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Exact and approximation formulas for second-order
inclusion probabilities in randomized systematic sampling
with unequal probabilities and without replacement

Kees van Berkel and Erwin Vondenhoff!

Abstract

Probability-proportional-to-size sampling is widely used by national statistical offices. Here population units are
selected with probabilities proportional to an auxiliary variable. Variance formulas in such designs require both
first- and second-order inclusion probabilities. The computation of second-order inclusion probabilities is
particularly challenging for large populations, and has been the subject of extensive research. This article presents
some new exact and approximation formulas for second-order inclusion probabilities in randomized systematic
sampling with unequal probabilities and without replacement.

Key Words:  Horvitz-Thompson estimator; Probability-proportional-to-size (PPS) sampling; Variance estimation.

1. Introduction

National statistical offices often employ sampling designs in which units are selected with probabilities
proportional to an auxiliary variable. A common example is the selection of municipalities with probabilities
proportional to their population sizes. Such probability-proportional-to-size (PPS) designs are attractive
because they improve efficiency when the auxiliary variable is strongly related to the survey variable of

interest.

In variance estimation, inclusion probabilities play a central role. The exact variance expression of the
Horvitz-Thompson estimator requires not only first-order inclusion probabilities but also second-order
inclusion probabilities, denoted by 7, representing the probability that two units g and /4 are jointly
included in the sample. While a number of approximate variance estimators make use only of first-order
inclusion probabilities, see Matei and Tillé (2005), it remains important to develop exact and approximation
formulas for 7z,,. Exact formulas allow variance estimation without approximation and provide benchmarks

against which approximation methods can be evaluated.

This article focuses on randomized systematic PPS sampling. For this design, Hartley and Rao (1962)
derived exact analytical expressions for 7, in the special case of sample size two and population size three
or four. They noted that as the population size increases, the exact evaluation of 7, becomes increasingly
laborious and the resulting expressions grow very complex. Connor (1966) developed a general procedure
for calculating 7, for arbitrary sample and population sizes, extending the results of Hartley and Rao. This
procedure was elaborated by Gray (1971) and later implemented in a computer algorithm by Hidiroglou and
Gray (1975). However, the associated computations remain demanding, with complexity that grows

exponentially in population size.
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To address this, researchers have investigated approximations to 7. Hartley and Rao (1962) proposed
an asymptotic approximation, which Kott (2005) showed to perform well with the Horvitz-Thompson
variance estimator. Hajek (1964) introduced an approach based on rejective Poisson sampling, while Brewer
and Donadio (2003) and Knottnerus (2003, 2011) explored special-form approximations, in line with earlier
work by Brewer (1963) and Durbin (1967) for samples of size two. Thompson and Wu (2008) proposed a

simulation-based approach for obtaining estimates for 7,,.

In this article, new exact and approximation formulas for 7, are derived and compared with existing
approaches in the literature. The article is organized as follows. Section 2 introduces the randomized
systematic PPS sampling design, and Section 3 establishes additional notation and definitions. Section 4

contains new exact formulas for 7, and Section 5 contains new approximation formulas. Section 6

gh>
reviews related results from the literature, and Section 7 compares the accuracy of our approximations with
existing ones. Section 8 illustrates the application of expressions for 7, to variance estimation of the

Horvitz-Thompson estimator. Finally, Section 9 concludes the article.

2. Randomized systematic sampling with unequal probabilities
without replacement

Consider a population U consisting of N units. Assign to each g €U anumber X, >0 that is referred
to as its size. The purpose of the sampling design is to draw a sample of » distinct units in such a way that
the probability 7z, of selecting unit g €U in the sample is proportional to its size X,. A corresponding
sampling procedure described by Hartley and Rao (1962) is as follows. Arrange the units in a random order,
denoted by 1,2,...,N. Compute the subtotals 7} =Zf=1X,., k=L12,...,N. Then T, ZZLX!' =X is the
total size of U. The interval (0,7,] is divided into N subintervals (0, 7,1,(7;, T,1,...,(Ty_,, Ty]
corresponding to units 1,2,...,N respectively. The sampling interval 7 is defined by 7 = X /n. A random
start b is selected from the uniform distribution on (0, 7']. Unit k belongs to the sample if and only if there
exists a nonnegative integer ;i with 7, , <b+iT <T,, where T, =0. A necessary condition for this sampling
procedure to select 7 units is that X, <7 forallunits g € U. Therefore, only sizes that satisfy this condition

are considered. The first order inclusion probabilities satisfy 7, =X, /T forall geU.

3. Additional notation and definitions

Let g,heU with g<h, ordered according to the sampling procedure of Section 2, with associated
intervals (7,_,, T,] and (7,_,, T,]. The distance between g and & is defined as the length of the gap between

their intervals, that is 7, | —T,.

For any subset W of U, the number of its units is denoted by |W| The size of W, denoted by y (W),
is defined by the sum of the sizes of its units, y (W)= ZieW X, and y(0)=0.

1
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For geU, let U, =U \{g}, thatis population U from which unit g has been removed. For g,h €U,
let U, =U\{g, h}, thatis population U from which units g and / have been removed.

For g,heU and I €{2,...,N}, define V(g,h,l)={W cU,, | [W|=1-2}, the set of all subsets of U,
containing exactly /—2 units. In the marginal cases where /=2 or /=N, we have V(g,h,2)={0} and
V(g,h,N)=U,.

gh

4. Exact formulas for second-order inclusion probabilities

For 2<n<N, the probability 7, that both units g and & are selected in the sample is called the
second-order inclusion probability of g and /4. The selection scheme implies that it depends on the position
of g relative to & whether they are both selected in the sample. Therefore, without loss of generality, we
may assume that unit g is positioned at the first position. Let €, be the set of all possible orderings of U
with g at the first position. For @ € Q, let T’ be the left boundary of the interval corresponding to 4, and
let L,,(d) denote the length of (0,X,] N U:ll(d—lT, d-IT+X,] for d e[X,,X — X, ]. The conditional
probability that both units g and % are selected in the sample given ordering @ € Q , equals L, (T,%)/T.

gh

Since €, has (N —1)! elements, each equally likely to occur, the law of total probability yields

1 o
Ty = mza@g Ly (T,2).

The calculation of this formula can be simplified by partitioning €, into non-empty disjoint subsets

g
ensuring that 7,”, is constant within each subset.

Theorem 4.1

1 vl
T = TN 1) ZIZ(NJ) 2o vl (X +700). for g.heU.
1-2

Proof. As unit g is positioned in the first position, unit /4 can occupy positions 2,...,N. Suppose h
occupies position / for some /€{2,...,N}. Then /-2 units from U, are placed between g and 4, and
the remaining N —/ units after 4. Note that 7,”, depends neither on the ordering of the / —2 units between
g and A, nor on the ordering of the N —/ units after 4. The total number of permutations of these units is
(I =2)!(N =1)!. Moreover, T,”, = X, +y(W), where W denotes the set of the [ =2 units between g and

N
h.So T(N-W'z,, = lezzWeV(gM(l—2)!(N—1)!Lgh(Xg +y(W)). n
With (];/ __22 elements in V(g,h,l), the sum in Theorem 4.1 comprises 2" terms. Summing these

terms straightforwardly, results in exponential time complexity as the population size N increases. From
Property 4.1 below, it follows that evaluating the function L, scales linearly with the sample size n. So

the computational complexity of the sum in Theorem 4.1 is of order n-2".
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238 Van Berkel and Vondenhoff: Exact and approximation formulas for second-order inclusion probabilities in randomized...

The function L,, can be expressed as a sum of positive parts of linear functions and is symmetric with

respect to the midpoint of its domain.

Property 4.1
For g,heU and d e[X,,X — X, ] we have
(a) Lgh(d):ZZ:{]P’(d—kT+Xh)—P(d—kT)—IP’(d—kT—Xg +X,)+P(d—kT-X,)}, where P(x)=
max (x,0), the positive part of x € R.
(b) L, (d)=L,(X+X, ~X,-d).

The proof of Property 4.1 is included in Appendix A.

By symmetry of L, and binomial coefficients, the summation in the formula for 7z, in Theorem 4.1

can be reduced.

Theorem 4.2
_ 1 L% +1(2_5I,%+1) f hel
Ty = mZH (N—_z)ZWEV(g,h,,)Lgh(Xg +y(W)), for g,hel,
[-2

where | x| is the integer part of x, and 0, ; 1s the Kronecker delta which equals 1 if i = j and 0 otherwise.

Proof. For each W €V (g,h,l) its complement W in U o 18 the subset of U, containing all units that do
not belong to W. So W eV(g,h,N—1+2), and X, +X, +y(W)+y (W)= X. From this and Prop-
erty 4.1.(b), it follows that L , (X, +y(W))=L,, (X, + y(W°)) and therefore,

C
2o vignnra L X ¥ 7N =3 i (X, +7(Z9)
- ZZeV(g,h,l)Lgh (Xg + 7(2)) .

From this and property (Z) = (n n k) of binomial coefficients, it follows that the /-th term in the sum over

[ in Theorem 4.1 equals the (N —I+2) -th term for / =2,..., N. Thus, the sum over / equals twice the sum
over the first half of the terms when N is odd, and twice the sum over the first N /2 terms plus the middle
term when N is even. u

Applying Theorem 4.2 and Property 4.1.(a), the computation of the 7, is straightforward. However, for
large N, the computation becomes laborious. Although the number of terms in the sum of Theorem 4.2 has
been halved compared to the sum in Theorem 4.1, it contains 2"~ terms. So the computation time required
still grows exponentially with the population size N and remains of order n-2".

The expression for 7, in Theorem 4.2 can be further simplified, in particular if some unit sizes in U

are equal. For that purpose the following vector notation is used for a,beR" and k,n e N{,

m m
a-b = Zi:laibi’ a| = Zi:l|ai

, (12) = H:’il(l}é)’ 0<k<n means 0<k, <n forall i.
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Theorem 4.3

1 E: .3 ) h
o = T 2 =) Sraces [ LaC¥, +k-X,). for et
where bold letters are vectors of dimension equal to the number of distinct unit sizes in U,,. Vector X,

stores those sizes, vector n,, counts how many times each size occurs in U,,, and vector k contains

nonnegative integers.

Proof. Let g,heU, and let m be the number of distinct unit sizes in U,. By re-indexing, if necessary,
those sizes are X, X,,...,X,. For each subset W of Uy its size ¥ (W) equals k-X,, where k is the m-
vector whose i -th component equals the number of units in W with size X,. For /> 2, the number of sets
W eV(g,h,l) containing exactly k, units of size X, for i =1,...,m, equals (ngh ), restricted to 0 <k <n_,

k
and |k|=|wW|=1-2. n

If there are m distinct unit sizes in U,,, the computational complexity of evaluating 7, via Theo-
rem 4.3 is polynomial of order n-N" in N, for fixed m. For small m, this represents a substantial
reduction compared to the exponential complexity 7-2" in Theorem 4.2. Consequently, exact evaluation
of 7, is feasible with Theorem 4.2 only for small N, and with Theorem 4.3 for somewhat larger N,
provided that m is small. For large N, however, neither exact formula is computationally tractable. There-

fore, approximation formulas are presented in the next section.

5. Approximation formulas for second-order inclusion probabilities
If all units in U, are of equal size for certain g,he€U, then 7, can be computed by Theorem 4.3.

Therefore, in this section it is assumed that the units in U, are not all of equal size.

Theorem 5.1

For N =8, approximation 7, for 7, is given by,

. 2
T(N=D-7, = 2L,(X)+—— 2, Lan (X + X))

4
J’_—
(N-2)(N-3)

+ ZL +l(2 51~+1) s fOr g, hel,

ZK/eUh éh(X +X +X )

where

tghz=2k1{ w(KT) = E,,, (max (X kT = X,,))
+ B, (kT + X, = X,) ~F,,, (min (X — X, ,kT + X))}
+ P(X,+X,—T)- (D, (X—X,)-D,,(X,)),
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with

Fou (x) = (:Ughz - X) Dy (x)— O-éhl(pghl (x), xeR,
(-2 N-D

'ughl = Xg+(l_2)"ugh’ O-;hl - T O-gh’
1 1
Ho = 35 X=X =X, Tar = g e, Ko Ha)'s

¢, and @, the probability density function and the cumulative distribution function, respectively, of the

normal distribution with mean ., and variance o,

The proof of Theorem 5.1 is included in Appendix B.

The complexity of the approximations in Theorems 5.1 is of order n- N, which is linearly in both #
and N. That is a substantial reduction compared to the complexity of n-2" for the exact formulas in
Theorems 4.1 and 4.2, and of n-N" for the exact formula in Theorem 4.3, where m is the number of

distinct unit sizes in U,,.

For a fixed sample size n, the exact second-order inclusion probabilities 7, have the property

ZheUgﬂ-gh =(n-Drx,, for geU. (5.1

The approximations 7, of Theorem 5.1 do not necessarily have this property. Therefore, they are scaled

such that the scaled approximations do have the property

Z:heUg agh .ﬁgh = (n_l) ﬂ-g, for g EU. (52)

where the multipliers «, satisfy o, =, forall g#heU. Thisresultsin N equations for N(N —1)/2
unknown multipliers. For N >3, the number of unknowns exceeds the number of equations, so the
multipliers are not uniquely determined. To address this, an additional condition is imposed. The multipliers

should be as close to one as possible. This is formalized by minimizing
deU Zg<heU (@ -1, (5.3)

subject to the constraints given in equations (5.2).

Theorem 5.2
For N >8, approximation 7, for 7, is given by

BV _ ~
Ty =Qy 7Ty, for g,hel,

with 7, from Theorem 5.1, and @, =1~ (4, + 4,) 7,,. Here X is the solution of A-A=b, with A the

N x N- matrix with entries 4,, = ﬁ;h for g#heU, and 4, = Z
with elements b, =2 (zheUg Ty —(n=1) ﬁg) for geU.

72, for geU, and b the N-vector

heU, gh

The proof of Theorem 5.2 is included in Appendix C. In general, finding a closed-form solution to

A-L=Db is challenging, but this is not necessary for our purposes. Accurate numerical methods are
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available for solving the equations, in general with complexity of order N°. The equations only need to be

solved once to calculate all scale factors.

6. Expressions for second-order inclusion probabilities in the
literature
There is extensive literature on second-order inclusion probabilities in randomized systematic sampling
with unequal probabilities without replacement. As mentioned in the introduction, Hartley and Rao (1962),
Connor (1966) and Gray (1971) derived procedures for computing the exact values of 7z,,. Connor’s
formula (2.4) involves a sum with the same number of terms as the sum appearing in our Theorem 4.1.

However, unlike our explicit expression for the summand using Property 4.1(a) of function L, Connor

does not provide an explicit closed-form representation of the individual terms. Gray’s modification of
Connor’s formula likewise yields a sum with as many terms as in our Theorem 4.2, but his formulation is
procedural rather than explicit. The corresponding algorithm was subsequently implemented in a computer

program by Hidiroglou and Gray (1975).

Over the years, many approximation formulas have been published. One particularly intriguing result is

the asymptotic approximation for 7z, derived by Hartley and Rao (1962), formula (5.16),
XX X7 +(X) X, +X X)X - X X,AX " +
Ty = n(n=1)2(X, X, + X X; + X, X)X =3(X; X, + X, X)) AX ™ +¢, (6.1)
3X X, A’X°-2X X,BX~
where

A = ZieUXiz and B = Z[EUX"B'

This approximation holds for fixed n and large N, or small n/ N, and is correct to the order of N~*.
Brewer and Donadio (2003) proposed approximations of the form

BD
7 gh

= 7, (c, +¢,)/ 2. (6.2)
For ¢, =c, it follows from deuzhe% 7, =n(n—1) that

c = (n—l)/ (n—lzl_d]ﬂf) (6.3)
n

Inspired by the ratio of sums of 7, and 7,7, for heU, they also proposed
¢, = (n=-Df(n-r,). (6.4)

Elaborating on Hartley and Rao’s approximation (6.1), they also came up with

¢, = (n—l)/(n—Zﬂg +lzid/”f2j- (6.5)
n
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Knottnerus (2003 and 2011) chose a different expression for c,:

1 1 X,
c, =(n-1)/(my(1-2X_,/X)) with y = —+— —_—t 6.6
o= oD r-2X, X with g = o3 (6.6)
to arrive for X,, X, <X /2 at the approximation formula
ﬂ;’ = n(n—l)Xth(X—Xg—X,I)/(;/X(X—ZXg)(X—2Xh)). (6.7)

This approximation coincides with those proposed by Brewer (1963) and Durbin (1967) for PPS samples
of size 2. Another interesting approximation formula comes from the related rejective Poisson sampling

design, proposed by Hajek (1964):
mh =z {1-(-7,)(1-7,)/d}, (6.8)

gh

if d :ZieUﬂi (1-7,) is large, which implies that » and N —n are large. Thompson and Wu (2008)
developed a simulation-based approach for computing the second-order inclusion probabilities. For n =10
and N =20, the Hartley-Rao approximations are close to the simulated approximations. They match to the

second decimal point for the majority of the 7.

7. Accuracy of approximation formulas for second-order inclusion
probabilities

To investigate the accuracy of approximation formulas for second-order inclusion probabilities, the mean
absolute error (MAE) is used,

2

MAE = mZMU ~Tgl; (7.1)

ﬂgh

where 7, is an approximation of the exact value 7. Since 7, =7, , this quality measure includes only
the probabilities 7, where g <#. In the following examples, the exact second-order inclusion probabilities
were calculated using Theorem 4.2. Various approximation methods, including those by Van Berkel and
Vondenhoff (BV), Knottnerus (K), Hartley and Rao (HR), Hajek (H), and Brewer and Donadio (BD), are
evaluated across different population distributions and sample sizes. For the BV-approximations

Theorem 5.2 was applied, and for the BD-approximations formulas (6.2) and (6.3).

Example 7.1

Consider Brewer’s extended example, where the population consists of eight units with X, =k for
k=1,...,8. This population is similar to the population corresponding to Figure B.1 of Appendix B. A
systematic PPS sample of size n =2 is drawn. The population size X equals 36 and the sampling interval
T equals X /n= 18. The exact second-order inclusion probabilities are shown in matrix (7.2), rounded to

five decimal places. For completeness, the first-order inclusion probabilities 7z, =7, are on the diagonal.
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0.05556 0.00238 0.00423 0.00608 0.00794 0.00979 0.01164 0.01349
0.11111 0.00794 0.01349 0.01534 0.02090 0.02275 0.02831

0.16676 0.02275 0.02460 0.03016 0.03571 0.04127

0.22222 0.03016 0.03942 0.05053 0.05979

(ﬂ-gh)géheU = (72)
0.27778 0.05423 0.06534 0.08016
0.33333 0.08016 0.09868

0.38889 0.12275

0.44444

Theorem 5.2 provides approximations for the second-order inclusion probabilities,
0.00264 0.00441 0.00615 0.00789 0.00967 0.01148 0.01333
0.00893 0.01339 0.01576 0.02025 0.02274 0.02741
0.02164 0.02471 0.03011 0.03549 0.04139
(ﬂgBhV)g<heU = 0.03134 0.03963 0.05044 0.05964 (7.3)
0.05345 0.06482 0.07981
0.08064 0.09959

0.12329

The approximations match the exact probabilities at least to the second decimal place: 2 match to the
second decimal, 20 to the third, and 6 to the fourth. The MAE is 0.000389. Table 7.1 contains the MAE x 10°
of the different approximation methods, for all sample sizes satisfying the non-self-selecting condition that

the sampling interval 7 exceeds size X, for all .

Table 7.1

MAE x 10° of approximations of second-order inclusion probabilities
n BY K HR H BD
2 389 1,111 1,195 3,882 3,163
3 469 5,189 5,521 7,360 10,246
4 906 10,550 11,361 10,729 22,071

Note:  Brewer and Donadio (BD); Van Berkel and Vondenhoft (BV); Hajek (H); Hartley and Rao (HR); Knottnerus (K); mean absolute error

(MAE).

Example 7.2

Consider the population corresponding to the right panel of Figure B.1 of Appendix B. The sizes of its
thirteen units are 16, 20, 6, 8, 19, 8, 17, 13, 12, 5, 11, 18, 15, generated by the discrete Uniform distribution
over the interval [5,20]. Table 7.2 contains the MAE x 10° of the different approximation methods, for all

sample sizes satisfying the non-self-selecting condition.
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Table 7.2

MAE x 10° of approximations of second-order inclusion probabilities
n BV K HR H BD
2 17 26 31 900 437
3 126 132 167 1,232 1,316
4 87 545 598 1,581 2,863
5 111 1,599 1,601 2,074 3,734
6 245 2,947 2,974 4,143 8,038
7 382 3,748 3,850 4,715 10,806
8 232 6,473 6,623 4,479 13,594

Note: Brewer and Donadio (BD); Van Berkel and Vondenhoft (BV); Hajek (H); Hartley and Rao (HR); Knottnerus (K); mean absolute error

(MAE).

Example 7.3

Consider the population corresponding to the left panel of Figure B.2 of Appendix B. The sizes of its
units are 10, 11, 6, 9, 8, 10, 8, 7, 13, 13, 11, 10, 14, generated by rounding 13 draws from the Normal
distribution with mean 10 and variance 4. Table 7.3 contains the MAE x 10° of the different approximation

methods, for all sample sizes satisfying the non-self-selecting condition.

Table 7.3

MAE x 10° of approximations of second-order inclusion probabilities
n BV K HR H BD
2 35 29 28 857 290
3 113 129 115 1,150 857
4 112 479 445 1,380 1,669
5 80 997 1,024 1,537 3,229
6 318 2,704 2,675 3092 4,974
7 97 3,278 3,398 3,304 7,779
8 196 3,024 3,177 2,156 8,970
9 292 3,562 3,792 1,643 11,466

Note:  Brewer and Donadio (BD); Van Berkel and Vondenhoft (BV); Hajek (H); Hartley and Rao (HR); Knottnerus (K); mean absolute error

(MAE).

Example 7.4

Consider the population corresponding to the right panel of Figure B.2 of Appendix B. The sizes of its
units are 20, 48, 17, 111, 82, 8, 72, 4, 15, 9, 59, 30, 35, generated by rounding 13 draws from the Chi-
squared distribution with three degrees of freedom. Table 7.4 contains the MAE x 10° of the different

approximation methods, for all sample sizes satisfying the non-self-selecting condition.

Table 7.4
MAE x 10° of approximations of second-order inclusion probabilities
n BV K HR H BD
2 105 198 253 1,141 1,210
3 341 1,059 1,005 2,045 3,576
4 623 2,527 2,701 3,938 8,468
Note:  Brewer and Donadio (BD); Van Berkel and Vondenhoft (BV); Hajek (H); Hartley and Rao (HR); Knottnerus (K); mean absolute error

(MAE).
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Example 7.5

Consider Connor’s population consisting of ten units with sizes 0.3, 0.1, 0.2, 0.15, 0.05, 0.4, 0.08, 0.18,
0.34, 0.2. Table 7.5 contains the MAE x 10° of the different approximation methods, for all sample sizes

satisfying the non-self-selecting condition.

Table 7.5
MAE x 10° of approximations of second-order inclusion probabilities
n BV K HR H BD
2 176 235 273 2,010 1,682
3 280 1,427 1,281 3,025 4,962
4 806 3,953 4,117 5,859 12,111
5 966 10,095 11,155 5,775 20,968
Note: Brewer and Donadio (BD); Van Berkel and Vondenhoft (BV); Hajek (H); Hartley and Rao (HR); Knottnerus (K); mean absolute error
(MAE).

Across the five examples, method BV consistently outperforms the other methods in terms of MAE,
especially for larger samples where the differences in error magnitude become more pronounced. Method
BD shows the highest errors across all tables. Among the remaining three methods, it is noticeable that
methods K and HR perform about the same. In Examples 7.1 and 7.4, methods K and HR outperform or
match method H, whereas in Examples 7.2, 7.3, and 7.5 they perform better than method H for small sample
sizes but worse for larger ones. For all methods, the MAE increases with the sample size, with minor local
deviations from this trend, and a noticeable deviation for method H in Examples 7.2, 7.3 and 7.5 for large

sample sizes.

8. Variance estimation

In their seminal article, Horvitz and Thompson (1952) introduced an unbiased estimator for the

population total of a target variable Y, now known as the Horvitz-Thompson estimator,

DI 8.1)

where S is a sample drawn under a probability-based sampling design ensuring that all first-order inclusion
probabilities 7, are positive and known, and y, is the observed value of ¥ for unit g. The variance of this

estimator is given by

Ty o2 NN Ty T,
Yg +2 'zg=1 Zh:gHTY Yh’ (82)
g’%h

V(};HT) = 25:1

T

where N is the population size and Y, is the true value of target variable Y for unit g. For fixed-size

samples, this variance can be rewritten as

n N-1 N Y, ’
V(¥y) = —zg:th:gH(ﬂgh ) [ﬁ—g——] . (8.3)

g
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Calculating the variance of the Horvitz-Thompson estimator requires knowledge of all first- and second-

order inclusion probabilities, as well as the values of Y for all population units.

As an application, the Producer Price Index in the Netherlands is considered. In Section 4 of Knottnerus
(2011), 70 out of about 2,500 commodity price indexes were taken. To reduce computation time for the
variance formulas, we made some simplifications. First, the commodities were sorted by size of the auxiliary
variable X , scaled by a factor of thousand. Then, the 23 commodities with the smallest X - values and the
7 with the largest X - values were removed, resulting in a population of N =40. Figure 8.1 illustrates the

values of X and Y for these commodities.

Figure 8.1 Values of auxiliary variable X and target variable Y for units in the population
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To further simplify the calculation of the exact second-order inclusion probabilities, k- means clustering
was applied to X, forming seven clusters. For each cluster ¢, the mean X-value X . was computed and

rounded to the nearest integer, see Table 8.1.
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Table 8.1
Cluster (c), size (X), cluster mean of X ()_(c ), and target variable (Y) of 40 commodities (units)
unit cluster ¢ X Xc Y unit cluster ¢ X )?E Y
1 1 23.6 34 2.5 21 3 100.0 121 12.5
2 1 25.8 34 0.0 22 3 107.8 121 -16.2
3 1 259 34 1.2 23 3 119.1 121 2.5
4 1 29.4 34 0.0 24 3 120.9 121 15.8
5 1 33.1 34 0.0 25 3 123.7 121 0.0
6 1 38.6 34 0.0 26 3 126.4 121 -37.9
7 1 39.3 34 -1.9 27 3 148.1 121 -10.4
8 1 39.3 34 0.0 28 4 173.8 196 10.1
9 1 40.4 34 0.3 29 4 182.2 196 -71.0
10 1 40.5 34 0.5 30 4 197.5 196 -13.6
11 1 41.9 34 0.0 31 4 207.5 196 23.5
12 2 573 68 6.6 32 4 207.8 196 0.0
13 2 62.4 68 16.0 33 4 209.0 196 53.0
14 2 63.5 68 0.5 34 5 236.4 242 0.0
15 2 66.0 68 26.8 35 5 247.1 242 -27.9
16 2 66.4 68 3.0 36 6 304.1 312 11.8
17 2 67.4 68 7.9 37 6 309.5 312 -3.2
18 2 69.7 68 -6.2 38 6 321.7 312 2.4
19 2 74.2 68 -18.4 39 7 345.6 348 230.0
20 2 87.3 68 -9.3 40 7 351.1 348 111.4

For the remainder of this section, the original X -values are replaced by their corresponding cluster
means. With this adjustment, Pearson’s correlation coefficient between X and Y is 0.42. For sample sizes
ranging from 8 to 13, the variances of the Horvitz-Thompson estimator were calculated in two ways. First,
by substituting the exact second-order inclusion probabilities of Theorem 4.3 into formula (8.2), and second,
by substituting the approximated second-order inclusion probabilities of Theorem 5.2 into formula (8.2). In

both cases, the exact first-order inclusion probabilities were used.

Table 8.2 presents the results and demonstrates that the approximated variances closely match the exact
variances. For sample sizes 8 and 9, the approximations slightly overestimate the exact variances, while for
larger sample sizes they slightly underestimate them. However, the relative differences never exceed 1.5%,

confirming that the approximations are highly reliable.

Table 8.2
Exact variances (V) and approximated variances V of the Horvitz-Thompson estimator by sample size
n v % V-v V=)V
8 99,727 100,122 395 0.004
9 80,394 80,615 221 0.003
10 64,419 64,331 -88 -0.001
11 51,328 50,965 -363 -0.007
12 40,102 39,609 -493 -0.012
13 31,005 30,554 -451 -0.015
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In practical applications, the target variable Y is observed only for sample units, so the variance must

be estimated. For samples with size n >1, an unbiased variance estimator is given by

N A . 1= 7,
Vir Yr) = Zg: e y;+2 Z Zh g+l

g

71' T
Ly (8.4)

ﬂéhﬂ' 7,

Sen (1953) and Yates and Grundy (1953) proposed an unbiased variance estimator for fixed-size

samples,

Vva ) = =20 300 ””(yg—y—h) (8.5)

gh ﬂg ﬂ'h

Both of these estimators require first- and second-order inclusion probabilities and the values of Y for
all sampled units. Matei and Tillé (2005) reviewed twenty variance estimators applicable to unequal
probability designs and found that estimators (8.4) and (8.5) perform similarly, except in populations with
a high correlation between X and Y, where (8.4) is slightly inferior. Their simulations also indicated that
estimators using only first-order inclusion probabilities perform comparably regardless of correlation

between X and Y. Consequently, they recommended the simpler estimator proposed by Deville (1993),

~ ~ n C n n 2
Vp(Yyr) = Zgzlﬂ__gz{yg -7, '(thlchyh/ﬂ-h)/zh:lch} )
g

(8.6)

In addition, the case ¢, =n/(n—1) corresponds to sampling with replacement. However, as noted by
Matei and Tillé, this estimator is highly biased and substantially overestimates the variance when applied to

a design without replacement. For this reason, it is not considered further in this section.

In addition to variance estimators (8.4) and (8.5), we define the estimators I}BTV and I}S%\é by replacing
the exact second-order inclusion probabilities 7, with their approximations > h from Theorem 5.2.

Together with estimator (8.6), this results in a total of five variance estimators.

The accuracy of the five estimators was evaluated through simulation. Since units with sizes exceeding
the sampling interval arise for sample sizes greater than 13, the analysis was restricted to the six largest
feasible sample sizes: 8, 9, ..., 13. For each sample size, 1,000 independent samples were drawn using the
randomized systematic sampling design with probabilities proportional to the cluster mean X - values from
Table 8.1. The averages of the Horvitz-Thompson estimates for the population total 322.3 of Y were 319.2,
323.7,320.5,324.4, 321.5, and 321.4 for sample sizes 8 through 13, respectively.

The accuracy of each variance estimator V is assessed using two quality indicators: relative bias (RBgim)

and relative standard error (RSEsim), which are defined as follows. Fix the sample size n. Let V,  be the

sim

vector whose i-th component is the variance estimate from V for the i-th simulation, i=1,..., 1,000.

Denote the mean and variance of these estimates by V. and var(V. ), respectively, and let V' be the true

sim sim

variance as reported in Table 8.2. Then,

-V N V
=V nd RSBy (V) = LA i) (8.7)

RBgin (V) = o
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Table 8.3 presents the relative biases and relative standard errors for the five estimators. The relative
biases are very small, confirming that the estimators are effectively unbiased. In particular, the results for
the estimators using the approximated second-order inclusion probabilities (columns 2 and 3, as well as
columns 4 and 5) are very similar. Deville’s estimator shows relative biases of the same order of magnitude
as the other estimators. The relative standard errors primarily determine estimator accuracy. The figures in
columns 7 and 8 are nearly identical, as are those in columns 9 and 10, indicating consistent performance
between the exact and approximated approaches. The standard errors for Deville’s estimator are comparable

to those of the other estimators.

Table 8.3
Relative bias and relative standard error of the variance estimators in the simulations by sample size
Relative bias Relative standard error
n I}HT I;I-EY ,}SYG I;Sli'\é I;’D I}HT I;I-EY ,}SYG [}Sli'\é: I;l)
% %
8 -0.9 -0.9 23 32 0.3 459 46.1 50.1 50.8 46.7
9 -0.7 -0.6 1.4 2.0 0.4 523 524 51.8 52.0 51.8
10 2.8 2.7 3.8 3.7 33 53.1 53.0 55.2 55.2 533
11 -1.0 -1.8 0.2 -0.6 -0.8 27.1 26.5 25.6 25.2 26.4
12 -1.7 -2.8 -0.9 -2.3 -0.4 47.0 46.3 48.3 47.5 47.1
13 2.7 1.4 4.7 3.2 3.1 55.2 55.2 58.8 584 53.5

Note:  Van Berkel and Vondenhoff (BV), Horvitz-Thompson (HT); Sen et Yates and Grundy (SYG).

No single estimator consistently achieves the lowest bias or smallest standard error across all sample
sizes. It does not make much difference whether our approximations or exact values of second-order
inclusion probabilities are used in variance estimates. Moreover, for any fixed sample size, no estimator

outperforms the others, suggesting that all variance estimators perform at a similar level.

9. Conclusion

In this article, new exact and approximation formulas are derived for the second-order inclusion
probabilities in randomized systematic sampling with unequal probabilities and without replacement. Our
exact formulas are more explicit and less cumbersome than those available in the literature. When all
population unit sizes are distinct, the computational complexity of our exact expressions in Theorems 4.1
and 4.2 matches that of the existing formulas: growing exponentially with the population size and linearly
with the sample size. However, when the population contains units with identical sizes, the computational
complexity of our exact formula in Theorem 4.3 increases polynomially with the population size, while still

scaling linearly with the sample size.

The approximation formula in Theorems 5.1 is based on the key observation that the distance between

two population units, given a fixed number of units between them, is asymptotically normally distributed.
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This follows from the Central Limit Theorem for simple random sampling without replacement from finite
populations (Erdés and Rényi, 1959). As shown in Appendix B, this approximation performs well even for
small populations (e.g. for N =13) and for a variety of unit size patterns. The computational complexity of

the approximation grows linearly in both the population size and the sample size.

The ultimate approximation formula in Theorem 5.2 is a scaled version of that in Theorem 5.1. The
computational complexity of computing all scaling factors is of order N’. Compared with existing
approximations, our method provides more accurate estimates for the second-order inclusion probabilities,

particularly for larger sample sizes, regardless of the underlying unit size configuration.

Given the high accuracy of our approximate second-order inclusion probabilities, they are well suited
for estimating the variance of the Horvitz-Thompson estimator. In practice, using either the exact or
approximate probabilities yields variance estimates of comparable accuracy. Nevertheless, Deville’s
variance estimator, requiring only first-order inclusion probabilities, achieves the same level of accuracy
while remaining computationally feasible for large populations. Therefore, Deville’s estimator remains the

practical choice for large-scale variance estimation.
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Appendix

A. Proof of Property 4.1
For g,h €U, the function L, is defined by

n-1

Ly(d) = Y 1,(d—KT), for d e[X,, X - X,], (A.1)

where /,,(x) denotes the length of (0,X,]N (x,x+ X, ], forany xeR,

0, x<-X,
x+X,, —X, <x<min(X, - X,,0)
l,,(x) = ymin(X,,X,), min(X, - X,,0)<x<max (X, - X,.0) (A.2)
X, —x, max (X, - X,,0)<x< X,
0, x>Xg.

Figures A.1 and A.2 show the shape of the graph of /,, for X, > X, and X, <X, respectively. In the
case where X, = X, the top of the graph is not a horizontal line but the single point (0, X ).
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Figure A.1 Graph of Ig,, with X =5,X, =3
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The graph of L, is constructed by summing n—1 shifted graphs of /,,, where each shift being kT

gh?

units to the right, k=1,...,n—1. For the shape of the graph of L, a distinction is made between

gh>
T'>2X,+X, and T <X, +X,. In the first case, there is no overlap between positive parts of the shifted
graphs of /,, allowing these shifted graphs to be placed side by side. In the second case, positive parts of
two consecutive shifted graphs of /,, overlap, resulting in the minimum of L, being equalto X, + X, -7,
which also represents the minimum at the boundaries of the domain of L,,. Figures A.3 and A.4 illustrate
the shape of the graph of L, for 7> X, + X, and T < X, + X, respectively. The parameters in Figure A.3
are X, =3, X, =2,n=3,T =6. In Figure A .4, they are X, =5, X, =4,n=3,T=1.

The function /,, is continuous and piecewise linear. By elementary algebra, /,, can be expressed as a

linear combination of positive parts of linear functions,

1,(x) = P(x+X,)~P(x)-P(x— X, + X,)+P(x—X,), xR, (A3)

where P denotes the positive part, P(x) = max(x,0), x e R. Combining formulas (A.1) and (A.3) yields
the explicit expression for L, (d), for d e[ X, X - X, ],

L,(d) = ZZ:{P(a’ ~kT+X,)-P(d—kT)-P(d —kT - X, + X,)+P(d —kT - X,)}. (A.4)

It follows from formula (A.4) that L, is symmetric with respect to the midpoint (X + X, =X, )/2 of its

domain, using X =nT, changing summation variable k£ into /=n—k, and P(x)=P(-x)+x. ]
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Figure A3 Graphof L, with n=3 and 7> X +X,
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Figure A4 Graphof L, with n=3 and T< X +X,
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B. Proof of Theorem 5.1

The starting point is the exact formula for 7, in Theorem 4.2. Let N 28. Then the sum of that formula
has at least four terms, the first three of which can be easily calculated exactly. For the higher terms

approximations are developed. So consider the summand for /> 5,

1

Lyy = m ZWEV(g,h,,)Lgh (X, +y(W)). (B.1)

-2
Define D, ={X,+y(W)|WeV(g,h,1)}. For each d eD,,, let n,, (d) denote the number of sets
W eV (g.hl) for which X, +y(¥)=d andlet £.,,(d)=n,,(d) / (7_‘22). Then
Loy = ZdeDgh[ fghl(d) : Lgh (d). (B.2)

-2
possible distances between units ¢ and 4, conditional on /& occupying the /- th position. Thus ¢, is the

As V(g,h,l) has (N _2) elements, the function f,, represents the probability distribution of the

expected value of L, under this condition.

Each set W eV (g,h,l) can be interpreted as a simple random sample without replacement of size [ —2

from U,,. Accordingly, y (W) is the sample total of the unit sizes in /. By the Central Limit Theorem for
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simple random sampling without replacement from finite populations (Erdés and Rényi, 1959), y (W) is

asymptotically normally distributed, with mean and variance

(-2)-(N-1)

E(y(W)) = (1-2)- uy, and Var(y(W)) = N_3 T g (B.3)

where p,, and o*éh denote, respectively, the mean and variance of the X - values of units in U

gh>
1 2 1 2
My = g X=X, = X,) and of, = V3 2, (X, — 1)’ (B.4)
The Central Limit Theorem applies provided that the sampling fraction (/—2)/ (/N —2) is not too close
to 0 or 1, and that no unit size dominates the total population variance. Hence, for large / and N, the
probability distribution f,, can be approximated by the probability density function ¢, of the normal

. . . . . 2 .
distribution with mean ., and variance o, given by

[-2)-(N-I
Moy = Xg +(l—2)',ugh and azh, = %-oﬁh. (B.5)
That is,
! ’5(%’), xeR. (B.6)

D) = ——="e
< Ogu 27

Aseach de D, isin the interval [X ,X — X, ], the sum in (B.2) can be approximated by the integral
~ X=X,
B = [ 00 Ly () d. (B.7)

Next, the integral in (B.7) is evaluated. For readability, the subscript ghl is temporarily omitted, writing
P(x) =@, (X), = p,,, and o’ = a;h,. The cumulative distribution function ®, associated with ¢, can

be expressed in terms of the Gauss error function erf,
D) = - 1+erf(u] erf (z) = ijze-fzdf x,zeR (B.8)
2 o2 )) N |

By the definitions of ¢ and @ their derivatives are

O'(x) = p(x), wu)=ﬁ;x¢uxxek (B.9)

2

From these, the following antiderivatives are obtained,
[p(x)dx = ®(x)+C, [x-p(x)dx=u-®(x)-c’p(x)+C, CeR. (B.10)

The remainder of the proof assumes that X, > X,. For X, <X, the calculations are analogous and lead
to the same result. In Appendix A it was shown that the shape of the graph of the function L, depends on
the position of X, + X, relative to T. First consider 7> X, + X,,. As X, > X,, it follows from formula
(A.2) that for x,A e R,
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0, x<A-X,
x=-A+X,, A-X,<x<4
l,(x=24) = {X,, A<x<A+X,-X, (B.11)
—x+A+X,, 1+X,-X,<x<A+X,
0, x>A+X,.

Since T2 X, + X, it follows that X, <AT <kT + X, <X -X,, forall ke{l,...,n—1}, and so

10)=]"" () L, (x~kTydx = [ p(x)-(x~KT+X,) dx
‘ ' . (B.12)
Yoo (—x+kT+X,) dx.

KT+X,-X,

KT+X,~X,

X (p(x)dx+j

KT+

Applying formula (B.10) and performing some arithmetic yields

[(k) = F(KT)~F(kT - X,)+ F(kT + X, - X,)~F(kT + X)), with  (B.13)

F(x) = (u=-x) @(x) -0 ¢(x). (B.14)

As L, (x)= ZZ: l,,(x—kT), the desired integral can be evaluated,

[, o L, dxe = T[T 0 1, (kD) de= 31 (). (B.15)

Next consider 7'< X, +X,. Since T— X, <X,, the lower bound in the second integral of formula
(B.12) must be replaced by X, for k =1. Furthermore, since (n - l)T +X, > X - X,, the upper bound in
the last integral of formula (B.12) must be replaced by X — X, for k =n—1. This implies that from formula
(B.15) the following must be subtracted,

X (n-1)T+X,
[ 0@ (T4 Xy det [ 0() (ot (=D T +X,) dx

= F(X,)-FT-X)+FX-X)-F(n-D)T+X,) (B.16)
— (X, + X, =T) (@ = X,) - O(X,)).
Combining (B.13)-(B.16) yields the desired expression for Zgh, = J.;H{h P (%) - Ly (x) dx. |
Remark

To illustrate that this approximation also works well for small values of N, we provide a few examples.
In the left panel of Figure B.1, the histogram represents the empirical probability distribution f,,, while
the red curve shows its normal approximation ¢,,,. Here, the population U consists of 13 units with sizes
X, =k+4, for k=1,2,...,13, and the triplet (g,h,/) is fixed at (1,2,6). In the right panel of Figure B.1,
the unit sizes have been replaced by the values 16, 20, 6, 8, 19, 8, 17, 13, 12, 5, 11, 18, 15, generated from

the discrete Uniform distribution on the interval [5, 20].
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If the sizes X, are generated by a normally or even skewed distributed random variable, f,, can still
be reasonably approximated by ¢, which is illustrated in Figure B.2. Its left panel relates to U consisting
of 13 units with sizes 10, 11, 6, 9, 8, 10, 8, 7, 13, 13, 11, 10, 14 generated by rounding 13 draws from the
Normal distribution with mean 10 and variance 4. In the right panel the sizes have been replaced by values
20, 48, 17, 111, 82, 8, 72, 4, 15, 9, 59, 30, 35, generated by rounding 13 draws from the Chi-squared

distribution with three degrees of freedom.

Figure B.1 Probability distribution f,,, and approximation ¢, where X, =k+4 (left) and X, from a
Uniform distribution (right)
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Figure B.2 Probability distribution f,,, approximated by ¢, where X, from a Normal distribution (left)
and from a Chi-squared distribution (right)

0.100-
T Ao
,47* 7\: 0.006 - 1
0.075- ' ATH | T
AT i

S0.050. Ay S 0.004. N
& \ & ]

0.025. 0.002 - —

0.000- 0.000 - aS=)

40 45 50 55 60 100 200 300
d=Xe+ Y(W) d=X,+Y(W)

Statistics Canada, Catalogue No. 12-001-X



256 Van Berkel and Vondenhoff: Exact and approximation formulas for second-order inclusion probabilities in randomized...

C. Proof of Theorem 5.2

Minimizing (5.3) with boundary conditions (5.2) can be solved using the Lagrange multiplier method.

The corresponding Lagrangian equals
2 ~
deu Zg<h€U (agh D7+ deu lg (Zheug Aon " Tgn — (n=1) 7o )

By setting the partial derivatives of the Lagrangian with respect to «,, to zero, the a,, can be expressed

in terms of the Lagrange multipliers 4,,

. 1 -
2(a, -D+(A,+4) 7, = 0s0 a, = 1—5(/1g+/1,7)7rgh.

By substituting these values of «,, into boundary conditions (5.2), N equations for the N unknown
Lagrange multipliers arise. In matrix notation these equations can be written as A-A=b, with A the
N x N- matrix with entries 4, = ﬁ;h for g#heU, and 4,, = ZheUg ﬁ';h for geU, and A the vector of
Lagrange multipliers, and b the N-vector with b, = 2(Zh€U Ty —(n—1) 7Z'g) for geU. ]
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