Insurance Program (CHIP) participation rates. There is
detailed area level modelling. The second source is the Behavioral Risk Factor Surveillance System, obtained
through telephone interviews. (The data can be downloaded from https://www.flhealthcharts.gov/.) It uses a
disproportionate stratified sample design. For additional details see Sections 3 and 7 of Cahoy and Sedransk
(2023). For consistency with Cahoy and Sedransk (2023) we use 2010 data for each source. The BRFSS
and SAHIE data available for each Florida county are an estimate of the population proportion uninsured

(Y) and the estimated standard error of Y.
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Since the analysis of the Florida county data is straightforward we present it first. As such it provides

the background for the detailed simulation study in Section 4.

3.2 Inference

Figure 3.1 gives the 95% credible intervals for the Florida counties corresponding to models M1a and
M1b. Overall, the pairs of intervals have similar centers: the two distributions, taken over the / counties,
are almost the same (first quartiles, medians and third quartiles are within 0.002). While the median interval
length is smaller for M1a (0.056) than M1b (0.064) there are eight counties where the intervals from M1la
are substantially wider. These are situations where both the BRFSS and SAHIE point estimates are outliers
or where there is a substantial difference between the two estimates. This is a first indication that M 1a (with
horseshoe priors for all variances) provides more appropriate inferences when there are aberrant observa-

tions. Comparing models M11a and M11b the conclusions are similar.

Figure 3.1 The 95% credible intervals for the 62 county means using M1a and M1b

M1la
61 M1b

0.10 0.15 0.20 0.25 0.30 0.35 0.40

Statistics Canada, Catalogue No. 12-001-X



454 Cahoy and Sedransk: Improved small area inference from data integration using global-local priors

3.3 Model comparisons

Figures 3.2 and 3.3 give the posterior mean, ., for each Florida county for models M11a, M11b, Mla,
M1b, the standard model M12, and the two point estimates. First, note that there is little variation in M12
across the counties. For most counties there is agreement among the five models. M1b and M11b (both
lasso) have values of the posterior mean much closer to M12 than M1a and M11a (both horseshoe). This is
most evident for the counties with both high and low values of the BRFSS and SAHIE point estimates such
as 10, 13, 22 and 23 (see Figure 3.2). The values for M11b and M1b are similar while, typically, the values

for M11a are a little more extreme than those for M 1a.

Figure 3.2 Posterior means, BRFSS and SAHIE estimates for FL counties 1-31
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Note: BRFSS: Behavioral Risk Factor Surveillance System; FL: Florida; SAHIE: Small Area Health Insurance Estimates.

Figure 3.3 Posterior means, BRFSS and SAHIE estimates for FL counties 32-62
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Note: BRFSS: Behavioral Risk Factor Surveillance System; FL: Florida; SAHIE: Small Area Health Insurance Estimates.
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For most counties there is not much difference between M1la and M1b. Generally, M1b is closer than
MI1a to the standard model M12. There are substantially more counties where M 12 is closer to SAHIE than
BRFSS. When one of SAHIE and BRFSS is small and the other is large, M1a and M1b tend to be similar
and within the range defined by SAHIE and BRFSS. The most important finding is that when both SAHIE
and BRFSS are large or small M1b shrinks much more than M1a. Similarly, M11b shrinks more than M11a.
This is in accord with the literature. For their one stage model, i.e., without source effects, Tang et al. (2018)
say that the “shrinkage factors under [lasso] priors are stochastically larger than those under [horseshoe]
priors thus causing more shrinkage”. Smith and Griffin (2023) add that “the tails of an exponential mixing
density are lighter than the polynomial tails of the half-Cauchy, suggesting that the Bayesian lasso may tend

to over-shrink large regression coefficients and under-shrink small ones relative to the horseshoe”.

As seen in (2.2) the magnitude of ¢ determines the contribution of the observations from county i to the
posterior mean of u,. Figures A.1-A.3 in the appendix show the posterior distributions of {¢;: i=1,...,/} for
models Mla, M1b, M11a, M11b and M12. These figures display considerable differences among the
models. For M12 the set of / distributions of ¢ show little variation which is markedly different from
those for the four GL models. Comparing M1a (with horseshoe priors for all variances) with M1b (with
lasso priors for the local variances and horseshoe priors for the global variances) there are notable differ-
ences, i.e., much greater variation for M 1a both across and within counties. This is also seen for the counter-
parts of Mla and M1b, M11a and M11b, which differ from M1a and M1b by having local variances i;. Al
rather than i;. .

3.4 Two sources vs. one source

We use the Florida county data set to illustrate differences in inferences when there is only one data
source rather than the two data sources. The one source model is

ind

Yi|lui’V ~ N(lui’Vi)’

1

ind

lui |77 ~ N(n’ 2’[2}1-2)9
f(n) = constant.

The most meaningful comparison is with the BRFSS data set since it is the one with much larger
observed standard errors, thus potentially benefiting from the addition of the SAHIE data when this is
appropriate. One may consider the analysis in this section as an illustration or as a realistic choice because
of (apparently) untested assumptions made in SAHIE. For each county Figure 3.4 gives the BRFSS and
SAHIE point estimates and posterior means corresponding to M1a (horseshoe) and the one source horseshoe
models (MBR, MSA) applied to the BRFSS and SAHIE data.

Statistics Canada, Catalogue No. 12-001-X
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Figure 3.4 MBR, MSA, M1a, observed BRFSS and SAHIE estimates

MBR
MSA
Mila
SAHIE
BRFSS

0.10 015 0.20 0.25 030 0.35

0.05

0 10 13 20 2223 30 33 40 43 5051 60
FL counties 1 to 62

Note: BRFSS: Behavioral Risk Factor Surveillance System; FL: Florida; MBR: Model BRFSS; MSA: Model SAHIE; SAHIE: Small Area Health
Insurance Estimates.

Typically, the BRFSS posterior mean (using the one source horseshoe model) adjusts the BRFSS point
estimate by increasing smaller values and decreasing larger values of the latter. The M1a posterior mean
adjusts the one source BRFSS posterior mean by increasing smaller values and decreasing larger values of
the one source BRFSS posterior mean. With this data set the M1a posterior mean doesn’t vary very much
over the counties, so there are adjustments for a fairly small set of counties. But note that M 1a has excellent

properties, as shown in the results from the simulation study (Section 4).

The results for M11a are similar to those for M1a. This is not surprising since M11a and M1a differ only
in the variance of 6, (see Section 2). With one important exception the conclusions above hold for M11b
and M 1b, both of which use lasso priors. Unlike for M11a and M1a, there is considerable shrinkage towards
the common county value even for some counties (e.g., 13, 22, 23, 33, 43, 51) with somewhat extreme

values of the BRFSS point estimate: see Figure 3.5 which has the same format as Figure 3.4.

Figure 3.5 MBR, MSA, M1b, observed BRFSS and SAHIE estimates

MBR
MSA
M1b
SAHIE
BRFSS

0.20 0.25 0.30 0.35

0.15

0.05 0.10

0 10 13 20 2223 30 33 40 43 5051 60
FL counties 1 to 62

Note: BRFSS: Behavioral Risk Factor Surveillance System; FL: Florida; MBR: Model BRFSS; MSA: Model SAHIE; SAHIE: Small Area
Health Insurance Estimates.
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4. Simulation study

4.1 Introduction

Our simulation study is patterned after those in Tang et al. (2018) and Smith and Griffin (2023). In this
section we compare the performance of models M1a, M1b, M11a and M11b with the base method M12.
(See Section 2 for the definitions of these models.) We present the results obtained by generating data from

the following models.

Let ¥, denote the value of ¥ for the ;-th source in the i -th county. For a fixed

ind

Y, ~ N@©,V;): j=1,...J;i=1,..,1,

ij

iid

01]‘ ~ N(lui’ 7/12)a

iid
1~ N@,75). (4.1)
For the ¥°, we have used mixture and outlier representations. For a mixture, y° =03,75, +(1-8,) 75,
5, €{0,1} with P(5,=1)= p, and 7,, = 0.05. For an outlier y* =5,z with 8, €{0,1} and P(5,=1)=
Pp,. With a large number of quantities to specify we have simplified by not indexing by county or source.

There are exceptions, i.e., for cases 5 and 6, described in Section 4.5.

To anchor this simulation study, we have chosen values of some quantities based on the BRFSS and
SAHIE data: n is a constant, 0.25, with / =62 Florida counties and J =2 sources. Also, the sampling

variances, V;, are the values observed in these surveys. Section 5 has further discussion about sampling

variances, including the issue of identifiability noted by Tang et al. (2018).

Case 1 has both y ’s as outliers while Case 3 has both as mixtures. For Case 2 ; is an outlier while 7,
is a mixture. For Case 4 y, is a mixture while 7, is an outlier. We considered many values of the

probabilities (p,, p,) and variances (1'2) and present those that are the most informative.

For each of the four cases and choice of the probabilities and the variances we generated 100 data sets.
For each data set we estimated g, by its posterior mean, fI,, and evaluated the fit using four common
measures, i.e., average absolute relative deviation (ARB), average squared relative deviation (ASRB),
average absolute deviation (AAD) and average squared deviation (ASD). We summarize for each data set
as ARB =7} Wosl ASRB =77y Yot AAD =73 |4, - p ], and ASD =17} (4 - w)
where / is the number of Florida counties. For each measure (ARB, ASRB, AAD, ASD) the final summary
statistic is the median from the 100 data sets. To simplify, we present results only for ARB and ASRB.

4.2 Posterior computation

All of the calculations were implemented in R using the Advanced Cyberinfrastructure Coordination

Ecosystem: Services & Support (ACCESS)’s Pittsburgh Supercomputing Center. We generated 100 data

Statistics Canada, Catalogue No. 12-001-X
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samples and calculated posterior estimates using 18K MCMC runs and 3K burn-ins for each sample. To test
convergence, we simulated five chains of length 7K (with 2K burn-ins) for the posterior distributions of the
4 ’s, and obtained values of the split-R variant of Gelman’s diagnostic close to 1.0 for all 62 counties.
Section 11.4 of Gelman, Carlin, Stern, Dunson, Vehtari and Rubin (2013) has a discussion of convergence
measures including the split-R variant. The full conditional distributions for models M11a and M11b are
given in Appendix A. The corresponding Gibbs algorithms for M1a and M1b can be obtained by simplifying

the given expressions.

4.3 Overall evaluation

Our comparisons are made relative to the standard model, M 12, as discrepancy ratios. Model 12 is given
in Section 2: it is the special case of the global-local model with ll.jz. =27 =1. For model Mx (x=1a, 1b, 11a,
11b) and ARB the discrepancy ratio is denoted by ARB(Mx)/ARB(M12) with small values of the ratio
showing gains for Mx relative to M12. We summarize the distributions (over the set of specifications) of

the discrepancy ratio for models M1a, M1b, M11a and M11b using the medians.

For Cases 1-4 the medians of ARB(M1a)/ARB(M12), ARB(M11a)/ARB(M12), ARB(M1b)/ARB(M12)
and ARB(M11b)ARB(M12) are (0.589, 0.633, 0.802, 0.853), (0.733, 0.760, 0.851, 0.874), (0.780, 0.821,
0.870, 0.915), and (0.786, 0.913, 0.835, 0.929). They show considerable gains for all of the global-local

models with M1a having the smallest values (largest gain). The results for ASRB are similar.

Additional information is in Tables S1-S4 in the Supplementary Material (https://arxiv.org/pdf/2412.07824)
corresponding to the four cases. In each table we present for ARB and ASRB, and each of the four discrep-
ancy ratios, the minimum value, first quartile, median, mean, third quartile and maximum value (taken over

the set of specifications).

Table 4.1 gives an overall summary. For each discrepancy ratio, case and model, Mx, the cell entry is
the number of specifications where Mx has the smallest value among the set of models. Clearly, model M1a
is preferred. Moreover, M1a has a smaller value of ARB(M1a)/ARB(M12) than ARB(M1b)/ARB(M12) for
99 of the 122 settings. The other horseshoe model, M11a, has a smaller value of ARB(M11a)/ARB(M12)
than ARB(M11b)/ARB(M12) for 95 settings. The results for ASRB show a greater preference for these

horseshoe models. See Table S21 for a breakdown by case.

These results lend additional credence to the literature showing a preference for the horseshoe prior. For
example, Smith and Griffin (2023) say that “the tails of an exponential mixing density are lighter than the
polynomial tails of the half-Cauchy, suggesting that the Bayesian lasso may tend to over-shrink large
regression coefficients and under-shrink small ones relative to the horseshoe”. Makalic and Schmidt (2016)
add that the “choice of a half-Cauchy prior distribution over the global and local hyperparameters results in
aggressive shrinkage of small coefficients (i.e., noise) and virtually no shrinkage of sufficiently large
coefficients (i.e., signal). This is contrast to the well-known Bayesian lasso ... and Bayesian ridge hierarchies

where the shrinkage effect is uniform across all coefficients”.
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For the simpler model in (1.1) and (1.2) Bhadra et al. (2019) show why the horseshoe prior is effective.
This argument also holds for inference about the source effects in our (2.1), since the first two expressions
in (2.1) are essentially the same as the model in (1.1) and (1.2) (drop the subscript 7). For our preferred
model, M1a, take 4> =1. Then

E@O; | y,)=[1=E(s; | v,) ] vy + By | y,) 1 (4.2)

where the shrinkage weight, «, is k, =V, / 7, + A;.rf). Bhadra et al. (2019) write the marginal likelihood

of y; interms of K, noting that the posterior density of the shrinkage weight identifies signals and noise

U' 2
by letting k;, =0 and x; —1. The marginal likelihood is zero when the shrinkage weight is zero, so it
does not help identify the signals. However, as shown in Bhadra et al. (2019) using the horseshoe prior
enables the posterior to approach both zero and one. This gives an indication why M1a, with horseshoe prior

at the source level, has better performance than M1b, with lasso prior at the source level.

Table 4.1
For each case: number of specifications where a model has the best performance
ARB
Case Mlla Mllb Mla Milb
1 0 1 29 0
2 8 0 28 0
3 0 1 16 3
4 0 0 17 19
ASRB
Case Mlla Ml11b Mla Milb
1 5 0 15 0
2 6 0 30 0
3 9 0 8 3
4 2 1 21 12

Note: ARB: average absolute relative deviation; ASRB: average squared relative deviation.

Tables 4.2-4.5 give more detailed information for M 1a. Each table refers to a case, e.g., in Table 4.2 both
¥*’s are outliers. Each row corresponds to a specification of the probabilities and the variances, t°. The
first set of columns identify the probabilities and the 7°, e.g., for Case 1 the components of }/12 in (4.1)
corresponding to the outlier model and the components of 7/22 in (4.1) corresponding to the outlier model.
The last two columns display the discrepancy ratios for ARB and ASRB corresponding to model M1a, i.e.,
ARB(M1a)/ARB(M12) and ASRB(M1a)/ASRB(M12). Tables S5-S16 in the Supplementary Material give
the same information for the other models. These tables can be used to investigate the effects of changing

the values of the probabilities and variances: see Section 4.4.

4.4 Changing probabilities and variances

We next investigate the effects of changing the probabilities and values of the variances (t?). This is a
new evaluation since these quantities are fixed in Tang et al. (2018) and Smith and Griffin (2023). Motivated

by the results in Section 3.3 and the literature referenced in Section 2 we only summarize our findings about
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properties of M1a. Values for the probabilities and variances were chosen, initially, based on the results in
Section 3. Other values were added to try to sharpen the conclusions. In Tables 4.2-4.5 we present the results
for a subset of the choices of the probabilities and variances that we considered. For the most part the gains
for M1a increase as the probabilities and variances increase. There are some exceptions, not explained by

further investigation.

Table 4.2
Simulation specifications and ARB(M1a)/ARB(M12), ASRB(M1a)/ASRB(M12) for Case 1
p, for p, p, for 0, 7, for u, 7, for 6, M1a/M12(ARB) M1a/M12(ASRB)
1 0.100 0.100 0.025 0.025 0.803 0.670
2 0.050 0.050 0.563 0.466
3 0.100 0.100 0.345 0.226
4 0.200 0.200 0.244 0.058
5 0.050 0.100 0.487 0.327
6 0.100 0.050 0.425 0.282
7 0.200 0.200 0.025 0.025 0.828 0.832
8 0.050 0.050 0.635 0.601
9 0.100 0.100 0.429 0.293
10 0.200 0.200 0.298 0.123
11 0.050 0.100 0.636 0.544
12 0.100 0.050 0.562 0.486
13 0.400 0.400 0.025 0.025 0.896 0.874
14 0.050 0.050 0.772 0.784
15 0.100 0.100 0.636 0.500
16 0.200 0.200 0.612 0.481
17 0.050 0.100 0.780 0.727
18 0.100 0.050 0.728 0.711
19 0.100 0.200 0.025 0.025 0.923 0.888
20 0.050 0.050 0.595 0.442
21 0.100 0.100 0.405 0.328
22 0.200 0.200 0.255 0.096
23 0.050 0.100 0.609 0.579
24 0.100 0.050 0.456 0.370
25 0.200 0.100 0.025 0.025 0.796 0.773
26 0.050 0.050 0.600 0.504
27 0.100 0.100 0.415 0.240
28 0.200 0.200 0.309 0.093
29 0.050 0.100 0.544 0.369
30 0.100 0.050 0.583 0.433

Note: ARB: average absolute relative deviation; ASRB: average squared relative deviation.

Consider Case 1 (both “outliers”, Table 4.2) and ARB. The gains for Mla (vs. M12) increase, as
expected, as both 7,,’s, 7,,(u;) for u and 7,,(6;) for 6; increase. The gains for Mla are generally larger
for (r“(/,ti), rll(e,j)) = (0.10, 0.05) than for (0.05, 0.10). That is, the gains are larger when the variance of
u; is larger than the variance of 6; in the two outlier models. The gains for M1a decrease as both p, s,
p,(u;) and p, (Qj), increase from 0.1 to 0.2 to 0.4. This occurs because larger p, in the outlier model
makes it closer to M12. There is no pattern in the gains associated with (pz(,ul.), D, (9,./)) = (0.1, 0.2) vs.
those associated with ( (), p, (91:/.)) = (0.2, 0.1). The patterns for ASRB are similar to those for ARB.
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Table 4.3
Simulation specifications and ARB(M1a)/ARB(M12), ASRB(M1a)/ASRB(M12) for Case 2
p, for u, p, for 6, 7, for p, 7, for 6, M1a/M12(ARB) M1a/M12(ASRB)
1 0.100 0.100 0.100 0.050 0.942 0.892
2 0.100 0.725 0.520
3 0.200 0.502 0.255
4 0.200 0.050 0.894 0.816
5 0.100 0.723 0.707
6 0.200 0.551 0.375
7 0.200 0.100 0.050 0.936 0.887
8 0.100 0.709 0.473
9 0.200 0.487 0.166
10 0.200 0.050 0.887 0.823
11 0.100 0.739 0.569
12 0.200 0.498 0.217
13 0.400 0.100 0.050 0.951 0.873
14 0.100 0.742 0.481
15 0.200 0.525 0.259
16 0.200 0.050 0.923 0.862
17 0.100 0.754 0.617
18 0.200 0.556 0.330
19 0.200 0.100 0.100 0.050 0.959 0.940
20 0.100 0.713 0.579
21 0.200 0.483 0.252
22 0.200 0.050 0.924 0.826
23 0.100 0.702 0.570
24 0.200 0.519 0.405
25 0.200 0.100 0.050 0.943 0.892
26 0.100 0.764 0.616
27 0.200 0.465 0.203
28 0.200 0.050 0.886 0.723
29 0.100 0.749 0.515
30 0.200 0.492 0.245
31 0.400 0.100 0.050 0.917 0.725
32 0.100 0.775 0.603
33 0.200 0.521 0.260
34 0.200 0.050 0.919 0.793
35 0.100 0.727 0.668
36 0.200 0.572 0.411

Note: ARB: average absolute relative deviation; ASRB: average squared relative deviation.

is “outlier”, Table 4.3) and ARB. The gains for M1a (vs.

M12) increase, as expected, as 7,,(=7,,) increases. The gains for M1a are larger for (z,,,7,,) = (0.1, 0.2)

Next, consider Case 2 (g, is “mixture”; 9,]
than for (0.2, 0.1). That is, the gains are larger when the variance of 6, is larger than the variance of ;.
The gains for M1a increase as p,(= p,) increases from 0.1 to 0.2 while there are only small differences for
(py> p,)= (0.1,0.2) vs. (0.2, 0.1). The patterns for ASRB are similar to those for ARB for the specifications

with changing variances. For the specifications with changing probabilities the patterns are inconsistent.

Case 3 has both y; and 6, as “mixtures” (Table 4.4). For ARB the gains increase as 7,, for g, increases
from 0.1 to 0.2 to 0.4 while the changes in the gains are usually small as 7,, for 6, increases from 0.1 to
0.2 to 0.4. There are only small changes as p, for u;, p,(x,), increases from 0.1 to 0.2, and no pattern as

p, for 9,]-, pI(Q«j ), increases. The patterns for ASRB are similar to those for ARB.
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Case 4 has an “outlier” model for 4 and a “mixture” model for 6, (Table 4.5). For ARB the gains
increase as 7, increases from 0.05 to 0.10 to 0.20 and 7,, increases from 0.1 to 0.2 to 0.4. For almost all
specifications there is an increase in the gains as p, and p, increase from 0.1 to 0.2. The patterns for ASRB

are similar to those for ARB.

Table 4.4
Simulation specifications and ARB(M1a)/ARB(M12), ASRB(M1a)/ASRB(M12) for Case 3
p, for p, p, for 0, 7, for p, 7, for 6, M1a/M12(ARB) M1a/M12(ASRB)
1 0.100 0.100 0.100 0.100 1.050 1.102
2 0.200 0.200 0.844 0.452
3 0.400 0.400 0.655 0.305
4 0.200 0.400 0.680 0.214
5 0.400 0.200 0.828 0.562
6 0.200 0.200 0.100 0.100 1.001 0.960
7 0.200 0.200 0.766 0.470
8 0.400 0.400 0.636 0.427
9 0.200 0.400 0.619 0.275
10 0.400 0.200 0.783 0.763
11 0.100 0.200 0.100 0.100 1.025 0.997
12 0.200 0.200 0.786 0.527
13 0.400 0.400 0.619 0.353
14 0.200 0.400 0.671 0.429
15 0.400 0.200 0.778 0.612
16 0.200 0.100 0.100 0.100 1.006 1.005
17 0.200 0.200 0.852 0.563
18 0.400 0.400 0.609 0.301
19 0.200 0.400 0.596 0.296
20 0.400 0.200 0.904 0.893

Note: ARB: average absolute relative deviation; ASRB: average squared relative deviation.

Table 4.5
Simulation specifications and ARB(M1a)/ARB(M12), ASRB(M1a)/ASRB(M12) for Case 4
p, for p, z,, for u, p, for 6, 7, for 6, M1a/M12(ARB) M1a/M12(ASRB)
1 0.100 0.050 0.100 0.100 1.353 1.545
2 0.200 1.175 1.344
3 0.400 0.815 0.777
4 0.200 0.100 1.270 1.402
5 0.200 1.122 1.254
6 0.400 0.775 0.807
7 0.100 0.100 0.100 1.059 0.725
8 0.200 0.865 0.584
9 0.400 0.749 0.504
10 0.200 0.100 1.025 0.693
11 0.200 0.804 0.684
12 0.400 0.760 0.817
13 0.200 0.100 0.100 0.687 0.444
14 0.200 0.651 0.298
15 0.400 0.548 0.223
16 0.200 0.100 0.673 0.429
17 0.200 0.644 0.294
18 0.400 0.582 0.424

Note: ARB: average absolute relative deviation; ASRB: average squared relative deviation.
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Table 4.5 (continued)
Simulation specifications and ARB(M1a)/ARB(M12), ASRB(M1a)/ASRB(M12) for Case 4
p, for p, 7, for u, p, for 0, 7, for 6, M1a/M12(ARB) M1a/M12(ASRB)
19 0.200 0.050 0.100 0.100 1.183 1.288
20 0.200 1.088 1.002
21 0.400 0.875 0.679
22 0.200 0.100 1.216 1.076
23 0.200 1.009 1.007
24 0.400 0.747 0.822
25 0.100 0.100 0.100 0.832 0.586
26 0.200 0.797 0.472
27 0.400 0.710 0.426
28 0.200 0.100 0.903 0.637
29 0.200 0.821 0.594
30 0.400 0.733 0.610
31 0.200 0.100 0.100 0.695 0.559
32 0.200 0.645 0.385
33 0.400 0.502 0.160
34 0.200 0.100 0.679 0.450
35 0.200 0.616 0.429
36 0.400 0.590 0.374

Note: ARB: average absolute relative deviation; ASRB: average squared relative deviation.

4.5 'Two sources vs. one source

With data from two sources one could make inference using the data from only one source. Our
investigation started with data generated from Cases 1-4. For each case and specification we calculated ARB
and ASRB using models M1a, M1b, M11a, M11b and M12. We also used MSA and MBR, one source
models (Section 3.4) using only the SAHIE and BRFSS data. As in Section 3.2 we summarize for each case
using discrepancy ratios, here A(M12)/A(M1a), AMSA)A(M1a) and A(MBR)/A(M1a) where A denotes
either ARB or ASRB. Tables 4.6-4.9 summarize the results for Cases 1-4. For each ratio we give the
minimum value, first quartile, median, mean, third quartile and maximum value among the set of specifica-
tions for the case. Except for a few minimum values all discrepancy ratios exceed 1, meaning that there are
losses by using M12, MSA and MBR relative to Mla. For ARB the median values of the ratio
ARB(MBR)/ARB(M1a) are very large, i.e., (2.530, 2.255, 1.782, 2.703) for Cases 1-4. This shows the
benefit of using a GL model, here M1a. The median values for ASRB(MBR)/ASRB(M1a) (4.593, 5.319,

3.636, 6.021) are even larger and provide additional evidence about using M1a.

Similarly, the four distributions of A(MSA)/A(Mla) have large values, albeit usually smaller than for
A(MBR)/A(M1a). For example, for ARB the medians of {ARB(MSA)/ARB(M1a), ARB(MBR)/ARB(M1a)}
are {(1.875,2.530), (1.255, 2.255), (1.724, 1.782), (2.879, 2.703)}.

We next refined the specifications in Cases 1-4 by assuming different distributions for the 6 ’s. This is
more realistic in that, typically, the two sources would be expected to have different characteristics. We also

simplified by assuming no aberrant values at the county level. Throughout we generate data with Source 1
as BRFSS and Source 2 as SAHIE. For Case 5 the model used to generate the data is
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ind
v, ~ N,

[jﬂ

)

ind

0, ~ N(lui’le)

ind

6, ~ N(u,51;)

iid
where & € {0,1} and P(§ =1) = p. Finally, u,~ N (0.25,7%).

Table 4.6
Summary statistics for ARB and ASRB for Case 1: One vs. two sources
ARB
Mi12/Mla MSA/Mla MBR/Mla
Min. 1.141 1.089 1.458
1st.Qu. 1.494 1.516 2.019
Median 1.722 1.875 2.530
Mean 1.996 2.044 2.659
3rd.Qu. 2.219 2.316 3.242
Max 4.737 3.950 4.969
ASRB
MIi2/Mla MSA/Mla MBR/Mla
Min 1.176 1.319 1.826
Ist.Qu 1.786 2.153 2.790
Median 2.235 3.934 4.593
Mean 3.329 5.741 6.526
3rd.Qu 3.553 7.445 8.436
Max 18.581 32.331 30.281

Note: ARB: average absolute relative deviation; ASRB: average squared relative deviation; BRFSS: Behavioral Risk Factor Surveillance System;
MBR: Model BRFSS; MSA: Model SAHIE; SAHIE: Small Area Health Insurance Estimates.

Table 4.7
Summary statistics for ARB and ASRB for Case 2: One vs. two sources
ARB
M12/Mla MSA/Mla MBR/M1a
Min 1.012 0.965 1.871
Ist.Qu 1.123 1.107 2.044
Median 1.345 1.255 2.255
Mean 1.482 1.364 2.235
3rd.Qu 1.947 1.620 2.419
Max 2.113 2.054 2.608
ASRB
M12/Mla MSA/Mla MBR/M1a
Ist.Qu 1.247 1.639 3.568
Median 1.650 2.520 4.716
Mean 2.279 3.546 5.319
3rd.Qu 3.147 5.855 6.963
Max 5.246 8.317 10.078

Note: ARB: average absolute relative deviation; ASRB: average squared relative deviation; BRFSS: Behavioral Risk Factor Surveillance System;
MBR: Model BRFSS; MSA: Model SAHIE; SAHIE: Small Area Health Insurance Estimates.
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Table 4.8
Summary statistics for ARB and ASRB for Case 3: One vs. two sources
ARB
M12/Mla MSA/Mla MBR/Mla
Min 0.943 1.370 1.445
Ist.Qu 1.155 1.551 1.594
Median 1.254 1.724 1.782
Mean 1.304 1.813 1.851
3rd.Qu 1.510 1.964 1.985
Max 1.733 2.643 2.653
ASRB
M12/Mla MSA/Mla MBR/Mla
Min 0.935 1.787 2.139
Ist.Qu 1.081 2.198 2.395
Median 1.881 3.509 3.636
Mean 2.096 3.846 4.127
3rd.Qu 2.321 4.307 4.556
Max 4.867 8.459 12.665

Note: ARB: average absolute relative deviation; ASRB: average squared relative deviation; BRFSS: Behavioral Risk Factor Surveillance System;
MBR: Model BRFSS; MSA: Model SAHIE; SAHIE: Small Area Health Insurance Estimates.

Table 4.9
Summary statistics for ARB and ASRB for Case 4: One vs. two sources
ARB
MI2/Mla MSA/Mla MBR/Mla
Min 0.726 1.681 1.590
Ist.Qu 1.019 2.400 2317
Median 1.260 2.879 2.703
Mean 1.269 3.150 2.904
3rd.Qu 1.382 3.564 3.316
Max 2.116 6.413 5.740
ASRB
MI2/Mla MSA/Mla MBR/Mla
Min 0.530 1.326 1.154
Ist.Qu 1.002 3.203 3.393
Median 1.407 6.507 6.021
Mean 1.817 11.151 10.253
3rd.Qu 2.040 11.854 12.164
Max 5.935 56.195 46.653

Note: ARB: average absolute relative deviation; ASRB: average squared relative deviation; BRFSS: Behavioral Risk Factor Surveillance System;
MBR: Model BRFSS; MSA: Model SAHIE; SAHIE: Small Area Health Insurance Estimates.

We used 18 specifications which included all arrangements of 7 = 0.05, 7, = (0.005, 0.010), p = (0.10,
0.20, 0.40) and 7, = (0.05, 0.10, 0.20): see Table 4.10. The results, summarized in Table 4.11, show almost
no specifications where using the BRFSS data as a single source is preferable to using M1a. For ARB and
ASRB the median values of A(MBR)/A(M1a) (across the 18 specifications) are quite large, i.e., 1.663 and
2.070. (Note that another study, using larger values of 7, produced very similar results.) Looking at the 18
individual ratios, A(MBR)/A(M1a), the values of the ratios decrease as p and 7, increase, as expected.
The value of 7, has only a minimal effect. See Tables 4.10, S17 and S18.
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Table 4.10
Simulation specifications for Case 5: u, ~ N (0.25, ¢%),6,, ~ N(u;,7}),6,, ~ N(y;,67;),8 ~ Ber(p)
T T, p T,
1 0.05 0.005 0.1 0.05
2 0.1
3 0.2
4 0.2 0.05
5 0.1
6 0.2
7 0.4 0.05
8 0.1
9 0.2
10 0.01 0.1 0.05
11 0.1
12 0.2
13 0.2 0.05
14 0.1
15 0.2
16 0.4 0.05
17 0.1
18 0.2
Table 4.11
Summary statistics for ARB and ASRB for Case 5
ARB
Mi12/Mla MSA/Mla MBR/Mla
Min 1.000 1.080 1.088
1st.Qu 1.065 1.346 1.443
Median 1.162 1.485 1.663
Mean 1.285 1.786 1.694
3rd.Qu 1.326 2.002 2.025
Max 2.030 3.435 2.342
ASRB
Ml12/Mla MSA/Mla MBR/Mla
Min 1.000 1.468 0.962
1st.Qu 1.133 2.233 1.712
Median 1.348 4.369 2.070
Mean 1.681 7.033 2.377
3rd.Qu 1.851 11.494 3.112
Max 3.899 20.498 4.465

Note: ARB: average absolute relative deviation; ASRB: average squared relative deviation; BRFSS: Behavioral Risk Factor Surveillance System;
MBR: Model BRFSS; MSA: Model SAHIE; SAHIE: Small Area Health Insurance Estimates.

For Case 6 the model used to generate the data is the same as that for Case 5 except that p =1. Since
Case 6 assumes no aberrations a global-local model is unnecessary. Thus, it is not surprising that there are
specifications where MBR is preferred. For example, the medians of A(MBR)/A(M1a) over the 12 specifi-
cations are 0.854 and 0.731 for ARB and ASRB (see Table 4.13). The 12 specifications are listed in
Table 4.12. As seen in Tables S19 and S20 the value of 7, has little effect. However, as 7, increases
A(MBR)/A(M1la) decreases while A(MSA)/A(M1a) increases. Thus, for large values of 7, there are
benefits to using MBR rather than the GL model M1a. But, as seen in Case 5, it seems unlikely that using
only one source of data will be preferable when (a) there are significant aberrant observations, and (b) the

single source is the one with small bias and large sampling variance.
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Table 4.12
Simulation specifications for Case 6: u, ~ N (0.25, %), 0,.1. ~ N(y;, r; )
T 7 7,
1 0.05 0.005 0.01
2 0.02
3 0.05
4 0.1
5 0.2
6 0.4
7 0.01 0.01
8 0.02
9 0.05
10 0.1
11 0.2
12 0.4
Table 4.13
Summary statistics for ARB and ASRB for Case 6
ARB
MI12/Mla MSA/Mla MBR/Mla
Min 0.954 1.065 0.546
1st.Qu 0.967 1.208 0.634
Median 1.000 2.293 0.854
Mean 1.027 3.283 1.097
3rd.Qu 1.099 4.596 1.495
Max 1.170 8.230 2.168
ASRB
MI12/Mla MSA/Mla MBR/Mla
Min 0.882 1.083 0.293
1st.Qu 0911 1.452 0.380
Median 0.975 5.067 0.731
Mean 1.030 15.203 1.547
3rd.Qu 1.182 18.322 2.420
Max 1.289 60.459 4.745

Note: ARB: average absolute relative deviation; ASRB: average squared relative deviation; BRFSS: Behavioral Risk Factor Surveillance System;
MBR: Model BRFSS; MSA: Model SAHIE; SAHIE: Small Area Health Insurance Estimates.

5. Discussion and summary

In the context of small area estimation from a single survey, Datta and Lahiri (1995) developed a hierar-
chical Bayes method using a general class of scale mixture of normal distributions (see Model 1 on
page 314). For certain choices of prior their hierarchical Bayes methodology ensures robustness against
outliers (see their Theorem 5). In the context of a single survey the horseshoe prior is included in the class
of priors proposed in Datta and Lahiri (1995), so protects against outliers in the sense of their Theorem 5.

Extension to the several survey case, as in this paper, would be valuable.

A referee asked about formal model comparisons. For the model in (1.1) and (1.2) (with  as a linear
regression) Tang et al. (2018) consider choosing a single model using deviance information criterion (DIC),
and find in their simulation study that “the selected model produces deviation measures close to the smallest
among all candidate models and better coverage rate than the DM model”. However, there has been

extensive criticism of DIC, and one should be cautious about using it for models such as (1.1) and (1.2) and
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for the more complex models that we have used. Plummer (2008) is a thorough investigation of DIC that
details several significant problems. Carlin and Louis (2009) identify additional problems with DIC, and

also describe (Section 4.6.2) another general approach, i.e., predictive model selection.

It is of interest to investigate the effect of having a larger number of sources of information. We did a
preliminary study using the four cases that are the basis of our simulation study. To illustrate, consider the
30 specifications for Case 1 in Table 4.2. We generated data as in Section 3 for J =2 and J =4 sources.
The V;

measured using the ratios (A(Mx(J =4))/A(Mx(J =2)) where A denotes ARB or ASRB. But, they vary

considerably over the choices of the probabilities and variances. For example, for M1a the smallest and

were selected as a bootstrap sample from the l;:j There are, as expected, substantial gains as

largest values of the ratio are 0.142 and 0.767. Consider M1a and ARB: as both 7, ’s increase the gains
from using J =4 sources decrease. As both p, ’s increase from 0.10 to 0.20 to 0.40 the dominant pattern

is for the ratio to decrease, then increase. Further study is needed to get more definitive results.

Making inference about the sampling variances, the V;, is a challenging problem. The most common

)

the estimates of the V,

method is to assume a model for the V, i

i However, with only a single sample,

{I}i/.: j=L...,J;i=1,...,1}, one cannot verify the model. Methodology proposed in the literature is
reviewed by Cahoy and Sedransk (2023). In the GL setting, but with only one data set, Tang et al. (2018)
assume fixed V, to avoid problems with identifiability. Our situation is more complex, i.e., with small areas

and several data sources.

As future research we envision modelling the {I}ﬁ: j=1,....,J;i=1,...,1} using data sets from prior

years. An additional extension is to include covariates in our models.

The objective of this paper is to present methodology to improve inference for “small area” parameters
by using data from several sources. While there is an extensive literature about global-local models there
appears to be only one other paper, Smith and Griffin (2023), that uses a several stage model. Moreover,
the application in Smith and Griffin (2023) is completely different from ours. Consequently, it was neces-
sary to supplement our analysis of the Florida county data with an extensive simulation study to show

properties of this methodology.

We introduce a set of global-local models and explain how these models combine information across
counties and sources. Analyzing the BRFSS and SAHIE data using these models provides an opportunity
to show how these models treat aberrant observations. This also includes a comparison of inferences using
all of the data with inferences based on only one data source. In the extensive simulation study the data are
selected from both outlier and mixture models. These results show that the proposed methodology can be

used to provide improved inferences for small area parameters by using several data sources.
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Appendix

A. The ¢,’s

Figure A.1 The ¢, ’s for M1a (top) and M1b (bottom)
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Figure A.2 The ¢, ’s for M11a (top) and M11b (bottom).
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Figure A.2 The ¢, ’s for M11a (top) and M11b (bottom)
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Figure A.3 The ¢, ’s for M12
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B. Full conditional distributions for M11a and M11b

We present below the full conditional distributions for the interaction effects, 6, the small area expected

> lj’

values, y,, and the local and global variances.

Interaction effects: 6, |else ~ N (6 U,V ) where
_ V)22
0. = vTE and |14
’ ,.j+1//1,.j/1,.2 f % +1//1 At
Small area means: ,|else ~ N(i,,V,) where
= O.c, +nd, ’ yo= 1 ’
¢, +d, fieo+d,

_ _ A _ Z,(%-/aff)
a, = A ¢, = Y, (1 ay),d, =1/ (%7]), and 6, = S (]

Local variances: Following Makalic and Schmidt (2016), we use the following Inverse Gamma (IG (shape,
rate)) scale mixture representation: If x|E ~1G(1/2,1/&) and & ~1G(1/2,1) then k¥ ~C"(0,1) and
v =K (see Section 2) has the horseshoe distribution. Note that the IG (shape, rate) density is proportional

to x(—l—shape)e(—rate/x).

Using the horseshoe prior on the local variances,

0, - 1)’
22 lelse ~ 16| 1, G L) £122~IG| 1,14 |
! 2A°T; I3 ! A;

2 (J+4) ) (1, — 77) 2 L
A7 |else ~ IG( 5 12 2/12 + 5) E|A} ~ 1G(1,1+/12j.

J 2‘[2

(]

. . 2 . . .
Using the lasso prior (ocexp(—k~)) on the local variances, and the Generalized Inverse Gaussian
(shape—1) —3(x/x+yx)

e >

distribution GIG (shape, y,y) o< x

2.2
771

0. — 1)
A2 else ~ GlG(l/z,(Ul—“'),zJ

and

_ 0. —u)
22| else ~ GIG{( ‘];1),2( oF ;21,) Nl 1) 2}
J i Tl 72

Global variances: Using the horseshoe prior on the global variances, we have the following scale mixture

representation:
0, —
] |else ~ IG (+3) ,( 2) +l ; &t} ~ IG 1,1+L2 )
2 2227 & r
0. —u)
2 else ~ 1G (”3)—1,2M+l : £72 ~I1G| 1,1+ |.
2 T 2A 3 3
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